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PREFACE

This book has been written specifically for students taking principal level mathematics at the
Higher School Certificate Examinations and who have taken Additional Mathematics at the
Ordinary (School Certificate) Level. For the sake of simplicity, the chapters have been written
in the same order as they appear in the syllabus but it is not intended that they should be taught
or learned in the same order.

This is the second edition of this book. Further to comments made by teachers and students
alike, alterations have been made to the bookwork in a few chapters and exercises at the end
of these chapters.

Rashid RAMAN




> QUADRATICS

We know that a quadratic polynomial is of the form ax® + bx + ¢ where a, b, ¢ are constants and a # 0.
Any quadratic polynomial ax* + bx + ¢ can be reduced to the form a (x + h)* + k by completing the square.

1.4,9, 16, etc. are perfect squares as they are squares of whole numbers.

In algebra also, expressions like x°, y°, (x + 2)°, (x — 5)° are perfect squares.

Since (x +y)' =(xX+y) (x+y)
= x>+ 2xy + ¥,
x* + 2xy + y’ is a perfect square, but in an expanded form.

In the expression (x* + 2x + 1), the coefficient of x* = 1, the coefficient of x = 2, and 1 is the constant term.

2 . =L :
In general, an expression in the form (x* + bx + c¢) is a perfect square if [E] = c. In the above expression, we can

-

verify that (E) =
2
Thus, if we want to make the expression (x” + 6x) become a perfect square, we find the constant term as follows:

c= (g) =9 (Note: Coefficient of x divided by 2, then squared = 9)

The new expression becomes x* + 6x + 9.

Note that X* + 6x + 9 = (x + 3)°. So, X’ + 6x + 9 is a complete square.







More generally

[ c
ax-+bx+c =a 1‘+—x+-]

Reduce each of the following quadratic polynomials to the form a(x + h)* + k.

a’+8a+17. 9. 3x’+4x-1.
Fesigta gl 10. 8—9x— 10x%
3. 2x—11x + 10. ' S | % i g
4+ 3x*-10x. ' 12. 2% +3x-2.
5. x*+4x. 3 %%,
6. x*-4x. | 14, 25-4x-4x%.
7 x’+%x. 15. 3x%+ 11x+20. ',' 3
) ) T R 16, 5K -12x+7.

-

(a) We know also that if x is a real number, x*> = 0.

So the minimum value of X is 0 and it occurs when x = 0.
Also, —x* =<.0.

So the maximum value of —x* is 0 and it occurs when x = 0.
It follows that x> + k = kand x*+k < k.




Hence, the polynomial x* + k has a minimum value of k and the polynomial — + k has a maximum value of k.

Both occur when x = 0.

(b) If a > 0, the polynomial ax’ = 0 and has therefore a minimum value of 0 when x = 0.
If a < 0, the polynomial ax’ < 0 and has therefore a maximum value of 0 when x = 0.
Thus —2x* has a maximum value of 0 when x = 0 and 5x° has a minimum value of 0 when x = 0.

Hence, ax’ + k has a minimum value of k when x = 0 if a > 0, and a maximum value of k when x = 0, ifa < 0.

Thus 2x* -7 has a minimum value of -7 when x = 0 and -5x* + 2 has a maximum value of 2 when x = 0.

(¢) If a > 0, the polynomial a(x + h)’ = 0 and has therefore a minimum value of 0 when x + h=0. ie. when x = -h.
If a <0, the polynomial a(x + h)* < 0 and has therefore a maximum value of 0 when x + h=0_ie. when x = -h.
So,a(x+h’+k=kfora>0anda(x +h)’+k <k fora<0.

It follows that a(x + h)’ + k has minimum value k when x = —h, if a > 0.

Also a(x + h)’ + k has maximum value k when x = —h, if a < 0.

Let us consider the expression 3(x — 1)°+ 5. The minimum value of (x — 1)%is 0.
So the minimum value of 3(x = 1’ +5is 3 x0)+Sor0+ 5or 5.
This occurs when (x — 1)’ =0,x= 1.

Similarly, the minimum value of 4(x + 2)* + 7is 7 when x + 2 =0, i.e. when x = -2.

More generally, if a > 0, the minimum value of a(x + h)* + k is k when x = -h and if a < 0, the maximum
value of a(x + h)’* + k is k when x = —h.

(d) To find the maximum or the minimum value of a quadratic polynomial, we reduce the polynomial to the form
a(x + h)* + k as illustrated in the following example:




Reduce each of the fonowmg@nmc olynomials to the form :{z +BY 4k
1In each case, state whether the polynor as a miximum urummuhml&dhvﬁﬂﬁ:'

of x for which it occurs.
. x48x+19.

2 0

8.0 -x* 4 6x=15.

—x*=10x + 11
2% —-6x+ 15




We know that the graphs of y = x* and y =—x" are as shown in Figures 1.1(a) and 1.1(b)

Yi Y
y=x

L O -

0 X / \ X
II\,II }- ==X-
! \
(a) (b)
Figure 1.1

Generally, the graph of y = ax” + bx + ¢ can be obtained by determining its maximum or its minimum value

according to whethera <O ora> 0.
To sketch the graph of y = x* — 4x + 7, we find its minimum value.
X—4x+T7=x"-4x+2°+7-2
=(x-2+3.
x’ — 4x + 7 has therefore a minimum value of 3 when x = 2.

The graph of y = x* — 4x + 7 has therefore a minimum at (2, 3) as shown in Figure 1.2.

yi
©,7)
(2,3)
-
O X
Figure 1.2

Note: The graph cuts the y-axis at (0, 7) and it does not cut the x-axis.
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section with the axes, if any.
a4 y=.;__41’_+7_‘ :
| 2. y=x"-6x+4.
3. y=x"+8x+17.
4. y=x'+5x- e
o B ﬁy-gxi —6Xx+9. | \ | | 2
6 ¥=3i‘3+9xtls}: _ : | :
7. y=15- 4;__,‘? T | ; | =
8. ‘33=8+'ﬁx-_ ,e : -




We know from earlier work in the mathematics course that the roots of the equation ax’ + bx + ¢ =0 are

b+ Vb’ —dac 4 —b— Vb —dac

2a 2a
The nature of the roots depends upon the value of b*— 4ac which is known as the discriminant.




1. Find the nature of the roots of each of the following equations:

(a) 3x*+x+2=0 (b) 2x*+x-3=0
() 3x*-x-4=0 (d) x*+6x+9=0
() x*-10x+25=0 () 5+3x—-x"=0
(8) T+4x+2=0 (h) 64+ 16x—x"=0
(i) 9+2x-3x*=0 () 5-2x-4x*=0.

2. Find the values of m for which the equation mx* + 10x — 20 = 0 has equal roots.
3. / Find the values of m for which the equation 3x*> + mx — m = 0 has equal roots.

dShuwthattheequaﬁun3f+k1~4=ﬂhasmalrmtsfural]Imlva}uesd'k.
5. Find the value of k for which (x + k)* = x has equal roots.

1.5.1 Methed 1 - Graphical

i | To solve a quadratic inequality such as x* — 4x + 3 = 0, we sketch the graph of y = x* - 4x + 3 paying particular
attention to its points of intersection with the x-axis.

The graph intersects the x-axis where x* —4x + 3 = 0.

e, x—1)x-3) =0

x =1 or3.
As the graph has a minimum, it is as shown in figure 1.4 d
v '
|
' k\ /
|
| Figure 14

x’—4x + 3 = 0,i.e. y = 0 for the parts of the graph where x < 1 or x = 3.
So, x¥’-4x+3=0

x=lorx=3.




1.5.2 Numerical Method

To find the values of x for which x? — 4x + 3= 0, we find the values of x for which x* — 4x + 3 = 0 which are 1
and 3.
These values are shown on a number line and are known as Critical Values.

3

Asx’—4x + 3 = (x — 1) (x — 3), we consider the algebraic signs of (x — 1) andof (x —3) forx< 1,1 <x<3,x>3.

x<1 l<x<3 & 3
x-1 - + +
x—3 - = +
X —4x+3
e = 1Dx=3) + 7 i3

From the table x> —4x +3>0forx <1 or x> 3.



So,x*—4x+3=0forx < lorx = 3.
Similarly, to find the values of x for which 20 — 3x — 2x* > 0, we find the values of x for which 20 - 3x - 2x" = 0.

5-2x)(4+x)=0

x=§ﬂr*4.
2

1.e.

From the table, 20 - 3x - 2x’>0for 4 <x < ="




‘ﬁnﬁMamﬂmmammﬂmMmeﬁ:m
. ©-8+12<0 2. 2xX*+x-10=0 3. 3x°-10x+3<0

b i 4x-350 5. 10-3x-x*<0 6. 2+4x-3¢=>0

i 25-xt<0 8. 144-x=<0 9. 10-2x-3x*>0

Hﬂ 5x*-3x-5>0

11. Find the values of k for which the equation 5x> + kx + 5 = 0 has real roots in x.

12. Find the values of k for which the equation x(x + 2k) = 4x — k” has real roots in x.
_?_._133:.ﬁndthevalmofkfmwhichth:eqmﬁﬂnx(k—h)=3hsmmﬂmhx.

14. Find the values of k for which the equation x(3x — 2) + kx + 12 =0 has no real roots in x.

To solve a pair of simultaneous equations, one linear and the other quadratic, we make one variable in the linear
equation become the subject of the formula and substitute in the quadratic. The method is illustrated in the fol-

lowing example:




i) =« 2x+y =4

(i)  3x*+4xy-y' =3
4Ty =1

(iii) 2x -3y =11

X +y -2x+dy =4

3 +y +Tx -3y =0

W) -2y +d4y’ =7
gy 3y s

™) 23y =13
X’ + 5xy + 6y° =88
(vii) o % Bxa2y =23

3%+ 2xy +1 =162

L% - (“iij R I~ 2x-y =4 .
TR e VAl Ry R 1Y i




The equation x — 2Vx — 3 =0 as such is not a quadratic equation. However, if we put Vx =y, x = y°.

So,x - 2vVx — 3 = 0 becomes y* — 2y - 3 =0
-3+ 1)=0
y=3o0r—1.

The value — 1 is rejected as Vx = 0 for all real values of x.
B Vx=3

x=9
The solution can be checked as forx =9, x -2Vx -3=9-(2x3)-3=0.
Note that if y = —1 is accepted, x = 1 and this does not satisfy the equation x — 2Vx -3 = 0.
Equations which can be reduced to the form aX’ + bx + ¢ = 0 (a # 0) are known as disguised quadratics.
Examples of disguised quadratics are 2**' -5 x2*-25=0,x* - 2x’-6=0,x"+2x’ -8 =0
Use in each case the appropriate substitution to reduce it to a quadratic polynomial and solve the eguations. The
solutions are given below.




Solve the following equations:
1. 3x3_4xF+1=0 : . MR st
(x+l)‘ (:H-lf
2. 2x-5/x+2=0 7. 3x4*-17x2*+10=0
3. x*-6x*+8=0 : . Xt-x%-3=0
4, e* -8 +15=0 9. 2Z+1)'-52>+11+6=0
5. (2x+1)*-6(2x+1)*+5=0 10. (x+X)'-3(x+/x7+2=0
Solve the simultaneous equations
4x-3y=15
8x* - 27y* =45 [c1
Find the range of values of x for which 2x* - 3x = 2. [c1
I the coordinates of the points of intersection of the straight line 2x + 3y = 10 and the curve
2 _ -
;+;-5. | 1
: . a
Find the range of values of x for which 4x(4 - x) = 15.: . . [C]

Write 2x* — 6x + 25 in the form A(x + h)’ + k. Hence obtain the minimum value of 2x* - 6x + 25 and the
value of x for which it occurs. Sketch the graph of y = 2x* — 6x + 25.

#

Sl i b e . , i
X+y=xy Y

2y=x+2 ' | 5 e (€]



7. Find the range of values of x for which x(x + 5) = - 6. IC]

8. Find the maximum value of 25 — 4x — 2x* and the value of x for which it occurs.

Hence, sketch the graph of y = 25 — 4x — 2x”.
9. Find the values of p for which the equation (p + 1)x* + 4px + 9 = 0 has equal roots.
10. Solve the equation 2x* — 3x* + 1 = 0.
11. Find the coordinates of the minimum point of the curve y = (3x — 5)° + 2 and sketch the curve.
12. Solve the equation 3 x 2* -5 x 2% -2 =0.
@Shﬂw that the equation (p + 1)x* + (2p + 3)x + (p + 2) = 0 has real roots for all real values of p.

The quadratic equation x* + px + q = 0 has roots -2 and 6. Find:
(a) the value of p and of g,
(b  the range of values of r for which the equation x* + px + q = r has no real roots.

15. (a) Find the range of values of x for which 8x + 3 < 3x°.
@Shﬂw that the equation x* + (2 — k)x + k = 3 has real roots for all real values of k.

16. (a) Solve the simultaneous equations y =x"-3x + 2, y=3x - 7.

(b) Interpret your solution to part (a) geometrically.
17. Solve the inequality x* < (2x+1)%
18. Solve the equations x* + y' =7 and x° - X'y’ — y* = 71.

19. Solve the inequalities:
(#) x*-2x>*-3>0 (b) x*+2x*-3<0

20. Write x*> — 8x + 19 in the form (x + a)° + b. Hence, obtain the minimum value of x* — 8x + 19 and the value
of x for which it occurs.

2 3
Sketch the graphs of y = x" - 8x'+ 19 and y =

X —8x+19° (€]

> o
@ Write down the roots of the equation ax~ + bx + ¢ = 0. Hence, show that the sum of the roots is — — and the
a

: g
s product of the roots is —.
a

»The equation 2x* + x + k = 0 has distinct real roots. Given that k < 0, show that the roots have opposite
algebraic signs. Given also that the roots are 2 and p, find the value of k. [C]

R R N v




> FUNCTIONS
Y 4_.-'1_'*"-.-'_"_' .__, -_..__l_

2.1.1 Concept of a function

We are already familiar with the concept of a function. Starting with a set and a rule defined on the set, if this rule
associates one and only one element ‘b’ with each element *a’ of the set we have a function.

Thus, for the set A = {1, 2, 3, 4}. if the rule is ‘square each element’, then with the element 1 we associate 1,
with the element 2 we associate 4, etc.

With each element ‘a’ of A we associate only one element ‘b’. which may or not belong to A. Thus, we have in
this case a function.

If on the other hand, the rule is ‘find a number whose square is’, with the element 1, we associate | and — 1. We

do not have a function.

Note: a and b are not necessarily distinct. In the given example, ifa=1,b= 1.

2.1.2 Notation for a function

We know already that a function is written in the form fix — ... g:x — ... elc.

Sometimes it can be expressed in terms of a mathematical formula, e.g. f-x — x* for the example above.

A function f has the important property that for every element x € the domain, f(x) is uniquely defined.
Forfix—=3x-4,.f(0) =4, f(1)=-1, etc.

Note: g:x — + Vx is not a function as g(9) = + 3 and g(x) is not unique.

2.1.3 Range of a function

The value of f(x) corresponding to an element x of the domain is called the f-image of x.

ffx—3x-4(x € R),f(1)=-1 and —1 is the f-image of 1.

Similarly, f(2) = 2 and 2 is the f-image of 2.

The set of f-images of all elements x of the domain is called the range of f.

If g:x — x* + 1 and the domain of g is {-3,-2,-1,0, 1}, the range of g is {-26.-7,0, 1, 2} as g(-3) =-26,
g(-2) =7, etc.

If the domain of g is the set of all real numbers greater than or equal to zero, the range of g is the set of all real

numbers greater than or equal to 1.

The range of a function can be obtained by sketching its graph as shown in the following examples:

Q- oo lNE- s T L R TIPAL La Ty - el e e 1
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2.1.4 One-one functions

Consider the function f:x — x2, x € R where R is the set of real numbers. There exist more than one element
x € R which has the same f-image, e.g. 3 and -3 have the same f-image 9.

For the function g:x —> cos x for x € R, there exist more than one element x € R which has the same g-image,

1
e.g. 5% —E.—-S—E, ... have the same image —.

T 2

For the function h:x — x? for x € R, x = 0, no two elements of x have the same h-image, e.g. 4 is the image of
2 only, 16 is the image of 4 only, etc.
We say h is a one-one function, read as a one to one function.

not one-one one-one one-one

Figure 2.3




| For each of the following functions sketch its graph and find its range. Determine whether the function is
It one-one. If it is not one-one. write down two elements of x which have the same f-image. | _

it 1. fix—>x+4x+10,xER 6. fx—>8x-xLxERx<4

f
il 2. fx=>—xERx20 - 1. fxexxeR
; it } { 1 (% : . ) I 3 I'*:. [ i I -._ o'

Bl s
| 1 ; - « -
i II . . 5

_ $ay o | ki 4 n e X
1 4 . ExresixER—<=x<=— 9. fx—wmnx,0sx<—

b ) | oy - | 2
5. fx+> x|, x € {real numbers >0} 10. fEx—>x+6x-9xERx<-3.
i 3 »
1
Consider the function f:x — 2x + 1. x € {2,3,5,7}.
f(2) =95

| The element 2 of the domain which has image 5 is written f ~(5).
| ‘, R0 f =2




Shniaﬂ}' f3)=7,fY(7)=3.

f(5)=11,f(11) =5

f(iH=15,f7(15)=7

f! is called the inverse of f.

The range of f = {5, 7, 11, 15}

The range of f ' = {2,3,5.7}

In this case, f - is a function as f ~'(x) is unique for x € {5,7, 11, 15}.

The inverse of a function is not necessarily a function.

Consider g:x —> x%, x € {-2,-1,0,1,2}
g-2)=4,g(-1)=1,g(0)=0,g(1)=1,and g(2) = 4.
The range of g = {0, 1,4}
g'0)=0,g'(H=x1.g'@==2.

So, g! is not a function.

For the inverse f ' of a function f to be itself a function, f must be one-one.

If f is not one-one, there are at least two elements a and b of the domain which have the same image c, ie.
fla) = ¢ and f(b) = c.

So, f'(c)=aorb.

Hence, f ~'(¢) is not unique.

So, f ' 1s not a function.

If the domain of a one-one function f is A and its range is B, the inverse function f~' has domain B and range A.

Generally if f(x) =y, x = f “'(y)
To find the inverse of a function f, we find x in terms of y where y = f(x).







1+ —
5
(©) fIx—>4-3x-2 x=2 (d) fx— ; x;t'l}org
5
(e) ix—2x'+3 () Ex—3-2x
(g Ex—3+ E,{Iiﬂ} (h) fxr—>x*+6x-4(x=-3)
(i) fix—= (2x-1Y+ l(xﬁ’:%] () fx—9-(x-3,(x=3)

ﬁ. Show that each of the following functions is one-one. In each case, find the domain, range and the rule of
the inverse function:

1 1
&) £xXr>—. x>0 (b) fIx—=>—x20
X X
| 1
(©) fx—=—.,x>0 (d) fx—=—x<0
X X
(e) fix—=x*,x=0 M fx—-x2x=0
(g fix—=3x*+1,x=0 (h) fx—4-(x-2r.(x<2)
(i) fix—x*+2x-3,x=-1 () fx—=x*-8x+9.(x=4)

If (a, b) is any point on the graph of a function f, then the corresponding point on the graph of its inverse f ' s (b, a).
Hence, a point (a, b) becomes (b, a).

But (a, b) is transformed onto (b, a) by a reflection in the line y = x.

Hence, the graph of y = f ~(x) is obtained from the graph of y = f(x) by a reflection in the line
y=x as illustrated in the following examples.

V i X=8
|
ay ,¥=X
y =fi(x)
i
:I | ‘/"
e _IF 7?’ i __d
| - s
et o
J.":*"’} | \-:f (x)
0O I X

Figure 2.7




1. In each of the following diagrams, the graph of y = f(x) and the line y = x are shown. Sketch in each case
the graph of y = f ~(x)

(a) ya (b) v
K}J:K ;,)f=l
/ /
/ /
i /
/ 2
SV A% ol,
2 - A -
s |0 % / =
/ / y = fix)
¥ /
/ /




y=x
4 y=x
‘ y=f(x) - /4
i A
S
| /"/
f"/ ’ / y=Kx)
: /___. r
. - =
; 7z 'l() 7 10 X
,/I.-“ P
s | l/"
| /
(e) Y4 (H) y$
y=X s Y=X
}I:ﬁ,){} /#’f =ﬁl}
\ 7 / rd
| 5 o y
:X: f/} s
o
e II'II- = L 7 +
ffo X //O X
/ 5
~ P
/ /
2. Given that f(x) =sin(x), (0 =x = g]* sketch the graph of y = f ~'(x).

3. If g(x) = cos x, (0 =< x =< m), sketch the graph of g'(x).
4. Sketch the graph of h'(x), giventhat h(x) =x*; x = 0

5. Sketch the graph of f ~'(x), given that f(x) = x’.




— e,

Consider the functions f:x — x*, x ERand g:x — 2x + 3, (x = 1).
From the graphs of f and g, we know that the range of f is {f(x) € R : f(x) = 0} and the range of g is
{g(x) € R : g(x) = 5}.

We note that the range of g is a subset of the domain of f. It is therefore possible to find fg(x) for all x = 1. We say
that the composition fg of the functions f and g obtained by finding g(x) first and then fg(x) exists. However the
range of f is not a subset of the domain of g. All numbers from O to | (excluding 1) do not belong to the domain of g.
It is therefore not possible to find gf(x) for all x. We say that the composition gf of the functions g and f obtained
by finding f(x) first and then gf(x) does not exist.

In general, for fg to be a function (i.e. for the composite function fg 1o exist), the range of g must be a subset of
the domain of f. Similarly, for gf to be a function (i.e. for the composite function gf to exist), the range of f must
be a subset of the domain of g.

In the example above, fg(x) = f(2x + 3)
= (2x + 3)
To find the range of fg, we apply f to the range of g.
As f(5) = 25, the range of fg = {fg(x) € R : fg(x) = 25}




1. For each of the following pairs of functions, find whether fg and gf exist for x. If either exists, find its rule
intheformfg: x— ..orgf:x— ...

g
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(a) ix—>3x-2, gx—>5-3x (b) f‘,xHZx+l.g:le(1:D)
X

(¢) fix— e (x#3), gx—>4-5x (d) f:xt—r31-4,g:1h+}1|

(e) fix—> 1 -2x,gx—>Inx,x>0 M fx—=Vx,(x=0),gx—>2x+3

(g) fix— %E,g:x*—:vh-l (h) fix=— 2", gx — x*

Sketch the graphs of f:x — 3*and g:x — 3 - 2x for x € R.
Find whether fg or gf exists. In each case, if it exists, find its rule and its range.

. Sketch the graphs of f:x = 5* and g:x — x’ for x € R.

Find whether fg or gf exists. In each case, if it exists, find its rule and its range.

Sketch the graphs of f:x — sin x, (0 < x =< x) and g:x ~> cos x, (0 < x < x). Show that gf exists but fg
does not exist and find the range of gf.

Miscellaneous Exercise 2

Express x* + 4x in the form (x + a)* + b, stating the numerical values of a and b.
The functions f and g are defined as follows:

fix—>x2+4x,x=-2

gx—>x+6,xER

(a) Show that the equation gf(x) = O has no real roots.

(b) State the domain of f -, and find an expression in terms of x for £ ~'(x).

(c) Sketch, in a single diagram, the graphs of y = f(x) and y = f -'(x), making clear the relationship between
these graphs. ’ iCl




The functions f and g are defined as follows:

1
fx——x€ER,x20
b4

gx—>1-x,x€R
Write down expressions for fg(x) and gf(x) where x # 0., x # | and hence show ﬂ:ai‘gfg{x} = fef(x) for all
such x. [C]

The function f is defined by
fx—x=-1V+2, xR, x=1.
On a single clearly labelled diagram, sketch the graphs of y = f(x), y = f '(x) and y = ff '(x).

The function g is defined by
gx—»>3x+2,xER.
Find gf(x), for x = 1.

The function h is defined by h:x — ax + b, x € R; where a and b are constants. Find the values of a and b
such that fhax — 4x* + 16 x+ I8, x E R, x = -2. IC]

The function f is defined by f:ix — 4x° + 3, (x E R).
Give the corresponding definition of f -'.
State a relationship between the graphs of fand f . IC]

The functions f, g and h are defined for x by
f(x) = x?,

gx)=Vx (x=0)
h(x)=x + 2.

Sketch on separate, clearly labelled diagrams, the graphs of

(a) y = f(x)

(b) y=gx)

(c) y=gf(x)

(d) y=fhix)

(e) y = hf(x)

Find (gh)'(y), giveny = 0. [C]

The subset of R given by {x: =1 =< x =< 3} is denoted by S. The function f:S — R is defined by
fixr—>x>—x-2.
State whether f is one—one, giving a reason for your answer. and determine the range of f. IC]




10.

1.

Functions f and g, each with domain, are defined as follows:

fx—=>3x+2, gx—>x*+1
For each of f and g, state the range of the function and give a reason to show whether or not the function
is one-one. Give explicit definitions. in the above form, of each of the composite functions fg and gf and

find the values of x for which fg(x) = gf(x).
State the domain of the inverse relation (fg) ! and give an explicit definition of this relation.

Explain briefly why (fg)' is not a function. IC]

The function f has domain {x € R: x = -2} and is defined by fix) = x>+ 4x + 7.
Define the inverse function f ', [C]

The function f has domain {x € B: x =< 3} and is defined by f(x) = x* - 6x + 10.
Define the inverse function f . [C]

The function f is given by f:x — x> — 3x — 4, where x € R.
Find the range of f and the values of x for which f(x) = 0.

Sketch the graphs of y = x— 3x —4andy= — (C]
xX"—-3x-4

Show that f:x — x* — 4x + 3, where x € R. is not a one—one function.

The one—one function g has domain D where D C R* and is defined by g:x — x* — 4x + 3. Given that the
range of g is the same as the range of f, find D. Find also g in the form g'x — . giving its domain
and range. [C]

, X #—1. Obtain simplified expressions for:

The function f is defined by f:x — l
X+

(a) 1(5 ®) £(x) ©) f"(%}.

Hence, solve the equation f&) +f (i) = f(x). IC]
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3.1.1 Distance between two points

We know from earlier work that the distance d between two points with coordinates (x .y ) and (x,, y,) is given

by

3.1.2 Mid-point of a line segment

IfA and B have coordinates (x,,y, ) and (x,, y,). the coordinates of the mid-point of line sesgment AB are

. 1
LtX Yi+Ys )
QI
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3.1.3 Gradient of a line

(1) We know already that the gradient of a line is the ratio h—% where (x,, y, ) and (x,, y,) are the coordinates
of any two given points on the line. i
The gradient of the straight line through (-2, 3) and (2,-3) 1s % =— ?

(ii) All lines parallel to the x-axis, i.e. y lines, have gradient 0. Thus,y =4, y=-5.y= % have zero gradient.




~ (iii) All lines parallel to the y-axis, i.c. x lines, have infinite gradient. Thus, x = 1, x = -5.x= —% have infinite
gradient.

(iv) If a straight line has positive gradient, it makes an acute angle with the positive direction of the x-axis and if
it has negative gradient, it makes an obtuse angle with the positive direction of the x-axis.

3.1.4 Equations of straight lines

The Cartesian equation of a straight line is the equation satisfied by the x-coordinate and the y-coordinate of any
point on the line.

To find the equation of a straight line, we need to know the coordinates of one point on the line and its gradient
or the coordinates of two points on the line.

3.1.5 Equation of the straight line through a peint (x , y, ) and with
gradient m

We take the general point (x, y) on the line

I~ h = m as gradient is m.

Note: If the point is the origin, x,=y, = 0, the equation is y = mx.

3.1.6 Equation of the straight line through two given points

To find the equation of the straight line through (2, —3) and (5. 4). we find the gradient

4-—
2

Gradient =

oo
x
3
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Taking the general point (x, y) on the line and one of the two given points say (2, -3). the equation is then

yiz=ih

7
x—2 3
y + i
X -2 3
Iv+9 =7x-14

3y =7x-23

Note: Instead of using (2, —3), we could have used (5, 4) and obtained the same equation.




|. Find the length of the line segment joining each of the following pairs of points with given coordinates:

(a) (2,-1),(-1,-3) (b) (0,-5),(3,0)
(c) -1.4),(3, 1) (d) (-1.-5).(-2,3)
(e) (3,2),(-2,1) () (4,-1).(-1.4)
(2) (-2.0),(4,0) (h) (0,-2),(0,7)
(1) (a,b),(b,a) () -2.1),(a,-2)

2. Find the coordinates of the mid-point of each of the line segments in guestion 1.

3. % The point P (a, 4) lies on the circle with AB as diameter. Given that A and B have coordinates (-2, 3) and
(4, 11) respectively, find the coordinates of the centre of the circle and the values of a.

43 Show that the points (3, 5), (-3, 1), (-1, 5) lie on a circle with centre (1, -1).

5. ABC is a triangle with coordinates A(2, —1), B(0, 3) and C(5, 9). Find the lengths of the medians of the
triangle.

6. The vertices A, B and C of a parallelogram ABCD have coordinates (4. 8), (2, 3) and (-2, —6) respectively.
Find the coordinates of the point of intersection of the diagonals. Hence, find the coordinates of the vertex D.

7. Aparallelogram ABCD has vertices A(x,.y ), B(x,.y,), C( x,.y,) and D(x,, y,). Show that X + X, =x, + X, and
}'I] +}r3=}r2+}r4+

8. Aand B have coordinates (-1, 2) and (3, 4) respectively. Find by calculation whether the following points
lie on the mediator of AB: (a) (1, 3) (b) (=2, 9) (c) (2, -1).

0, ABCD is a quadrilateral with vertices A(1, 2), B(6,4).C(4.9) and D(-1,7).
Show that all sides are of equal length.
Find the lengths of the diagonals BD and AC. Hence, show that all the angies of the quadnlateral are nght angles.
What is the special name given to this quadrilateral?




10.

11.

s

13.

14.

15.

ABCD is a quadrilateral with A(-1. 3), B(4. 5). C(6. 10) and D(1, 8).

Show that all the sides are of equal length.

Show that the diagonals AC and BD have the same mid-point M.

By considering the lengths of MC, MB and BC, show that the diagonals AC and BD intersect at right angles.

A, B and C have coordinates (7, 3), (2, 3) and (4, —1) respectively.

Show that the triangle ABC is isosceles.

Find the coordinates of the mid-point M of BC.

By considering the lengths of AM, MB and AB, show that angle AMB is a right angle.

Find the equations of the straight lines with given gradients, passing through the given points:

(a) through (1,-4), gradient 4 (b) through (2, —1), gradient —4
3
(c) through (-4, 3), gradient —6 (d) through (-5, -2), gradjemi
(¢) through ad gradient -5 (f) I:l'u'(:lrl.lgh(—E —l) 'e.-m-—E
e ug 3" af) ient — 5’ z.gmir 2
- AN : 1 i
(g) through [5.—3].grad1ent—z (h) through (a, b), gradient m
(1) through (e, e*+ 1), gradient : (j) through (at’, 2at), gradient —t
e
= 1
(k) through (ct.E], gradient -—l, (1) through (’J’E [ ) gradient —
t r V,r._j
Find the equations of the straight lines through the following pairs of points:
(a) (1,-3),(4,3) (b) (-1,5),(3,7) (c) (-1,2),(3,5)
1) (1 F ot 1
2i==L1=:2 = s Rl e f) (a.b), (b,
o (-2)(2) i)
(g) (ap’, 2ap), (ag’, 2aq) (h) (3,-1),(5,-1) (i) (4.3).(4.5)

LA
) ===~
o -gHe7)

ABC is a triangle with vertices A(2, 4). B(4. -2) and C(3, 6). Find the equations of the medians of the
triangle.

A(=1,2),B(3.5) and C(1, 8) are the vertices of the triangle ABC. D, E. F are the mid-points of AB, BC and
AC respectively. Find the equations of DE, DF and EF.




3.2.1 The equation of y = mx + ¢

Consider the equation of the straight line through (0, ¢) and gradient m which is:

s 2o
x -0
y—C =mx
Yy =mx +¢

Conversely, the equation y = mx + ¢ represents for a given value of m and of ¢ a straight line through (0, ¢) and
gradient m.

Thus, the line y = 3x + 4 represents a straight line of gradient 3 passing through (0. 4) and the line y= —lx -5
represents a straight line of gradient &% passing through (0, -5). :

The equation ax + by = p can be reduced to the form y = mx + ¢ as

ax+by =p
by =—ax+p
=——x4+2
S

This represents a straight line of gradient —% passing through the point (U, —J .

o |3

Note: 'c’ is called the y-intercept of the line.

3.2.2 The equationy -y, = m(x - x,)

VS,
X =%

We have seen that the equation of the straight line with gradient m passing through the point (x,,y,)is =m
ory-y, =m(x —x,).

Conversely, the equation y — y, = m(x — x,) represents a straight line of gradient m passing through the point (x,, y ).
Thus, y — 3 = 2(x — 4) is a straight line of gradient 2 through the point (4,3) and y + 1 = —4(x — 3) is a straight

line of gradient —4 and passing through the point (3, -1).




| 3.2.3 Parallel lines

Yy

Figure 3.1

From figure 3.1, the gradient of the line 22 —2% = tan 6, where 8 is the angle between the line and the positive
X =X
direction of the x-axis. s

et I

Figure 3.2

It follows that if lines are parallel, they make equal angles with the positive direction of the x-axis, and so, their

gradients are equal.
Conversely, if two or more straight lines have equal gradients, they are parallel.







3.2.4 Perpendicular lines

Consider two lines parallel to the axes (x-lines and y-lines), e.g. x = 3 and y = —4. These 2 lines are perpendicular.
Next, consider two perpendicular lines which are not parallel to the axes (Figure 3.3).

e D B
& 90+ e
ﬂ / \ X
A C
Figure 33

If AB makes an angle a with the positive direction of the x-axis, its gradient = tan a.

CD then makes an angle of (90 + «) with the positive direction of the x-axis and its gradient is tan (90 + a) = <ot a.
Product of gradients is then tan @ x —cot o = —1.

So, if two lines are perpendicular and they are not parallel to the axes, the product of their gradients i1s —1.
Conversely, if the product of the gradients of two lines is —1, the lines are perpendicular.







The line is therefore a y-line.
w;pendwﬁwhnnmmnm

Since it passes through (1, 2), its equation is x = 1.

LM s

Note: mnﬁegradiaﬂcfam:so wamwﬁmhﬁwqﬁyﬂmdm

lines is —1.

Find the gradient of each of the following lines and the y-intercept:

(a) 2y -5x=7 (b) 3y+2x=9
2x W LI
(c) 3 + > (d) =%

(e) ax +by=c

(g) y-3=2(x+1)

(i) 2Ay-3)=-5(x+7)

() xcosB+ysinB=p
5

=

x+4 2

1)

Find the gradients of the lines which are (i) parallel and (i1) perpendicular to each of the following lines:

(a) 3y—4x=9

(c) y=-2=3(x+4)

(g 3(y+4=5(x-7)

(i) y=-5

(b) 4x + 3y =8

@) y-3=p(x+2)

() xcosB+ysmbB=p

(h) x=8

Find the value of a in each of the following:
(a) Al(a, 3),B(1,4),C(-1,2),D(3.5) and AB is parallel to CD

(b) A(1,2),B(3,5),C(0, 1), D(a,

—2) and AB is perpendicular to CD.

