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Newton’s method (1D)
● Find x such that

● x∈ℝ , g :ℝ→ℝ

g (x )=0



ya
coda

3

Newton’s method (1D)
● Iterative process: start with a guess for x
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Newton’s method (1D)
● Evaluate  g (x0)
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Newton’s method (1D)
● Compute tangent approximation

g (x )≈g (x0)+
∂ g
∂ x

(x0)(x−x0)

y=g(x0)+
∂ g
∂ x

(x0)(x−x0)



ya
coda

6

Newton’s method (1D)
● Find x such that g (x )=0

g (x0)+
∂ g
∂ x

(x0)(x−x0)=0

(x−x0)=−( ∂g
∂ x

(x0))
−1

g (x0)

Δ x
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Newton’s method (1D)
● Start again with new guess 
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Newton’s method (1D)
● Take a newton step

Δ x=−(∂ g
∂ x

(xk))
−1

g(xk)
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Newton’s method (1D)
● Repeat until ‖g (x )‖≤tol ‖Δ x‖≤tolstep
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Newton’s method
● This trick generalizes to more dimensions

● Find x such that

● x∈ℝ
2 , g :ℝ2

→ℝ
2

g (x )=0

g(x0
)+

∂ g
∂ x

(x0
)(x−x0

)=0

∂ g1

∂ x1

∂ g1

∂ x2

∂ g2

∂ x1

∂ g2

∂ x2

Jacobian ∂ g
∂ x

∇ x g2Transpose( gradient

Jacobian

)

:

∇ x g1Transpose( gradient )
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g1(x , y)
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g1(x , y)
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g2(x , y )
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g2(x , y )
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g1(x , y)
g2(x , y )

g(x , y) g :ℝ2→ℝ2



ya
coda

16

g1(x , y)
g2(x , y )

g(x , y) g :ℝ2→ℝ2
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g(x , y)=0
Finding this point



ya
coda

18

Start with (x0, y0)
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g1(x , y)≈g1(x0, y0)+
∂ g1

∂ x
(x0, y0)(x−x0)+

∂ g1

∂ y
(x0, y0)( y− y0)
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g1(x , y)≈ ḡ1+
∂ g1

∂ x
(x−x0)+

∂ g1

∂ y
( y− y0)
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g1(x , y)≈ ḡ1+[
∂ g1

∂ x
∂ g1

∂ y
][ x−x0

y− y0]
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g2(x , y )≈ ḡ2+[
∂ g2

∂ x
∂ g2

∂ y
][ x−x0

y− y0]
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ḡ2+[
∂ g2

∂ x
∂ g2

∂ y
][ x−x0

y− y0]=0

ḡ1+[
∂ g1

∂ x
∂ g1

∂ y
][ x−x0

y− y0]=0
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ḡ1+[
∂ g1

∂ x1

∂ g1

∂ x2

][ x1−x1
0

x2−x2
0]=0

x∈ℝ2

ḡ2+[
∂ g2

∂ x2

∂ g2

∂ x2

][x1−x1
0

x2−x2
0]=0
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[ ḡ1

ḡ2]+[
∂ g1

∂ x1

∂ g1

∂ x2

∂ g2

∂ x1

∂ g2

∂ x2
][ x1−x1

0

x2−x2
0 ]=[00 ]

x∈ℝ2

g (x0)+
∂ g
∂ x

(x0)(x−x0)=0
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Newton step

Δ x=−(∂ g
∂ x

(x k
))

−1

g(xk
)

xk+1
=xk

+Δ x
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Convergence
● Quadratic near to the solution

● Number of correct digits doubles each iteration

x2−2, x0=100

100.000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
50.0100000000000000000000000000000000000000000000000000000000000000000000000000000000000000
25.0249960007998400319936012797440511897620475904819036192761447710457908418316336732653469
12.5524580467459029825975610633334549412082572619915124668270193615937313749375525928557755
6.35589469493114003463407282917348181624717081004399031055182819934762273640996931998141649
3.33528160928043383828212640346224322213954675343385966513717313091670150905408088545855275
1.96746556223114902337429432002269564299610668842067850136319289217158934917407404090097338
1.49200088968972312648805301624507674250380909199084334881032356676013185036844249709693243
1.41624133203894376448081891385156098091309363702026785530856022656341364998549645041300827
1.41421501405005317585927106194897166768116945249787874089207131893236997785448800159000403
1.41421356237384011442813894696613640381815292297399094713705788849173532023881516700177698
1.41421356237309504880168892047524187163612856419755566057208791733635690756256154425110030
1.41421356237309504880168872420969807856967187537696169211115514707788480829096768310978734
1.41421356237309504880168872420969807856967187537694807317667973799073247846210703885038753