(c) A(-1,1),B3,4),C(-4, 2), D(1, a) and AD is parallel to BC.
(d) A(2,0),B(-1,1),C(a,3).D(5,7) and AD is perpendicular to BC.
(e) A(1,1),B(2,3),C(-1,a),D(3,5) and AD 1s perpendicular to BC.

A parallelogram is defined as a quadrilateral which has its 2 pairs of opposite sides parallel.
Use this definition to show that the quadrilateral ABCD with vertices A(2.3).B(5.8),C(7,9) and D(4.4) 5

a parallelogram.




5 A rectangle is defined as a parallelogram which has one of its angles 90°.
Use this definition to show that the quadrilateral ABCD with vertices A(—1, 2), B(3, 5), C(0. 9) and D(-4, 6) is

a rectangle.

6. A(l,, y,). B(x,, x,) and C(x;,, x,) are the vertices of a tnangle ABC. L and M are the mid-points of AB and
AC respectively. Show that LM is parallel to BC and its length is % length of BC.
Given N, the mid-point of BC has coordinates (2,-1) and L and M have coordinates (3,4) and (5, 7) respec-
tively, find the equation of BC.

7. Find the equation of the line through:
(a) (-1, 2), parallel to the line 2y +x =3
(b) (2,-1), perpendicular to the line x — 3y =4
(¢) (0.2)., parallel to the line % + % =5
(d) (1,-3), perpendicular to the line y - 3 = —4(x + 1)
(e) (1,3), parallel to the line y =4
(f) (1, 3), perpendicular to the line y =4
(g) (-1, 5), parallel to the linex =3
(h) (-1, 5), perpendicular to the line x =3
(i) (2, 3), perpendicular to the line x cos30° + y sin 30° = |

(j) (at?, 2at), parallel to the line y — 3 =t(x + 2)

(k) (ﬂ%) perpendicular to the line - ha =t

x —1
(I) (cp*, cp), parallel to the liney + 3 = i(x s 4)
P
8. ABCD is a rhombus. A has coordinates (2, —4) and C (-2, 4). Find the equation of the diagonal BD.

9. Find the equations of the three mediators of the triangle ABC where A, B and C have coordinates (1, 2).(5,2)
and (3, 6) respectively.

10. The line AB makes an angle of 120° with the positive direction of the x-axis. Find the equations of the
straight lines through (\/37, I - ﬁ) respectively parallel and perpendicular to AB.

(i) To find the coordinates of the point of intersection of a straight line with the y-axis, we substitute x =0 in the
equation of the line.
To find the coordinates of the point of intersection of the line with the x-axis, we substitute y =0 in the equation.

Thus, 2x + 3y + 6 = 0 intersects the y-axis when x = 0.

. T i & ""1."'_"..._-”"',;.
s R TR o S




1.e. 3y+6 =0
y =2
Point of intersection with the y-axis is (0, -2).
It intersects the x-axis when y =0
1.€e. 2x+6 =0
X =-—
It therefore intersects the x-axis at (-3, 0)

(ii) To find the point of intersection of any two given lines, we solve their equations.
To find the point of intersection of the lines with equations 2x + 3y = 5 and 3x + 2y = 10, we solve the two equations.

2x +3y =5 (1)x2
3x+2y =10 (2)x3
4x + 6y =10 (A)
O9x + 6y =30 (B)
—5x =-20 (A)—(B)
x =4
Substitute in (1) 8 + 3y =35

y =1
The two lines intersect at (4, —1).




co dinates of C, we solve the equations
2y-3x =8 (D
y-3x=-5 2
y=13 (H-(2)

26-3x =8
3x =18
x =6
dinates of C = (6, 13)

From the point A(1,-2), a perpendicular is drawn to the line 2x + 3y = 9 to meet it at M. Find the coordinates
of M and the length of AM.

The straight line through the point (1, —2) parallel to the line 2y + 3x = 6 meets the x-axis at A and the y-axis
at B. Find the length of AB.

. The mediator of AB where A and B have coordinates (1. 5) and (2, 6) meets the line through (2, -3) perpen-
dicular to the line x + y = 5 at C. Find the coordinates of C.

Find the length of the perpendicular from the point (1, -3) to the straight line 5x + 12y + 5=0.

. Show that if A, B, C and D have coordinates (2, 1), (5.4), (4. 5) and (1, 2) respectively, then ABCD is a
rectangle. Find the coordinates of the foot of the perpendicular from C to BD and find the length of this
perpendicular.

A line of gradient % is drawn through C to cut AB at E. Find the length of AE.

A3, 1), B(-5, 7) and C(1, 11) are the coordinates of a triangle ABC. M and N are the mid-points of BC and
AC respectively. Find the equations of the medians AM and BN of the triangle. Hence obtain the coordi-
nates of the point of intersection G of the medians.

Find the equation of CL where L is the mid-point of AB and show that G lies on CL.

Find the equations of the mediators of the triangle ABC with A(-1, 2), B(5, 2) and C(-1, 8). Show that the
point of intersection of the mediators of AB and AC lies on BC.

8. Atriangle is enclosed by the lines y = 3x,y = %x and x + y = 8. Find the coordinates of its vertices.

Find also the coordinates of the point of intersection of its mediators.




To find the coordinates of the points of intersection (if any) of a curve and a straight line, we solve their equations.
A curve may not intersect a line at all. It may intersect it in one point only, in which case, the line is a tangent 1o

the curve or it may intersect it in more than one point. The 3 different cases are illustrated in Figure 34,

{a) (b) (c)

Figure 3.4
For a quadratic curve y = ax® + bx + ¢ and a line y = px + q. we obtain:
ax? + bx + ¢ = px + q at points of intersection

ax*+x(b-p)+c—-q=0

This is a quadratic equation which has 2 unequal roots (thus giving 2 points of intersection) if the disciminant > 0,

1.e.

atl (b—py—-4alc-q) >0

, | In this case, the line cuts the curve in two distinct points.

!] b It has 2 equal roots giving only one point of intersection if discriminant = 0, in which case the line is a tangent o
el

i the curve.

It has no real roots giving no point of intersection if discriminant < 0.

These cases are illustrated in Figure 3.5.

)r“ ‘.‘

! {a) (b)

|
i .
' Figure 35
1










Find the coordinates of the point(s) of intersection of the following curves with the x-axis:
(@) y=x*+x-6

(b) y=2x"-x-3

() y=x*—9x + I8

(d y=(x+1)(x-2)

(€) y=2x" - 16x°

The line y = x — 2 cuts the curve y = x* + 2x — 14 at A and B. Find the length of AB.

1 i x+l: 3:
'[hehncx+y:5mtersecl5thecu:ve( . ) —(F; ) =—1 at A and B. Find the length of AB.

Find the range of values of m for which the line 2y + x = m intersects the curve x* + xy + 8 =0 in two dis-

tinct points.
Find the values of m for which the liney=8 is atangenttothecurve y=x*+(m + 3)x + (5m - 1).

Find the coordinates of the point(s) of intersection of:

(8) y=6-x-xandy=x+x+2 (b) y=x"and y° =4x

() y=x*+x-3andy=x"-x+1 (d y=8+x-2xand y=x"-9x + 11
(e) ¥*=9x and x* = 9y.

Miscellaneous Exercise 3
The point A has coordinates (7, 4). The straight lines with equations x + 3y + 1 =0 and 2x + 5y =0 intersect

at the point B. Find the coordinates of B and hence show that one of these two lines is perpendicular to AB.
<

The line y = 2x +3 intersects the y-axis at A. The points B and C on this line are such that AB = BC. The
line through B perpendicular to AC pass.es through the point D(-1, 6). Calculate:

(a) the equation of BD

(b) the coordinates of B

(¢c) the coordinates of C. IC]

The line y = ax + 7 is parallel to the line y = 2x — 3.
The line y = bx + 7 is perpendicular fo the line y = 2x - 3.
(a) State the value of a and of b

\ Lb} Calculate the perpendicular distance between the pair of parallel lines. IC]

A has coordinates (1, 1) and B(-1.,4). C is a point in the plane and the gradients of AB, AC and BC are —3m,

3m and m respectively.

(a) Find the value of m

(b) Find the coordinates of C

(c) Show that AC = 2AB. [C]




10.

(a) Find the value of p for which the line y = 6 is a tangent to the curve

y=x'+(1-p)x+2p
(b) Find the range of values of q for which the line x + 2y = q meets the curve
X(x+y)+8=0 (]

A2t t+ 1), B4t t + 5), C(10 + t, 0), O(0, 0) are 4 points. Given that t only takes positive values, calculate
the value of t for which the mid-point of AB is equidistant from O and C. [C]

In a rectangle ABCD, A and B are the points (4, 2) and (2, 8) respectively. Given that the equation of AC s
y =x -2, find:

(a) the equation of BC

(b) the coordinates of C

(c) the coordinates of D

(d) the area of the rectangle ABCD. IC]

The line 2x + 3y = 1 intersects the curve x (x + y) = 10 at A and B. Calculate the coordinates of the mid-point
of AB. [C]

ABCD is a parallelogram, lettered anticlockwise, such that A and C are the points (-1, 5) and (5, 1) respec-
tively. Find the coordinates of the mid-point of AC.

Given that BD is parallel to the line whose equation is y + 5x = 2, find the equation of BD.

Given that BC is perpendicular to AC, find the equation of BC.

Calculate:

(a) the coordinates of B
(b) the coordinates of D [C]

(a) Given that the straight line y = ¢ — 3x does not intersect the curve xy = 3, find the range of values of c.
(b) Find the value of k for which the line y + 3x =k is a tangent to the curve y = x* + 5. IC]




~ > CIRCULAR MEASURE

4.1.1 The radian

Figure 4.1

Consider a circle O with circumference 20 cm. If A and B are points on the circle and arc AB is of length 4 cm, the

e
angle AOB = - x 360° =72°.

-

Generally, if the circumference of a circle is of length C units and the length of an arc is L units, the angle
: L
subtended by the arc at the centre of the circle = C x 360°.

Next, consider a circle of radius r. Its circumference C = 2. If arc AB is of length equal to r, the angle which arc AB

: . . 180°
subtends at the centre of the circle 1s A x 360° = :
2mr T

This angle is a constant, it is called a radian.

The radian is the angle subtended at the centre of a circle by an arc of length equal to the radius of the circle.

The symbol for radian is rad.
180°
T

or xt rad = 180°

We write l rad =

Note: Care must be taken not to write m = 180°.

As the value of m is not exact, a radian cannot be obtained exactly in degrees.

It is approximately 57 .3°.




4.1.2 Length of arc

If an arc subtends an angle 0 rad at the centre, the length of the arc

= ZE x circumference, as 360° = 2x rad
T

7] : .
= — x 27w where r is the radius

2

=rf.

This formula is remembered as s = rf where s is the length of arc, r is the radius and # is the angle in radians
subtended by the arc at the centre of the circle.




Convert to degrees:

-!- ; 21; 5 b9 aﬂ
a) —rad — rad — rad — rad
B " (b) (c) (d)

() 04 rad (® 25rad  (h) 39rad (i) 13rad
‘. wvert to radians leaving your answers in terms of :
(a) 90° (b) 150° (c) 210° (d) 75°

(0 140° (2) 28° (h) 37.1° (i) 138.6°

Find the length of an arc of a circle which subtends an angle of:

% radians at the centre of a circle of radius 5 cm.
%mﬂ:ans at the centre of a circle of radius 12 cm.

?-I'deiamalmecemdacimle of radius 6.4 cm.

o

©)
{d) 0.5 radian at the centre of a circle of radius 12.5 cm.

(¢) 1.56 radians at the centre of a circle of radius 4.3 cm.

Find the length of the arc.

1ix
— rad
(e) =

(j) 0.82 rad

(e) 675°
() 290.6°

An arc of a circle of radius 8 cm subtends an angle of 0.8 radian at a p:hm&:M#dhei&.




A chord AB of a circle subtends an angle of BTJT radians at the centre. Find the ratio of the length of the

minor arc AB to the length of the chord AB.

Find the perimeter of each of the shaded shapes:

(a)
OA=4cm, AB=3cm

andLBOC=gmd

(b)
OA=7cm, ZAOB = 5?1 rad
(c) D
OA =5 cm, obtuse ZAOB = = rad
o
(d)

01. 0: are centres of circles of
radius 5 cm and 7 cm respectively
and 0!0: =9 cm.




O is the centre of circle of radius
6 cm and chord AB is of length 9 cm.

Figure 42

1f LAOB = 6°, the area of sector AOB = % x ntr* where r is the radius of the circle.
i L

8 - 2R
If LAOB = 0 rad, the area of sector AOB =2— X - = ?rﬂ )
4 x 2

This formula is written as A = %rzﬂ where A is the area of a sector containing an angle 8 radians at the centre.

—_—



Amaufsei:hrAﬂB:—;-_xézx 1.459 cm?

= 26.26 cn¥® (calculator)

Area of triangle AOB = — x 6%sin 1459

2
= 17.89 cm? (calculator)

Area of minor segment = 26.26 — 17.89 cm’

()

=837 cm’ (3s.0)

Find the area of the sector containing an angle of:

(a) 0.8 rad at the centre of a circle of radius 6 cm.
(b) 1.2 rad at the centre of a circle of radius 9 cm.
(¢) 2.5 rad at the centre of a circle of radius 12.6 cm.

(d) 1.8 rad at the centre of a circle of radius 9.4 cm.

An arc of circle of radius 6 cm is 9 cm long. Find the area of the sector.

O is the centre of a circle and A, B are points on the circle. OA = 9 cm and the area of sector OAB = 8 82 cm’.
Find the area of the minor segment AB.

An arc AB of length 8 cm subtends an angle of 2 radians at the centre of the circle. Find the area of:
(a) the sector AOB
(b) the major segment AB.

Find the area of each of the shaded regions:

(a)
O is the centre of the circle,

OA =6 cm, ZAOC = | .6 radians.




(b)

O is the centre of the circle.
OA=4cm and
Z AOC = 0.6 radians.

4 cm

O is the centre of a circle of radius
r umits and £ AOB = B radians.

O is the centre of the circle of
radius r.
£ AOB = 8 radians and CA=CB

(e)

e
Aiﬂ
A, B and C are centres of egual
circles, each of radius 4 cm.
|.||




i

IJ

(H)

A, B and C are circles of radii 3 em,
4 cm and 5 cm respectively.

Miscellaneous Exercise 4

A sector OAB of a circle, of radius a and centre O, has Z AOB = 0 radians. Given that the area of the
OAB is twice the square of the length of the arc AB, find 8. [

The diagram shows two circles with centres A and B, intersecting at C and D in such a way that the
of each lies on the circumference of the other. The radius of each circle is 1 unit. Write down the size
angle CAD and calculate the area of the shaded region bounded by the arc CBD and the straight line
Hence show that the area of the region common to the interiors of the two circles is approximately 39%

the area of one circle. [l

BN T A e 1 Ik s

The diagram shows part of a circle, centre O, of radius 10 m. The tangents at the points A and B on the




* circumference of the circle meet at the point P and the angle AOB is 0.8 radian. Calculate-
(a) the perimeter of the shaded region
(b) the area of the shaded region. [C]

- The diagram shows two circles, C, and C,, touching at A. Circle C, has radius 9 cm and centre X; circle C,
?J;nmﬁu_sllcm and centre Y. A tangent touches the circles C, and C, at the points P and Q respectively.
- Calculate the length of PQ and show that angle PXY, to 3 decimal places, is 1.176 radians.
@) the length of the minor arc AP of circle C,,
(b) the length of the minor arc AQ of circle &
() the area of the shaded region. [C]
]

The figure shows the circular cross-section of a uniform log of radius 40 cm floating in water. The points A and
Bare on the surface and the highest point X is 8 cm above the surface. -
;_ ow that Z AOB is approximately 1.29 radians.
Calculate:
(a) the length of the arc AXB,
~ (b) the area of the cross-section below the surface
(c) the percentage of the volume of the log below the water, i iC]

- T = =i




In the given diagram AXB is an arc of a circle centre O and radius 10 cm with ZAOB = 0.8 radian. A‘Iq
is an arc of a circle centre P and radius 5 cm with ZAPB =#8.
Calculate:

(a) the length of the chord AB

(b) the value of 8 in radians

(c) the difference in length between the arcs AYB and AXB. [C1

B | |
A 0 B ".

The diagram shows part of a circle centre O of radius 6 cm.

(a) Calculate the area of the sector BOC when 6 = 0.8 radian.

(b) Find the value of 8 in radians for which the arc length BC is equal to the sum of the arc length CA and
the diameter AB. [l

The diagram shows three points A, B and C on a circle, centre O and radius 10 cm. The line AD is a tangent
.[ to the circle. Given that angle AOB = 60°, find, to one decimal place,




’” (a) the length of the arc ACB
(b) the area of the segment ACB.

Given also that the length of AD equals the length of the arc ACB, find:
(c) the area of the shaded region ABCD

} (d) the length of BD. [C]
9

In the diagram, ABC is an arc of a circle with centre O and
- radius 5 cm. The lines AD and CD are tangents to the circle
5t A and C respectively. Angle AOC = én radians

(a) Show that the exact length of AD is (5,5} cm.

(b) Find the area of the sector AOC, giving your answer in terms of .

(¢) Calculate the area of the region enclosed by AD, DC and the arc ABC, giving your answer correct to 2
significant figures. [C]

10.

The diagram shows a circle with centre O and radius r. The three points A, B, D on the circle are such that
BAO = DAO = 0 radians, and BCD is an arc of the circle with centre A and radius AB. The point E lies on the
arcAD. Find, in terms of r and , expressions for:

(a) the length of AD

(b) the area of the sector of the circle (centre A) bounded by AB and AD and the arc BCD.

(c) the area of triangle OAD

(d) the area of the segment ADE.

Hence, show that the area of the shaded region may be expressed as 12 (sin 26 — 28 cos 28).

I : . . :
Deduce that, when 6 = IH , this region has an area approximately one third that of the circle with centre O.
[C]




_ > TRIGONOMETRY 1

5.1.1 Acute angles

ll""" e ® & - E - =
“We are familiar with the three trigonometrical ratios sine, cosine and tangent.

We recall that in a right-angled triangle
| !\ _ OPPOSITE
L HYPOTENUSE N

sin

a

ADJACENT
HYPOTENUSE

I

OPPOSITE
ADJACENT

fana =

S IfOP 1s a vector of length 1 unit making an angle a with the positive direction of the x-axis,

* the x-component = cos a and the y-component = sin a (Figure 5.1).

YA

P(cos o, sin o)

/—?\1

Figure 5.1

It follows that the coordinates of P are (cos «, sin ).




e ———

5.1.2 Angles between 90° and 180°

Y : v
/N o
.' - 110° : ] /‘"‘“\
|| . 1 —\\\ | T._\M]
| l : -X t + ' =1,
\ Qo . Q. 0

/ xv'/;
(@) (b)

Figure 52

If OP, and OP, are vectors of unit length making angles of 110° and 160° respectively with the positive dire i

of the x-axis, the coordinates of P, and P, are (cos 110°, sin 110°) and (cos 1607, sin 160°) respectively. The cot

dinates of P, and P, can also be written as (—cos 70°, sin 70°) and (—cos 20°, sin 20%) respectively as OQ, =cos iE

Q,P, =sin 70°, 0Q, = cos 20°, Q,P, = sin 20°.

It follows that cos 110° = —cos 70°
cos 160° = —os 20°
sin 110° = sin 70°

sin 160° = sin 20°

It can be checked that cos 132° = —cos 48°, sin 132° = sin 48°, cos 143° = —cos 37° and sin 143° = sin 37°.

In general, cos a® = —cos (180 — @)® and sin a®

sin(180 — a)®

Also, tan (180 — a)® =
cos(180 — a)°

=sin (180 — a)®

_ sina’
—cosa’
= —tan a®
y
Quadrant 2 Quadrant |
- X
Quadrant 3 Quadrant 4
Figure 53




xes of coordinates divide the cartesian plane into four quadrants as shown in Figure 5.3.

angle between 90° and 180° is found in quadrant 2

of any angle in this quadrant is positive.

an find the trigonometrical ratio of any angle in this quadrant in terms of the same ratio of an acute
tracting from 180° and using the appropriate algebraic sign, + for sin, — for cos and tan.

1.3 Angles between 180° and 270°

¥i Y

. (a) (by
Figure 5.4

ure 5.4, we can write the coordinates of P, and P, in two different ways, P, as (cos 213°, sin 213°) or
33" —sin 33°) and P, as (cos 245°, sin 245°) or (—cos 65°, —sin 65°).

cos 213° = —os 33°

cos 245° = —cos 65°

sin 213° = —sin 33°

sin 245° = —sin 65°



As both sine and cosine are negative in quadrant 3, tangent is positive, i.¢. tan 213° = + tan 33° and
tan 245° = + tan 65°.
In quadrant 3, the trigonometrical ratio of any angle can be obtained in terms of the same ratio of an acute ang

by subtracting 180° and using the appropriate algebraic sign, + for tan, — for sin and cos.

5.1.4 Angles between 270° and 360°

b | Vi

fa) b)

Figure 55

In Figure 5.5, the coordinates of P, can be written either as (cos 310°, sin 310°) or (cos 50°, —sin 50°) and §
coordinates of P, as (cos 340°, sin 340°) or (cos 20°, — sin 20°). ;
Hence, cos 310° = +cos 50°

cos 340° = +cos 20°

sin 310° = —sin 50°

sin 340° = —sin 20°

As sine is negative and cosine is positive, tan is negative,
i.e. tan 310° = —tan 50° and tan 340° = —tan 20°.




4, the trigonometrical ratio of any angle can be obtained in terms of the same ratio of an acute angle
racting from 360° and using the appropriate algebraic sign, + for cos and — for sin and tan.

.1.5 The CAST diagram

 summarise, the trigonometric ratio of an angle of any magnitude can be obtained in terms of the same ratio of
acute angle from Figure 5.6.

180°-
1807 e, 3607

- 180° 360r -

nr

Figure 5.6

 the 1 quadrant, A stands for all, meaning all the ratios are positive.
the 2+ quadrant, S stands for sine which is positive, in the 3 quadrant. T for tan which is positive, in the 4%
adrant, C for cos which is positive.

§0° - means subtract from 180°, —180° subtract 180° and 360° — for subtract from 360°.



e e

e+

i

5.1.6 Angles of 60° and 30°.

Consider the equilateral triangle ABC having all its sides of length 2 units.

P | =

tad |

b o

we note that sin and cos are complementary, and hence
sin 30° = cos 60°

sin 60° = cos 30°

5.1.7 Angles of 45°.

Consider the isosceles right-angled triangle ABC, with BC = AB = 1 umit.







(e) cos 219° = —cos (219° — 180°)
= —cos 39°

() tan 226° = +tan (226° — 180°)
= +tan 46° -

(g) tan 146° = —tan (180° — 146°)
= —tan 34°

(h) sin 315° = —sin (360° — 315°)
= —sin 45°

(i) cos 346° = +cos (360° — 346°)

= +cos 14°
Exercise 5 A "X
1. chi each of the tolluwmﬂ ratios in terms of the same ratio of an acute angle:
(a) sin 168° (b) cos 342° (c) tam 224°
(e) cos 209° (f) tan 316° (g) sin 301°
(i) cos 108° (j) tan 119° (k) sin 352°
(m) tan 207° (n) sin 136° (0) cos 303°

I

In the given diagram, O is the centre of a circle of
radius 1 unit. QI, OJ, OI' and OJ' make angles of
0°, 90°, 180° and 270° respectively with the positive

direction of the x-axis.
i,

]
Write the coordinates of each of 1, J.I' and J' in two different ways and deduce the values of cos 0°, smtJ1
tan 0°, cos 90°, sin 90°, tan 90°, cos 180°, sin 180°, tan 180°, cos 270°, sin 270° and tan 270°.

3. Use the table on page 71 to obtain the exact values of:

(a) sin 135° (b) cos 225°
(d) sin 210° (e) cos 330°
(g) sin 240° (h) cos 210°
(j) sin 150° (k) cos 120°

(c) tamn 315°
(f) tan 300°
(1) tam 330°

(T) tan 240°

(d) sin 215°
(h) cos 113°
(D cos 272°
(p) tan 141°

¥
]

N

——

3
4

A




my given angle is equivalent to a rotation obtained by a further rotation of any multiple of
 through an angle of 30° is equivalent to a rotation of 30° + 360°, 30° + 720°, 30° - 360°,

the ratio of any angle greater than 360°, we subtract 360° continuously until we obtain an angle between
360°. For an angle less than 0°, we add 360° continuously until we obtain an angle between 0° and 360°.




180°—
1 80P
—180° 360°—
T &
270r
Figure 5.7(a)
(b) o
S A
180° -
180°
+ 180° 360° -
T B
2N

Figure 5.7(b)

ANGLESTO RATIOS

07, 360°

RATIOS TO ANGLES

07, 360°



_ any angle, we use Figure 5.6 shown in Figure 5.7(a). To find the angle if we are given the value
use Figure 5.7(b) as illustrated in the following examples.




5.3.2 Harder equations

We consider equations involving multiples and fractions of 6.

-







1.

Solve the following equations for0° =08 = 360° :
® cost=—

(a) sin B =—2—

(d) sinﬂ=%

(g) sinB=—-—1-

V2

(j) sin 8 =-1

(e) cosB=0
(h) cosB=1

(k) cos B=-1

Solve the following equations for 0° < 8 < 360°:

(a) sin 6 = 0.6000
(d) sin 8 =-06157
(g) sin® =04327

S, T

. 3
(m) sinf= 6

(b) cos 6=-0.6428
(e) cos 8 =06820

(h) cos B =-02653

13

(k) cosb=—

17

(m) maf.-—...-l‘é-

2

(©) mﬂ=—%
(H) anB=0
(i) tan B =-1

@) tan8=-3

(c) tan B =-6314
() tan 8=05543
(i) tan 6=-24125

e
@) and=17

(0) uﬂ=—-5§



(a) sinB =—0.6428 (b) cos 8 =0.8123 (c) an® =-3526

(d) sin© =-% (e) cos 8 =-0.6428 () tan ® = 1.742
sin O =-% (h) cos 8 =0.4629 (i) tan B =0.8265
3
sin B =—§ (k) cos B =-—\£—§— (1) tan® =-1

§. Solve the following equations for 0° < 8 < 360°:

- 3 1
(@) sin30 = — (b) cos 26 e (c) tan 36 =1
. e 1 | 3 V3 |
@ sin@20+15°) =— () cns(zﬂ—l{}") = ) tan (26 — 30°) = =
1
® ﬂ"(lﬂ_lﬂo) e (h) cos (30 -20%) = i) mn{ifn 15°) HS
- 2 V2 2 2 3
B | ]
() sin{iﬁ— 15°) =022 (k) cos (56-10°) =038 (1) tan (28 - 15°) =-3
5. Solve the following equations for —180° < 8 < 180°:
. 1 V3 2 I
& (@) sin -0 =—— b) cos —f =——
: ;('i 5= ®) o8 20 =——
I ' _ ] %
" (0) tan (20 + 15°) =—+/3 (@ sin (26-10°) =—
~ (&) cos (36 + 10°) =£ (H) lan(—ﬂ-Zﬂ“) =1
| 2 2
(@) sin (30 + 18°) =-0.925 (h) cos ( %e- 2°) =0.6428
1
(i) tan (30 - 16°) =-3.52 (i) sin(gﬂ+15") = 06321

(k) cos (20 +40°%) =-0.5662 (1) tan (26 — 35°) =0.623

6. Solve the following equations for 0° < 6 < 360°:

(a) 2sin2 0 +sinB-1 =0 (b) 2cos?B+sinB-2 =0
-‘ f¢) 4cos’B+3cosB-1 =0 (d) 2tan’* B +tanB-1 =0
| {e)ﬁcoszﬁ+2ﬁsinﬁ—5 =0 (f) 4sin°B-2cosB-1 =0
~ (g) 2cosB-3sinB =0 (h) 3cos?’B-sinh =1

) 2tany =3siny () 4sin@tand =3.

BTt SREETIRARER L [ I T W =0




If we plot the points with coordinates (x, sin x) for values of x from 0 © to 360 °, we obtain the graph of y =si

which is as shown in Figure 5.8(a).
(A) Graphing sin x

I~ '~
\ 1'

0 1 80“& /360°

-1 \__/ -] N b)

oy
=]
AL

fa)

Figure 5.8

Instead of taking x in degrees, we may also take x in radians and we obtain Figure 5.8(b).

If the graph of y = sin x is drawn for x € R, the graph is as shown in Figure 5.9.

Figure 5.9

We note that the graph is repeated after an interval of 2x radians since sin (2 + x) = sin x.

(B) Graphing cos x 3










"pf_y:tanxfnr[lféx{ E.Hencesdveth:a:pmﬁmmx=x+lh'ﬂ£:{1—;

-
Ca

-ﬂ'y=sin21fm0£x{%.ﬂewesolvethemﬁm4ﬁnh= 1 fwﬁﬁx!‘:’—;
;i"‘ﬁy:mszxfnrﬂﬁxﬁn-ﬂmmﬂmeqmﬁmx=2 cos’xfor0<x=<nm.

W the graph of y = sin x for 0 < x < 2x. Hence solve the equation x =4 sin x for0 < x < 2x.
LI

AB of a circle subtends an angle 2x radians at the centre O and the tangents to the circle at A and B
the length of arc AB is the same as the length of AC, show that tan x = 2x.

v the graph of y = tan x and hence find angle AOB.

B subtends an angle B radians at the centre of a circle. The chord divides the area of the circle in
ratio 2 : 3. Show that sin 6 = 6 — 0.8x.

a graphical method to find the value of 6.

. 1’ graphof y=cos x for0 =< x < 2.

4

-"_-m{)fy=tanxf0r0£x£n,x#§.

=g
il

5.5.1 sin" x
|

‘We saw earlier that if sin y =

Ly =30° E] rad, 150° ("’“J rad, ~330° [“ '“] rad, ~210°

3

Anfact, there is an infinite number of values of y satisfying sin y =

A
Iamal there is an infinite number of values of y satisfying siny =x (-1 < x < 1).

= v 4 A - 3 . o :
The value of y (—2 sy= g) satisfying sin y = x is called the principal value and is denoted by sin™' x.

1 n 4% 3y 0 S
Thus, sin”’ E= E and sin™’ (—j;] = (_E] rad,

—




7
Note: sin™ (—;) # %ﬂr as Fﬂ does not lie in the specified interval.

5.5.2c¢c0o5"' x

If cos y = x, then the value of y, (0 < y < n) is called the principal value and is denoted by cos™ x.

1 x 2x
Thus, cos™ : = I and cos™ [——} s gl ol o
2 2 3 3

55.3tan' x

If tan y = x, the value of y (—; <y< g) is called the principal value and is denoted by tan™' x.

-

Thus, tan™' (1) = o and tan™! (=1) = (_ E)
4 4

E X X
Hence.—;ﬂsm‘lx EE,—E {tan"xﬂi;—randﬂ <cos'x=mxn

1) et . ol

sl oy o _ ) cos! | — tan! | —

+ Sy [Ji] : gt &) © w7
@ sic' (<) (e) cos™(0) (0 tan (1)

ouefd

s (h) cos™ (—%) G) tan (—3)




(k) cos7 (1) (D tan (D)

e B 3
s ] (n) cos™ [£] (0) tan™ _L]
N 2 NE)

nd icipal value of each of the following:

Fy e

a) sin”! (0.6428) (b) cos™ (-0.9362) (c) tan (1.824)
' I, : 1(-0.9162) (e) cos™ (0.1463) (f) tan* (-7.182)
® cor' () o e ()

e 2 18
e {k) cos! (—] ﬂ) tan™’ [—‘—J

B - -G
Dras the graph of y = sin~' x.
Draw the graph of y = cos™ x.

Draw the graph of y = tan™' x.

Miscellaneous Exercise 5

r sin @ = p where 90° < a < 180°, find cos a and tan a in terms of p.
. tan @@ = p where 180° < a < 270°, find sin a and cos « in terms of p.
cos a = p where 270° < a < 360°, find sin a and tan « in terms of p.
sinu.=p(0-=t:n < g)*ﬁndintermsufu,twovaluesofﬂlﬂiﬁi 2x) for which sin 8 = —p.

. Find all the angles between 0° and 360° which satisfy the equations
(4) sinx +3cos x =0

@

(b) sin 2y + 60°) =05 [C]

 Find all angles between 0° and 360° which satisfy the equations
(@) 2c0s2x =1
(b) 3cos’z—sinz=1 [C]

fﬁnﬂ all the angles between 0° and 360° inclusive which satisfy the equations
(a) 2c0s*z+sinz=1
~(b) 2tany =3sin y IC]

= = =
— 1 ¥ L
sap e K, j— el




8. Find all the angles from 0° to 360° inclusive which satisfy the equations
(a) tan (x —30°) —tan 50° =0
(b) 3siny+tany=0
(¢c) 2sin*z + Tcos*z=4

9. A particle moves along a straight line and t seconds after starting its distance s m measured from O s &1
by s = 5sin %L Find:

(a) its distance from O after % seconds
(b) the smallest value of t for whichs =235.

10. A particle moves along a straight line and t seconds after starting its distance s m measured from O is gis
by s = 12 cos 2t. Find:
(a) its distance from 0 after T seconds
(b) the smallest value of t fu? which s = 3.

11. Show that the equation 15cos” 8 = 13 + sin 6 may be written as a quadratic equation in sin 8.
Hence, solve the equation for 0° < 6 < 360°. Give your answer correct to the nearest 0.1°.

12. Sketch on a single diagram, the graphs of y =sin™ x, y = cos™ x and y = tan™' 2x, where in each case
—1 = x =< | and principal values are referred to.
The positive numbers p and q are such that sin”' p=tan™ 2p and cos ' ¢ =tan"' 2q. By using your skeich
or otherwise, show that q < p. :

13. By drawing appropriate sketch-graphs, find the number of solutions of the equation sin™' x = x — 2x, when
sin”! x is not restricted to the principal value. C

14. (a) Find all the angles between 0° and 360° which satisfy the equations
(1) tan x = tan 45°
(ii) sin 2y =05
(b) Given that cos x = p and 180°< x < 360°, find expressions in terms of p for
(1) cos (—x)

(11) sin x

15. (a) Given that cos x =-0.5 and 180° < x < 360°, find the value of
(i) x
(i1) sin 5x
(b) Given that tan a = p, where p is acute, find, in terms of p i
(1) tan (—)

(11) tan (t — )

(iii) tan E 5 u) IC#
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) Find all angles, between 0° and 360°, which satisfy the equations:
(i) sin x + sin 60° = 0
n 2y =05

Given that tan x = p and that x is acute, find an expression for sin x in terms of p.

nd all the angles, between 0° and 360°, which satisfy the equations:
a) sin (2x + 10) = 0.5
) tany = 3cos y

ind all angles, between 0° and 360°, which satisfy the equations:
k. 3x
| l+tan|{—|=0
o 2)
) 2sin’ z = 3cos z

kL

e

2 all angles, between 0° and 360°, which satisfy the equations:
3) tan (x + 20°) = 0.8
y+3siny=0

I {€) tanz - 2sinz =0

|

[C]

([C)

[C]

(C]

(€]




U > VECTORS 1

6.1.1 Addition of two vectors

* Q
Figure 6.1

We recall that the sum of two vectors PQ and QR written PQ + QR is PR. i.e. PQ + QR = PR (Figure 6.1).
Similarly, PQ + QR + RS =PS

Any two vectors a and b can be added by considering two vectors PQ and QR equivalent to a and b (Figure 6.2).

}/
/ P
a
Figure 6.2

a+b=PQ+ QR
=PR

50,2 + b can be represented by PR where PR is the diagonal through P of the parallelogram PQRS.
Tofinda + b + ¢, we consider three vectors PQ, QR and RS equivalent to a, b and ¢ respectively (Figure 6.3).

R

4
- e 5

Figure 6.3




a+b+c=PQ+QR+RS
=S

6.1.2 Subtraction of vectors

Figure 6.4

a — b can be regarded as a + -b. Since b is a vector opposite in direction to b, having the same magnitude a8}
a-b=a+-b
=SR + RQ
=SQ
So, a — b is represented by SQ where SQ is the diagonal through S of the parallelogram PQRS.

6.1.3 Multiplication of a vector by a scalar

A vector 3a is a vector of magnitude three times the magnitude of a in the same direction as a. A vector 32
vector of magnitude three times the magnitude of a in the opposite direction to a.

Generally, a vector ka is in the same direction as a if k > 0 and in the opposite direction to a if k < 0. Its mag
tude is kla] if k > 0 and |k| Ja} if k < 0.

6.1.4 Addition of la and mb

To add two vectors 1a and mb, we construct la and mb first and add them as in (i) above.

- 5 1
Thus, in Figure 6.5, LN represents 2a + = b.

—_

e

L
Figure 6.5




' 6.6, AL = p, AM = q, L divides AB in the ratio 1 : 3, M is the mid-point of AD, AB is parallel to
DC and AB = %nc.

D C

v

Figure 6.6

nd each of the following vectors in terms of p and q:

3

() BD (ii) AC

Figure 6.7

E

hF gure 6.7, AB=p.AC=q.B and C divide AD and AB respectively in the ratio 1 : 2. Find BC and DE
1 terms of p and q. N

‘What can be deduced about the lengths and directions of BC and DE?




P
>

A E

b
W

Figure 6.8

In Figure 6.8, ABCD is a quadrilateral and E, F, G and H are the mid-points of AB, BC, CD and AD respects
Given AB=p.BC=q,AD=sand DC =r,show thatp+g=r+s.

Show that EF = HG = -;—Ml

What be deduced about the figure EFGH?

Write down the displacement vector X_}’- for each of the following pairs of points.
(a) X(3,5),Y(5,9)

(b) X(9.7),Y(12,4)

(c) X (12,5),.Y(5.4)

(d) X(2,3),Y(2,35)

(e) X(5.1),Y(8,1)

W N

— i 4
Given that P is the point (1, 3) and that and are PQ and PR are[ I]andt

] respectively, find the com
nates of the vertices Q, R and S of the parallelogram PQRS.

Show that the points E (1, 1), F (5.4).G (8, 9) and H (0, 3) form a trapezium.

lfx={3]andy=
5

4
6]* write down the following as column vectors:

(a) 3x
(b) 2y




e shows sets of equally spaced parallel lines. It is given that AB == and AG = b.
TS of a and b:

(b) OW (c) OR () EF © DK
(g) EW (h) LM () RL G BG

” 1 Position vector of a point in a plane

ke position vector of a point A is its position referred to an origin O. It is denoted by OA or OA .

I ¥
-

_. Ahas coordinates (3, 4), the position vector QA can be written as either 4 ] or 31 + 4j

1=[[']) mdj=(?).

dngeneral, if P is a point in a plane (2 dimensions), the position vector of the point A with coordinates (x. y) can

__written as (x] or Xi + vyj.
y

Position vector of a point in space

” aplane, the position of a point is determined with reference to two perpendicular lines called the x-axis and the

yais

ispace, the position of a point is determined with reference to three mutually perpendicular lines, i.e. any two
e perpendicular to each other. These lines are called the x-axis, the y-axis and the z-axis.

tliey may be represented as in Figure 6.9 (a) or Figure 6.9 (b).

41
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b
P o — — — —

(a) (b)
Figure 6.9

The broken lines show the negative directions of the axes. If a point P has coordinates (1, 2, 3), P is obtained
moving a unit along the positive direction of the x-axis, 2 units parallel to the positive direction of the y-axis§

3 units parallel to the positive direction of the z-axis.

Z
'

b
.

(2
—"

K1,

" F ® ® @

Figure 6.10

In a plane, unit vectors along Ox and Oy are i and j respectively.

In three dimensions, unit vectors along Ox, Oy and Oz are i. j and K respectively.
X

If P has coordinates (x, vy, z), OP =|y | or xi + yj + zk.

.z.

94



6.2.3 Length of a vector

(1) — dimension

d > -
lfr=ai+bjor [b] the length of r written | = va” +b".

R
r
b
P i
3 Q
Figure 6.11

(m)  3—dimensions
a
r=ai+bj +ck or | b | represented by LP in Figure 6.12.

C
P AP
/|
- 7 |
&
c |
L
/
£ O
a L p——— N
va - +b°
]
M b N

Figure 6.12

Angle LMN is a right angle as LM and MN are respectively parallel to the x-axis and y-axis. So. LN = \ﬁl&:_
In this tnangle PNL, angle PNL is a right angle as NP is parallel to the z-axis.
PL? = LN? + PN?
=a’+ b’ +¢?

Hence, [ai + bj + ck| = V& + b + .




6.2.4 Unit vector

Ifr=4i-3j,|r| = V4 + 3
=5
Since vector 4i — 3j is of length 5 units, a unit vector, (i.e. a vector of length 1 unit) in the direction of

4i-3j= —;-(-ﬁ - 3j).

Generally, if r = ai + bj, |[r] = Va® +b* .

: . 3, T e i + bj
A unit vector in the direction of ai + bj is therefore _31:1

Ifr=ai+bj+c,|r|=Va +b +¢ .

.2 5
1~‘aartr

. e o, . . ; ai+bj+ck
A unit vector in the direction of ai + bj + ck is therefore BTN
Ja@+b+c?

A unit vector in the direction of r 1s writien .
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5 3 | 4
(k) 2i-j-Kk (IJ[ ) (m) ( ) (n) |1 (o) |3
-12 1 2 e

A, B, C and D have coordinates (2, -3), (5. 1). (-3.9) and (—4. 5) respectively.
Find the unit vector in the direction of each of the following:
(a) AB (b) AC (c) AD (d) BC (e) BD (Hh CD

A, B and C have coordinates (0, 1, 1), (2,-1,0) and (-1, 2, 3) respectively.
Find the unit vector in the direction of:

(a) AB (b) AC (c) BC

Each of the following 1s a unit vector. In each case, find the value of p.

3 ; . 5 4 12
a) pi-—j b) (1-p)i+—j S plhd—=i—lk
(a) pi 5 (b) (1-p) 39 (c) pi 3 13
- " - - 3'.. 4
(d) pi+ 2pj (e) pi+ 3pj—4pk {f):lup}l+ﬁj+ﬁk
. Find the coordinates of A given:

(a) OA is the unit vector in the direction of 6i — 8j.
(b) OA is the unit vector in the direction of 3i — 4j — 5k.

A and B have coordinates (-1, 0) and (p. g] respectively. Given that AB is a unit vector. find the possible
values of p.

! 3
., Three vectors a, b and ¢ are such that a = (4] b

I
———
= 0
‘-'-_'..’
T
I
I
w ™
-“-r__"r

Find unit vectors parallel to

(a) a+b (b) 2a-3¢
1 2 0
8. Three vectors a, b and c are such thata=|-1|,b=|-1|ande=|-2|.
2 0 -3
Find unit vectors parallel to
(a) 22+ 3b (b) 3a-4ec

Find the unit vector in the direction of 5i — 12j. Hence. find the vector of magnitude 26 units in the direction of
i 12j.

(a) the vector of magnitude 25 units in the direction of 3i — 4j.
(b) the vector of magnitude 342 units in the direction of i + j.

(¢) the vector of magnitude 39 units in the direction of 3i + 4j — 12k.




i

11.

12.

13.

14,

15.

16.

17.

18.

19.

20.

|
(d) the vector of magnitude 6 units in the direction of | 2 |
-1

)
(e) the vector of magnitude 3 units in the direction of | 1
0

Given a is the unit vector in the direction of 4i — 3j and b is the unit vector in the direction of 5i + 12§,
(a) 10a-26b
(b) the unit vector in the direction of 10a — 26b.

Given a is a vector of magnitude 26 units in the direction of 4i — 12j — 3k and b 1s a vector of magns
13 units in the direction of 3i + 12j — 4k, find the unit vector in the direction of 2a + 3b.

O is the origin and P, Q have coordinates (3,-2) and (-1, 1) respectively. Given OR is a vector of magai
10 units in the direction of PQ, find the coordinates of R.

P and Q have coordinates (1, -2, 0) and (13, 1, 4) respectively. Given that OR is a vector of magni
52 units in the direction of QP, find the coordinates of R.

A and B have coordinates (1, 3) and (6, —9) respectively. If C is a point on AB such that AC is a unit ve
find the coordinates of C.

A, P and Q have coordinates (1,-1, 2), (2, 1,-1) and (3, -1, 1) respectively. Given AB is a unit vectol
the direction of PQ, find the coordinates of B.

A has position vector 8i — 6j relative to the origin. Given B is a point on OA such that OB is 2 unit vec
find the position vector of B.

-

A has position vector 4i + 3j — 12k and B is a point on OA such that OB is a unit vector. Find the posif
vector of B.

A and B have position vectors i + 2j and 9i — 4j relative to the origin respectively. If C is a point on A
such that AC is a unit vector, find the coordinates of C.

A and B have position vectors 2i — j + k and i + 2j — 4k relative to the origin respectively. If C is 2 pe
on AB such that AC is a unit vector, find the coordinates of C.




Figure 6.13

The scalar (or dot) product of two vectors a and b written
a.b is defined by
a.b=|a||b| x cos 6.
where 8 is the angle between a and b (Figure 6.13).
If |a| =4 units, |b| = 5 units and 6 = 60°,
a.b=4x35 x cos 60°

= 10.
If two vectors a and b are parallel and in the same direction the angle between them is 0.
So0.a.b=|a| x |b| x cos 0°

=l |b]

Inparticular,i.i=j.j=k .k=1
Also,a.a =|a]

Iftwo vectors a and b are parallel and opposite in direction
2:b=afjbeos 180°
=—al[b]

' ?gmmm a and b are perpendicular
a.b=|a| x |b| x cos 90°

i -0
".llj=i-k=j .k = D
L

‘Conversely, ifa .b =0

{allb} x cos 6 = 0, where 6 is the angle between a and b.
Soeither ja| = 0 or |b| = 0 or cos 8 = 0.
ifneither a nor b is a zero vector, cos 8=0,6 =90°.

his I8 a very important result and is used to show that two vectors are perpendicular.



Sy

6.3.2 Properties of dot product

We list some important properties of dot product:

(1) a.b=b.a (commutative property)
(i1) ’a.b=Ai(a.b) forascalar A
Thus, 3a.b=3(a.b), 4a.b=-4a.b)elc.

(111) a.ub=u(a.b) for ascalar n

Thus, a.4b=4(a.b), a. —% h= —% (a.b),etc.

(iv) Aa.ub=Au(a.b) for scalars A and u.
Thus, 2a.3b=6(a.b), 5a.-2b=-10(a.b),ectc.

(V) a.(b+c)=a.b+a.c (associative property)

6.3.3 Finding a . b in terms of componenisocf aand b

We consider first two dimensional vectors
For a =xi+yj b=xji+yl
a.b =a.(xji+y))

= a.xji+a.yj Property (v)
= (Xi+y).xi+xi+yj.v.]
= Xj.Xi+yPD+y.j.-(xi+yd Property (1)
= xf.xi¥xi.yi+yi.xhi+y 5.y} Property (v)
= X, X, +0+0+y,y,.asi.i=1,i.j=0.j.j=1

3T xl x1+ }-1 }.2

So,(xi+yJ).(i+y. ) =X Xx,+Y,Y,

=1 1X
or : =X, X,+Y, Y,
hy AYe,

For 3-dimensional vectors,ifa=xi+yj+zk.b=xji+yj+zKk,

xi+yj+zK) . .(xi+yj+zK)=x X, +y,y,+272

=) X

e
-1
b
L

2 =x,X,+Y, ¥, +22

41 \%&,




Since a.b =|a| x |b] x cos 6
| n! a.b
gl = ——
la|x|b|

This result can also be written as
lwﬂ =4 . b where 4 and b are unit vectors in direction of a and b respectively.

F

|

3_

1




4
AC=|-1|-12|=|-3

-1 5

5 3} .12
AC| =V25+9+4
= B8
4) (0) (4
BC =|-1|-[1]|=|-2
S55-14) A3
IBC| =16 + 4 + 1
=421

AB being the shortest side, the smallest angle is opposite AB,i.e. 2 C.To find £ZC, we use the vectors a

C,i.e.CA and CB.

Cos L€ =

CA.CB

|CA|x|CB|

J25+9+4 xJ16+4+1

20+6+2

3821

£ C =76° (calculator)

1. Evaluate:
(@) 2Zi+).G-)

(b) (5i—-3)).(4i+j)

(€) (4i-2j) .(6i+3)




A o b

Y3 (2 5\ (-3 -2\ (1
@ [|-2] 3 h |-2]-|1 @|1]-]2

t[ -1 3 4 0 3
() (i+2§+3K) . 20 +4j+ 5K) (k) (4i-2j-3k).(i-j-K
() (6i+j) - (- 2§ + 3K). (m) (2i+k).(4i-3)

w Find the angle between each of the following pairs of vectors:

(@) 3i- 2j and 2i - 3 (b) —3i + 4j and 5i - 2j
6 2 5 2
©) |, |and d and
g () @ (2) =)
Be) 14 2j ~k and 2i — j + K (D 4i-3j+2kand3i+2j-k
2 3 3 4
(@ [-!fand| ] (h) |4 |and| 1
a1 g 2 12 .3
3. d the angles of tnangle ABC with:
~(a) A(1,-1), B(3, 2) and C(6, 4) (b) A(6,7), B(-1.6) and C(3. 4)
i m A(l,-1,2),B(0, 2, 3) and C(4,5,-3) (d) A(2,-1.3),B(-1,2,3)and C(0.-3.4)
|

_ .i: 3i + aj is perpendicular to 4i — 3j. Find the value of a.

(b) ai +bj is perpendicular to 3i — 4j. Given |ai + bj| = 5, find the possible values of a and of b.

:4 The position vectors of the points A and B relative to the origin are 3i — 2j and 4§ + j respectively.
Find the value of p such that i + p j is perpendicular to AB.

rs a, b and ¢ are such that a + pb is perpendicular to .
i—2j.b=2i-jand ¢ = 4i + 3], find the value of p.

vectors of the points a, b and ¢ relative to the origin O are 2i + j. i + 2j and 2i - 3)

+ 2j — ak is perpendicular to 2i — 3j — k. Find the value of a.

b) 8- 3j + bk is perpendicular to 2i + 4j + 2k and its length is of magnitude 29 units. Find the possible

_'.::I 2s of a and of b.

() The position vectors of two points A and B relative to the origin O are ai + 2j - 3k and i - 2j + 4k.
'Given that 2i — 3j + k is perpendicular to AB, find the value of a.

a, b, ¢ have position vectors i + 2j — k. 4i + j + K and -2i — 3 + 7k relative to the ongin

- mespectively. Find the value of p such that pa + b is perpendicular to BC.




10.

A and B have coordinates (1, —2) and (3, 4) respectively and the point P on AB is such that AP=A
Find the position vector of P relative to the ongin O.

Given C has coordinates (2, 2) and CP is perpendicular to AB, find the coordinates of P. Hence, fin
length of the perpendicular from C to AB.

A and B have coordinates (1,2,—1) and (4, 3, —4) respectively and the point P on AB is such that AP=X
Find the position vector of P relative to the onigin O.
Find the coordinates of P such that OP is perpendicular to AB. Hence, find the length of the perpen
from O to AB.

A, B and C have coordinates (-1, 2, 3), (0,-1, 5) and (2, 3, -2) respectively. Find the coordinates of &
of the perpendicular from A to BC.
Hence, obtain the length of the perpendicular from A to BC.

If a and b are any two non-parallel (non-zero) vectors in a plane, write down any vector in the plane ni8
of a and b. Show that if p is any vector perpendicular to both a and b, it is perpendicular to any vector s
plane. What can be deduced about p and the plane?

Three vectorsa,bandcaresuchthata=i+2j-k.b=2i-j-3kandec=4i-5) + 3k.
Find a vector pi + qj + k which is perpendicular to the plane ABC.

Miscellaneous Exercise 6

The position vectors of A and B, relative to the origin O, are i + 2j + 3k and 3i + 4j + 5k respecty
The point C is given by OC = 2 OA. Find:
(a) the length of OC

(b) cos ZAOB.

The position vector of a variable point P with respect to the onigin O s OP =3 + 20)i + (1 - 20)j + 2%

where A is a scalar variable. Find an expression in terms of A for |0P|: Show that |0P|3 is least W
2

=—§ , and give the least value of |0P|

R is any point on the circumference of a circle. centre O, and AB is a diameter of the circle. The pe
vectors of A and R with respect to O are given by OA = a and OR = r. Wnite down expressions in ten
and r for AR and BR, and evaluate the scalar product AR . BR. What is the corresponding geometncal i

Three points A, B and C have position vectors 6i + 7j, 4j and 4i + 3) respectively. P is the point lying
line BC between B and C such lh.atf'c—Pz %._aninsme point on BCWM]!M%:%
position vectors of P and Q and evaluate the scalar product AP . AQ). Deduce. or prove otherwise, hat

'QB|
perpendicular to AQ. Show also that the ratio g—% :

is equal to the ratio




) the position vector of the point Pon AB if AP: PB=2: 1. [C]

)isthe origin, A s the point (1, 3), B is the point (~2, 1) and P'is the variable point given by OP = OA +t AB.

{¢) the value of t for which OP is perpendicular to AB
(d) the value of t for which |OP| = |AB|. [C)
|I i

(a) ﬂbm non-zero vectors and a = (a . b)b. State the relation between the directions of a and b and find

: -fﬁ&pﬂ&himvec:mnfaﬁxedpuimhmlaﬁve to a fixed origin O. A variable point P has position vector
- reelative to O. Find the locus of Pifr.(r—a)=0. [C]

to an origin O, the position vectors of points A, B and C are:
0A=9i+7j-k

OB =3i- 11+ 5k

0C=5i-5j-k

) Find the cosine of the angle CAB and prove that the area of the triangle ABC is 1210
;Mﬂlcpositiun vectors of D and E, where D is the point of trisection of AB nearer to A and E is the
- mid-point of CD. (]

b
G N =
D ;
E
C
B
M
O A

2 In the diagram, OABCDEFG is a cube in which the length of each edge is 2 units. Unit vectors i, j, k are
’ parallel to OA, OC, OD respectively. The mid-points of AB and FG are M and N respectively.

= (&) Express each of the vectors ON and MG in terms of i, j, k.

& (b) Find the angle between the direction of ON and MG, correct to the nearest 0.1° C]




10.

k.

12.

13.

Referred to an origin O, the position vectors of the points A and B are given respectively by OA =3+
3k. OB = 5i - 4j + 3k.

Show that the cosine of angle AOB is equal to ——Ji_—- . Hence, or otherwise, find the position vectors o
38

point P on OB such that AP is perpendicular to OB.
The reflection of A in the line OB is A’. Find the position vector of A'.

Referred to an origin O, points A and B have position vectors given respectively by OA =i+ -
and OB=2i—3j+6k,ThepointP0nAB issuchthat AP: PB=A:1-A. I
Show that OP = (1 + M)i + (2-50)j + (-2 + 8h)k.

(a) Find the value of A for which OP is perpendicular to AB.

(b) Find the value of A for which angles AOP and POB are equal.

The position vectors of the points A, B, C with respect to an origin O are given by a=3i, b= 2j.¢=
respectively.

(a) Find the exact value of the cosine of angle ACB.

(b) Show that the area of triangle ACB is 16% square units.

(c) Write down the volume of the tetrahedron OABC, and hence, or otherwise, find the perpendicular ¢

from O to the plane ABC.
[The volume of the tetrahedron is % x area of base x perpendicular height].

The position vectors a, b, ¢ of three points A, B, C respectively are givenbya=i+j+ Kk b=i+2j%
c=i-3j+2k.

Find:

(a) a unit vector paralleltoa+ b + c.

(b) the cosine of the angle between a + b + b and the vector a.

(c) the vector of the form i + Aj + uk perpendicular to both a and b.
(d) the position vector of the point D which is such that ABCD is a parallelogram having BD asad
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.;’I.lﬁeupﬂnsiend(n+b)'wllerenisupoﬂlhehhgor

(a+bf=1

fa+b)'=a+b=1a+1b

{a+bf=a’+2ab + b’ = 12’ + 2ab + 1b°

fa+by=(a+b)(a+ by

=(a+b)(a®+ 2ab + b))

=a' +3a’b + 3ab’ + b’

: = |a’ + 3a°b + 3ab” + 1b°
(a4b)'=(a+b) (a+b)’

=(a+b) (2’ + 3a’b + 3ab’ + b?)

=a'+ 4a’b + 62°b’ + 4ab’ + b*

= la* + 4a’b + 6a’b’ + 4ab’ + 1b*

We note that the expansion of (a + b)' contains 2 terms, that of (a + b)’ 3 terms, that of (a + b)’ 4 terms, etc.
80, (a + by will contain (n + 1) terms if n is a positive integer.

ﬁ_lw,in (a + b)’, the terms are a°, a’b, ab?, b’

In(a+b)', the terms are a*, a’b, a’’, ab’, b*.

jﬂ'.{ﬁb)'.ﬁ& terms are a*, a*'b, a®b%, a"7b’, ....., ab™' | b".

We now have a closer look at the coefficients.

the coefficients are 1,

For power

|
the coefficients are 1, 2. 1

L S

the coefficients are 1. 3
4 the coefficients are 1. 4. 6. 4, 1
Mumyhe written for powers 1,2, 3 and 4 as

for power 2

#3:2 Ix2x1
}f1x2'1x2x3

W dx3 4x3x2 4x3x2x1
B1x2' 1x2x3 1x2x3x4

for power 3

for power 4

jis pattern holds for any power, the coefficients for powers 5 and 6 are respectively
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S5x4 5x4x3 Sx4x3x2 S5x4x3x2x1
"1x2 1x2x3 1x2x3x4 1x2x3x4x5

=
]

E 6HExS 6x5x4d 6x5x4x3 6x5x4x3x2 bx5x4x3x2xl
"1"1%x2 1x2x3 1x2x3x4 1x2x3x4x5 I1x2x3x4x5x%x6

The coefficients for powers of n are

LD n(n-1) n(n-1)(n-2) n(n-1)(n-2)(n- 3) n(n - 1)(n - 2)....... 1
& Ix2%x3 1%2x3x4 Tt 1 nZ2wS . n
The coefficient = is as written "C, or < g n‘n—l) is written as *C_ or [n], n(n—l]{n-Z} is w
1 ] 1x2 . 2 Ix2x3
n
"Cinr [ ]
3
So, the coefficients are 1, "C, or (T),“Czur (;]."Clm(;) sinees 0 1 ehich can also be written as X
"{'JT“C3 ......... °C,or

W p—

So,(a+b)"=2a"+"C,a"'b+"C,a""b* +°C, a2 +C,a" b
This result is the binomial theorem for positive integral values of n. It can also be written as

(a+by=a"+ {?]a“"b + [;]a‘*:’b: + e + b7




7.1.2 Approximations

“The binomial theorem may be used to find the approximate or exact values of powers of numbers as illustrated in
the following examples.




1. Find the binomial expansions of each of the following, simplifying the coefficients and giving the

fractions where necessary:
r &+
(@) @+ () (320 © 3+%x)
\
R o =g o
d — 3b) 2% L
(d) (2a—3b) (e)(z 3) ® (3a-3b
4 s LY - i e
T h St Bl e
(g) ( a 3 ) (h) [za 3 ] () Jx 2?}

2. Find the first four terms in ascending powers of x of the binomial expansion of:
L)

@) (14 2% (®) (2-3xy © r2+%1]
\
;A iy
N > I
(}(2 31] (e)( ¥ IT () ks’ 21)

3. Obtain the binomial expansion of (1 + 2x)*. Hence, find the value of 1.002° 1o six places of decim:

6
4. Find the first four terms of [2+%) in ascending powers of x. Hence, find the value of 2.0125%
places of decimals. '

5 1
5. Find the first four terms of (2-%;;) inmcendingpowmufx.}m.ﬁndﬂr?ﬂmd(%
places of decimals.

6. Find the first four terms of (1 + 2x)7 in ascending powers of x. Hence, ﬁndthcmd('”
places of decimals.

N7

Since (a + b)* =a" + °C, a"'b + °C,a™ b’ + "C,a" b’ + "C,a""b*—— +b"

We note that

(a) the power of ‘b’ in any term is one less than the rank of the term. Thus, the 3™ term contains b, the
contains b*', etc.

(b) the power of a + the power of b is equal to n for any term.

(c) the subscript r in "C_in any term is equal to the power of b.

These results are used to find any term or the coefficient of any term in a given expansion as illustrated

following examples:
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7.2.2 To find o given term in a product of two binomials

To find a term containing a given power of x in a product containing at least one binomial expansion, it i

essary to obtain the complete expansion.

To find the term in x° in the expansion of (2 + 3x)(1 + 3x)*, we consider only terms which give x°.

We have to multiply 2 by a term in x* and 3x by a term in x*. The only terms which are of interest to us are
fore the terms in x* and x°. _
To find the coefficient of x* in the expansion of (1 + 2x — 3x*)(2 + x)’, we multiply 1 by the term in x*, 2
term in x*, —3x2 by the term in x%. The three terms to be found in the expansion of (2 + x) are therefore the

x2, x? and x*.




atofx'in (2+x)* (1-3x)°.

i

EEREAC 2° (x) +'C, 2% (x) +°C, 2(x)’, ... etc.

_éj'lﬁ-l- 32x + 24x* + 8x®

+5C, (1) (-3x)" + °C, (1)* (-3x)* + °C, (1) (-3x)’, .....
~ =1-18x + 135x2 - 540x°.

minx'=(16x 540 + 32 x 135+ 24 x-18 +8 x 1) x*

h =-4744 x’

pefficient of x* = —4744.

Find: (a) the 4" term of the expansion of (1 + 3x)° in ascending powers of x.

{(b) the 5* term of the expansion of (2 — x)* in ascending powers of x.

B
(e) the 8" term of the expansion of (% - 33) in descending powers
X
~ Find the coefficient of: > :

(a) ¥*in (1 + 2x)° (b) x*in (2 -x)* () x* in (3 4 l]

: =

4 5

{e) x®in (2 + XY’ (H x° in (3 + —J (g) x “in(x*+2)°

: X

(a) Find the coefficient of
.‘. 2 & 1 g 3 &
() x' in (31( ~ -—) (i) x* in (2}[ - —) (iii) x™* (x - —-]

X X X

(b) Find the term independent of x in
(31 + 3] (ii) [21 - 1] (iii) (21 + E)
X X

X

(c) the 6™ term of the expansion of (3 + 2x)’ in ascending powers of x.

A 8
(d) the 5* term of the expansion of (% + %] in ascending powers of x.

of x.
(d) x*in(1-2x°

(h) x*in (x> -2)°

11}
(iv) x* in (21-!-1)
X

(iv) (31’ - l)
X

LN e T TR s SR e R
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4. Find the coefficient of
(@) x2in (1 +x)(2-x)° b)) x*in(1-2x)(3+xy (c) x*in (1 —2x +x%) (1 +i
(d) x? in(3+x-2x)(2-x) (e) x*in(1+2x)(3-x)°

5. Given that the expansion of (1 +ax)’ (1 + bx)* in ascending powers of x is | + 5x + 3x° + higher powess
find the value of a and of b. |

6. Find the first three terms of (1 + x)° ami(Z—h)’.Hem:nrcdﬂwise.ﬁndﬁtmeﬂkﬁdfh{Z-r

f 8 Theexpansiﬂnuf{3+21){1—xf.inascendingpowmofxasfarasﬂmtﬁminxz.is3—le+ X
the value of n and of a.

8. By considering the factors of quadratic expression or otherwise, find the coefficient of x* in
2+x-x)-(3-2x-x%.

7.3.1 Examples of arithmetic progressions

Considerthe series 5+ 8+ 11 + 14 + ......

Each term of the series is obtained from the preceding one by adding 3 to it.

b | tad

Similarly for series 5 + i% + 6% + 7&- el each term is obtained from the preceding one by adding
For the series 10 + 8 + 6 + 4 + .... each term is obtained from the preceding one by subtracting 2 from it or 3
-2 to it.

All these series are called arithmetic series or arithmetic progressions.
0 + 11 + 13 + 15 ... is an arithmetic progression whereas

3 +5+ 7+ 10 .... is not an arithmetic progression.

If U and U_, are any two consecutive ierms of a series. the series is an arithmetic progression if U_ - U isacg
This constant is called the common difference.

For the series 5 + 8 + 11 + 14.... the common difference is 3 and for the series 10 +8 + 6 + 4.... it is —2.

If the terms increase. the common difference is positive and if they decrease, it is negative.

7.3.2 The n™ term of an arithmetic progression

We refer to an arithmetic progression as an A.P.
Consider the general arithmetic progression with first term a and common difference d. Denoting the first e
T,, the second term by T,, etc. we have
T =a

T,=a+d

T,=a+d+d=2a+2d
T,=a+2d+d=a+3d

From the pattern, we have T ,=a+9d,T,,=a+24d and generally T =a +(n-1 )d.






7.3.3 The sum of the first n terms of an arithmetic progression

Consider the series 15 + 18 + 21 + ..... + 87
The number of terms n is obtained by using
a+(n-I)d =T
15+ (n-1)3 =87
n =25
Denoting the sum by S
S=15+18+21+..... + 81 + 84 + 87 (1)
S=87+84+81+ ... +21 +18+ 15 (2)
We have 2S =102+ 102+ 102 .......... 25 times
: =102 x 25
S=51%w25=12)5.

We use the same procedure to find the sum S of the first n terms of the AP

a+(a+d)+(a+2d) + .......... + [
S =a+(a+d)+(a+2d)+ ... +1
S =l+(-d)+(-2d) +.......... +a
2S=(a+Dh+(a+D+(a+) n times
=n(a+l)
S =E(a+f]
2

Aslisthen"term,/=a+ (n- 1)d

S= %{a+a+(n-1)d}

= %{2& + (n - 1)4:!}




h three important formulae for an A P are:
+(n-1)d




How many terms of the series 2 + 5 + 8 + .... are required to make a total of 1 3657

Solution
a=2
gd=3
S=1365

Using S = %{Za +(n-1)d}
1365 = -1—2‘-{4-!-(11-1)3}

= %(311-!-1)

2730 =3n*+n

3n+n-2730=0

“1++/1-4x3x-2730
0=
6
=30 or 3033
As n is a positive integer, n = 30
Number of terms = 30.

Exercise 7 C
1. Find:
(a) the 19® term of 9 + 13 + 17 + 21 ... (b) the 30* term of 21 +20 5 +20+193
(c) the 100™ term of 194 + 191 + 188 + 185 ..... (d) the 25" termof 135+ 132+ 129+ 1286
: . i } o0
(e) then®"termof 21 + 25+ 29+ 33 ... (f) then®termof 19+ 181 + 1?;+161

(g) ther®"termof 12 +25+38+35.1 .....

2

Find the number of terms in each of the following progressions and hence obtain their sum:

(a) 4+9+14+..........+ 129 (b) 8+78+76+ ... +16
©) 1+2+3+..........+ 100 (d) 10-7T-4— ... + 35
‘.‘
(e) 3l +3—+4.........+ 1]-é
2 4 4

3. Find the first positive term of the progression —100 - 96 -92 ...



ﬂ of an A.P is 31 and the 11* term is 3. Find the common difference, the first term and the first

also the sum of the first 20 terms.

he 3¢ term of an AP is 11 and the 20® term is 45. Find the sum of the first 25 terms of the A_P.
5
;;ﬂi+l.2;—33nd41—8m&wconsemﬁve terms of an A P, find the value of x and of the common

B s of:

9 6+11+16+ ... 1025 terms () 52+56+60+..... 1032 terms
-':j+j-.ls+ 15+ ..... to 40 terms (d) 3%+9%+10% $ ... 025 terms
(€ 1 3T ... to n terms (D x+3x+5x+ ... to n terms
+6x + ...... to n terms (h) 7+64+58+ ... tonierms.

B e of an A P is 4 and the last term is 79. Given that the sum of the A Pis 996. find the number
f" rms and the common difference.

Find the sum of the first n terms of the series 2+ 6+ 10 + ... Hence, find the least number of terms of the
serie s which must be taken for the sum to exceed 20 000.

-

L Find the sum of the first n terms of the series 100 + 96 + 92 + .__..
find the least number of terms of the series which must be taken for the sum to be less than 0.

L]

ufthc second term and the third term of an A P is 42 and the sum of the fourth term and the eighth
g is 14. Find the first term, the common difference and the sum of the first 15 terms.

L
., ny terms of the series 18 + 184 + 18.8 + 192 + _..... must be taken for the sum to be 774 47

.'1.' m'_ r
il of the first ten terms of an AP is 260 and the sum of the next ten terms is 660. Find the common
fference and the first term.

Tan - o’

dfth:ﬁrst n terms of an arithmetic progression is . Find the first term and the common
ference. Find also the least number of terms required for the sum to be less than —6.

2 Sizes of the angles of a quadrilateral are in arithmetic progression and the largest angle exceeds the
pallest angle by 120°. Find all the angles.

e '_;':_dﬂrsidcsufapemagnnm in arithmetic progression and the perimeter of the pentagon is 45 cm.
largest side exceeds the smallest side by 8 cm. Find the length of each side.
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17. A piece of string of 3.6 m is cut into 9 pieces. The lengths of the pieces are in arithmetic progressic
the largest piece measuring 60 cm. Find the length of the smallest piece.

18. (1),(4,7),(10, 13, 16),(19,22,25,28) ...... is a sequence of terms. Find:
(a) the number of terms in the first n brackets.
(b) the last term in the n® bracket.
(c) the least value of n for which the last term in the n™ bracket is to exceed 628.