ya
coda

29

Newton’s method is local
● Solution depends on initial guess
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Newton’s method is local
● Regions of attraction can be fractal

g (x )=sin(x)−1, x∈ℂ

g (x )=[...] , x∈ℝ2

CC BY-SA 3.0
Josep M Batlle i Ferrrer 
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Newton’s method may cycle
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Newton’s method may diverge
● “globalisation strategy”: broaden the region of 

convergence

● Decrease       if not sufficient progress madeΔ x
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Newton step may be invalid
● 1D: Slope 0             
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Newton step may be invalid
● 1D: Slope 0             

●                 not invertible∂ g
∂ x

(xk)

∂ g1

∂ x1

∂ g1

∂ x2

∂ g2

∂ x1

∂ g2

∂ x2
∇ x g2Transpose( )

∇ x g1Transpose( )
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Newton’s method is robust in practice
● In practice, no special precautions needed

● Jacobian              need not be exact

– Approximations work

– Updating for each iteration may not be needed

∂ g
∂ x

(xk)

Tricks for hard real-time performance
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How to compute that Jacobian?
● Derive by hand

● Finite differences

● Symbolic differentation

● Algorithmic differentiation (AD)

∂ g1

∂ x1

∂ g2

∂ x2

∂ g2

∂ x1

Jacobian ∂ g
∂ x

:

∂ g1

∂ x4

∂ g1

∂ x2

∂ g1

∂ x3

variables

functions

∂g2

∂ x4

∂ g2

∂ x3

∂ g3

∂ x1

∂g3

∂ x4

∂ g3

∂ x2

∂ g3

∂ x3

Re-use of subexpressions

x∈ℝ4,g :ℝ4→ℝ3
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Finite differences

∂ g
∂ x1

≈

g ([
x1+ε

x2

x3

x4
])−g([

x1

x2

x3

x4
])

ε

∂ g1

∂ x1

∂ g2

∂ x2

∂ g2

∂ x1

∂ g1

∂ x4

∂ g1

∂ x2

∂ g1

∂ x3

∂g2

∂ x4

∂ g2

∂ x3

∂ g3

∂ x1

∂g3

∂ x4

∂ g3

∂ x2

∂ g3

∂ x3

● Cost of one column ~ cost(g)

● Limited precision

● Scaling issues
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Finite differences

∂ g
∂ x

s≈
g (x+sε)−g(x )

ε

∂ g1

∂ x1

∂ g2

∂ x2

∂ g2

∂ x1

∂ g1

∂ x4

∂ g1

∂ x2

∂ g1

∂ x3

∂g2

∂ x4

∂ g2

∂ x3

∂ g3

∂ x1

∂g3

∂ x4

∂ g3

∂ x2

∂ g3

∂ x3

● Cost of one forward sensitivity ~ cost(g)

● Limited precision

● Scaling issues

Forward seed [
1
0
0
0 ]

Forward sensitivity
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Algorithmic differentation (AD)
● Cost of one forward sensitivity ~ cost(g)

● Machine precision (no worries about scaling)

● Given an alorithm,        , can construct a forward algorithm

∂ g
∂ x

s=g forward(x , s)

g (x )

∂ g1

∂ x1

∂ g2

∂ x2

∂ g2

∂ x1

∂ g1

∂ x4

∂ g1

∂ x2

∂ g1

∂ x3

∂g2

∂ x4

∂ g2

∂ x3

∂ g3

∂ x1

∂g3

∂ x4

∂ g3

∂ x2

∂ g3

∂ x3

Forward seed [
1
0
0
0 ]
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Algorithmic differentation (AD)
● Cost of one forward sensitivity ~ cost(g)

● Machine precision (no worries about scaling)

● Given an alorithm,        , can construct a reverse algorithm

[ ∂ g
∂ x ]

T

s=greverse (x , s)

g (x )

∂ g1

∂ x1

∂ g2

∂ x2

∂ g2

∂ x1

∂ g1

∂ x4

∂ g1

∂ x2

∂ g1

∂ x3

∂g2

∂ x4

∂ g2

∂ x3

∂ g3

∂ x1

∂g3

∂ x4

∂ g3

∂ x2

∂ g3

∂ x3

Reverse seed
[
1
0
0]
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Algorithmic differentation (AD)
● Jacobian can be composed from forward/reverse sweeps 

● Reverse sweeps can be a real game-changer

– Unconstrained optimization: deep learning

● Sparsity can be exploited

– Can combine seeds when rows/cols structurally independent 
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