7.4.1 Examples of geometric progressions
Consider the series 2,6, 18,54 ...
Each term is obtained from the preceding one on multiplying by 3.

Similarly, for the series 24, 12, 6, 3 ...... each term is obtained from the preceding one on dividing by

—_—

multiplying by el

For the series -1 +2 -4+ 8 ...... each term is obtained from the preceding one on multiplying by -2.

All these series are geometric progressions.
S8 N : . ; . - . . 5

1, R IS a geometric progression whereas 3, —6,-12. -24 ____. is not a geometric progression.
: : _ . o M TUTNEY, . . .. O

If U and U, are any two consecutive terms of a series, this series is a geometric progression if —

constant. This constant is called the common ratio of the geometric progression.

7.4.2 Finding the n™ term of a geometric progression
We refer to a geometric progression as a G.P,

Consider the general geometric progression with first term a and the common ratio r.
T, =a

T, =ar

T, =arxr=ar

T, =@ Xr=ar

We obtain T, = ar’, T, = ar'”® and generally the n® term T_= ar™'.

Find the 8" term of 2 — 4 + 8+ ... &
r =) ¥ SN, I3 g LR ' 4
%ﬁzﬁf_{'."z)? iy ;.‘."-'_. : ::" e '-:' .




7.4.3 Sum of the first n terms of a G.P

I G P with first term a, common ratio r, the sum S is given by
S=a+a+ad+ (1)
Multiplying by r, we have
‘ (¢
S-S = ar"-a
Sr—1) = a(r*-1)
a(r’ - l) |
S ——= (r#1)

r-1

a(r* -1)
preferably forr<land S = o s forr>1.
r—




7.4.4 Sum to infinity of a geometric progression

Consider the series 20 + 16 + % +

The sum of the first n terms of the series S is given by

As n increases, [i] becomes smaller and smaller and gets nearer and nearer to 0.
5




(:‘-) —=0asn— x>,
e

very laree writtenasn — =, S — 100 x | = 100.

¢ 8y the sum to infinity is 100 and we write S_ = 100.

e number 100 is the sum to infinity of the geometric progression.

1 —1<r< 1, r" —= 0 as n — = the sum to infinity exists.

il> 1, the series has no sum to infinity as r* becomes larger and larger when n becomes larger and larger.
BRES12+ 18— 27 ...... has no sum to infinity as Il = .

¢ recall the important facts we have obtained for a G P:

g~ l) forr>1 or a(l = r")
r-1 1-r

forr<l1.

i<l
r-1

ression for the required term of each of the MMW Do not evaluate
ession but simplify it as much as possible: L1

’ :ﬂ"ﬁ +18+54 .. (b) 16*termof32+16+8 ... () Fm’&t— 349 ...

5% term of 8 = 6+ ... (e) 21" termof 3-3+3 .. () (r+1)*termof 3—-6+12 ..

. 3 9
(2x+ 1)"termof 1 ——+ —.... - : 3
-l g 4 16 '




=)

10.

Find the number of terms in each of the following geometric progressions:

@) 246+ 18+ . + 1458 @ 3-6+12+ . -1%508
() 0.03+006+012+ . +3072 N AN S e L P e
9 27 8 19683
MR 243
AR T A
9 6 8 128

The second term of a G.P 1s 30 and the fifth term is 810. Find the common ratio and the first term. Fia
an expression in its simplest form for the sum of the first ten terms but do not evaluate it.
Explain why the G.P does not have a sum to infinity.

The third term of a G.P is 8 and the seventh term is % Find the two possible values of the coms

and the sum to infinity of each progression.
n, 2n + 1 and 4n are the first three terms of a geometric progression. Find n and obtain the eighth

9n + 5, 2n and n—3a.rf:tl}eﬁrsuhreetefmsufageumeﬂicpmgmssim.ﬁndﬁmtwnpmsibk alue

common ratio.

In each of the following, write down an expression for the sum to the required number of terms. j'_
but do not evaluate your answer.

(a) 36+ 18 +9 ... to 10 terms (b) 3-6+12 . to 15 terms (c) 6+9+135 i@

s
(d) 80-20+5 ... 10 20 terms (e) 0.2-06+18 . w0o25terms (D) ,3.+]+: ...... to 9K
(g) 9-12+16 .......t0 15terms  (h) ~§+3—£ ““““ to 10 terms.

2 16 &

Find an expression for the sum of each of the following geometric progressions. Simplify but do
ate your answer.

(a)2+4+8+ ... + 1024 b)1-3+9— . + 729 )03 +12+48+
1 1 1 27 32 16 B8 3
d)———F+——cc——— () ———— b e
81 54 36 128 729 243 8l 4

In a geometric progression the sum of the second term and the fourth term is 120 and the sum of §
term and the fifth term is 360. Find the common ratio, the first term and the sum of the first ten &

In each of the following examples, find whether the given progression has a sum to infinity. If it
to infinity, find this sum:

(a) 24+ 18+ 12+ ... (b) 12—-6+3+ .. (c) 09+06+04+ .

3
(d) 3—-6+12+ ... (€) —+1—-—+.....




The first term of a G.P is 24 and its sum to infinity is 84. Find the common ratio.

hmﬁmtynfageomemcmgmssmnmlhreeumestheﬁmmandﬂmsummﬂ Find the first
Mlh‘.mmmmranu

B e the first three terms of 2 geometric progression is 74 and its sum to infinity is 128. Find the first
erm of the progression.

‘h borrows Rs. 500 000 from a bank which charges him 12% interest per annum on the outstanding
ount due at the end of each year. He repays the bank in equal yearly instalments of p rupees. Find expres-
s for the amount due

1 after 1 year

-'1  after 2 years

(c) after n years.

ence, find the value of p if he clears his debt in 15 years.

man borrows Rs. 300 000 from a bank for 5 years. The bank charges him 15% interest per annum

mandmgamﬁuntdueanheendnfmh month. He repays the bank in egual monthly instalments

-=' 8. Find, in terms of x, the outstanding amount due

ﬂ‘l month

er 2 months

(¢) after n months.

e, find the value of x.

Miscellaneous Exercise 7

hmndmgpowcrscfx the first three terms in the expansion of (1 + ax)’. Given that the first two

mmﬂmxpanmmoﬂnmxnurmlm_—i find the possible values of a and of b.

g mufﬂmﬁrstSEnnsufananﬂlm:prugressmmz4andﬂ:mnfﬂ:eﬁrst18m155!}

lculate the value of the seventh term.
' eOmetr pm-gre's.sp:}rnw:thapmxtm:c:mmnmnram::15'.suur:hti:atti'n:smrumfthw:ﬁrs:tzlaﬁ':tzmus15l‘.p’i
BB thirc term is 42 Calculate the value of the common ratio.

<~ [C]
id the first three terms in the expansion, in ascending powers of x, of
 (1-3x) () (2+x)*
L the cient of x* in the expansion of (1 — 3x)° (2 + x)*. [C]
fain and simplify
theirst four terms in the expansion of (2 + x?)° in ascending powers of x
th ~oefficient of x* in the expansion of (1 — x2)}(2 + x)°. [C]




5.

10.

(a) A length of 200 cm is divided into 25 sections whose lengths are in arithmetic progression.
sum of the lengths of the 3 smallest sections is 4.2 cm, find the length of the largest section.

(b) An infinite geometric series has a finite sum. Given that the first term is 18 and that the sumof
first 3 terms is 38, calculate the value of:

(1) the common ratio, (i1) the sum to infinity.

. Hence, evaluate the coel

Evaluate the coefficients of x° and x* in the binomial expansion of l % — 3

of x* in the expansion of (% - 3] (x +6)

(a) The first term of an arithmetic progression is 2. The sum of the first 8 terms is S8 and the &
whole series is 325. Calculate:
(1) the common difference,
(i1) the number of terms,
(ii1) the last term.
(b) The first three terms of a geometric progression are X + 5,x + 1, x. Calculate:
(1) the value of x,
(i) the common ratio,

(iii) the sum to infinity.

(a) A geometric progression has non—zero first term a and common ratio r, where 0 <r < |. Given
sum of the first 8 terms of the progression is equal to half the sum to infinity, find the value
rect to 3 decimal places. Given also that the 17* term of the progression is 10, find a.

(b) An arithmetic pmgressinnhasﬁrsitennaandmmmmdiﬁmm 10. The sum of the fist
the progression is 10 000. Express a in terms of n, and show that the n* term of the progression
10000

+5{n— l).

Given that the n® term is less than 500, show that n* — 101n + 2000 < 0, and hence find the large

value of n.

(a) An arithmetic series has first term 7 and second term 6.8. Find the sum of the first 50 terms.
(b) A funding body gives a grant to a sports organisation each year from 1995. The amount of graml
is £10 000 and thereafter is 90% of the grant in each preceding year. Calculate: _
(i) the total amount paid in grants to the sports organisation during the years from 1995 1o 2004 1
(ii) the total amount paid in granlstnﬂxespmtsurganisaﬁonduﬂngtt&yemfrmﬁﬂﬁmm '

The expansion of (2x + 31)(1 - %) , in ascending powers of x as far as the term in A%, is 2- 3% %

Find the value of n and of a.




~_ > DIFFERENTIATION 1

8.1.1 Definition

"We have seen that the gradient of a straight line is the same for any two points chosen on the line.

We consider now the gradient of a curve and we define the gradient of a curve at a point as the gradient of the
fangent to the curve at this point (Figure 8.1).

)

v
i |

L Figure 8.1
r” the gradient of the curve in Figure 8.1 at A is the gradient of PQ and that at B is the gradient of RS.
i

The gradient of the tangent to a curve at a point may therefore be obtained by drawing the curve and the tangent
it that point. This method is inaccurate besides being lengthy. The next section looks at a theoretical way of
‘obtaining the gradient of a curve.

8.1.2 A tangent as the limiting position of a chord
.' Q |
\

y Q
Fi
*'/J
/
[ /] Q
/

/)

i

Figure 82
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Figure 8.2 shows a chord PQ joining two points P and Q on the curve. By choosing points Q,. Q,. Q, neam
nearer to P, we see that the chord PQ approaches the tangent at A, i.e. As Q — P, chord PQ — tangent at &
is read ‘as Q approaches P, chord PQ approaches the tangent at P".

To find the gradient of a curve at point P, we therefore find the gradient of a chord PQ and find the val

this gradient approaches as Q — P.

y
4 Q(x+ Ax, y + Ay)
T
-
-]
l
0 b o A‘ xX
«— X T Ax S

Figure 83

Consider two points P, Q on a curve with coordinates (x, y) and (x + Ax, y + Ay) respectively. The grad -1
. Y+ Ay-—-y Ay
the chord PQ is - ! (i A
X+ Ax —x Ax

To obtain the gradient of the tangent at P, we have to find the value which i approaches as Q = P.
From Figure 8.3, we see that as Q — P, both Ax — 0 and Ay — 0.

The gradient of the curve at P is therefore obtained by finding the value of ;" as x —= 0.

This applies to any curve.

8.1.3 The gradient of the curve y = x* at a peoint (x, y) on the cwr

Q (x + Ax, y + Ay)

Figure 8.4




Pand Q lie on the curve y = x’

y=x! (1)
Ay =(x+ Axy (2)
y =(x+Ax) - x° (2)-(1)

S 2xAx+AX
—= = Ix + Ax

' of the tangent, we find the value of ?ﬁ as Ax —= 0.

_‘ ﬁ h-

¢ gradient of the curve y = x* at a point (x, y) on the curve is 2x.

:-moltlleumy=x"uinpoi-l(x,1)nﬁem

jg points P (x, y) and Q (x + Ax, y + Ay) on the curve,
, '=13 (1)

#4y = (x + Ax)’ (2)
Wy=x+AxF-x* (2)-(1)

| =3¢ Ax + 3x Ax*+ Ax?

¥ -3¢ + 3xAx + AX

§0-=Pa&x—~0, ¥ 3¢

H ent of the curve y = x° at a point (x, y) on the curve is 3x7.

1.5 Gradient of the curve y = x* at a point (x, y) on the curve

e find the gradient of the curves y = x*, y = x°, y = x%, we obtain gradients 4x°, 5x* and 6x° respectively.

We sce immediately that there is a pattern which enables us to find the gradient of a curve if we know its equa-
on in the form y = x® where n is an integer.

Thus, for y = x’ the gradient is 7x°, for y = x* it is 8x” and generally for y = x*, the gradient is nx*'. This result
i true for all real values of n.
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8.1.6 The d-l symbol

! dy : : ,
Given y = f(x), we use the symbol d_ for the gradient of the curve at the point (x, y) on the curve y =i
X

Note:

1. The gradient of a curve is also known as the derivative or differential coefficient or gradient function

derived function.

b

: dy .
. Given y = fix), the process of finding cﬁ’ is called differentiation.

When the function is given in the form f:x — ... the gradient of the curve is written f:x — ... Thus, if

Ly

fix> X f:x—> 40

. . _ oy S Prdd roncil . :
4. Given vy in terms of x, the gradient is written as {E Similarly, if A is given in terms of r, the gradient¥

if U is given in terms of f, gradient is dU .

df

8.1.7 Gradient of y = kx" for a constant k

dx &
= 3 4 3'1:
= 6x>
dy ! .
If y=4x° 2 _4x gradient of x°
dx
=4 x 6x
= 24x3

Generally, if y = kx", :: =k x nx*?
. =kn x™!

8.1.8 Gradient of a sum

Hy=2x'+ Ix3

d

b = + 15x° -
dx

d -
Generally, if y = f(x) + g(x), d—; =f'(x) + g'(x)
This result applies to the sum of two or more functions.

- s R P
H1"-':ﬂlx}+g{:'”+h{}i}.d—}:f{1}+g{x}+hlx}
X

8.1.9 Gradient of a difference




fy=1lx) - £, < = (0 - £'00)

 the gradient of a product or quotient of functions which are simple to multiply or divide, we multiply
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r‘ h’
) y=1

!
(b) y =6x* ) y=3x° (d) y=6x"

J-I—l

6x

¥a D y=

=y

¢x

IS
a) y=6x*+3x’ (b) y=9x*+2x* +7Tx* + 1
) y=5¢ - 2%~ 3x @ y=@x+D)Bx-3)

¢) ) = (3 - 1)(2x* +3x) 5=

k (3¢ - 1)(2x" - 5x) 3
- e

5x' —3x + 7Tx
2x

(2x + l}(h‘ P 4)

i
ar

A=6r+3r

(b) % given V =2t - 31> + 1

=

% given U = (2x2 + 1)(3x - 5)

B . (3ta1)(2e-3)
-E given S = :
2ar (h + 1), w and h are constants.

Find ' given
(@) fix—>3x° —6x% + 15x - 1 (b) fit—> (21— 1)t +3) () for—= (P -I)r+2)
2% (2t—1)(¢ +3)

.:_ipﬂ"H 553 {E} f:t—> 41

d the gradient of each of the following curves at the given point:
) y=2-x+latx=-2

f}j!ﬁ'_(i:. -12x+5atx = %

() y=(x~ 1)Yx ~2) at its point of intersection with the y-axis.
)'=l'21 + 1)(x — 3) at its points of intersection with the x-axis.

k!"-" o l)gl £7) atx =2.
| X




* (a) y = x>+ 3x, gradient 5
i.:t (b) y=x+*-, gradient -3
E" ¥ (c) y=15—ﬁ3—151+1,mﬂ

(d) y=f+~1—6,gndimtn
; X

I )

I

L iT ] To find the equation of the tangent to a curve at a
i i.e. the gradient of the curve at this point.

s To find the equation of the

| ik we therefore find the gradient to the curve at x =-1.
o Eti=3:~r.3—4:n;+ I

5 '5,5 I dx
& .
) x:—l.ﬂi:3+4+l

i il dx

e 7

’1 x=—1,y=(1P-2(-1+D)-3

. L

Ll ==T

: 'H . 5 }“—('7) =

-!J | Hli- Equation of the tangent 15 x_-—_(jl_) =8
i 'L’if1 i et e

| G y =8x+1 |
l‘, {:I'." 1 _ The normal is the line perpendicular to the tangent, passing
. 1" 1

Lt g i Gradient of normal = o

| Ik I

¥ : il 3

i, | Equation of normal is =—3

| J?i ‘ x+ 1
i 8y +56 =—x — |

} | 8y +x +57 =0

| 6. Fmﬁﬂmmmdﬂ:pmmmmcmmﬁ:ww
| value:

langentmmecur\re:y=x-‘—2x3+1—3mthepointnnmecune with x-coon

at which the gradient

given point on the curve, we find the gradient of the

through the point of contact.




X~ 3x— 1 at (1,-2)




(d) }f=izatﬂiepuintt}nth¢mewithx—cnordinat:%
. x

it (e) y=§+%anhcpoimmmecmewiﬂlxm1ﬁmmwl.
X

i () y=x2-4x+1at(2,1).

2. Find the coordinates of the point on the curve y = 2x* — 6x + 3 at which:
(a) the tangent is parallel to the x-axis
(b) the tangent is parallel to the line y + 2x =1
(c) the tangent is perpendiculartothe line y + 2x =1

|. F =
Wil 3. Find the coordinates of the points on the curve y = x* + 6x* + 9x — | at which the tangents are |
l' the x-axis. Hence, find the equations of the normals at these points.

S g

4. Find the coordinates of the points on the curve y = x* + 2x? — x + | at which the tangent is perpe
11l the line 6y +x = 1.

5. The normal to the curve y = x> — 3x + 2 at a point A on the curve is perpendicular to the line y +x=
the coordinates of A. .

6. The tangent at a point A on the curve y = 3x* + 6x — 5 is perpendicular to the line y + 2x =3.
coordinates of A.

E:‘E | Any point at which the tangent is parallel to the x-axis is called a stationary point.
i | : : : - : . : .
il A stationary point on a curve is therefore a point on the curve at which the gradient 1s 0.
-I'.' 3
'lf‘:' Y ¥ YV L

ol A |

| +

| o 5 // | _I\\_
15 * = = E s_’ * +/ C |

i - |

i + | D\\ -
th B

1 0 %% ,0 x 0 x 0l

0 fa) (b) (c) (d)
f! i

N Figure 8.5

ik There are three types of stationary points as shown in Figure 8.5. In Figure 8.5(a), the gradient changes T
|' (just before A) to — (just after A). At A the gradient is 0.

A is called a maximum point.




igure 8.5(b), the gradient changes from — (just before B) to + (just after B). At B the gradient is 0.

ure 8.5(c) and (d), the gradient does not change sign (+ before and after C. — before and after D). At C

D the gradient is 0.
D are called stationary poinis of inflexion.

e i
iy
ik




8.3.2“«“““&“-‘.-“-—

If y=x-2x>+3x-4

-, =3x"-4x + 3

dx
dy . o e
o is the first derivative of y.




5

dy

A

fifferentiat %, we obtain the second derivative of y which is written as s

st E.';.-m ine whether y is a maximum or a minimum at X = a is to find the algebraic sign of ::.; at

I

i
[ *
B

>latx=a, there is a minimum at x = a.

<ar :;iifz'_t a, there is a maximum at x = a.

), the test cannot be used.




8.3.3 Curve sketching

We use stationary points to sketch a curve with given equation. Points to remember when we consider ske
of simple curves are:
| At what points does the curve intersect the x-axis?
| | Ar what points does it intersect the v-axis?
n Does it have stationary points?
- What happens to values of v as x becomes very large and positive?
Note that x*> x*>x*>x for x> 1
What happens to values of y as x becomes very large and negative?

1 |
£ 4l
! b
iE
|
E

W o e g S

T




B e - T
nates of the stationary points of each of the following curves and determine their nature:
5s . (b) y=6x-2x°
' (d y=x*+ —51,

® y=x‘+4:’—811—3
(h) y=24x-22x7 + 4x°

0 y=x(2x+1)
(D) y=x3-151+‘-7—E
LY X -

(® y=x(x-1)
(d y=&x+1Dx+2)x-3)
H y=x'-32x -

Y

Figure 8.7

8.7 shows the graph of y = f(x). We note that f(x) increases as x increases when the gradient is positive and
greases as X increases when the gradient is negative.







2 Gradient of composite functions

d
ny=(x*+2)*, we may find i by expanding (x’ + 2)* and differentiating term by term.
method has the disadvantage that it is lengthy and the answer is obtained in a form which is not very useful.

better to write y = u® where u = x* + 2.
pereases by Ax, let u increase by Au and y by Ay.

& _ Ay M

.-—l---lll—-—

dxﬂut‘_\x

Au_do by dy &y &
=0,Au— 0, Ay ﬂandax e R s A
Sody d\' du

dx du dx

s result is known as the chain rule.

3 mnexamleg—d—yx-d—u
e P ax T du "

= 4u’ x 3x2
= 12x*o’
= 12x3(x* + 2)°

x}]‘ then putting u = f(x), y = u®




= nu™' x f'(x) where f'(x) is the derivative of f(x) with respect to x .

% = m[f(m)]"’l x f'(x)

So,ify= [ﬂx)]", % = n[ﬂx}]H x f'(x).
This is a very important result and will be used very often.
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8.4.3 Rates of change

(a) Single variables
The rate of change of a variable x is written as % where t is the symbol for time.

d
The rate of change of s is%,themeufchaugeufvis-d—:,em.

Familiar rates of change are % where s is the displacement and % where v is the velocity.
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S

der water flowing into a vessel with uniform cross section of area 10 square units. As the height h increases,

' and v, h are connected by the formula v = 10h from which we obtain % = ML

e : . = hee T 2P Rt §
s of change of v, h are — and — respectively and we have —x compare with
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Find the range of values of x for which the following functions of x increase with i Increasing values,

(a) f(x)=x*-4x+3

(c) f(x)=4x + 15x>*- 18x -3 (d) fix)=

(e) f(x)=x*+ AE.K:U
X

(b) fix)=x"-6x2+9x + 1

1
X+ —.xz=0
X

Show that x* — 3x? + 6x + | increases with x for all real values of X.

Find the range of values of b for which the function f:x — x* + 6x* + 3bx +

Showthat x* +3x2+9%x + 1> 6 if x>-1.

Show that f:x — 2x° — 9x2 + 12x + | increases with x

Find the range of values of x for which the function f-x —> 2x

forx>2orx<l.

12 is an increasing f

*—3x*— 12x + | is a decreasing fune

Find the range of values of x for which f{x) = x + % Increases as x increases. Hence or otherwise sho

the sum of a positive quantity and its reciprocal cannot be less than 2.

T e
Find — :
in re given:

1
(a) y=(4x +2) (b) y=(4x+1} (©) y=3I5-&
(d y=3(2x-1)3 (e) y:(f +41+I}§ (H v= >
" (2x+3)
4 3 2
(g) vy= h) y=- (i) vy=
(1-3x) > -2x Vi +4x -1
; 4 4 5
W 2= ® y=—— M y=
P2x + 68 1 35 + 22 - 1 V1-2xJ1+ 3
dv

(a) Given s =3(1—2t)*, find % whent=1.

, find dpwhent- ;

(c) Givenp=

J3t

(e) Givens= 6!*9-}(5] , find E whenr=4x
% dr

(b} Givenv = 3{21’ -

(d) GivenT= 2x u
Ve

1)5[ﬁnd ;Wtﬂnr:_

.ﬁl]i:l£1ill-flll;'::1l
dl £




Fikinl . I
ny=|x- ..l.) ; d_y (b) Given A= 6avh® +16 |, find E
: \ X dx dh
2
_E)’,ﬁm & (d) Givenp=—— find 2.
=%
X
iven u = 5{ 2r -'-) * find 2.
e
ol 'minavesselis('iﬂ + 6x* + 3x) cm® when the depth of water is x cm. Water leaks from

jto the vessel at a constant rate of 1 500 cm’s~'. Find the rate at which the water is rising when the
of water in the vessel is 15 cm.

199
radius of a spherical bubble of soap increases at a constant rate of 0.05 cms™'. At what rate is its volume

"""" ‘ its radius is 4 cm, (b) after 6 seconds, (c) when its volume is 288x cm*?

=1
ume of a spherical balloon increases at a constant rate of 10 cm’s™'. At what rate is its radius increasing

'. ; radius is 2 cm; (b) after 3 seconds: (c) when its volume is T cm’?

LI, area of a spherical balloon increases at a constant rate of 10 cm’s™. At what rate is its radius
u 'when the radius is 5 cm? Find the rate of increase of its volume at that instant.
bt
side of a cube increases at a constant rate of 0.02 cms™. Find the rate of increase of its volume
hen the length of its side is 6 cm, (b) when its volume is 64 cm’, (c) after 4 seconds.

volume of an ice cube decreases at a constant rate of 3 cm’s. Find the rate of change of its side

g “IIIi

¥

) i ilshngﬂl is 4 cm, (b) when the volume of the cube is 27 cm’.
i
."’.!'?‘ ime of a cube decreases at a constant rate of 10 cm’s™'. Find the rate of change of its surface area

gn (a) the length of its side is 10 cm, (b) its volume is 512 cm’, (c) its surface area is 150 cm’.
e
r

mlmn:dmne of semi vertical angle 30° contains water to a height of h cm. Show that the volume
ateris b
er flows out through a small hole in the vertex. Find the rate at which the volume of water is decreasing

g0 the depth is 6 cm., if the depth of water decreases at a constant rate of 0.2 cms ™.

of a vessel in the form of an inverted cone is 16 cm and its radius is 6 cm. Find an expression
pihe volume of water in the vessel when the height is h cm.

e inverted vessel is originally full of water and the water leaks through a hole at the vertex at a constant
te of 1.2 cm’s™.

nd at what rate  (a) the water level is decreasing when the water reaches half—way up the cone,

(b) the area of the honizontal surface is decreasing then.




20.

Xcm /

5x cm

xamn

Figure 8.10

Figure 8.10 shows a rectangular block of ice, x cm by x cm and 5x cm.
(a) Find expressions for the total surface area, A cm’ and the volume V cm’ in terms of x.
(b) The ice is melting at a constant rate of 5 cm’s™. Find the rate of change of the surface area

volume is 1000 cm’.

Miscellaneous Exercise 8 3

1. Find the equation of the tangent to the curve y = x° — 8x* + 15x at the point (4, —4). Calculate the ¢
of the point where the tangent meets the curve again.

-

The equation of a curve is y = (3 — x%)®. Find:
dy

) ===
dx

(b) the equation of the normal at the point on the curve where x = 2.

16 x
3. Giventhaty= — + %ﬁndlhe stationary value of y and determine whether it is a maximum ora
X

4. A container, initially empty, is being filled with liquid; t seconds after filling has begun, the depth of e
X
in the container is x cm and the volume contained is V cm’, where V= Tix +2).

Given that V increases at a constant rate, and that x = 10 whent = 15, find:

(a) ﬁ in terms of
dt

(b) the rate at which x is increasing at the moment when x = 7.

8
5. Aand B are the points on the curve y = 3x — — with x-coordinates 2 and 4 respectively. Find the x-&x
X
of the point of intersection of the tangents at A and B.

6
6. Show that the equation of the normal tothecurve y=2x+ — atthepomt (2, 7) sy + 2x =11 G&
X

this normal meets the curve again at P, find the x-coordinate of P.




ns of the tangents to the curve at the points whose x-coordinates are |1 and 3. Show that these tan-
jenls intersect at the point (2, 4). [C

quid is poured into a container at a rate of 12 cm’s™". The volume of liquid in the container is V cm®, where
:~{h + 4h) and h cm is the height of liquid in the container. Find, when V = 16.

(i
-

m at

) the value of h

b) the rate at which h is increasing. [C]
Ihie equation of a curve is y = 6x* — x°. Find the coordinates of the two stationary points on the curve and
determine the nature of each of these stationary points.

set of values of x for which 6x* — x* is a decreasing function of x.

he gradient at the point M on the curve is 12. Find the equation of the tangent to the curve t M. [C)

[he tangent to the curve y = 4x + 2 at the point (2, 12) meets the x-axis at A and the y-axis at B. Find the
o -

pordinates of the mid-point of AB. [C]

: -

' gmdxem of the normal to the curve y = (2x — 7)° at the point on the curve where x = 4. [C]
&

R

tangent to the curve y = px” at the point where x = 2 passes through the point (1. —10). Find the value

3 iCl

et
o

ind the coordinates of the point on the curve y = 3x* — 7x + 2 at which the tangent is parallel to the line
€]
- : ) 16x° +4x° +1 {
id the coordinates of the stationary point on the curve y = - and determine the nature of
purve has the equation y = x + —-. Find
. dy
an on for —
or S
) the value of k for which y + 2x =k is a normal to the curve. [C]

article moves in a straight line so that, at time t seconds after leaving a fixed point O, its velocity v ms™'
s

— — 3.
(2t+1]

y=

the of t for which the particle is at instantaneous rest.
 the initial acceleration of the particle. [C]




17.

18.

19.

16

Given thaty = - %,ﬁndﬁ]estatinnaqvaluenf}'anddeten'njmwheﬂmitisamimumuu

¢
-

X

- : 4
The two variables x and y are related by the equation y =3x — —.

X
(a) Obtain an expression for % in terms of x.

(b) Hence, find the approximate increase in y as x increases from 2 to 2 + p, where p is small.

A spherical balloon is released from rest and expands as it nises. After nsing for t seconds, its rad
and its surface area is A cm®, where A = 4nr°.

The initial radius of the balloon is 16 cm. Given that the rate of increase of its radius is constant ;
value of 0.8 cms™, find the rate of increase of A whent=35.

Given that y = 9x? , find:

(a) the value of x when y = 36.

(b) an expression for ﬁ
dx

Hence, find the approximate increase in x when y increases from 36.0 to 36.3.




> INTEGRATION 1

9.1.1 Integral of x"(n = -1) with respect to x

iven y in terms of x, the process of finding d—} 1s known as differentiation.

dx

We now consider the reverse process. Given gi— in terms of x, we are to find y. This process is known as integration.

3 d

osdery=x.y=x+ 1, y=x+2,y=x-4,y= x — —. In each case, == 1.
: dx

.

Wil — =1,y = x + ¢ where c is a constant.

. X X X X
\eX s 5. V= —— 3 y=— $+ — eiC.
ext consider y 5 y > ) > y ; etc

LJ‘I|H--

eachcase, < = x
dx

if Y = x y= 3 +c
14 ’ 2 i

) i 5
Similarly, if y = = + ¢ where c is a constant, s -

.'-q 13

LT
|

=X, y=—+cC.

-I#

bie | shows expressions for E} given y in terms of x.

Table 1

;-' expressions for y if %x}_ is given in terms of x.
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ST s R - o i

B e S -

. . dy e
It follows from this table that if — =x"(n#-1),y= +cC.
dx n+1
: : s o . '
We say the integral of x™ with respect to x is T .
n+

R : e dy _ _ : e :
Generally, if the gradient of y = F(x) is given by {L_ = f(x), F(x) is the integral of f(x) with respect tox.
X

9.1.2 Notation for integral

Just as we used a notation for the gradient, we will use a notation for the integral.

If ,S_} = f(x), we write y = fﬂxl dx to be read as y is the integral of f(x) with respect to x.
X
So, if — =X,y = ft\ dx = lx +C
dx 3

n+l
n X r
Sn.fx dx = —— 3¢ (nFE-1)
n+l

These integrals are indefinite integrals as they contain a constant.

9.1.3 ka- dx for a constant k

fzx‘dx =2xf.-;‘cb;
xl
=2|—+c

4

X
= —+c¢C
e

fl‘x""dx :Bxffdx
:I;_h
—

&

X
= —+C¢C
2

I
L

i

Gcncm]]}'.ka“ <3 +c (n#-1).
n+ 1




.4 Integral of @ sum

integral of a sum is the sum of integrals.

U:I(‘Zx*-r!i}dx =f2fdx+f3dx

2x°
=—+3x+cC

Ab
el "

3
' : +4!2+ 5) dx = f313 dx + f413 dx + J-S dx

X' 4x

= +—+5x+c
4

I e =
PA +3x+?)dx =—+—+Tx+cC
J¥ - 2

i & S5X
+ + +X+C
4 3 2

30+ 4x + 5x +1) dx =

.5 Integral of a difference

r of a difference is the difference of integrals.

B - [ x- [

2x'  3x°
—— - + C
4 2
x' 3x°
== C
2 2
i
- z)dx = ———+¢C
4 3
2X 3x 2x
h -»31’-21]:1)( = — - +cC
4 5 g

jllows that if we have only sums or differences, we integrate term by term.

6 Integral of a product or a quotient

Jos+nex -4 ax = [(6x - 5x - 4) ax

o e
o e T

3 2

¥
=2x1—:x‘—4x+c

miegrate a product, we multiply first and to integrate a quotient, we divide first.

L







“ of x, it is possible to find y completely in terms of x if we know a value of y corresponding to
' ’M ue of x.

i :2; ~3andy=2whenx=1,itis possible to find y in terms of x.



9.1.8 [(ax + b)" dx, n = -1

The integral of (ax + b)* with respect to x should contain (ax + b)y*'.

But i(ax + hr)'"l =(n+ Iax +b)"x a (chain rule)

=(n+1a(ax +b)"

It follows that f{n + 1)a (ax + b)® dx = (ax + b)™*' (excluding the constant of integration).
As f{n +Da(ax +byrdx=(n+ 1}af{ax+b)” dx.
we have (n + 1)a f'(ax+h}”dx = (ax + b)™!

(ax + b]l"+I

+ ¢ (including the constant of integration).
(n+1)a

f{ax + by dx=
This result holds if n = —1.
(2x + 3)5
Thus, f{h +3)dx=——+c¢
Sx2
& (21 - 3)5

=——t0
10

_(3-4x) HE
4 x7

4 (3+4x)?
28

f{?: —4x)° dx

+C




ﬁm;mmohgim%is: e
- (a) 2x-3 (b) 3x*—4x +2 © 2°+x*-x-5
@ @x-1)(x-3) € (x*—2x +5)3x + 1) ®F+3
g i e & L W _ (Bx-1)(2x* + 7x - 3)
I ® 0 ® pre
2 Gwm% 2% _x+3andy=—1 whenx =1, find y in terms of x.
* fﬁm.%zr’—ﬁ+rﬂ3andﬁ=lwhenr:ﬂ,ﬁnd&inmofr.
8 i .dz.'f dy _ nE .
4 Given—=3x+1.If —=2andy=1 whenx =1, find y in terms of x.
dx’ dx
5. Given £(x) = 2x2 — x + 3 and f(~2) = 3, find (x).
'- __Givm:‘:= (zx+1{(x—l)andﬁ=lwhmx'= 1, find A in terms of x. |
.- ’ * : ] ' &
,'(ﬁ}fzfdx (b) f3x’d:x © f%d:
: 5 | - |
SCN T © [G+oe-nar ® fi-oi+e)a
' o . 311+4|; (ﬂ-—lXﬁ-I*S)
@ [e+390-290s o [FE o [ErE s




10.

11.

12.

13.

14.

Find:

(a) f{3x+2}3 dx (b) f4(21- 1y dx (c) f{41+l dx
2 5 6
d) | ——— & & — % (D dx
f(3x -2) I(l - 2x) J.\"B:u-l
2 4 " 6
(g) dx h) J——=d& (1) ;dt
f%}s_h J-(S -2r) -’.{31~5)“
GivenE: = 3;alndf.*_*lvirhf:nt=l'].ﬁ|:u:l:~".i11t.*::n11.*:.t:mft
(2t —1)
: dA 3 .
Given = — —5Sr+landA=0Owhenr=1,find Ainterms of .
dr  (2r+1)

The gradient of a curve at any point (x, y) on the curve is 2x* — x + 3. Given that the curve passs
the point (-3, 0), find its equation.

Find the equation of the curve which has gradient 2 — 3x — x* at any mh}{x.y}ondtm
passes through the point (1, -2).

The gradient of a curve at any point (X, y) on the curve is directly proportional to \I Given th
passes through the points (1, 4) and (4, 1), find its equation.

The gradient of a curve at any point (x, y) on the curve is a + bx. The gradient of the curve at the po
on the curve is 3 and the curve passes through the point (1. 2). Find the equation of the curve.

9.2.1 The notation [F(x)]®

[F(x)I° is an abbreviated form of F(b) — F(a).

Thus, [2x3 + x|} =[8+2]-[2+1]

=10-3
=

[®+x-2], =[-1-1-2]-[0+0-2]

=-4+2

~

ks TR R SRR R e R




A

j'l(x)dxudllseuhnﬁon

il
F(x) +¢

4
x=[F(x) + cI’

= [F(b) +c] - [F(a) + ]
=F(b) - Fa).

fe unnecessa to write down the constant of integration. This type of integral is known as a definite

=[9+3]-[1+1]
y =10

il 0

i

=0- ﬁ—d—l[}]
3

=%+14



(a) |xdx (b) J.Zx*dx
i

(d) f{213—3)dx (e) I{sz-l}{x+ 1) dx
|

1

r(2x-1)(x-1) r3
(2) ; dx h) |—dx

J I

2. Evaluate :
1 . | F 4
(a) f(x +1) dx (b) f{h +3) dx (©) f{zx + 3) dx
0 2 1

(&) -!.J;Tld" (0 fx—tdx ® -!-4—-;”&‘

(a) Area enclosed by a curve, the x-axis and lines parallel to the y-axis

Vi y = f(x)

Figure 9.1

The shaded region shown is enclosed by the curve y = f(x), lines x =a. x = b and y =0 (1.e. the x-axis). ¥

of this region is denoted by A.

(d) IJSx—ldx
1

0
(h) _f

3

v1—4x

dx




-

i Yy y =f(x)

o
-y

]

Figure 92

‘ points on the curve with coordinates (x, y), (x + Ax , y + Ay ) respectively (Figure 9.2).
area bounded by the curve, line x = a, line PT and x-axis is denoted by S, then as x increases by Ax. y by Ay,

ases by As .

Q(x+Ax, y+Ay)
d ™

TRaa v
T=—— AX —=R

Figure 93
om Figure 9.3, we see that area PTRV < As < area TRQU.
yAx <As <(y+Ay)Ax
y < L <y + Ay

Ax

) d
ra&&*&—fafqmayaﬁ

X
=y

:I. -.:_'dl=ff{1} dx = J-F{x} + c, say
g’ [=4,8= 0, r= -_F[a}

-

1x=2,5=A

: )— F[ﬂ)
= [fx) dx

D
= |y d

sult holds irrespective of the shape of the curve for all curves continuous in [a, b].




(b) Area enclosed by a curve, lines parallel to the x-axis and the y-axis

y = f(x)

Figure 94

The area of the region bounded by a curve, the lines y = a, y = b and the y-axis is | x dy.
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i
_’ ed by two curves

'y

teurves y = f,(x) and y = f,(x) shown in Figure 9.5.

Figure 9.5
saenclosed by the two curves is the area under the curve y = f,(x) minus the area under the curve ¥=1{ (x).

d area = f [fl(x) = fz(l)] dx

5
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"_1:; on lies partly below the x-axis and partly above the x-axis, we find the two areas separately.
trated in Example 10.




9.3.2 Volumes of solids of reveolution

(a) Rotation about the x-axis of the region enclosed by y = f(x), x = a, x = b and x-axis.
"‘?

0

Figure 9.8
If the region enclosed by the curve y = f(x), x = a, x = b and x-axis is rotated through 4 right angles about i

we obtain the solid of revolution PQRS shown (Figure 9.8).
ya

B (x + Ax, y + Ay)

Figure 9.9

Let v be the volume of the solid of revolution obtained by rotating the region enclosed by the curve, Ii
-' line AC and the x-axis through 4-right angles about the x-axis.
If B has coordinates (x + Ax, y + Ay), the region enclosed by the curve, lines#AC, BD and the x-anus§
solid ABEF. As the x-coordinate increases by Ax and the y-coordinate increases by Ay from A to B, leti

Volume of AFGH < Av < Volume of IJEB
my® Ax < Av < mi(y + Ay)* Ax

i SARY 5
ny’ < — < n(y + Ay)’
) ! y + 4y
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btained by rotating the region enclosed by the curve y = f(x), lines x = a, x = b and the x-axis is




a, y = b and y-axis.

1:

s
)
-
[
-,
5
2
=
S
=
)
_m =
S o
:
W
S|
k=
§
m
>
s

The volume obtained is nt

4 ol ——— e = g = — il 3 F P
L h...“ et T e ¥ & ‘= o o o sl PP PR bl it s P e
SRR = e R L A P Y M grom, i Do e P o e s
g . - Falie. S -

S e M T e




' . ﬂtr regions about x-axis or y-tlu:is

Figure 9.14

od "_' on is rotated through 4-right angles about the x-axis, the volume is

j[g(x)]l dx

b

ly written as xt J"[fl{:m)]E - [E0F dx

a



PURE MATHS FOR

The region enclosed by the parabolas y* = 9x and x* = 9y is rotated through 4 right angles abows the %
the volume of the solid of revolution obiained.

Solution 5
| x
Figure 9.15
To find the points of intersection, we solve the equations:
y:=9% (D)
x?=09y (2)
Squaring (1)  y* =81x¥ (A)
§ From (2) & (A), y* =81 x 9y
i . y* =729
: y*—729y =0
y(y* = 729) =0 -
'4' y=0ory' -729=0
y=00or9
y=0,x=0
| y=9x=9

Points of intersection are (0, 0) and (9, 9).

Volume =x [ (91)—(§]z]

o

, FLEED)

_J729 729
E 25> 408
=2187x

Required volume = 218.7 xt cubic units.
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alculate the area bounded by each of the following curves, the x-axis and the given lines:
[y=x'+3,x=2andx =4

"'ﬁZ:t’-l-S x=landx=2

x* 4x+9,x=-landx=1

| i«l"'-t-*x 6,x=-3and x=2

|;gx?+2x+7,x_—3andx_o

¥=(2x- 17, x=0and x = 2.

e the area bounded by each of the following curves, the y-axis and the given lines:
-:’+3 y=3andy=4
-:.~‘.- P=9%.y=landy=3
Jy=2xy=2andy=16
| ¥=x-2,y=-landy=1
)y=(@x-1)y=4andy=9.
Ml
'-:f.'-i of the following curves and find in each case the area enclosed by the curve, the x-axis and the
' :1" es.
) y=x'-2x,x=0and x =2
:.tf_x?+21-3, Xx=-3andx =1
| y=6-x-x*x=4andx =1
) ¥y=2"+x-3,x=-3and x = 0.

ulite the area enclosed by each of the following pairs of curves:
T}iﬂ:'.'l.l_z y=2x*-x-5

| _§+x X.y=4-2x-2¢

= #=4x and x? = 4y

[

Figure 9.16

3.16, OA is part of the curve y = x?. A has coordinates (3, 9) and line AB has equation x + y = 12.
moftheshadcdregmn :




Figure 917

e

In Figure 9.17 AB is an arc of the curve y = x* + 1, A lies on the y-axis and BC is a straight lne

area of the shaded region.

i, 7. Find the volume of the solid of revolution obtained by rotating the region bounded by each g

curves and the given lines through 4 right angles about the x-axis:

- e e
" B ——

(@ y=x,x=1,x=2andy=0

(b) y=x*+1,x=0,x=3andy=0

() y¥=x,x=1,x=4andy=0

d y¥=9%+1,x=0.x=1landy=0

(e y=(x-2,x=-1,x=1landy=0

) y=x,x=-1,x=2andy=0

(g) y=2x-1¥,x=-1,x=1andy=0. .
| 8. Find the volume of the solid of revolution obtained by the rotation of the region bounded by &
i | | given curves and the given lines through 4 right angles about the y-axis:

(@ y=x3,y=1,y=3andx=0

!! b) y=x*+1,y=2,y=5andx=0
I () y’=x,y=1,y=2andx=0

W (d y=9%*+1,y=1l.y=10andx=0
| (e) y=x,y=-8,y=-landx=0

() y¥==x,y=2,y=3and x=0.

9. The shaded region in Figure 9.16 is rotated through 4 right angles about the x-axis. Find the youl

i'! solid of revolution obtained.

: 10. The shaded region in Figure 9.17 is rotated through 4 right angles about the y-axis. Find the voil
i i solid of revolution obtained.
g |

Ik 4 .
4 11. Find the volume obtained when the region bounded by the curve y = 3x + —, the x-axis, the lineS
| X

x = 2 is rotated through 4 right angles about the x-axis.




Figure 9.18

I1

- 20 ;
Figure 9.18 shows part of the curve y = = The points A and B with coordinates (2, 10) and (5, 4) lie on the

i

L
CUrve
T
.ﬂ

1) the equation of AB
he volume obtained when the shaded region is rotated through 4 right angies about the x-axis.
) the volume obtained when the shaded region is rotated through 4 right angles about the y-axis.

v

|

Figure 9.19

010
4|t

) shows part of the curve y* = 3x and the line OA where O is the origin and A has coordinates (3, 3).

¢t volume obtained when the shaded region is rotated through 4 right angles about (a) the x-axis,



&

=}

Miscellaneous Exercise S

4 4

Evaluate: (a) f[}.{ - 2) dx (b) f{_31 -2 dx
l 1

A curve is such that :xl = (3x — 2)*. Given that the curve passes through (1, 2), find its equation:

Find: (a) f 41 de (b) f{zx-lf dx
vaX + .

The diagram shows part of the curve y = 6 + 7x — 3x°. Calculate the area of the shaded region.

y
(2. 8)

y=6+T7x-3x"

Find: @ [@x+Doax ) [[x+1ax

Fad e J-xi:dx (b) f(zx-n-'-‘dx
1 1

.the x-axis and the linesx =1 2

Find the area of the region bounded by the curve y =
2x +1

X +y>=25

el |
-

0

Calculate the volume generated when the region shown is rotated through 360° about the x-axis.




%:1 + | and that when x = 1, l—y =3 and y =3, find the value of y when x = 2. IC]

x

mfm'whlch :i = kx — 5, where k is a constant, passes through the points (1, 0) and (0, 6). Find:

{a) the equation of the curve
m—mﬂmatz of the stationary point on the curve. [C]

)
w Fnd (L1
.'-:.: I[lz 13 ) dx

- |

_'___'-j'= -;-xisﬂ‘iemnge:nttuﬂwcuﬂe y*=x— 1 at the point (2, 1). Calculate the volume swept out when

. ded region shown in the diagram is rotated through 360° about the x-axis. [C]
urve y = (x — 2)* and y = 4x — x* — 2 intersect at the points (1, 1) and (3, 1). Find the area enclosed by
m [C]

Give % 2x + 3 and that y = 3 when x = -1, express y in terms of x.

Y
y=x+%
(1, 3) 4, 5)
y=35
0 x

ram shows the line y = 51nterse:ct1nglhecmr:y 1+i31{1 5) and (4, 5). Calculate the volume*
»d when the shaded region is rotated through 360° abmmhe X-axis [C]




14.

15.

16.

17.

18.

19.

. The curve for which L A 4x + k., where k is a constant, has a turning point at (-2,-1).

Determine the volume of the solid of revolution formed when the region in the first quadrant bounds
y-axis, the lines y = 2 and y = 4 and the curve x*> = ¥’ is rotated about the y-axis.

The curve for which %’ = 2x + k where Kk is a constant has the tangent at (3, 6) passing through

State the gradient of this tangent and determine:
(a) the value of k
(b) the equation of the curve.

-

, the x-axis, and the I

The diagram shows the region R which is bounded by the curve y =

x+1

and x = 5. Show that the volume of the solid when R is rotated completely about the x-axis is ; :

(a) Given that the curve y = ax” + = has a gradient of —S at the point (2, —2), find the value of

X

(b) Given the curve y = 2x — E:;—

(1) Find the area of the region enclosed by the curve, the x-axis and the lines x =2 and x =&

(1) Show that when x is positive, y increases as x increases.

Find the volume of the solid formed when the region bounded by the curve y* = 3x and the ling
rotated through 360° about the x-axis.

12 . $E ravih
Sketch the graph of y = — for the domain 2 = x =< 4 and hence explain briefly wh}t}{fl-d; <
X A

dx
Find:

(a) the value of k

(b) the coordinates of the point at which the curve meets the y-axis.



___ > ALGEBRA

0.1.1 Definition of |x]|
. ) 3 :
e absolute value of —3 is 3. that of —l; IS I% and that of -24 is 2 4_etc.

XIS negative, it follows that the absolute value of x is —x. We use the symbol |x] to stand for the absolute value
ifx. If x is positive or 0, b = x.

ffollows that H =X (for x = 0) and M =-x (for x <0).

e graph of y = || or f:x — x| is then as shown in Figure 10.1.

Yi -

4

ol |

Figure 10.1

0.1.2 Properties of |x|

M ffaf = b, either a = b or a = b

ie.a=D?

lfa'=b"a==+b,ie.|a| = |b|.

P Ifjx). < 3.3 < x < 3 as shown in Figure 10.2.

[ 7]




HhL{b;‘{x{b
It follows that if |x — al <b

-b<x—-a<b

. a-b<x<a+b

1f|1|.:=»b,x{—bﬂrx}b.

10.1.3 Equations invelving |x|

B e e e

o R -t N YR T =t et T g Dyt
BT T U I : o
g -

e
-

We consider solving equations involving |1|

i s e S < e — -
B o P ————

= I ey
g s e gty . -
. - ———
= . = imr e =y
=

182
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# Inequalities involving |x|

ider solutions of inequalities involving |x|




e et ey - = -

— ¥ R o L b . g
e e e — Wl = )

o ————— bem—
I - - -

- A . b -.—;—‘-: 'r\--.l-' u::—.—-—ﬂln =

@ -2/=3 ® p2-x|=5 © Px-1|=2x
(d) |5x + 1] =3x © Px+1|=x-1 ® Px-2j=k+1|

% <folvghe ineyndiigics: fitetod 3+l
@ x+1]<s ®) 4x-1]=3 (© b] <2

@[l =2 © fx+1]> 3= 1 ® Bx-2 <2 +1]

Expressions of the type 3x* + 2x* - x* +x -7, 2x* - 7x + 1, 3x* — 4x — 2, 2x + | are called polynomials in x.
2x + 1 is a linear polynomial in x and 3x? — 4x — 2 is a quadratic polynomial in x.

A polynomial in x is of the forma +ax +ax*+ ...... a x" (a_is a constant and n € Z*). The highest power of x
in a polynomial is called the degree of the polynomal.

Thus, the degree of 3x* + 2x* — x* + x — 7 is 4, 2x* — 7x + 1 has degree 3, etc.

m.z.i Division of a polynomial by another polynomial

To divide 3x* + 2x* — x> + x — 7 by x + 2, we proceed as shown

3x°
x+2 I+ 2 ¥ 4+x-7

The terms of the polynomial to be divided and of the divisor are arranged in descending powers of x.
We divide the highest power of x in the dividend by the highest power of x in the divisor. This gives 3x°.



Ffmﬂtiply this answer by the divisor which gives 3x* + 6x°.

- 3x7—4x?
[; x+2| 3x*+2x-x2+x-7
”' 3x* + 6x°
f —-4x3 - x?

&kdn the subtraction as shown and lower the next term not appearing in this expression, i.e. the term in x°.

h now divide the next highest power of x in the remainder by the division, this gives —4x>. We multiply —4x” by
@diwsnr. 3x-4x*+7x - 13
x+2| x*+2xX°-x*+x-7

3x* + 6x°
A T
—4x* - 8x?
TIX*+x
7x% + 14x
- 13x -7
—13x-26
19

This process continues until we obtain a remainder of lesser degree than that of the divisor. In this case, the quotient
18 3x’ - 4x* + 7x — 13 and the remainder is 19.
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1. Divide 2x* +3x* - 5x + 2 by x - 3

2. Divide 6x* +2x’ - 6x> + 8x— 10 by x

3. Divide 8x*— 6x> + 3x* —4x -6 by 2x — 1 4. Divide 65’ +2x° - Tx +8byx+1
5. Divide 10x* + 6x° —6x* + 2 by x — 1 6. Divide 6x° +5x* - 3x +Tby 2’ +x+
7. Divide 8x* - 6x>+2x - Sby 4x> - x - 1 8. Divide 10x* +8x* - 9x* + Tx -3 by ¥ #

Consider the division of the polynomial 2x° — x* + 3x — 7 by x — 2. The quotient and the remainder can be
by using the method in 10.2

If we are interested in finding the remainder which 1s a constant; we wnte

2x* —x*+ 3x -7 = (x = 2) Q(x) + R where Q(x) is the quotient and R the remainder.
To obtain R, we put (x —2) =0, i.e. x =2 and obtain 16 -4 + 6 — 7 =R or R = 11. This method can be
find the remainder when a polynomial f(x) is divided by a linear polynomial x + a.
Writing f(x) = (x + a) Q(x) + R, we have R = f(-a).

So, if f(x) is divided by x + a, the remainder is f(—a).




i I.. orem

-

)is divisible by x + a or x + a is a factor of f(x), it follows that the remainder f(—a) = 0.

of a cubic polynomial

' r can be used to find the factors of a cubic polynomial.
e factors of x* — x> — 10x — 8, we obtain a factor by trial and error.
- 2_10x-8
-1-10-8%0
| l+ 10-8=0
a factor of x* — x2 — 10x — 8




To find the remaining factors, we divide x* — x> - 10x -8 by x + 1.

x*~2x -8
x+1 | x*—x*-10x-8
x4+ x°
—2x7 — 10x
—2x* - 2x
-8x-8
-8x-8

So,x*-x*-10x-8 =(x+1)(x*-2x-8)
=x+Dx-49x+2)

S

T

e

e,

[+




,?,,.ﬁfmdiﬁdedbyx-rl (b) 3x° + 2x — 8 is divided by x — 2
+ 10 is divided by x + 1 (d) 2x*+x*—20x — 8 is divided by x — 3
~2¢ + %%+ 7x — 10 is divided by x + 2.

the value of a, given
+6x'-3x+ Bisdivisible by x—2  (b) 2x* + 5% — 3x + a is divisible by x + 3
¥ﬂ+lﬂlmvesmmahm2whmdiﬁdadbyx+l-

It

+x -6 (b) 2x° +5x* +x -2 (©) 2 -x*-13x-6
(€) 2x* +5x* —x -1

(b) 2x*+x*-5x+2=0 () X°+12x* +5x —6=0
=0 () 2x*+5x>-4x-3=0
9%~ X 6 is divisible by x> — x — 2. Find the value of a and of b.

xpression ax’ + bx> — 53x — 8 leaves remainder 48x — 86 when divided by x* — 5x + 6. Find the value



Two or more fractions can be combined to give a single fraction.
3 . 3(x—2)+2(x—1
Thus, + =
x—1 x-2 (x-1)(x-2)
5x -8

" x-1)(x-2)
(x - 1)2 +2x(x +2)

(x +2)(x - l}:

3 +2x+1
(x +2)(x - l):

f(x)
g(x)

Conversely, it is possible to write where f(x) and g(x) are both polynomials in x as combinations of

fractions called partial fractions.

10.4.1 Degree of f[(x) < degree of g(x)

Type 1
Denominator consists of linear distinct factors, e.g.
2x -1 X+ 1

(x-1)(x-2)" (x-2)(x-3)(x + 4).Etc

: 2x -1 : . A B
Consider . We assume that it can be written as

(x-1)(x-2) (x-1) (x-2)

2x -1 o A 4 B
K-0)x-2) " (x-1) (x-2)

1L

A(x-2)+B(x-1)
(x -1)(x -2)

=A(x-2)+B(x-1)

Similarly,
x+1 & % B 5 C
(x—?)(x—B)(x+4) E (X—Z) (1—3) (x+4)

. A(x-3)(x+4)+B(x-2)(x+4)+C(x-2)(x - 3)
(x —2)(x-3)(x+4)

So,x+1=AX-3)x+4d)+Bx-2)x+4)+C(x-2)x-3)




B x+1 s 1 . 4 I
B-2)(x-3)(x+4) 2(x-2) 7(x-3) 14(x+4)

W
e &

nomi contains repeated factors, e.g utd. or .

DTN ¥ e = = v "
S P (x =1){x=2) x (x+1)
2x -1 _ A B C

(1*1){1‘2)2 i x—1+1—2+(x~—2):

-1 A(x-2) +B(x-1)(x-2)+C(x-1)
- ﬁ

-l)(x-2) (x = 1)(x - 2

B2E-1 =A(x-2)+B(x-1)(x~-2)+C(x~-1)

=1, 1 <A

B 3 =C
'”ciaeﬁcientsnff.{} =A+B
B =-1
2x -1 1 1 3

+ ¥

2] x-1 x-2 (x-2)

- 3x : A B C
ly, 5——— can be writtenas — + < +
'- 11(1 +1) x U 2wl
ax+b A B % C

""[l-e:l](x--li'.)2 S x-a x-B (x-B)

pminator contains a linear factor and a non factorisable quadratic. e.g.
2+ 3 3x -1
1) '+9]’ (x+1)(x* —2x + 3

._2_1. 21 + 3 o A 3 BK + C
} [l-l)[:l: - 9) Y] x 39

¢ Again there are 3 constants as degree of denominator is 3.

ne denominator has degree 3 and we take three constants A, B and C.

=
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2x + 3 A(x* +9)+Bx(x ~1)+C(x 1)

Putx=0, 3 =9A-C

= ?——3
2
-
2
Equating coefficients of x>,0 = A+ B
B = —l
.
1 3
2x + 3 l o i
So = g —

T(x-1)(x* +9)

| I,

2(x—-1) x +9

Similarly,

3x -1 S Bx +C

2(x -1) i 2(x* +9)

(x+1](x3—2x+3) 4 x+l+x:-2x+3

3x—1 =AX*-2x+3)+Bx(x+ 1)+ Cix+ 1)

Putx=-1, -4=6A
=

A= ——

3
x =10, =1=3A+C
C=-1+2

= |
Equating coefficients of x%,0 = A+B

(x - l}(f +9)
2X+3 =AX"+9)+Bx(x-1)+C(x=-1

B=—
3
: I
X +
So, 31’:_1 = _ 2 + _.3
(x+i)(x‘—21+3} 3(x+1) x*-2x+3
S Oh 2 2x +3
3(x+1) 3(x*-2x+3

10.4.2 Degree of numerator > degree of denominater

If the degree of the numerator 1s greater than or equal to the degree of the denominator, we perform a division
obtain a remainder with degree less than the degree of the denominator.







72x 3x-4

o) (x +1)(x-2) # (2x —1)(3x + 2)
& 2x* +2x -3 5 2x" +3
(x - 1)(x+2)(x-3) (x+1)(2x - 1)(3x + 2)
2x -1 x —x+l
" Pteid) T e
X —-x+1 X -x+2x-1
= (;&+2)(2}|€l +3) g (1-1)(1—2](1-3)
xX+2x-1 44X —3x+S
b x*(x - 3) g (1—1)(;-3]

5x -1
2 (1-—1)[1—2)(1—3)
.

* -2

x-4
[I + 2)(12 - 9}

12 C+E -3
(x—1)(x-2F

= *+2x -3x+4
C(x- 1)(x+2)(x- 3)

105 Expansion of (1 + X)* where » is net = positive integer

If n is a positive integer, we know already that
(1+x)p =1"+°C, 1"'x+°C, 1™ X+'C 17X+ e + X
=14+nx+"C, X2 +C, X+ s + X

This series contains n + 1 terms and is valid for all values of x.

Consider next (1 + x)' =
l +x

If we perform a long division, we obtain
—x+x-X

1 +x 1
% 1 +x
=s"
—.‘E;K:
+ x°
x2 +x°
ey
-x -x*

SDi[l+1‘j‘=l—1+13—x3+x4-x5+ ..........

We obtain in this case an infinite series.

(D2)3) s, DA,

Also, (1 + x)™* =l-x+ -+ -2+ .
=1)(=2) ,
=l+(—l]x+[ A )x'+
1 x 2 I1x2x3

= 11
X +
(3

(i

Y iy e L -
]?4 ___‘.::1__'"?-._ e AT =

1x2x3x4




—1] _ (D2)B) 1)

whcra(r er ATt

More generally, (1 +x)"= 1+ (T)x + (:]f 3 (g]f‘ 3

|

n] i n(n-1)(n-2)..({n-r+1)

r Ix2d2x3. . . X1

This series is infinite and is valid only for x] < 1.




10.5.2 Use of (1 = x)7, (1 %= x)

Itcanbecheckedthat (1 +x)' =1-x+x2-x°
(1-x)' =1+x+x2+%°
A +x*>=1=2x+3x* - 4x*
(1-%x)2 =1+2x+32+4x .....
So, (1 +2x)*' =1-2x + (2x)* - (2x)°
=1-2x + 4x2 - 8x°
(1-3x)2 =1+ 2(-3x) + 3(-3x)* + 4(-3x)°
=1 - 6x + 27x* - 108x?







. r =
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Find the expansion of each of the following as far as the term in x° stating the range of values of x for which
it is valid:
(a) (1-2x)"° (b) V1 +4x (c)

1

1+2x

(d (2 + 3x)3

1

(e) (4—x)p ® (8- x}ji (2)

1 |
(h) —
V9 + 2x I8 +x

! 1 4
Expand (1 + 3x)5 in ascending powers of x as far as the term in x°. By substituting x = g,evaluate in

correct to two decimal places.

|
Write down the first three terms in the binomial expansion of (1 — x)5. By substituting x = 500 , evaluate

3/37 to four decimal places.

T—x T—%
in partial fractions. H . obtain :
(2—x)(3+x) n tions. Hence [2_1)(34*”

term in x*. Find the range of values of x for which this expansion is valid.

Express as a power series In x as far as the

x(1+3x) : . _ i x(1+ 3x)
— in partial fractions. Hence, obtain the expansion of -
[l—x](l+x') [1‘“3]{1"'1')

series in x as far as-the term in x°. Find the range of values of x for which the expansion is valid.

Express as a power

Miscellaneous Exercise 10

Given that (x + 2) is a factor of x* + ax? + 3x + 2, find the value of a. [C]

Solve the equation 4}x| = [x —1|. On the same diagram, sketch the graphs of y =4/x| and y = [x —1| and hence,
or otherwise, solve the ineguality 4}x| > |x —1|. [C]

The cubic polynomial x* + ax* + bx — 8, where a and b are constants, has factors (x + 1) and (x + 2). Find

the value of a and of b. [C]
Pgd
Express < 6x,,+ z in the form 2 + B}f v . where A, B, C are numerical constants which
(2x + 3)(x* +1) (2x+3) (¥ +1)
are to be found. [C]

I
Use the binomial expansion to find (1.0006)¢ correct to eight places of decimals. [C]




fix) = ; 32 — 1n partial fractions and }mnce.mmheraise,obtajnf{x)asasﬁiesufascenﬁng
3 -3+ x
-1-| N

_powers of x, giving the first four non-zero terms of this expansion. State the set of values of x for which

expansion is valid, and find the coefficient of x” in this expansion. [C]

1

‘Write down and simplify the series expansion of where [x| < 1, up to and including the term in x°.

l+x

‘Show that using just three terms of the series with x = 0.4 gives a value for L which differs from the

via

value obtained by using a calculator by less than 0.7%.

[C]
"" ss f(x) = ' S in partial fractions.
(x-1)(x+3)
i Hx is small, obtain an expansion of f(x) in ascending powers of x as far as the term in x°.
’ If x is large, obtain an expansion of f(x) in ascending powers of L] as far as the term in i_, IC]
i X x
|
. A &
Letfix) = X +5x . Express f(x) in the form + - + — where A, B, C are constants.
{]+1}( —1]‘ I+x 1-x (1-x)
The expansion of f(x), in ascending powers of x, is G x+C 34805 - +C X+ . Find C,
C,,C, and show that C, = 11. [C]

Find the value of a for which (x — 2) is a factor of 3x® + ax® + x — 2. Show that. for this value of a. the cubic
quation 3x° + ax* + x — 2 = 0 has only one real root. [C]
'{_

pljmna] —3x* + 2x° — 2x* + 3x + 1 is denoted by f(x).

ﬂnwhlnelthcr{x— 1) nor (x + 1) is a factor of f(x).

‘IBysnhnmnngx-I and x = -1 in the identity f(x) = (x* - 1) q(x) + ax + b where g(x) is a polynomi-
ﬂmdnandharecnnstams or otherwise, find the remainder when f(x) s divided by (x* - 1).

¥, by carrying out the division, or otherwise, that when f(x) is divided by (x? + 1), the remainder is 2x.
,Fﬁ:la]ltherealmﬂts of the equation f(x) = 2x. [C]

2+x+ X

f ess f(x) in partial fractions, where f(x) = . Hence, or otherwise, show that if x is sufficient-

(2+x)(1+x)

Il for x* and higher powers to be neglected, then fix) = 1 — %f

0.1
gnce, estimate the value of [ f(x) dx. [C
: 0.1

1
jive the binomial expansion, for small x, of (1+ x )+ up to and including the term in x°, and simplify the

.
:;.::Z.I -ﬂ-'..u.L;- Pl.lmﬂg o= % n your EX;)ansinn_ show that ‘#l_ o 8317

[C]




1 ;
14. Giventhaty = where x > -é,ﬁh(}“' that, provided x 20,y = 1[w.."l +2x -

16.

17.

VIi+2x +Jl+x ~ ”
Using this second form for y, express y as a senies of ascending powers of x up to and including the iem

. 10 79407
Hence show, by putting x = L that =

100 J102 +J101 160000

. The polynomials P(x) and Q(x) are defined by

P(x) =x*-1

Qx)=x*+4x"+ax*+bx +5

(a) Show that x — | and x + | are factors of P(x).

(b) 1t is known that when Q(x) is divided by x> — 1, a remainder 2x + 3 is obtained. Find the value g
of b.

(c) With these values of a and b, find the remainder when the polynomial [3 P(x) + 4 Q(x)] is dividedb

The polynomial P(x), where P(x) = x* + ax” + bx — 2x — 4 has factor (x — 1) and (x + 2).

(a) Showthata=3and b=2.

(b) Find the third real factor of P(x) and show that this factor is positive for all real values of x.
(c¢) Find the set of values of x for which P(x) 1s positive.

The polynomial 2x* — 3ax? + ax + b has a factor x — 1 and, when divided by x + 2, a remainder
obtained. Find the value of a and of b.

With these values of a and b, factorise the polynomial completely. Hence. or otherwise. find all the real i
(a) 2x*-9x* +3x2+4 (b) 4x* +3x> -9x +2




> LOGARITHMIC &
EXPONENTIAL FUNCTION

? - ' e is 81. So the power of 3 which gj\"ﬂﬁ 8lis4.
garithm of 81 to base 3 is 4 and we write log.81 = 4 which we read as logarithm of 81 to base 3 is

"""“.,- = 32 and we write log 32 = 5 which is read as logarithm of 32 to base 2 is equal to 5.
a*=b(a>0,a= 1) logarithm of b to base a is m and we write log, b =m.




11.1.2 Laws of logarithms

Consider log a =m, log b =n
x®* =a and X =
ab = x™ x x*
= xm
Hence, log (ab) = log x™*
= m + n (by definition)
=log a+log b

Hence, l':!glt (%) = m — n (by definition)

=log a-log b

log a =m,a =x"

A= (x"‘ )h



- =blog a
Ne now consider applications of these rules.







(b) log, 343 =3 (©) log, 4= 3 @ ;ogﬂ(%] =1

o '.;]*" -2 (D) log x=y (g) log, x=¥ (h) log x=2

(b) 4°=64 (c) 3°=243 (d) 77 =343 (e) 11°=1331
(b) log, 125 (c) log, 1 (d) log,, 3
() log, 4 (g) log,, 10000 (h) I‘og‘{fg]
Ly . 125 2 :
Bl onn) e oms
‘ La (n) log 107 (0) log 2"
T 10 T

.i-:'.' in terms of lg a, lg b and/or Ig c:

I C a c
} Ig ab’c® — g — d) lg—
AL ®) lg— © lg (@ lg—
S 2 100 " 10b
(H Ig f (2) lgvab (h) lg—
R ab aJc
B A’ . a’ 1000a° 10
e— eJ—— (k) 1 ;f & s =
';%7 i [ gl = SVaibc
_1 ess as a single logarithm:
i
) lg2+1g7 (b) 1g28 -1g49 © lg2+lg3-1lg5
i
f) 21g4 +31g 2 (e) 2lg4+4lg3-1g27 (Hlga+lgb-lgc
i | I
g) ga+ Eig b+ Elg c (h) 2+3lg2 (i) 1-2lg5
Slea+ -;—lgbugigc (k) 2lga—3lghb —%lgc () 3lga+2ghb-3
e 1 g 27 le 16
) le 1 LA £ B
Ig 1000 (b) £ () 129 (d) 4

1249 12125 lg 64 1g25
y i) h
 1g343 © 1g 625 ® 1g 1024 ™ Ig 3125




e

i mmn wa
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PR

7. Given lg 2 =03010 and Ig 3 = 04771, find, without use of a calculator, the value of:
(a) 1g32 () 1g27 (c) g 108 (d) 1g225
(e) Ig5 0 1g225 (® 1gda5 - (h) 1g120
(i) 1g24 0 leo

The sum of the infinite series 1+ 1+ % + % + % + % ..... is denoted by the letter e. We note that the)

cannot be found exactly. However, it can be obtained to as many decimal places as required. Its value is
rect to three places of decimal and 2.7183 to four places.

3 3

It has the important property thate* = 1+ x + % H TN This result can be obtained by considering

1 i k. ‘ :
mial expansion (l + —] of and will be dealt with later in the course.
n

11.2.2 Logarithm to base e

From the definition of logarithm log_e* = x. So, log_e* =2, log, 2 -1, etc.
e

ot psto o NN

1
2L K
So.lIne =3, InJe=Ine? = 5

Logarithm of any number to base e is obtained on using the In function key of the calculator.

fy=Inx,ie.y=log x,x=¢".
If we write f:x — In x, the inverse function is obtained by writing
Inx =y
X =¢
So, the inverseof fx — Inxis fiy— e’ or fix — €'
Similarly, the inverse of fix — Ig x is f:x — 10%

More generally, the inverse of fix — log x is f:x — a*.



2.3 Solving equations involving e*

=8,x=lna

fe'=28.x=n28

=103

larly, if e* = 0.234

x =In0.234
=-145

Harder equations
\ of the type ae* + be™ + ¢ = o can be solved by using the substitution y = e*.
§,2¢' + 3¢ * — 5 =0 reduces to the form
-2j‘+$—5 =0
¥ +3-5y =0
%-5y+3 =0
@2y-3)(y -
y=150rl
gt =150r1
X=InlSorinl
=0405 or 0.

&> 0 for all real values of x

lolvllgoqunﬂmo!ihehmn‘ b

he equation 5 = 125, we write 125 as 5°.
5 =53

3

cannot be used to solve 3* =7 as 7 cannot be written as an exact power of 3.
med as follows:
=?

_'s'-.' 7

In3=In7

__h17

"3
- =1.77 (calculator)




Note:
1. We may use lg instead of In.
2. If a number is between 0 and 1, its logarithm is negative.

11.2.5 Solving exponential inegualities

To solve a* = b, we take logarithms to base 10 or to base e.




.6 Graph of y = &

s x? x* x°
4 X+ —+—+ — 4+ —+
. 2 R | B

,&* consists only of positive terms and so e* > 0.
. N
), put x = —a where a > 0.

1
==>0ase*>0fora>0.

) it e* > 0 for all values of x.

§ 1] becomes larger and larger, if x > 0, ¢* becomes larger and larger, i.c. x — +%, &* — 42,
comes larger and larger and x < 0, e* becomes smaller and smaller, i.e. x — —=, ¢&* — 0.

aph of y = e* or f:x —> e* is then as shown in Figure 11.1.

i




As the inverse of f:x — e* is f':x — In x, the graph of y = In x is obtained by reflecting the graph of y=¢&

line y = x.
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Find the value of each of the following to three places of decimal:

{&) e—'.-'.s {b} Eﬂ.‘f “:} E‘_ﬂ 93
(&) e? g)ete ® e
Find the value of each of the following to three places of decimal:
(a) In2.713 (b) In 1.94 (c) m0.76
(e) InJ3 (H) ln(ﬁ+l) (2) hl(Zﬁ——l)
Find x to three places of decimal given:
(a) lgx=-1414 (b) lgx=-2.12 (c) lgx=182
(e) lgm-E D lgx=— (g) nx=12
7 V3
i) 1 /s ) 1 2 k) In s
(i) Inx=4 () nx—a (k) 1-—?
Find x to three places of decimal given:
(a) e* = (b) e =08 (c) e =1632
== 1
(d) e*=0.64 (e) ™! =141 (H ex =05324
Solve the following equations:
2
(a) 3e*+i_‘-4=0 (b) e*—4e*—5=0 {c)se-l‘S_-u:o
g e
(d) 5¢*-2e*-2=0 (€) S5 +2e>-11=0
Solve the equations:
(a) 3*=11 (b) 2v' =11 () 5*=11
(d) (%J =0.93 () #'=9 () 3-==13
-5 5
{g) 3x =13 (h) 9 x [i] = 11 (D) 3 25 =47
Solve the inequations:
(a) 3*>1 843 (b) 2* <789 (c) 4= =063
2y 2\ 2(3" -1)
d) = == ©|[=] =11 1§ ->2 142
o (?) 9 (3) 3|

(d) In258
(h) m(2ﬁ+

(d) lgx=+2

(h) Inx=-28

23

() Inx=——
5

el




3 »
—31 <8 (h) 2x3F¥>=<1 {i)'!x(%) =08

mofthe series 32 +24 + 18 + . whmhlslfssthanila.
oftheseries 9+ 12+ 16+ ... must be taken for the sum to exceed 25 000?

-
t term of a geometric progression is 8 and the common ratio is 0.2. Find:
.'.-f_-_; '*_-i ﬁ I
mdnfﬂrwhmhﬂmsumtunhcrmsﬁﬂ'ersﬁumﬂrsumtumﬁnﬂybykmmnm

—.'- 21T ofagmmﬁncpmgmsmnmSandmccmmrmumDBSmhmufﬂrﬁrﬂ
} hpugmssmnands its sum to infinity. F'mdtheleastvahnﬁfnfurwhchfs 51{01}3

know already that the equation of a straight line is of the form y = mx + ¢ and conversely that y = mx + ¢
pesents a straight line of gradient m and making a y—intercept of c.

The equ

ations y = ab* and y = ax® are non-linear equations which can however be transformed to linear forms by
ing logarithm.
onside y =abh*
lgy =lg (ab")
- =lga+lgh
=lga+xlghb
=lga+(lgb)x
=(lgb)x+1ga
this of the form Y = mX + c where Y=g v, m=Ilgbandc=Iga.
fory = ax®
lgy =lg (ax®)
=lga+lgx
=lga+ blg x
=blgx+lga

| softheformY=mX +cwhere Y=Ilgy, X=lgx,m=b.c = lg a.

Note: We can take logarithm to base e instead of base 10.
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Figure 11.2 shows the graph of Ig y against x. Obtain y in terms of x.
Solution

Using Y=mX +c,ic.lgy=mx+c gy 2.3)

. 8-2
gradlem:n=rr

e
UsingY =mX + ¢

2 =2x1+c
¢ =0 (1.2

So,lgy=2x 0

Figure 113 shows the graph of In y against In x. Obtain y in terms of x.
Solution

Using Y =mX +c,ie.lny=m(lnx)+c

153
At
=4
Also,3 =4x1+c¢ Iny s 4.15)
e ==
So,lIny=4lnx-1
=lnx*-Ine
B et
e
(1,3)
o
- 0

Figure 113




The variables x and y are related in such a way that the graph of In y against x is a straight line through
(2,2.48) and (4, 5.26). Find y in terms of x.

The variables x and y are related in such a way that the graph of In y against x is a straight line through
(0.693, —0.2877) and (1.39, -1.674). Find y in terms of x.

The table shows experimental values of two variables x and y.

| y 3 039 0.20 0.08 004

It is thought that x and y are related by the equation y = ax® where a and b are constants. By reducing y = ax®

to a suitable linear form, draw a straight line graph and obtain the value of a and of b.

The table shows experimental values of x and y.

——— R SNSNERREEE——————————--,y
X 1 3 5
y 2 6.8 154
e -

It is known that x and v are related by the equation y = ab* where a and b are constants. By reducing y = ab*

to a linear form, draw a straight line graph and obtain the value of a and of b.

The table shows experimental values of two vanables t and s.

s 208 251 304 370 490

It is known that t and s are related by one of the two equations s = at” or s = ab’. By reducing each of the two
equations to linear form and drawing appropriate graphs, find out which of the two relations hold. Find also

the value of a and of b.

Miscellaneous Exercise 11
(a) Given that 2*4* = 128 and that In (4x — y) =In 2 + In 5, calculate the value of x and of y.

(b) Solve the equations:
(lg(l-2x)-2lgx=1-1g(2-5x)
(ii) 33 =4

bt

o



{C) USiﬂg g['aph pamr.dmw ﬂ]E CUI'VE.’}" =]j] {1 - l) f{}]’_‘ﬂ =i = 4' [aking y‘alms Dflalm*
By drawing an appropriate straight line, obtain an approximate value for the positive root of the equ
—2In(x+1)=0.

(a) Solve 5* =10

(b) Solve the simultaneous equations

3° =927
log,7 - log,(11q - 2p) = |

(a) Given that y = 120(1.08)*, find
(1) the value of y when x =4.6
(11) the value of x when y = 450.

(b) Solve the equation Ig (2x) - 3lg 2 = %lg (x - 3).

(c) Sketch the graph of the function f:x — 3e* for real values of x, showing on your diagram the
of any points of intersection with the axes.
State the range of f and obtain an expression for f ! in terms of x.

gy
(6,4)
(0,1)
0 lgx
The variables x and y are related in such a way that when lg y is plotted against Ig x, a straight]

obtained as shown in the figure. Given that this line passes through (0, 1) and (6, 4). Find:
(a) the value of x whenlgy =3
(b) the value of a and of n when the relationship between x and y is expressed in the form y =ag.

(a) Solve the equations:
(1)2g(x-1)=lgx
(i) lg (20 y) - lg (v - 8) =2
(b) By using the substitution y = ™, solve the equation e** + 4e > =4,
(c) (1) Sketch the graph of y = In x for x> 0.
(ii)) Express x*=¢*?inthe formInx=ax +b
(111) Insert on your sketch the additional graph required to obtain a graphical solution of X* =



6. (a) Given the simultaneous equations 2* = 3', x + y = 1, show that x = =

In6

(b) Show that e2 can be written in the form k* for a suitable value of k. which should be found correct to
three significant figures. [C]

The function fis given by fix —In (1 +x),x € R. x > —1. Express the definition of f ! in 2 similar form.

e =

(C]
- Solve each of the following equations, to find x in terms of a, where 2> 0, and a # &~
{a) a* = >+
(b) 2n2x=1+Ina [(C]

9. The table below shows experimental values of two variables x and y.

Itis known that x and y are related by an equation of the form y = ab*. Express this equation in a form suitable
'_ for drawing a straight line graph. Draw this graph for the given data and use it to evaluate a and b. [C]

2
1. Find the sum to infinity S_ of the series 24 + 16 + 10; + ...... and an expression for S_, the sum of the first

n terms of the series. Find the least number of terms which must be taken for |S_— S _| 1o be less than 0.5.
|
. (8) The curve with equation py = g* passes through the points (1. —12) and (—2. %’ Find the value of
pand of q.
(b) Solve the simultaneous equations
lgx+2lgy =3
ity =125 [C]

42 The table below shows experimental values of two variables x and y.

Itis known that x and y are connected by the equation ay” — bx® = 1. By plotting y* against x°, obtain a
;4 line to estimate the value of a and of b.
By drawing a suitable straight line, find the value of x and of y which satisfy the simultaneous equations
ay’—bx' =1

y'-x =1 (C]




13. (a) Variables x and y are related by the equation ¥° = px®. When the graph of Ig y against lg x isdf
resulting straight line has a gradient of —2 and an intercept of 0.5 on the axis of Ig y. Calculaie
of p and of q.

(b)

The variables x and y are related in such a way that, when y° is plotted against xy, a straight line 58
which passes through the points (1, 3) and (5. 11). Find the value of x when y =3.

14. (a) Solvetheequationlg(x-4)+21g3=1+1g [%]

(b) The first three terms of an arithmetic progression are log, 32, log. p and log, q. The common &if

15. The table shows experimental values of two vanables x and y.

It is known that x and y are related by the equation y = Ae™, where A and kK are constanits. US
paper, plot In y against x for the above data and use your graph to estimate the value of A and of £

(5.11)

(1.3)

—3. Evaluate p and q.

-0

i

-_—




> TRIGONOMETRY 2

eady familiar with the three trigonometric ratios sine, cosine and tangent. We now define three new
R

I
ot of an angle « abbreviated as sec « is defined as -l
cosa

sinc

gcant of an angle & abbreviated as cosec a is defined as — 55

of an angle a abbreviated as cot a is defined as i .
J tana

e 1 1
= —— ,cosec a = OO O =

i cosQ Sin oL tanct

ese definitions, we may find each of the trigonometric ratios of a. The algebraic sign of each of these
ill be the same as the algebraic sign of the inverse ratio.

e | 1

e 30° = = =2
~ cos300° cos 60°




PURE MATHS FOR

(c)cot 135° =

If non-exact values are required, calculators may be used to give these values to the required accuns

Find the value ro three decimal places of:
(a) sec 200° (b) cosec 326°  (c) cor 208°

Solution
(a) sec 200° = — -
cos 200
=-1.064
) s A
sin 326°
=—]1.788
(C} cot 208° = {
tan 208°
= 1.881
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of y = cosec x

valoe o sin X is the same as sin (360° + x), it is sufficient to draw the graph of y = cosec x for 0° < x < 360°.

By -

e e : .
tthat since, cosecx = —— is not defined for sin x = 0, i.e. for x = 0°, 180°, 360°, etc.
11 sin X

i of values of cosec x for 0° = x = 360°.

A
o 0 A o e B A
1 I I ) N T




cosec x is then as shown for 0° = x = 360°.

=3

The graph of y

}l-_}:

- -
2

Figure 12.1
|
180°
Figure 122

s | by

i &&

%1
EERE CEEERE

0° 1s as shown.
A\

-

0

-2
-3
60°=x=7
\_/ |

™ e 3 ....
Hih ) G @
b T I e gy g S e P i S o
_-U _ _ =
= |
= " O
[ _1.....

The gra
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1. Find the exact value of:

(a) sec 120°
(d) sec 330°
" (g) sec210°
| (j) sec 150°
(m) sec 225°

(p) sec 315°

(a) sec 132°
(d) sec 346°
| () sec226°
f () sec 173°
| (m)sec 266°
: (p) sec 327°

I
Vi

2
{a) secx = —
V3

(d) sec x =-2

| [g}sacx=J§
| »
| (j)'sech:%

. (m) sec x = 2.743
L p) secx=-1.75

18) sec 2x = 3.91

0° | 30°

(k)

(b) cosec 135°
(e) cosec 240°
(h) cosec 330°
(k) cosec 210°
(n) cosec 315°

(g) cosec 150°

2. Find the value to 3 places of decimals of:

(b) cosec 146°
(e) cosec 248°
(h) cosec 346°
(k) cosec 226°
(n) cosec 308°

(g) cosec 130°

Solve for 0° =< x =< 360° each of the following equations:

(b) cosec x =-2

-

5

(e) cosecx =

(h) cosec x = —\E

oy

120° | 150° | 180°

(c) cot 210°
(f) cot 330°
(1) cot 120°
(1) cot 315°
(0) cot 240°
(r) cot 150°

(c) cot 228°
(f) cot 308°
(1) cot 130°
(I) cot 346°
(o) cot 266°

(r) cot 173°

(C) cotx = \F*

"ﬁ ColXx =——
V3

(1) cotx=1

M cot3x = —+/3
(0) cot x =2.643
(r) cot x =-0452

(2) cot 3x =-0.8660

i Complete the table below and draw the graph of y = sec x for 0° = x = 360°.

270° 300° | 330° | 360°

undefined

ace, sketch the graph of y = sec x for -360° = x = 720°.

=2 =

—_—

undefined




5. Complete the table below and draw the graph of y = cot x for 0° = x = 360°.

X 0" [ 30° | &0 | W

120° | 150° | 180° | 210° | 240° | 270° | 300° | 330°)

cot X 1.73 |0.867

Hence, sketch the graph of y = cot x for -360° = x < 720°.

. sinB
We know already that tanf =
cosB

I cos B

—— and cos’B +sin“B=1.

SMEEER

Since cot B = an 0 Ve obtain cot 6 = 3 (A)
Also, since cos’B+sin’® =1
cos'8® sin° @ il
cos’® cos’®  cos’®
l+tan"® =sec’B (B)
Aleo -:051: B - sinf B L 11
sin® s B sin” B
cot?8+1 =cosec’B (C)
We obtain therefore the identities:
cos’B+sin’B=1
secB=1+tan’ B
6=1+cot’B

We consider the use of these identities.

Given sinf = —;—.ﬁndlﬁemm:fmcﬁ of the other trigonometrical ratios.

Using cos? @ +sin’8 =1
9

cos’B=1-







PURE MATHS FOR ADVANCED LEVEL

Prove the identity + = sec 0 cosec P.
cosB  sinf

Solution

sinf _ cos@ sin“ 0 + cos” B
cosB smnB cosbBsinb
1

cosBsin®

1 1
=
cosB smb

Il

= sec B cosec

Prove the identity cot 8+ tan 6 = sec’ 8 cor 6.

Solution

L+Itxmi§'r

tanB

cot B + tan 6

1+tan" O
tanB

I

sec B
tanf

—_

=sec’Bcot O

Exercise 12 B

. For each of the following, find the exact value of each of the remaining trigonometrical ratios:

’ 1 . 2
(a) sin® = — (b) cosb = — (¢) tan® = ——
J3 5 3
(d) cosec 6 = =4 (e) secHb = —i (f) cotb = %
: 3 E
: 3 _ 4 L
(g) 5tnﬂ=-;.180°<8{2?{]° (h) tanb = ——_,90° <6 < 180°
: 5 : 4
(1) Eecﬂ=—i.2?0“{8-=:36{}° (j) cotB = — 180° <6 < 270°
2. Prove the following identities:
(a) sec’ O — cosec’ B = tan” B — cot® B (b) (sec 8 +tan B)(sec B —tan ) = |
(c) sec’ O cosec” B = sec” O + cosec B i% (sec® B — 1) cosec”B—-1)=1

“224 I | .~



) : o
: 3 . (sin® + cos®)”
| | hasms 2sin 6 cos 6 —i=
Tr 0 = Ql) T 2 = sec B cosec B

> = 2
| sec Bcosec B —cot=tan 6 () (SII'I-B-FCI‘.)SB) =2 + sec B cosec B
- sinBcosB
) (sec B — tan B)(cosec 6 + 1) = cot 6
P
P2
/ | ﬁ Ff_f'#f
tE—=1¢
A B
fﬂ/ N | S
O S R

Figure 123

igure 12.3, OP 1s of length / and makes an angle of (A + B) with OR, PS and QR are perpendicular to OR. PQ
pependicular to OQ and TQ is perpendicular to PS. In triangle POS, PS = Isin (A + B) and OS = [cos (A + B).
pinangle POQ, PQ = /sin B and OQ = /cos B.

I
jinangle PTQ, PT =PQcos Aas ZQPT=A
[ = Isin B cos A
TQ =PQsinA
= [sin B sin A
= [sin A sin B
iangle OQR, QR = OQ sin A
= [cos B sin A
=/sinAcos B
OR =0Q cos A
= [cos B cos A
= [cos Acos B
ngPS = PT + TS
=PT+QR




We have [sin(A+B)=IisinBcos A+ /sinAcos B
sin(A+B)=sinBcosA+sinAcosB

=sinAcos B+sinBcosA
=sinAcosB+cosAsinB
Using OS = OR - SR
=0OR-TQ
We have Icos (A+B)=Icos Acos B-I/sinAsin B
cos (A+B)=cosAcos B-sinAsinB
sin(A + B)

tan (A+ B) =
et ) cos(A + B)

sinAcosB +cosAsinB

cos AcosB - sinAsinB

[sin AcosB + cos AsinB) + cos AcosB

(cmAchB — sinAsinB) + cos Acos B

tan A + tan B
| —-tanAtanB

We have derived three important formulae:

sin(A+B)=sinAcosB+cosAsinB
cos (A+ B) mcos Acos B—sim Asin B

de s fet L o
n . L ) ! k- &

(1)

Figure 124

Figure 13.4 shows an angle —B which is equivalent to (360° — B).
sin (-B) =sin (360° - B) =—sin B
cos (—B) =cos (360° —B) =cos B

tan (-B) =tan (360° - B) =—tan B



j :'.:. 'I._.-,r' ¥ -(A.'!' {_B))
= sin A cos (-B) + cos A sin (-B)
"_'_‘-_ B-cosAsinB

'_ l -B) =cos Acos B +sin Asin B
tanA — tan B
l+tanAtanB

el -'_-'.;_.. _B) =

:six important formulae grouped as:
E =3




PURE MATHS FOR ADVANCED LEVEL -

(c) tan 15° = tan (45° — 30°)
_ tan45° - tan30°

" 1+ tan45°tan 30°
]

oy

+

&
s =

/ﬁ

3+1
(B
" (E )5
I ey
3-1
4-23

]

N

Given sin A = % and A is acute, cos B = % and B is reflex, find the exact value of:
(a) sin(A—B) (b)sec(A+B) (c)ecot(A-B)

Solution
3
sin A= —
S
Using cos’ A+sin A= 1
cusA::ti
5
: 4 i
AsAmai:ute,cnsA=—.mnA=E£=i
5 cosA 4
n::n:rs..B:E
13
Using cos’ B +sin B=1
Sil'tB:ti
13
AsBisreﬂex,sinB=—i,tanB= i 5o 0
13 cosB 12
(a) sin(A—B)=sinAcos B-cos AsinB
3 12 4, -5
B R B

I

ale
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1. Find the exact value of each of the following:
(a) sin 105° (b) cos 75° (c) tan 75°
(d) cosec 15° (e) sec 105° (f) cot 165°

o
2. Givensin A= -:—;and sin B :—-% where A is acute and B is reflex, find the exact value of:

(a) sin (A-B) (b) sec(A+ B) (c) cot(A+ B)

3. Given cusA:% and tan B = _182 where both A and B are reflex, find the exact value of:

(a) cosec (A+ B) (b) cos (A-B) (c) tan (A-B)

4. Given cosec A= 15—33111;1 cot B= —% where both A and B are obtuse. find the exact value of

(a) sin (A-B) (b) sec (A+ B) (c) cot (A+B)

T 12
5. GivensecA= :—5 and tan B = —? where both A and B are reflex, find the exact value of:

(a) cosec (A + B) (b) sec (A-B) (c) cot(A+ B)

6. Prove the identities:
sin(A + B) + sin(A — B)

cos(A + B) + cos(A - B)

(a) — : =tan Acot B (b) Aco
sin(A + B) - sin(A - B) cos(A + B) — cos(A - B)
_ cos(A + B) + cos(A - B)
(c) tanA+tanB=sin(A+ B)sec Asec B (d) — : — - =
sin|A +B)—sin(|A-B)
(e) tan (A+45°)tan (A—-45°) =-1 (f) sin (45° +A) +sin (45° - A) = 2@
@ tn(A+B)-meAssnBrcAnc(A+B) () coc(A+B)s 0
e tanA + tanB
FHO e h-B
- +
A
: 3 9
7. Giventan A= m andtan (A+B)= I,f‘md the exact value of tan B.
, e
8. Giventan (A +45°) = 3 , find the exact value of tan A.
9. Express as single trigonometrical expressions:
(a) sin 35° cos 18° + cos 35° sin 18° (b) sin 47° cos 29° — cos 47° sin 29°
(¢) cos 67° cos 31° — sin 67° sin 31° (d) cos 82° cos 18 + sin 82° sin 18°
A e 5l AR
(e) > Cos x° + 2s.m::l; ( \Esmx - “ll_Ecnsx
L5 G V3 + tanx°®
(g) ——sinx° + —cos x (h) =
& | o - = _i3
2 Z | -3 tanx
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- z’ 1+ tanx®

e
(A +B) +sin (A— B) = 2sin A cos B (b) sin (A +B)—sin (A-B)= 2sin Bcos A

stitutions A + B = x, A— B = y to show that :
x;y COS x;y and sin X — sin y = 2sin l;ycus l;:‘

: 4 d the exact value of sin 75° + sin 15° and of sin 105° —sin 15°.

(A+B)+cos (A-B) =2 cos A cos B (b) cos (A + B) — cos (A — B) = —2sin A sin B
ldmnneﬂnshow!hm
X+y . X+Y . X-Y¥
208 2cos and - = _
s jy: 5 cos > COSX—COos Yy 5 sin >
fence, find the exact value of cos 75° + cos 15° and of cos 105° — cos 15°.

Jse the formulae sin (A + B) + sin (A — B) = 2sin A cos B and sin (A + B) — sin (A— B) = 2sin B cos A to

acute angles A and B suchthaisinAmsB:% and cos Asin B = %

e
e

&
A

sin2A =sin (A + A)
=sinAcos A+cos Asin A
=2sinAcos A (1A)

08 2A = cos (A + A)

=coSAcos A—-sinAsin A

=cos’ A—sin’ A (2A)
=] -sin’ A—sin’ A

=]-2sin* A (2B)
=1-2(1 - cos® A)

=2cos*A- 1 (20)

anlA =tan (A+ A)

_ lanA +tanA

" l-tanAtan A
2tan A

= d (3)
| -tan" A

"Ako, sin 2A = 2sin A cos A

sin A .
=2 cos- A

COS A




= - (1B)

cos 2A =cos’ A-sin’ A
=cos - A(l —tan" A)
|

= — (1 —tan® A)
sec” A

> ] - tan” A

= , (2D)
l+tan A

We have obtained the following formulae:

(1A)
(1B)
(2A)
(2B)
(20)
(2D)

(3)

sin ZA =2sinAcos A
. 2tan A
T l+tar’ A
cos2A =cos’A-sin*A
=2cos’A-1
=1-2sin" A
_1-tan’ A
T 1+tar A
2tan A
tan 2A =——-—~—l = 7
- i W
Etan"
: : - X X g,
We note that sin x = 2sin — cos — = =
3 -3 “ ‘Il
) - = | + tan™ —
2
] 2tan2x
sin 4x = 2sin 2x cos 2x = — dn_
| + tan” 2x
cos X = 2cos” e l
2
=1 - 2sin? =
2
> X
] - tan”
=
= = elc.
+ X
| + tan™
2
. k= . %
In particular, cos* < ;{1 + cos x) and sin” e

—(1 — cos x).
=






PURE MATHS FOR A ADVANCED LEVEL

Given sin A = % and A is acute, find the exact value of cos %andq’sﬁ: —;—

Solution
We find cos A first
cos’A =1-sifA
9
=] - —
25
L
25
4 :
cos A =; (A 1s acute)
q:::ﬂv:-'.:"i = —;-{l +cos A)
44
2 5
et
10
3 A . :
CO§ — = —— (——lsa;:meashlsm)
NiT) 2
_3J10
10
sitﬁi =-l-{l-—cush}
2 2
=-I_(]_i}
2 5
.5
10
smé 4 S (—ﬁacute)
2 o
_ i
10

W
I
i
|

Given tan A= %.fmdﬂmexactvaluesnf:an g

Solution
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in 26
Prove the identity =

———— =tan b
1 + cos 28 =

Solution
Method 1

sin26 2sinfcosB
1+cos20 1+2cosB-1

2sinBcosB
2cos B
= tan B

Method 2 2 tan 6
sin26 A tan’ ©

1+ cos2B 1—tan' ©
g g te
l+tan" B

= 2tanB
j 1+tan’ B+ 1—tan'

=tan O

mfzp

. - el .
. Aisan obtuse angle and sin A= =, Find the exact value of:

A A
(a) sin 2A (b) cos 4A (c) tan 2A (d) cos — (e) tan —
T
2. Ais areflex angle and cos A= — . Find the exact value of:
: s i : A
(a) cosec 2A (b) sec 4A (c) tan 2A (d) sin = (e) tan —
2 =
3. Ais areflex angle and tan A = — . Find the exact value of:
P
: A ' A
(a) cosec 2A (b) sec 4A (c) tan 2A (d) cos = (e) tan —

- -

; N : . :
4. Find the value(s) of sin —? and cos - for each of the following:

— -

12 . 15 .
(2) cosA= —— (b) sinA= = and A is acute
13 -
3 , : s
(c) cos A= — and A is reflex (d) simA= —1—;
D 3




ir.":ﬂn 0 —4sin’ 0
o

048 = 1 - 8sin’ § + Ssin®

\Gonsider 3cos B + 4sin 6

jitin be reduced to the form Rcos (6 — )
kos B + 4sin B = Rcos (B — a)

) = Rcos B cos a + Rsin 6 sin o

| = Rcos a cos B + Rsin a sin 6
fuating coefficients of cos 6 and sin 6, we have
(1)

(2)

Rieos* @ + sin” o) = 25

k=25

Rosa =3
q =4

-- =5 (R>0)
B -0

a=33.1° (o acute)

T 2un22)

2] (b) 1-2sin? 15° (©) 5

2 1—tar’ 22—

: 2

2sin” 30° -1 cot 60°
© 1571 O e
: ‘between x and y only if:
.

x=1-cosB,y=1+cos 26 (b) x=2sin6—-1, y=cos20+3
=2tn 6,y =2 tan 26 @ x=1+secB, y=24+sec20
(f) x=3cotB-1, vyv=1+cot2b

(b) cosec 26 —cot 26 =tan B

o o 0
N s 3

(f) cos 38 =4cos’ 6 — 3cos B

3tan® — tan’ B

(h) tan 360 = 3
1-3tan" 0




So, 3cos B + 4sin 6 = S5cos (6 - 53.1°)

It can also be reduced to the form Rsin (B + o).
3cos B + 4sin 8= Rsin 6 cos a + Rcos 6 sin «
4sin 0 + 3cos B = Rcos a sin 6 + Rsin « cos 6

Equating coefficients of sin 6 and cos 0
we have Rcosa =4 (1)
Rsina =3 (2)
R* =25
R =5 (forR>0)
3

3]

tana= = (2) + (1)
4

a =36.9° (a acute)
4sin 0 + 3cos 6 = 5sin (0 + 36.9°)

Note: 3cos 8 — 4sin 8 can be reduced to the form Rcos (8 + a) and 3sin 8 — 4cos B can be reduc
' Rsin (6 — a).

12.5.2 Solutions of equations of the type acos © + bsino = ¢
We first reduce acos 8 + bsin 8 to the appropnate form.

For example, we solve 2cos 8 + 3sin 8 = 1 by reducing 2cos 6 + 3sin 6 to the form Rcos (6 — a) or RS
To solve 3sin 8 — 2cos 6 = 1, we reduce 3sin 6 — 2cos 6 to the form Rsin (B — a) etc. 3




valuve and minimum value of acoes x + bsin x

that sin x has a maximum value of 1 when x = 90° + 360n° where n is an integer. Also, sin x has 2
f value of —1 when x = 270° + 360n°. -
y, €O "'lhﬁsamuimum value of 1 when x = 360n° and a minimum value of —1 when x = 180° + 360n°.
mmmm or minimum of acos x + bsin x, we reduce it to one of the appropriate forms
+0) or Rsin (x £ o) as illustrated in the following example:




e —

I

(g ]

.'-‘at-ﬂ ,

. Find all the angles between 0° and 180° which satisiy the equantion:

Solve the following equations for 0° = 8 = 360°.

(a) cosB+ 3sinB=1 (b) 12cos B—5sin B =65
(c) 3sinB+ 2cosB=2 (d) 5sinB-3cosbB=1
(e) 2cos 26+ 3sin20=3 (f) 8sin 280 —-6¢cos 28 =3

Find the maximum value and the minimum value of each of the following expressions and the w

for which these values occur in the range 0° = x = 360°.
=

(a) 2cos x + 3sin X (b) 4cos x — 3sin x () 3 sinx-—cosH

(d) 3sin x + 2cos X (e) 4+ 3cosx—2sinx (f) 2cos x +sinx

Miscellaneous Exercise 12
Prove the identity sec” x + cosec’ X = sec” X cosec” X.

(a) Find all the angles between 0° and 360° which satisfy the equation 4sin x + 6cos x=35.

(b) Given that A, B and C are the angles of a triangle, show that tan C = tanA + tanB

anAtanB-1
Given further that tan B = 3 and that tan C = 2tan A, find, without using tables or a calculai

(1) the angle A
(i1) tan (B — C)

(a) Find all the angles between 0° and 360° which satisfy the equation 4cos x —3sinx = 1.

(b) Given that cos 8 = ¢ and that 8 is acute, express in terms of ¢:

(i) cosec B (i1) cot B (i11) sin 26 /Hw ) tan (B + 45%)
: . l+sminx COSX
Prove the identity + —— =2secx
COSX |l +sinx

(a) Find all the angles between 0° and 360° which satisfy the equation 4cos 6 + 2sin 8= 1.
i uus(A - B) 3 ; . _ i
(b) Given that = — , prove that cos A cos B =7 sin A sin B and deduce a relationshap
cos(A — B] 4 :

tan A and tan B.

Given further that A + B = 45°, calculate the value of tan A + tan B.

2 2
(a) cos ;x-g

(b) 3c0tvy —4cosy=0

(c) 3sec’z=T+4dtanz



- CHAPTERAZ. = 5
Siven that sin o = %, where 90° < a < 180° and that cos B = —% . where 180° < B < 270°, calculate,

ithe mg tables or calculator:
sin(@-B) (Gi)cos2a (i) sin 28
i

 that 3cos O + sin O Rcos (8 — «), where R is positive and a is acute, evaluate R and a. Hence
‘solve the equation 3cos 6 + sin 6 = 2 for 0° < 6 < 360°. [C]
¥e the identity sec x cosec X — col X = tan X [C]

N
I

Find all the angles between 0° and 360° which satisfy the equation 24cos x — 7sin x = 12.5.

) Given that tan = t and that 6 is acute, express in terms of t:
(jsin® (i)sin20 (i) cot (B +45°) [C]

R [sinx+m51f

® = 2 4 Sec X COsec X. )
sin X cos X
nd al angles between 0° and 360° inclusive which satisfy the equation:
gosec (2x - 30°) =2
2008 y = 3cos? y
) 2cot* z =4 - cosec z =

| Find all the angles between 0° and 360° which satisfy the equation 8sin x + 15co0s x = 10.

“1 acute angles o and B are such that tan o = % and tan (x + B) = —1. Without evaluating a or B
QR st B = 7

culuam sin « and sin B

(i) evaluate sin® 2o + sin 28. C]

rove the identity cos X cosec x + Sin X Sec X = COSEC X Sec X. [C]

;-Eff--;.n. 288 12c0s X + 9sin x in the form Rcos (x — a) where R is positive and ais acute. Hence, find:
(i) the acute angle x for which 12cos x + 9sin x = 11

(ii) the maximum value of 12cos x + 9sin x.

I, I@ye:;ltessingms.'ix:ms{2x+x)*showﬂlatcus31=4cosix—3cosxﬂence,ﬁndaﬂth:angles
B between 0° and 180° which satisfy the equation cos 3x + 2cos x = 0. [C]

BN \ 1 ) :
{2) Given that sin A = 3 find without using tables or calculator, the value of
(1) cos 2A (i) cos 4A




(b) The diagram shows a rectangle ABCD inside a semi—circle centre O and radius 5 cm, suchil
LBOA=4COD =06°.

Scm S5cm

& &
D 0 A

(i) Show that the perimeter, P, of the rectangle is given by P=20cos 8 + 10 smn 8.
(ii) Express P in the form rcos (8 — ) and hence find the value of for which P= 16.

(iii) Find the value of k for which the area of the rectangle is k sin 26 cm”.




| > DIFFERENTIATION 2

LY

i - 1 1 1 248 K: x:
Me-l+l+a+ E-I- I!—......ande =1l+x+ =5 + %

function f:x — ¢* has the important property that f:x — e*, ie. if y = &, gi = ot
asider y = eV
3 dy _ dy

: du
g f{x)=u and using — = — x —,
' ﬂ } - dx du dx
dy

"jlrf' E=¢' x f'(x)
=eﬁm X f'(IJ

1.2 Derivative of In x and In #{x)

?=ln1
X =¢
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If y=In f(x)

Writing f(x) =u,wehavey=Inu

Using E}: =9le
dx du dx

Wehaved—y =ixf'{x}
dx

2x
X +2

dy
If =Iln(x*+2). =
y ( )dx

2x + 3
X 4+3x =1

SO 3x~1), 2 =
y=In(x*+ 3x )dx

Thefurmulaelnah=lna+]nb,ln-E:lna—lnbandlna":blnaareusefu]mdjﬂ'cmnﬂam

functions as illustrated in the following examples:




s of sin x, cos x, tan x, sin f{x), cos #{x), tan #x)

3 d d
in radians, then we will accept without proof that E (sin X) = cos X, a‘ (cos x) = —sin x and




PURE MATHS FOR ' ADVANCED 1

and’%given: fa) y=sin2x (b) y=cos J}_ (c) y=1tan (£1+1)

Solution
(8) y=sin2x

(b) y =cos vx

). =N =tan(ix+n)

FindEI- given: (a) y=e=* (b) y=Incos2x fc) y=inian Jx

Solution

{a) y =_es:m31

d
= =2 xoosIxx3

dx :
= 3008 3x =

(b) y =Incos2x
dy —sin2xx2

dx cos2x
= —2tan 2x

() y=IntanVx

sec? yx x ——
dy _ 2Jx
dx tan Vx
1 cus\f;

— x
2Jxcos®Vx  sinvx




W F :

-
o

r
N .
-

6sin® x Cos X

] 1’ X as y = 2(sin x)°

2 x)? x cos x [using%(f(;))' = n(f(x)F" x f{x}]

b) y=e*
1
() y=¢&*

: i 2si" x  (b) v = 3cos* 3x (c) y=2tan’ [4.: + -E)

1

(h) y=4e?

(k" F :5&‘“_1'

(n) y=e¢

!
s ZX

w A+l

c) y=¢

{ﬁ };:E;nst

(1) y=2p">

L5 -

() y=2e
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I

10.

S A
Find o given:
dx

(a) 1\;:[1’1l (b) }*zlni (¢) y=In(=x)
X 3
d) y=Inx (€) y=3In(2x +53) () y=4in cos 3x
2
(g) y=3In (e3‘+ 1) (h) y=Intan x (1) y=In = +;
X - :
2 2 2
() y=In gt (k) y=3In — (1) y=In 2+ 8y
X +3 X vyéx -3 '
(m) y=In (sin x + cos x) (n) }'=lne = (0) y=In 5.1n1+1:u
e +1 Sin X — CosX
d.
Find o given:
dx
(a) y = 35in 2x (b) y=4cos 3x (c) y=>5tan [%1)
(d) 3'n[11+n) (e) ¥ I"’ﬂﬁ(.lt '1.] (f) v==6tan (2x —x)
} = 8sin | — - = 12cos | —X — — = -~
: 4 6 o DR s 1
(g) y=-3sin*x (h) y =4cos’ 5x (1) y=3Vandx
: =L : : 3 L . (..
() ¥y=(1+ 2cos 3x) (k) }'=3lan‘[11—g] M y= 5J5m[31+g)

Find the equation of the tangent to the curve y = e™ at the point on the curve with x-coordinate I}
Find the gradient of the curve y = ¢™ — 4 at its point of intersection with the x-axis.

A particle moves in a straight line so that, at ime t seconds after leaving a fixed pomnt O, its displace .
is given by s = 10 — 10e™ — é[.

Calculate: :

(a) the iminal velocity of the particle

(b) the value of s when the particle is instantaneously at rest

(c) the acceleration of the particle at this instant.
Find the gradient of the tangent to the curve y = In (4 — 3x) at the point on the curve with x-coond
Find the equation of the tangent to the curve y = In (6 + 5x) at the point on the curve with x-coonl
Find the coordinates of the point on the curve y = In (6 — 3x) at which the normal is parallel 1o

The equation of a curve is y = In (x? + 4x) where x > 0. Find the x-coordinate of the point on the
which the tangent to the curve is parallel to the line 3y =2x + 1.



ot 1s simple, we multiply first. For example:
y =(x’+2)(3x - 4)
y=3x'-4x°+6x-8

_#h’-ﬂnﬁ

gver, this method is not useful if we have to find 3—; for y = (3x — 2)*(5x + 1)’ say.

1 B3x-2)y=uand (5x+ 1) =v

=w ()

I greases by a small amount Ax, u increases by a small amount Au, v by a small amount Av and y by a small
at Ay,

WAy =(u+Au)(v+ Av)

r =uv + UAvV + VAV + AuAv (2)

Ay =uAy + vAu + AuAv (2) - (1)

Ay Av Au Av

— =u—+v— + Au—
Ax Ax Ax Ax

Au du Av dv Ay dy

ﬂﬂ,ﬂu—*ﬂ.ﬂv—*{].ﬂ}'—rﬂ_— i i ol i I s el i
i Ax dx Ax dx Ax dx

 therefore have:

olying the formulato  y = (3x — 2)*(5x + 1)’ 4
y =uv where u=(3x-2)*and v =(5x + 1)’

B 2) x 3 = 12(3x - 2)°

=35x + 1P x 5= 15(5x + 1)?

& dv  du
=y— + V—
: dx

"_[_31-2)* x 15(5x + 1+ (5x + 1)’ x 12(3x - 2)°
= 1503x - 2)'(5x + 1> + 123x - 2’(5x + 1)°
=30x-2P(5x + 1)° [5(3x - 2) + 4(5x + 1)]
=303x-2)(5x + 1)* (35x - 6)




PURE MATHS FOR "ADWV)

Find%giwn y=(2x+3)J3x+1
Solution

|
Puty=uvwhereu=2x+3,v=+/5x+1 =(5x +1F

Gx+1)2 x5

_(2x+3)x>

1

2(5x + 17
I0x+15+4(5x+1)

2(5x + l)E

1
+(5x+1F x2

30x + 19

245x + 1

Find% given: (a) y=x€¢* (b) y=xIn(2x-1)

Solution

(a). y=x¢*
gizx’xe“x3+ehx21
dx

= 3x%™ + 2xe™
=xe™* (3x +2)

b)) y=xIn(2x-1
£=ﬂx - +In(2x - 1) x 2x
dx 2x —

2
Wi ST ST
2x -1

() y=xsEalx

gn!xmshxhzmn:ix

= 3x°cos 3x + 2xsin 3x

= x(3xcos 3x + 2sin 3x)

{c) y=xTsin 3x




of a quotient

possible, we perform the division first.
2 +3x +4
B X

y 2 -

y=—x+1+—x"'
3 3

=

H
.r

e 4 .

| :-# s
3 3

2x +3

if, it 1S not always possible to perform the division. Thus, if y = ———— , we may write
i 1l 5x — 4
-3)(5x - 4) * and use the product rule.
1 it is better to write y = = (D
=
2R . y+ Ay = u + Au @
v+ Av
u+Au u
Ay = == =D
g = i
L uv + vAu — uv — uAv
viv+ Av)
Nt vAu — uAyv
= viv + Av) —
Au Av
V— -8 —
Ay Ax  Ax

Ax V(v +Av)

-‘ 0.Au—0,Av — 0, ﬁ}' — 0, etc.

II LS e
formula is better remembered as :
Dominator x gradient of numerator — numerator x gradient of dominator

ent of a quotient = ——
- 2x+3

B 5x - 4

y Bx-4)x2-(2x+3)x 35

: (5x — 47

=23
(5x - 47




PURE MATHS FOR A ADVANCED LEVEL

4x -1
(2x + 3)

Find % giveny =
Solution
AR =1
s (2x + 3)
dy (2x+3) x4 —(4x - 1) x2(2x +3) x 2
ax (2x+3)
4(2x + 3) - 4(2x + 3)(4x-1)
=¥ (2x +3}4
€ 4(2x+3)[(2x +3) - (4x - 1)]
(2x+3)
o 4(2x + 3)(4 - 2x)
(2x+ 3):
8(2 - x)
" (2x+3)

sin2x

dv
Find—}given: (a) y= ®) y=—
dx

X e —1
Solution

sin2x

(a) y=
X

dy xx2cos2x —sin2x
dx X
2xcos2x — sin2x

b)) y=-

Inx
(c) — y=—
X
X X A —Inxx1
dy - 2 %3
dx x
* 1-Inx
.

[E) Y ==




3 3
L.

@+ 17(x - 3) (b) y=(2x +3PGx - 1)* © y=03x—-1A2-3x)
m =2xy(4 - 3x)* (&) y=(2x"+ 1)(3x - 2)° (D y=(x+3)vJa4x + 1
(32— 4)\J6x + | (h) y=03x-2)J5+ 7x

(b) y=3er=® (c) y=e*™
. (e) y=e"=" () y=3e>="
"_-..ME%K (h) y=3e™* tan 3x (i) y=xlnx
&) y=xe™ (D Famee
(n) y =x%os x (0) y=x"tan _x
o
{b}y=4 3x {c}}‘-qh‘bl
5+2x 2x -1
2 3
A a - ®y=——
(2 - 3x) (2x -1
{b}}’ze_ (c) '\r‘—"su:l_ \
X €
ln SInX + COSX
| j_t sin X SinX — COSX
'-'I {3 ‘
- o (i) y=cotx

the coordinates of the stationary point of the curve y = xIn x and determine its nature.

_ -"_"f.f y = e*(sin X — cos x).

he x-coordinates of the stationary points of the curve y = x°e™ and determine their nature.

-'!-!-

the x-coordinate of the stationary point of the curve y = e’sin x for 0 = x = x and determine its nature.
=l
the x-coordinate of the stationary point of the curve y = e™cos x for 0 < x < x and determine its nature.
: : : Inx et
the x-coordinate of the stationary point of the curve y = — and determine its nature.
; X

:.‘ - (sin x) = cos x and % (cos x) = —sin x, show that i (tan x) = sec” x.

A s I o S ST s Skt F




b

If y = mx + ¢ and both m and ¢ are constants, the graph of y = mx + ¢ is a straight line of gradient m the
If m is a constant and c is a variable, y = mx + c represents a set of parallel straight lines, ¢ is calle _
(Figure 13.1 (a)). _
If ¢ is a constant and m is a variable, y = mx + ¢ represents a set of straight lines through (0. ). In this¢
parameter (Figure 13.1 (b)).

}'i/

Ya

S

///n/ x //{,\

(a) (b)
Figure 13.1 . -
Usually, the equation of a curve is given in cartesian form : y = x°, y° = X, J; + f; = 1 are all equats

sian form.
It is sometimes more useful to give the equation of a curve in parametric form,e.g. x = ar,y=
y =3¢ + 2, etc. ’
methepammetﬁcequaﬁﬂnsufacurvewecanobtainmecmmsianequaﬁmasiﬂmu'ﬂmdind: ollow

\ v\



|
|
i
1

X

I
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TIT2eg|lee|S

find the gradient at (12,—12), we find the value of t at this point.
3¢ = 12 and 6t = —12 which are both satisfied by t = 2.




13.3.3 Equations of tangent and normal to o curve with e
in parametric form

The equations of the tangent and normal are obtained by finding the gradient of the tangent and the

the normal as illustrated in the following example.

13.3.4 Gradients of implicit functions

Usually, the cartesian equation of a curve is givenby y interms of X, e.g. y =2x*, y =3x + 4), y=—

.

y is said to be an explicit function of x. :
Next, consider x’y + y* = 35, 2x? — 4xy — y° = 15. In each case, we may not write y completely in

In these two cases, we say that y is an implicit function of x.

Before differentiating implicit functions, it is important to note the following:

d: e dy
dx(yl-dx

256
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dy _y-3x=2

dx 2y - x
x=1, 1+y>-y+2=5
y—-y-2=0
(y=20y+1)=0
y=2or-1
E dy =k=3=2
AL
i
=
=2
9—__2—3—2.“_
At(1,2), e =-1

Exercise 13C
— ——

1. Find the equation of each of the following curves with the given parametnic equations:

(a) (t+3,3t-2)
(c) (2cos B, 3sin B)
(e) (acos B, bsin B)
(g) (2tan 6, 3tan 20)

2. Find the equations of the tangent and the normal to each of the following curves at the given pomt

(a) x=2t3, y==6tat (8, 12)

() x=2+t2,y=T7-3tat (3, 10)

(e) x=3"+2t,y=t"+3t+2at(5,6)

C -
(g) x=ct,y=—at (CP, —]
L P,

(i) x=2-,y=3+20at(2-p~3+2p)

b) (t+1.2°+3)
(d) (acos 0. asin 8)

t+ L
@ [ 2t—3)
(h) (sin 6, sin 28)

z
(b) x==,y=3tat(-2,-3)
;

() x=31t+

®
-

- |

3
31—:31[4.—{}
(H x =at®, y =2at at (ap’, 2ap)
(b) x =3¢,y =2¢ at (3p’. 2p°)

() x=2+3,y=5-4F a2+

Find the equation of the normal to the curve x = 2t%, y = 4t at the point (18, 12). Find alse
of the point at which this normal cuts the curve again.

-
Find the equation of the normal to the curve x = 3t, y = — at the point (3, 2). Find also the con
t
the point at which this normal meets the curve agan.
, : 1 I : 8
The parametric equations of a curve are x=l+;.}'=l—;.ur'heret;t{].:’uapomlPundr Ve,
the tangent to the curve at P meets the x-axis at Q. The normal to the curve at P meets the '

Calculate the area of the mangle PQR.



i “ F{|f x and y, given:

k-
(b) X*+xy*—xy+y =12 () 3xX -2’y -Oxy* =4
1 il 1 1 1

.u (e) ;+;=E (f) <y

A b (h) ysinx +xsiny =3 (1) xe*—ye*=3

e,
&
5
| ™
|

5 |

=%aleachuftbf:pninl$unthemmewithy{mﬂinam2.

K ents of the curve 9x> — 6xy + 2y* = 5 at each of the points with x-coordinate 1.

I
e

2 ordinates of the stationary points of the curve 2x° — 2y° — 2x” - 8y — 2x = 11

he x-coordinates of the points on the curve 2y’ — 4x* — 54y — 2x = 3 at which the tangents are parallel

.

':.'"14.:,.: of the tangent to the curve 3x* + 2y* — 6xy = 26 at the point (2, 1) on the curve.

variables x and y are connected by the equation 2x* — y* + 3x — 5y = 9. Find the value of % at the point
'- _'";x_-.*nilnaasi;ng at the rate of 0.3 unit per second at the point (1, —1), find the corresponding rate of

ol \
1ge o1 Y.
[3
I
: »

- _l Miscellaneous Exercise 13

LER

Diffe e tiate with respect to x:
ORNCFEN :
(i) cos’ 2

of the curve y = % +l3 at the point where it crosses the x-axis. State whether or not
s nceand =

has a turning point and justify your answer. [C]

ferentiate with respect to x:
:"I-‘p:.::' 3; {b} tan® X [C]'

" stationary value of (x + 5)v/7 — x
: x(x — I}: 2
(ZI —_ l}‘ [C]

ER T w2 =
CLNTIETEN AL

5 with respect to x, and hence evaluate I
X —
1




The equations of a curve, in terms of a parameter 8, are given by x =sec 8 —tan 8, y =sec 6 + 2tan it
sec O and tan O in terms of x and y. Hence, obtain. in simplified form, the cartesian equation of the @

A curve is represented parametrically by the equations

4 12
X= —, Y=
(Z+tY =~ 241

(a) Find the equation of the chord joining the points P and Q with parameters —1 and 0 respectivg

3
(b) Show that glz = i{z + 1). Hence. find the equation of the normal to the curve at the pomt onl
where the normal is perpendicular to PQ.

(a) Differentiate with respect to x:
(i) In(3x + 1) (ii) xcos 2x

(b) Find the equation of the tangent to the curve y = - at the point where it crosses the hne

1 - 2x

(c) Given that x*y + y* = 10, find dﬁ in terms of x and ¥.

(a) The parametric equations of a curve are x =3t + 1, y = 2t*. A point P on the curve has
Given that the tangent at P passes through the point (1, —8), calculate the possible values of

(b) The cartesian equation of a curve is y(y — 2) = x. Given that x is defined parametrically by %

and that y =4 when t = 3, express y in terms of t.

(c) The parametric equations of a curve are X =t — 1.y = + . Express — in terms of t in the Simg
v 3
sible form. Hence, or otherwise, find the cartesian equation of the curve.

(a) Differentiate with respect to x:

(i) VY1+x* (i) x(1+3x)°

(b) Show that the tangents to the curve y* = 2y + 8x — 17 at the points where x = 4 are perpendic
(¢) Determine the value of x, where 0 < x < =, for which the curve v = 2cos x — 3sin x has

point and determine whether this is a maximum or a mmimum.

(a) Differentiate with respect to x:
(i) (4x+ 1)* (ii) xtan 3x

(b) Given that xy’ + y = x°, obtain —;Li- in terms of x and y.

j - x+2 , _
VX .pmvelhaifil=— {_ ) —. Hence, obtain the equation of the nos
x =2 dx 2Vx(x-2f

(c) Giventhaty =

curve y = at the point on the curve where x = 4.

2



alue of x between 0 and n for which the curve y = e*sin x has a stationary point.

=
. 4

¥ -_:;.J :_; = 4

- j — x with respect to x and hence evaluate J-]n x dx.
v :

with respect to x, simplifying your answer.

_: 'V&lﬂﬂﬂfi—yﬂ the point (1, 2) on the curve x* + y' -8y + 7=0. [C]
4
with respect to x:

= (i) nGx- 17

H. of the curve 2x* + y* + 3x — 6y + 9 =0 at the point (a,b) is % Show that 4a + b=0.

en that y = e*cos 2x, find % and hence determine, for 0 < x < x, the value of x for which y is
0
onary. [l

rentiate with respect to x:

Syl g X
In(5: +2) (1)

2x + 1
je curve y° + xy = 1 + sin x crosses the positive y-axis at P. Show that the tangent at P is parallel 1o

K15

.

nd the coordinates of the stationary points of the curve y = x(4 — x)’. (C]

' .-_t]lal}"-"-E, calculate the value uf% when x = 1.
X

i
en that y = x“e™, write down an expression for % and hence determine the values of x for which y
k. L.

1 ks Y
3 e

il

Given that y = %ms3 X — cos X, prove that gl}: = sin’ x.

the gradient of the tangent at point (2, —1) on the curve xy* + ¥ + 1 = 0.

Differentiate the following expressions with respect to x:
2 L
(i) ¥Inx (i) (5x° - 2F
) (i) ( ;

4
) Find the gradient of the curve x* + 9y = 4x — 6y + 20 at the point (5, 1).

h .
‘s; ven that y = ;L,fmd the values of x between 0 and 2 for which y is stationary. IC]
o — COSX




15,

16.

17.

18.

19.

(a) The curve whose parametric equations are X =p~ + 1.y = p— 2 intersects the line x — 4y =6 atth
A and B. ;
(i) Obtain the equation in p which gives the value of the parameter at A and at B.
(11) Find the coordinates of A and of B.

(b) A curve has parametric equations x =t* — 2t, y =t + 2t. Find:

(i) an expression for i— in terms of t.

= : : o 2ol
(i) the equation of the tangent to the curve at the point where the gradient is —

(ii1) the coordinates of the point on the curve at which the tangent is parallel to the y-axis.

(iv) the cartesian equation of the curve.

(a) Differentiate with respect to x:
M o

(1)

(ii) x°cos 2x

I+ 3x
(b) The variables x and y are related by the equation 2x* + xy — 3y" = 7.
Find the value of % at the point (2, 1).
Given that x is increasing at the rate of 0.08 units per second when x = 2,
(1) find the corresponding rate of change of y.

(11) state whether y is increasing or decreasing.

(c) The equation of a curve 1s y = tan (x + 1). Find, to two decimal places. the gradient of the nons

curve at the point where x = 0.

(a) Differentiate the following expressions with respect to x:
2x -1 -
(i) Vv25-5x
X+35
(b) Find the gradient of the curve y*> + 2xy = (x — 3)° + 16 at the point (1, 2).

(1)

(c) Determine the x-coordinate of the stationary point of the curve y = xin x — 2x.

; , 1 1
The parametric equations of a curve are x =t — ;.y=t+ —, where t = 0.
t

(a) Pis the point on the curve where t = 2. The tangent to the curve at P meets the x-axis at Q. The
to the curve at P meets the x-axis at R. Calculate the area of the triangle PQR.

(b) A is the point on the curve where t = k and B 1s the point on the curve whe-mt:—%

line AB is parallel to the y-axis.

(a) Differentiate with respect to x: -

(i) tanx (ii) cos®*x

(b) Find the coordinates of the point on the curve y = In (5 — 2x) at which the normal to the curve S
2y =x+3.



obtair an expression for ﬁ
g dx

| show that the tangents to the curve at the points where x = 7 are perpendicular. [C]

e vanables x and y are related by the equation x* + y* + 4x + 2y = 24_ Find the value of % at the

-

oint (3, 1).

jiven that x is increasing at the rate of 0.2 units per second at the point (3. 1). find the corresponding
ﬁ of y.

flie equation of a curve is y = In (x? + 2x), where x > 0. Find the x-coordinate of the point on the curve
t which the tangent to the curve is parallel to the line 5y = 12x. iC]




> INTEGRATION 2

.0 'd- . d - d 2
— Sill X = COS X, — COS X =—sin X, — tan X = sec” X,
A dx dx
fcnsxdx=sinx+c

fsinxdx=—cosx+c

fsec:xdx=tanx+c:

s . :
-&;smfax+b}dx=acns{ax+b_}

fams(ax+b)dx=5in (ax +b) + ¢

~ Jceos(ax +b)dx = lsin (ax +b) + k
a

Similarly fsin(ax+b}dx=—lcus(ax+b)+k
a

fsecltax+b}dx= ll:;amI{mr.+!::+]|+lc
a




e ot ——

14.1.2 Exponential and logarithmic functions

Since i(ewh) = ag™*

dx
1
fe“*"dx —e=*b 4 ¢
d

Al -2 % b -
dx ax+b

f L ax lln|m;+b|+|c:

ax + b a

Note: When working with definite integrals involving In functions, it is advisable to write j- - ~
a+h

[ii’nla.r+b|].z. »
a =

206




| of cos® x and sin® x

1
_em’x:i(l+cus2x}andsin’~x=%{I~cm21)-Weuseﬂﬁetwnfmmulnemfuﬂ fmszxdx

5E

= f%{'l + cos 2x) dx

%f(i + cos2x) dx
l[ sinzx]

= —|x+ +C
2 2

1 -0,
= —X+—sin2x +c¢
2 4

—_

%f(l——cus?.x}dx

lx — ls;.in 2X +C
4




PURE MATHS FOR ADVANCED LEVEL

4
Find: (a) fmsz Jxdx (b) fmf;.x dc (c) f_?mf Tj_—x dx
(]

x

Solution

{a}fcns33xdx= %f(nmex)dx

ix + isin 6x +c¢
2 12

(b) fsinzixdxz %I(l-—m&%x)dx

1[1 - 25&11;‘ +C
e 2

I

1 %
= —X-—Sin—-X+<¢C
2
: : .
{c}fkos*—xdz: 3x— J(1+cosx)dx
2 1]
3 ' a
3n 3
= —+

Exercise 14 A
I. Find the integrals with respect to x of:
; I oI
(a) sin 2x (b) cos 4x (c) sec 5x (d) sin =X
2 - Bk 5 I _—
(e) cos —x (f) sec- —x (2) sin (3x + @) (h) cos |5x - —
3 4 \ 2
o A T e 3 & 2 n s[4 X
(1) sec- :ur.+—] (J) smn [—_-;——] (k) cos —1+—| (1) sec —x——]
6 ) 4 2, 3 6 \3 2,
2. Find the integrals with respect to x of:
(a) e* (b) e™> © & (d) e
(e) ¢ (H e {g) = (h) e™
1|+| :--;'l.
) e % () &’ (K) (e*+1Xe*+1) (D) (e +3)e*-4




3 2 2
3 5 g
e © 5 € 5 ik =
! 2 3 4 6
+1 ) =1 x-2 2 2X+1 3x+1}
02 2
(b) Je™ dx (c) fl dx
. 0.1 1 ;'.
3 5 ~I
dx (e) f dx 3} f i
2 2 - 3x { J 411
] 1] 1
1) (h) fm(zx-’-‘] dx (i) fsec“(— +I—[)dx
6 4 s 6
3 12
egrals with respect to x of:
g2 =29 =t
(b) sin- 3x (c) cos® —x (d) sin- —x
6 4
e | ol
(0 sin’ gx (g) cos’ 51 (h) sin® 6x
o = I . Ix
in” 2x dx (b) fcmz 3x dx (c) jlsinzgx dx (d) J.cm.‘%xdx
Te 4 o
| :

¢ identity sec’ x = 1 + tan’ x to find J.tanlx dx.
o b 0

&
_!!'_mz3x dx.

'._'r' Lk
.

i

i b

LT
=

d 3 -
— (cot x) = —o . Hence, find : :
g (0t %) = ~cosec” x. Hence fcnsec‘ x dx

=

3




14.2.1 Formula for the trapeziuvm rule

Y
y =fi(x)
A -
0 4 b .
F:gurrl-#f

Consider the shaded region in Figure 14.1. Its area is ftluch Sometimes, it is not possible to Endf
we use an approximation.

Figure 142
We divide the region into approximate trapezia of equal widths w. Let the ordinates be y , ¥,, ¥y
in Figure 14.2.

fﬂx} = sum of approximate trapezia

1 1 1 1

= —(V.+Vv.)W+ —(V,+ Y)W+ =¥y, + Y)W+ e + —(y. +vyv Jw+ -1y
2 - ] + 2 2 Baat™ - ; p =3 - & o Tha g =i
1 |

= ;WL}] +Y, +Y,+Y.+Y, Y o Y 4y Y S y |
I' F | g §)

= —wly, + 2y, + 2y, + 2¥, + e +2y . +y]

j . B—i




&
£ Eﬂ(y| + Y.) + 2}11 + 2)"3 =+ 2}'4 g g .+ Zvn_ll

. -
.[g FY Y Y by, ]

| {m of first and last ordinates) + sum of all other ordmales]

nowr as the trapezium rule.

m-l'u and underestimates

thheshapenfﬂae curve y = f(x), it is possible to say sometimes if the area obtained by using the
nlle is an overestimate or underestimate of the actual area. -

Ya




R _——

In Figure 14.3 (a), the sum of the trapezia is less than the actual area and the value obtained is an undens

of the actual value.

In Figure 14.3 (b), the sum of the trapezia is greater than the actual area and the value obtained 1s an ovens

of the actual area.

Find to 2 d.p the area enclosed by the curve y = y/1 + X’ , the lines x =0, x =4 and the x-axisby g
trapezia of width 1 unit.

Find to 2 d.p the area enclosed by the curve y = In x, the lines x = | andx=3andﬂ1ex-axisby
trapezia of width 0.5 units. :
Sketch the graph of y = In x for 1 < x =< 3. Hence, state whether the approximation obtained is an oW

or an underestimate of the true area.

Find to 3 d.p the area enclosed by the curve y =

.the lines x = 1. x = 3 and the x-axis by s

: _ : vx + 1
trapezia of width 0.5 units.

(a) Find the exact value of J.
1+x

dx by considering trapezia of width 0.5 units. Hence,

(b) Obtain the value to 2 dpnff

l+x

% error done in using the trapezium rule with trapezia of width 0.5 units to evaluate -,-I
+X

answer to 1 d.p.

The diagram shows part of the graph of v = Jx —1 . Find an estimate of J'-.n—l dx by
trapezia of width 0.4 units.

Is this estimate an underestimate or an overestiimate of the true valoe?




-_-'rf'_-_;J.m shows the region bounded by the axes, the curve y =
this region by considering trapezia of width 0.2 units.
area an overestimate or an underestimate of the true value?

and the line x = 1. Find the area

x +1

pn bounded by the axes, the curve y = and the line x = 1 is rotated though 4 nght angles about

sz+1
is. Use the formula x | y* dx and the trapezium rule with trapezia of width 0.2 units to obtain an
ppropriate value of the solid of revolution obtained.

k #(x)

31 | oy o

b d fi(x)
--Enf{xj f{!&}

f'{x)

dx =In lﬂx)l +C
f{x}

b
f'(x) B
For the definite integral fl dx, we will use [ln|t{x}” +c
f(x) .
-.__.dx =lh(x*-9) +c
Wr-9

COS X :
ﬂlldx f dx = In [sin x| + ¢
sin X

o 2x+1

il dx =In(x*+x+8)+c
Jr+x+8

iy ——

i B




fmnxdx=f5‘“* &
COsSX

—sinx
= —J- dx
COsSX

=—In |cos x| + ¢

=In(cosx)"' +¢

=]n|sec1|+c

Il.:.ilwmp-ﬂdm

To integ(ate % withrwl:l;?t-ﬁ_x where f(x) and g(x) are polynomials in x, we find the partial fractio

as illustrated in the following examples:







3

Find the integrals with respect to x of:

6Xx°

(a)
2x" + 4

L1

<€

(d)

E.'l +1
4x* + 4
2x° + 6x + 1

(2)

1

xlnx

§)]

Find in each case the partial fractions of f(x) and obtain fﬂx} dx:

5x -1

@) e
X +x-—2

632 —x-16

(2x = 12X + I}x - 3)

12x* +10x -5
4x°(2x - 1)
13x* —S5x+24
2x — 1)} +8)

(2)

0

Find the exact value of:

5

(@) f 5x-9 2
(x - 1)x—-3)

4

i J- 10X +4x+1

(x +D(2x — 1Y

Find the partial fractions of 2
(x - Dix-2)

2144
14.4.1 Integration by paris

dv du

—(uv) = n— 4+ v—
dx

dx dx

G T PTG

=
b) 1_1+l
X +x+ 8

(e) cot 3x

(h) cot lx
4

SINX — COS
) COsS X

COSX + SInX

x+ 1

(b)
(2x —IX3x - 1)

3 -5x+8

(e) -
(x + I)x - 3r

12X —14x 4+ 2
2x + D(2x - IF

(h)

l—x
o [
(2x + I3x + 2)

| -
. 2
©) f5r+._x+lx_ dx
o

(x + )X +4)

: = > dv du |
Ignoring the constant of integration, | u

+V | dx = uv
dx dx /

X+ 3
“+6x-9
’ 1
(f) tan —x
2
(1) tan 5x
wanx + 1
()
tanx —1
6x - 2x+18
()
(x + Ix—2)x-
o X —12x+5
T x-D2x-0B
. =2 -—4x53
(1)

X =3 +%%]

_Hence. obtain f

(x-INx-2)

dx to 2dp.

(x + Dix* +1)

x —4x+118
’ (x +1(x-3F




.8
If v— dx =uv
e

J.!'fxﬁﬂ_dx = uv—f\'d—u dxuv
o
Il
ila is more easily remembered as
.

dx

d integrals of the type fxsin kx dx, fxcns kx dx, | xe™*®dx, | x%sin kx dx. etc. as illustrated in




e g .




I
b=
R
e’

'._ k.
&
3 dx
"
=

g8

: dx

B = |fx) — du (2
E ’ fm aw @
1&(2) i,

helpful formula to integrate certain types of functions.




Consider fP{x)[Q{x}]" dx where P(x) = kQ'(x)

5 S D
e.g. f?_’,x(x‘ + l) dx, J‘3E’[E“—4) dx .
Any integral of this type can be obtained by putting u = Q(x).
Thus. i 2 y i =x24+1 E“l =2 E - _I-
us, in J-Zx(xr +]) dx,puttingu=x"+ 1, = = 2x, g

So, IZx(f + 1)5 dx = fl‘t(f + I)F% du

= J.E;xuf' xi du
2x
=J-u5 du
uﬁ
= —+C
- tr
SEshes
: 6
: -2 : du
Also, in J.Se" (e‘ - 4) dx,puttingu=¢* -4, — =¢".
dx
So.f.'ie‘ (e - 4) dx= f3e‘(e‘ = j—i du







-
Use the substitution s = Nt —9 to find f
f §

25

dr.
9 _Jr

s=+t —9
[
ds 20t
E 1
2(s+9)
-::—Is-=2{s+9)
Alsot=1,s=-8,t=4,s=-7
4 =
So, f 5 a=[Zx2x%+9
!9'_"/tT .a_Js
-7
=I(-—5ﬁ-ﬂ]d§
o S

=[-50s - 4501n|s]] |
=[350 — 450In7] - [400 — 450In8]

=45mn%-su

Exercise 14 D

1. Find the integrals with respect to x of:

L

(d) 6xe *

(a) xe™ (b) 2xe™ (c) 4xe ?
Sl X b 1 ) =1
(e) xsin | 2x — —] (f) 2xcos (3;1: +—] (g) xsec” x (h) xsimn —x
4 4 4
2 = .
(i) 3xcos Ex () Inx (k) xln x (I x%¢
(m) x°sin 3x (n) x“cos 3x (o) x°In x (p) e*cos x
: SR | X . " ' ) PR e
(q) e'sin 2x (r) x"smn (.—'Ex + ?] (s) X'cos {31 - ;] () 2™

2. Evaluate;
i

1 3 r W
(a) | xe*dx (b) fxs'm 2x dx (c) J-xcns [1+:—:] dx
i - =

0

x x

i)



xsec? x dx © [re=a ® [sin (z: . E] a
.“ R’ 0 = 4
a3 E
0 2
| etsin x dx (h) fe‘cnst dx (i) fﬁntd:
e _, ,
_ \Eﬂlﬁegm!s with respect to x of:
e - 3
| x(x2+ 1)° (b) L4 (c) sin x (2 + cos x)°
' (Zf + l)
1
e - 1) (e) sec’ x(3 + tanxp (H ___(2"'1"1)3
3x
, X +cos x)(sin x — cos x)° (h) S :
(5 —2cos xk

following integrals, using the given substitutions:
I ’

| :-;sz1f(51+ 3) dx usingu= J5x+3 (b) f

J;dxusmgu-\(—

© _f(l-3)5(1+2)1d1usingu=x-3 (@) IJ;% dx using u=v2x—3

1 i - 3
e] dx using x =tan u f) f dx X=—tanu
: fl-l-xz & { 0+ 4x i 2
Ebaie the following integrals, using the given substitutions:
- :
(a) IIJ3I+4 dx using Vv3x+4 =u (b) Jcosx(l +sinxyFdxusingu=1+sinx
I 0
5
1 5 5
dxusing x =tan u d f dxusingx=_tanu
1+x’ > s J 25+ 9% g8

dx using v2x-3 =u.

1421#3




£
Consider the integral f — known as an improper integral.
X
|

Proceeding as usual, we have f—l— dx = [__]
g X
|

As infinity is not a real number, we cannot continue any further.

t t
: 1
To evaluate the integral, we consider J-—l— dx = [——]
- X,
1

=—l+ |

t

1 . 1 .
fl dx is then the value of —— + 1, when t — =, 1.e. when t becomes very large.
X t
1

Ast— x —~:— approaches 0.

Su,f—l;-dxzi
Ix‘-

We will therefore write J-l dx = lim i dx
g el A e
| |



the integral does not have a finite value as shown in the next example.

2 fc"" dx

1

= .
6. _1’.51”3&1 8 :[J“—_;dx

%

[ the exact value of f o Sy
=
:

= - z .
| -Z.r,::.r- f4—-.f bymmsufﬂ:e-suhsﬁmim::%sinﬂttm
L

& ]
00
Ln
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3.

(a) Evaluate to two decimal places where necessary:

x+1

z E
I 2
1) — (11) J 3sin 2x dx
of J

(b)

Y

Y

I |

The figure shows part of the curve y = sec x.
Find the volume obtained when the shaded region is rotated through 360° about the x-axis.

C is the curve given by y = sin x for values of x between 0 and x. Find:
(a) the area of the region enclosed between C and the x-axis J
(b) the volume of the solid formed by rotating this region through four right angles about the x-as
Use the trapezium rule with subdivisions at x = 3 and x = 5 to obtain an appm,umannnmf T dx,

lI«-x

your answer correct to three places of decimals.
By evaluating the integral exactly, show that the error in the approximation is about 4.1%.

Use the trapezium rule with ordinates at x = 1, x =2 and x = 3 to estimate the value of | v40-x ¢

| H

(a) Evaluate f{3cns X + 2sin 2x) dx.

5
(b)
i




12

: gure shows part of the curve y =
e region enclosed by the curve and the chord AB. €]

> and the chord AB. Find cormrect to two decimal places. the area of
X+

he diagram, P is the point of intersection of the curves y =¢™ and y = ¢**. Find the x-coordinate of P
d hence evaluate, to two decimal places:

 the area of the shaded region

) the area of the region bounded by the two curves and the y-axis.

¥}

\ y=e™
y:el‘—x
0 Sl
€]
¥y
1
""*--.___}‘:——
. 1+x
- 0 X
!
;,ﬁagmnshowsd:epmofmcgmphnfy=Lbﬂwmx:ﬂand:::l.ﬁnefummgksdrawnmder

L. 1+x
E curve are of equal width and their total area is an approximation to the area under the curve from x =0 to

3 . Calculate this approximation to the area under the curve, giving 2 significant figures in your answer.
fhen there are n rectangles of equal width under the curve between x =0 and x = 1 (instead of just 4), find
;- 2ssion for their total area. [C]

- bx + 4
i (l = ‘21)(1 + 312)

in partial fractions.

- r 6x + 4 T {8
ey that -[(l e 21)(1 P 312) P (g) Ic)
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11.

14,

15.

17.

18.

19.

20.

‘] g
(b) Show thatf — dx = (3 )
S

x —1
Find: (a) fxs'm 2x dx (b) f dx

Find: (2) fxe"" dx (b) J x%n x dx

Showthatf o S S R

| (2x—1)(x+2)

(SRR

Use the substitution u = cos x to find the exact value of | smx<Jcosx dx.

Find fxe # dx leaving your answer in terms of e.

0

(a) Evaluate fln x dx.
1

10

_r:r—:ix—f) 11

(a) Find f (x = l

x +4) (x+1)

4

5 Bvadoste f L2

X

(1) by using the substitution u = In x
(11) by using the trapezium rule with four strips. giving your answer correct to three ﬂgmﬁm

N |
Find f - dx
s (1+x)(2-x)

(b) Use the substitution x = sin” 8 to show that

i .

I-x |
f”IT = flcnsl 0 and evaluate either integral.

0 0

[aj By use of partial fractions, or otherwise, find f dx.

x"=2x-3

1 .
(b) Using the substitution z = 1 — x, or otherwise, evaluate ff[l - ‘l}- dx.

0




> NUMERICAL SOLUTIONS
OF EQUATIONS

ave considered solutions of different types of equations, linear, quadratic and cubic such as 3(x + 1) =-2(x - 3),
X+6=0,x* + 3x — 7x — 6 = 0. All the roots of these equations. i.c. the value(s) of x satisfying them can
pw consider equations other than quadratic having roots which cannot be obtained exactly,e.g. x* + 2x* —6x - 1 =0.
g trying to solve this equation, we consider the graph of y = f(x) where f is a continuous function in the interval in

y ' L
(a, fla))
(b, f(b)) 0 o o
o] I x (b, £(b))
(a, f(a))
(a) (b)

Figure 15.1

if f(a) is of opposite sign to f(b), f{a) =0 fora<a <b.
S result can be used to show that f(x) = 0 has a root in a given interval.



15.1.2 Convergency and divergency

(a) Consider the geometric sequence 1,

22
T

b | =

n—1I
]
The n™ term of the sequence U_= [EJ

As n increases U_ gets smaller and smaller and approaches 0.
The sequence is said to converge to 0.

We write : hm Un =0

n—==

(b) Next consider the geometric sequence 1,2,4,8,16,32,..........

The n™ term U_= 2™

As n increases U_ gets bigger and bigger and does not approach any value.
The sequence is said to diverge.

In this case, lim U_= infinity

ﬂﬂI

15.1.3 lterative method for solution of an eguation

Whenever it is not possible to find an exact root of an equation f(x) =0, we find a first approximation xl-.-
value of x,, we find a better approximation x, and repeat this process until the approximate root x_, co \
limit which is taken to be the root of the given equation. This method of finding the root of an equation 5k
the iterative method.



Jse of x = F(x) to solve an equation

| T we write it in the form x = F(x). There may be several ways of writing f(x) =0 in the

L
awrite 2¢° + X’ — x — 3 =0 as either x =2 + X’ ~ 3 or x = 3MT_1 or x = =V3+x-2x’

foximate root, then a better approximate root x, is given by x, = F(x, ). A still better approximate
'. , =F(x,). If x_ converges to a limit | then | is taken to be a root of the equation f(x) = 0.

ycedure may fail to converge.

R
Z}' = Fix) / y = F(x)
;- -
1
P
Q,
X, 1%, X,
o x 0 @ A B C x
(b)

Figure 152

ure 15.2(a),  is the exact root of the equation and OA = x, is the first approximate root. If OB =x, is a better
=0B=BQ, =AP=F(x).

lasly, if OC = x, is a better root, x, = OC = CR, = BQ = F(x,). Continuing the process x_
fam, it can be seen that x| converges to a.

, = F(x ). From the
W

figure 15.2(b), OA = x, is the first approximate root and OB the next approximate root,

0B=BQ, =AP=F(x)).

fbe seen that x, is further away from « than x| . In this case, the sequence of roots diverges and the method fails.



PURE MATHS FOR -

+10 10
= 3 .So.nﬂlzl’rx:—l{}m'xh =#1':

Wecanwritex=3x"-10orx = :
Using x =3x*-10
Take X, =135

X, =3x15-10=0.125

x, =3x0.125-10=-999

So, x_,, diverges as n increases and the method fails.

Using x,, =4 xn;m :

X, =15

X, =15650....

X2 +10
X, = 3

= 1.5679
x;+10
X, = 3
=1.5681....
As values of x, and x, are both 1.568to 3dp..a=1568t0 3 dp.

Show that the equation 2¢™ — 5x + 2 = 0 has a root berween 0 and 1 and use the iterationx = &

! ,';-

to find the value of this root correct to 3 places of decimals.
Solution

f(x)=2e*-5x+2

f0)=4

f(1)=-2.264
So.thereisaroota.forD<a< 1.

We reduce 2e™ — 5x + 2 to the form x = F(x).

X = %(26‘1 + 2)

We use the iteration x_ = %(21“' + 2)

Putx =035
x,=0.6426....
x, =06103....
x,=06172....
x;=06157....
x, =0.6160....

As x.and x_are both0616to3dp..a=0616t03 dp.

m -‘ :




_ X’ 2x*>—4 =0 has a root between 2 and 3. Use the iteration x_, = { 2x: +4 to obtain the value
this root correct to 2 d.p.

oW that e* — 2x — 3 = 0 has a root between 1 and 2. Use the iteration x_, = In(2x_+ 3) to obtain the value
this root correct to 2 d.p.

_'I_=_.Z._';'._;-_'.'- sin X + x — 2 =0 has a root between 1.1 and 12. Use the iteration X_, =2 —sin x_to obtain the

I
jow that In X — x + 2 = 0 has a root between 3 and 4. Use the iteration x_

f this root correct to 2 d.p.
|

=l‘n1.+ziﬂm‘ the value

how that In x = & has a root between 1 and 2. Use the iteration x__
prrect to 2 d.p.

=e"“wimxl='ltuubtainmismm

the graph of y = x*. Hence, show that the equation x*> = 2x + 3 has only one real root.
. that this root lies between 1 and 2 and obtain its value correct to 2 d.p.

Show graphically that the equation x° — 2x? + 4 = 0 has only one negative real root and two positive real
i,lﬁmﬁingthenegaﬁvemutﬁyu,ﬁ:ﬂmeintegﬁvalueofk such that k < a <—k + 1 and find @ comect
p2dp, taking —1.12 to be the first approximation.

graphically or otherwise that e* + x? — 5 = 0 has only two real roots. one positive and one negative.
Penoting the positive root by « and the negative root by B, obtain two integers kand / such thatk<a <k + 1

md /<P <!+ 1. Obtain the values of @ and of B correct to 2 d p.

T

Show that 2sin x — x + 1 = 0 has a root between >

o find out whether X, converges when:

and xr. Starting with x, as 235, use the iterationx__, =F(x )

: ®
i)F(x) = 2sin x, + 1 (b) F(x,) = sin* (i{——)

Miscellaneous Exercise 15

how that the equation x = ot aract b O 1. By using an iterative formula of the form
' 2+4x
X, = F(X), find & correct to two degimal places.

You should show clearly your sequence of approximations. [C]

) 1
Show, by means of a graphical argument, that the equation x = [0 * has exactly one real root (denoted by «)
nd determine the pair of consecutive integers between which « lies. [C]

ST TR = -
el P
[ - e:..':@... "
- = — o —23 e e ey - -




1
,=10e ¢ " can be used to find @. Starting with the nearest integer abow
out four applications of this iteration and state the number of significant figures to which o hasbe

The iterative formula X

mined as a result of these calculations.

"

A new logo design is in the form of a sector OAB of a circle of radius R and angle 28 radians where €
The logo includes a circle of radius r inscribed in the sector in such a way that it touches OA &

the arc AB (see diagram).

Show that R = r(l + —L)
sinB

It is required that the area of the circle must be half the area of the sector. Show that 6 =2x : '

It is given that this equation has a solution 8 = a, where 02 <a <03.
: : s  sinf ) :
Starting with ® =03 the iteration 8, =2x | ——— |, gives 6, = 0327, 8, = 0371, approxims
i 1+sinf, 4 '

Comment on the suitability of this iteration as a means of finding c.

>

3 . . 1ia 1
] to obtain B = s8N | ——
2%

Ve

sin B

Rearrange the equation 6 = 2x ( :
1+smb

i
1

Use an iterative method based on this rearranged equation, starting with 8, = 0.25, 1o find 6, and

your answers correct to 3 decimal places.



e

A 0 C
i diagram shows a semicircle ABC on AC as diameter. The mid-point of AC is O and angle AOB = 6 radi-
 Wher 0{3-:-;—::.Tbeareaufdlesegmemsl bounded by the chord BC is twice the area of the seg-
a1, bounded by the chord AB. Show that 36 = x + sin 6.

mve formula 8 = — (n: +sin @), together with a suitable starting value, to find correct to three-
nificant figures. You should show the value ﬂfeach approximation you calculate. [C]

;[:c"dx.
x -
e vl d'Xlssuchﬁlatfxe dx = 0.9. Find an equation for X and show that it may be written in the form

ﬂﬂ-l- 10X). Use the iteration X_ = In (10 + 10X), with initial approximation X, = 4, to find the
e of X correct to three significant figures. You should show the value of each approximation that you

€]




> VECTORS 2

dlhew-ghe-pol-ilwﬁhpuﬂh-m-
to a vector b

fiesian equation of a line gives the relation between the coordinates of
e gives the position vector of any point on the line.

- with position vector r on the line through A, we have
=t where t is a real parameter

=a+th .

A

any point on the line. A vector equation

.1.2 Equation of line through 2 points A and B

grany point R on the line AR =tAB
r-a =tb-a)
r =a+tib-a)



Note: It is immaterial whether A is taken to be (1,2, 3) or (3, 0,-2).
If A is taken to be (3,0,-2), B(1,-2, 3)
Equation of line is r = 3i + 0j — 2k + t(—2i — 2j + 5k)
=(3-20i-2tj+ (-2 + 50k
The equations look different but they are not as can be checked by giving different values to t in each

= 2 in the first equation and t = —1 in the second.

For these different values of t. we have r = 5i + 2j — 7k in both cases.

16.1.3 Intersection of lines

In two dimensions, two lines always intersect unless they are parallel. In three dimensions, two line

intersect even if they are not parallel.
Two non—parallel lines which do not intersect are called skew lines.

Consider the lines |1 and m with equations
r=(1-20i+(3+2)j+(4-3tk
r=(1+28)i+(2-3s)+(3+29)k

To find whether or not they intersect, we solve their equations.

If they intersect 1-2t=1+2s (1)
3+2t=2-3s (2)
4-3t=3+2s (3)

We note that we have 3 equations in 2 unknowns. These have solutions only if they are consistent,
satisfied by the same value of t and of s.

(1) +(2) give 4 = 3

s =-1

Substituting in (2),3+2t=2+3
%=2

t=1




check whether s = —1 and t = 1 obtained by solving equations (1) & (2) satisfy equation (3).
:;._' ~3t=1

=1 3425=3-2=1

: mnns are consistent and the lines intersect at the point with position vectorr =—i+ 5j+ k,ie.at (-1, 5, 1).

_ avmc:quanon for the straight line passing through: :

,—2,-3) (b) O and the point B(2,-1,-5)
.;f- (d) C(-1,2,-4) and D(0,-2, 1)

e) E(3,-5, 1) and F(-5, 1,2) () A, parallel to the vector —i + j+ k
g B, parallel to the vector 2i - j : (h) C. parallel to the vector 3i— 5k
(i) A, parallel to BC () C, parallel to DE
;.-%E;Pﬂﬂhl'tﬂﬂ' ' () F. parallel to AB

Find the coordinates of the point of intersection, if any, of the following pairs of fines:
@r=(1-20i+@+0j+(1-3kandr=si+(1-s)j+(s- 3k

(B) r=(2+30i + (-3 + 20§ + (5~ Dk and r = (1 + 4s)i + (s — 2)j + 4sk

§) r=(1+20i+(2-30j+(5— 20k and r = (6 — s)i — 4sj + (2 — )k ,
@) r=(5-30i+(2+30j+(5-vkandr=(-1+3s)i+(12-25)j+ (3 + 9k

&) r=(1+0i+(2-505+ (1 - Stﬁudra(l——:ﬁ*(l +3)j+3-29k




€ B
O, A
3 C
3 B
0 4 A
Figure 16.1

The diagram shows a cuboid with OA = 4 units, OC = 3 units and OO, = 3“.0&..
mutually perpendicular and OABC, O A B,C, are rectangles.

Taking OA. OC and OO, to represent the positive directions of the x—axis, y—axis and
find the coordinates of all the vertices of the cuboid. 2
Find the vector equations of the lines OB, and AC,. Do these lines intersect? If so, find the &
the point of intersection. ;

In the last section, we obtained vector equations of lines through 2 points or through a point paraliehi
vector. Given the vector equation of a line, we may find the coordinates of points on the line and the di
the line.
Thus, the equationr=(1 +20i+ (3 —-40)j+(2+3t)kcanbe rewritten asr=i+3j+ 2k + 2i-4j+3
It therefore represents a straight line through (1, 3, 2) parallel to the vector 2i — 4j + 3k. By gmi g
values to the parameter t, we can obtain different points on the line. Thus, if t = 1, we have the pomt{ ;
the line.

By considering the vector equations of two lines, we may find out whether or not they are parallel.



$.2.2 Angle between two lines

a.b
il that the angle B between two vectors a and b is given by cos 6 = | al|b To find the angle between two

I'Etllerefure find the angle between the vectors in the directions of the hnev.

Find out which of the following pairs of straight lines are parallel. If they are not parallel, find out if they
ew or whether they intersect. If they are neither parallel nor skew, find the coordinates of their point

of inte: section:

r=(1-20i+(-1+0j+(1-3kandr=(-1 +4s)i+ (1 - 25)j + (-1 —6s)k

f r=(1-30i+ (=1 + 50 + (-1 - 30k and r = (2 + 6s)i + (1 — 108)j + (1 + 65)k

(©) £= (-1 — 40 + (1 — 50§ + (-1 — 30k and r = (2 108)i + (4 — 15s)j + (=3 + 59k

(@ r=(1-20i+3+0j+(1-20kand r = (2 + )i + (1 - 28)j + (3 - 25k =

@) r=02+30i + (1 - 20§+ (3 —4Dk andr= (1 - 6 + 3+ 69§+ (5 + S5k

() r=(1-40i+ (2 +0j+ (1 —Okand r = (2 + 35)i + sj + 2sk

(@ r=(6+3i+Q2-30j+G-vkandr=(6+9s)i+(4-9)j+(1-39)k

h) l"=-(l-—l)i+(2—-5t)j+{——2+3t)tandr=—3a‘+73j+_{s-3)k.

| __,th:anglr: between each of the following pairs of lines:

j_@ Bo (1 4200+ (<1 — 30§+ (1 - OF and r =1 =sR + C2 + 2+ L3 70k
() r=(-1-Di+(1-30j+(-1+20kandr=(1+25)i+ (-1 -s)j+(4+ 29k
iﬂ) r=(1+9i+(1+40j+ (-1 -8kandr=(1-3s)i+(1-25)j+(-1-sk
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(d) r=(1-0i+2+0)j+B-2)kandr=(3+25)i+ (1 +s)j+(4-5k

@ r=2+3i+(1-20)j+(S+kandr=(1-28)i+(3+s)j+(1-3s5)k
Hr=2-vi+(1-j+CB+dkandr=(-1-5)i+(3-4s)j+(-2+3)k

(g r=CG+20i+(1-20)j+@-vkandr=(-2+25s)i+ (-1 -s)j+ (-1 +255)k

A line is perpendicular to a plane if it is perpendicular to all lines in the plane. A vector is normal to 2
is perpendicular to any vector in the plane.

———

Proof:

b

/_/__.’3-—’/

Figure 162

Consider two non—parallel vectors a and b in the plane. Any vector r in the plane can be wniten as 58
s and t are parameters.

it

r=sa+tbh
To show n is perpendicular to the plane, we show n is perpendiculartor.
n.r=n.(sa+tbh)
=n.sa+n.th
=s(n.a)+tn.b)
=s x 0+t x 0 (n is perpendicular to a and b)
=0
So, n is perpendicular to r.



ke, is normal to the plane.
find 2 vector normal to a plane, it is therefore sufficient to consider only two non—parallel vectors in the plane.




Consider a fixed point A and a general point R in a plane. If m is a normal vector to the plane, nis§
to AR.
Hence,n.AR =0
n.(r-a) =0
This equation is the equation of the plane. This can be rewrittenasm.r=mn.a.

a

If |®| is a vector normal to plane, R is the general point (x, y. z) and A is a fixed point (x, ¥ .Z)
i

-
a X a X,
bl |y|=12|. |V
c Z Z,

ax + by + cz = ax, + by, + ¢z,
=k (say)
ax+by+cz—-k=0orax+by+cz+d=0

This is the cartesian equation of the plane.

TG |
——
L

3\

It also follows that if the cartesian equation of a plane is ax + by + ¢z +d =0, a vector nor




jUse of r . n = @ . n to find the cartesian equation of a plane
containing three non—collinear points.

jod is illustrated in the following example:




Find a normal vector to each of the planes containing the three given points and hence obtail the

16.4.1 Condition for a line to lie in a plane

We know from previous work that the equation of a plane can be written asn . r=d. For the liner=a+
entirely in the plane, n . (a + tb) = d for all values of 1.
Note thatn.b=0

equation of each plane:
(a) (1,1,1),(3,2,4)and (-2, 3,0) (b) (0,1,0),(3,1,3)and (3,-1,2) _
© Q,0,-1),(3,-1,3) and {-1,2,-7) @ (1,-2.2). (3.0, 6) and (2,-3,~

(E} (-1- 310)1: (Zr"‘ﬂ'r l} 8]]:1 (U,ﬂ. -2)
Show that i — j + 2k is perpendicular to the plane containing the points (1,0, 1), (-1,2.3)
Show also that (2, 7, 4) lies in this plane. %

-1

A plane is normal to the vector 2 | and contains the point (2, 1,0). Find its cartesian &
-5

=t

Write down the cartesian equation of the plane throigh the origin having normal vector 2i—j+1
equation of the plane through the point (1, -2, 3) parallel to this plane.

Write down the cartesian equation of the plane through (-1, 1, 2) parallel to the plane 2x + ¥y +2

Find the cartesian equation of the plane through (-1, 1, 2) and (2, 0, 1) perpendicular to the pia
x+y—2z=1.

A

Figure 16.4



Condition for a line to be parallel to a plane

r=a+th

Figure 165

I—‘]lIl’.:lS parallel to a plane, then the normal vector to the plane must be perpendicular to the direction vector of
the line. If the normal vector to the plane is n and the line has equationr=a+th,n.b=0.




16.4.3 Intersection of a line and a plane

If a line is not parallel to a plane or it does not lie in the plane it intersects the plane at a point. The &
of the point are obtained by solving their equations.

16.4.4 Intersection of 2 planes

Unless they are parallel, two planes intersect in a line. To find the equation of this line, we choose two

the line.
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theplanesx +y+z=5and 2x -y + 22 =4. Any point on the line satisfies both equations.
olve the 2 equations
kty+2 =5 (1)

y+2 =4 )
g (1) & (2) 3x + 32 = 9
X=3-z

Blituting in (1)3 -z +y +2z=>5

y=2

gy point in both planes has coordinates (3 —t, 2, t) where t is a parameter.
Weputt=0andt = 1, say we have two points (3, 2,0) and (2. 2. 1
nersection of the planes.

—1

Ihe line has direction vector and its equation is:

I
=0i+2j+0k) +t(=i+0j + k)
=(3-1)i+2j + k.

L G .

mhmwhedmrthegwenhmmpmaﬂelmthegwenplm lies entirely in the plane or intersects
1e at a point. In the latter case, find the coordinates of the point of intersection.

2
;r'ﬂ?'_j['eﬁmr=(l+2t}i+{2~t}j+[3-t}kandtheplm 1|.r=7
k- -3
_ 2
(b) The line r= (1 - 30)i + (3-21)j + (2 40k and the plane | 1 |.r=5
' P
2
The line r = (i + j + 2k) + t(~2i + j — 7k) and the plane | 3| .r =3
=

{d) The line r = (2 + V)i + (=1 + 20)j + 2tk and the plane 3x -y~ z =6

(€) The line r = (1 + i + (=1 — 20)j + (1 + Dk and the plane 2x + y—z =1
() The line r = (i + j + k) + t(=i + j + k) and the plane x + 2y 2= 5

(g The line r = (2§ - 2j — 2k) + t(i + j + k) and the plane 3x + 2y +z=0
(h) Tlle]iner=(ivj—k}+t[—25+j—k}andtheplahe21+y—z= 1.

) which lie in both planes. hence on the line
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2. Find in each case, the equation of the line of intersection of the two given planes:
() x+y+z—-1=0 and 2x+y-2z-3=0
(b) x-2y-z+1=0 and 2x-y+z-1=0
(c) 2x+y-z-1=0 and x-y-z+2=0
(d x-2y-z-3=0 and 3x-y-22-1=0

To find the length of the perpendicular from a point to a line, we find the coordinates of the foot of the pemes
from the point to the line. :
Consider the line with equation r = 2i — j + Kk + t(i — j — k). Any point on the line has coordinates (2 +1,-1

\P(1,-1,2)
\

Q2+t,—1-t,1-1)

Figure 16.6

To find the length of the perpendicular from the point P(1, -1, 2) to the line, we find PQ).
PQ=q-p
=(1+0i+-tj+(-1-Dk.
As PQ is perpendicular to the line,
PQ.(i-j-k)=0
l+t+t+1+t=0

3t ==2
2
I = ——
3
PQ = is=j-—k
SIS it "

PQ|




5.2 Coordinates of the foot of the perpendicular from a point to o plane
2

ider the plane with equation 2x + 3y + 4z — 5 = 0. A normal vector to the plane is | 3 |.
4

)
is the point (~1, 2, 1) and Q is the foot of the perpendicular from P to the plane, PQ =1 3|.
I

4

2t
p= |}
4t




As Q lies in the plane, 2(-1 +20) + 3(2 +3D) + 41 +4)-5=0

29t=-3
3

= ——

29

29

L
\ 29 )

35 49 17
_E'E'ﬁ]

)=

16.5.3 Length of perpendicular from a point to o plane

[f the foot of the perpendicular is Q, then PQ = kn where n is the normal vector.

So.q-p =kn
q=p+kn
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Figure 16.8




._'_5'-* lies in the [J'lBDE ax + b} +cz+d=0
MK +ka) + b(y, +kb) +c(z, +ke) +d =0

* (ax +by, +cz +d)
D g4V +C

[P =] n

=h+byi+czlm+dl><\/a:+b“+c:

> ]
a+b +c¢

_|ax,+byl+cz1 +d|

Jai + b2 + &

-'-'.~—"-' d the coordinates of the foot of the perpendicular from the point (1.—-1. 2) to the line with equation
ﬂ -k + t(i - j + 2k).
Deduce the length of the perpendicular.

Find the coordinates of the foot of the perpendicular from the point (0. 1,~1) to the line with equation
Q2+i+(1-0j+ (1 +0k . - '
| Deduce the length of the perpendicular.

N

8 Find the length of the perpendicular from: .
@) (1,1, 1) to the line with equation r = (1 + D + (2 + 20j + (-1 - vk

(b) (0,1, 1) to the line through the points A(1. 2,0) and B(2.-1,1)

{¢) (-1,1,2) to the line with equation r =i + j +k + (i — j - 2K)

(d) (3,-1, 1) to the line with equation r = (1 —Di + (2 + 1)j + (1 - 20k

(1,2,0) to the line with equationr = (-1 - i+ j+ (1 + Dk.



4. Find the coordinates of the foot of the perpendicular from:
(a) (1,-1,1)totheplane2x +y—-2z-2=0
(b) (-1, 2,0) to the plane 3x — 4y — 12z = 158
(c) (-1,0,1)tothe plane x + Sy —7z=7
f2
(d) (2,-1,1) to the plane |-2| .r =21
\ 3

(1)
L 4

(e) (-1,2,0) to the plane | 1| .r=35.
2

el

5. Find the length of the perpendicular from the given point to the given plane leaving your ans

where necessary:

(a) (1,2, 1)tothe plane 3x —y+2z—-13=0
(b) (2,-1, 1) to the plane x + 2y —z = 11
(¢) (=1,1,2)to the plane 3x + 4y — 2z =84
(1

(d) 2,-1,1)tothe plane | 2 |.r=3

k=1

(3

(e) (-1,2,3)totheplane | |.T=7

4

\

Figure 16.9

The angle between a line AB and a plane is the angle between the line and its projection A'B’ on the pi

angle between line through A and B and the plane shown is either (90 — 8) for acute angle 8, where B 518

between AB and the normal vector; or (6 — 90°) for obtuse angle 6.







16.6.2 Angle between 2 planes

Figure 16.10

Unless they are parallel, two planes meet in a line. Consider two planes meeting in a line AB. The ang
the two planes is then the angle between 2 perpendiculars to AB, one in each plane.
In the given diagram, the angle is either ZEBC or £ZFAD. This 1s the same as the angle between the
the two given planes.
To find the angle between two planes, we therefore find the angle between the normals to the two pla




1 =3

IJ given by:
(—1

Btired angle is the angle 6 between | 1 | and

. .I._r..

2
4 3—142
J1+1+4J9+1+1
4

Vil

§=605 (to 1 dp)

find the angle between:

{a) the vector i — j — k and the plane 2x -y -z + 3 =0.

P l

2 (b) the vector 2i + j + k and the plane | -2 |.r=3.

| 1

¢) the line through the points (1,-1,2),(2,0, 1) and the plane x + 2y + z=3.

(d) the line through the points (-1, 2, 1), (-3,~1,0) and the plane 2x +y +z =5.

')ﬂl‘:limwithequatiunr:(l—21}i+{2—3t}j+(-l—t)kandtheplanex+2y—z=3.

|(f) the line with equationr=(1 +30)i+(-1-20)j+(-1-3t)kand the plane 2x —y -z = 1.

I . i'_l"l fg‘!
(g) the line with equationr=| 1 [+t| 8 and the plane x -y - 2z= 1.

-1) \15)

| (1% 8]

(h) the line with equation r = [~1| +t{15| and the plane x + y + z=2.

-1 5.121

:J' Find the angles between the following pairs of planes:
‘(@) 2x-y-z=1 and x+y+z=3

‘() 3x+2y-z=-3 and x-y-22=5

" (¢) x-2y-32+1=0 and 2x +y—-2z-4=0

B 1 2
(@ |-1].r=3and| 1 |[.r=1
2 3
A 2




Miscellaneous Exercise 186

The points A, B, C, D have position vectors given by

a=i+k, b=i+2j+2k, e¢=-2i—-2j+3k. d=2i+k

respectively. Find:

(i) a unit vector perpendicular to the plane ABC

(ii) the length of the perpendicular from D to the plane ABC

(iii) the cosine of the angle between the line AD and the perpendicular to the plane ABC.

A pyramid has a square base OABC and vertex V. The position vectors of A, B, C. V referred o O
are givenby OA=2i,0B=2i+2j,0C=2j,0V=i+j+3k
(i) Express AV in terms of i, j and k.

(ii) Using scalar products, or otherwise, find a vector x which is perpendicular to both OV and \3
(ii1) Calculate the angle between the vector x, found in (i1), and VB, giving your answer to the

degree.
(iv) Write down the acute angle between VB and the plane OVA.

4\ [6 0 -1
The point O is the origin and points A, B, C and D have position vectors | 3 |,|1],| 9 |and| T | e
4)12) |-6 ]

Prove that:
(a) the triangle OAB is isosceles
(b) D lies in the plane OAB
(c) CD is perpendicular to the plane OAB
(d) AC is inclined at angle of 60° to the plane OAB.
|
The planes n, and n, have equations 3x — y —z = 2 and x + 5y + z = 14 respectively. Show that i
(1, 3,-2) lies in both planes. By finding the coordinates of another point lying in both planes, or ofhe
1 1
show that the line of intersection, [, of &, and n has equationr=| 3 | +t/-1|.
-2 3
Wt |
The line /, has equationr = |0 | +5/ 3.
8 -1
(a) Show that /, and /, are perpendicular.

(b) Find the coordinates of the point of intersection, P.of [, and x .

20
(c) Show that the perpendicular distance of P from =, is —.

33
The position vectors of A and B relative to the origin O, are i + 2j + 3k and 3i + 4j + 5k respectivel
point C is given by OC = 20A. Find: |
(a) the length OC
(b) cos ZAOB
(c) a vector equation of the line through A and B.

e oy oy = e
$ TS e



anes x, and 7, have equations 3x -4y + 12z=13and r. |0 | = 1 respectively.

2
3
E 1 0 3
[he line / has equation r =| 7 | + A{ 8 |, and the point A has position vector | 6 |.
: 2) =\2 4

4) Calculate, to the nearest one tenth of a degree, the acute angle between the planes x, and =
I | Calculate the shortest distance from A to the plane = .
¢) Find the position vectors of the two points in which / meets the planes n, and =,

(d) Find an equation of the plane containing the line / and the point A. [C]
. 8Y .5

The point A has coordinates (3, -1, 5) and the line  has equationr=| 0 |+ | 1 |. Find the coordinates of

3 -1 4

the point B on / such that AB is perpendicular to /.

eq
3

i

'Find the coordinates of the point C where / intersects x. Find a vector perpendicular to the plane ABC.
‘Hence, show that the angle between xt and the plane ABC is 68°, correct to the nearest degree. [C]

3

1
The points P and Q have position vectors | 2 | and | 3 | respectively, referred to the origin O.
3 5

[l) Find the position vector of the point where the line PQ meets the plane z =0.
' (b) Find the equation of the plane through P normal to PQ.

' {¢) Find the angle OPQ, giving your answer to the nearest 0.1°.

B

]
" (d) Find the values of a, b, c such that the equation of the plane OPQisr.|2a|=c. [C]
3 1 0

. Two planes P, and P, have equationsr.| 2 |=4andr.|1|= 1, respectively.

-3 1
 (a) Find the acute angle between P, and P,, giving your answer to the nearest 0.1°.
(b) Find the position vector of the foot of the perpendicular from the origim O to P,.
-2 4
(c) The line / passes through the point P with position vector | 0 | and is parallel to | 1 |. Verify that [ lies
2

=2
in P, and find the position vector of the point where / meets P,.

(d) Find the length of the projection of OP to /. [C]

I




10. The points P and Q have coordinates (1. 6, 1) and (4, 0, —8) respectively. Find an equation, in el

11.

r = a + tb, for the straight line through P and Q.

I

The line I, which passes through the origin, has equationr =s
—1

Write down three equations which must be satisfied by the real parameters s and t if the lines / and

sect. Find the values of s and t satisfying the three equations, and hence find the coordinates of the

intersection of the two lines.

0 5
The line m has equationr = | I | + u|a | where u is a real parameter and a is a constant. Find
I 5

value of a for which the angle between / and m 1s 60°.

R S
\ '\
\ R
TS RN [ BN\ C
U /
AI | Br
2m
PR ety et R SR C
|
A 3m B

The diagram shows a garden shed with horizontal rectangular base ABCD where AB =3 m. BC=
vertical walls. There are two rectangular walls, ABB'A’ and DCC'D', where AA'=BB'=CC' =Dl
The roof consists of the planes A'B' SR and C'D’' RS, where RS is horizontal. Each section of the
inclined at an angle 6 to the horizontal, where tan 6 = ; The point A is taken as origin and vecio
each of length 1 m, are taken along AB. AD, AA' respectively.
(a) Verify that the plane with equation r . (22i + 33j — 12k) = 66 passes through B, D and §.
(b) Find the perpendicular distance, in metres, from A to the plane BDS. Give three significant
your answer. 1
(c) Find a vector equation of the straight line A'S.
(d) Show that the perpendicular distance from C to the straight line A'S is 291 m, comect §

significant figures.

Ca T RN . e -

g e = - ol Y
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r'___:plmmpmﬁon3x+2y—z+I={]andmelinefhasequaliunr= -3 |+s{ 2 |. Show that [ lies in p.

7} \1,

\ 0y 1

]

The line m has vector equation r = |JO | + t| 3 | and m intersects p at the point A. Find the coordinates of A.
7 2

‘Write down the cartesian equation of the plane passing through A and perpendicular to /.
| -j1:__ the plane intersects /, or otherwise, find the vector equation for the line through A which
2 lies in p and is perpendicular to 1.

l = »w - - - - = . . -
) The points A and B have position vectors 2i + 3 and i + j respectively, relative to the origin O. The point

& Plies on OA produced and is such that OP = 20A: Q lies on OB produced and is such that OQ = 30B. Find
the vector equations of the lines AQ and BP and find also the position vector of the point of intersection of

 The point Z has position vector k relative to O. Show that the cosine of the acute angle between ZA and ZB

hﬁ and find the area of the triangle ZAB, giving your answer in surd form. [C]

-:‘Hanesnlandnzhave equations x — 2y + 3z =0 and 3x + y + 2z = 0 respectively.
(a) Show that the acute angle between mt, and =, is 60°.
' (b) Show that the point P, with coordinates (7.2, —1) lies in x,. Find the perpendicular distance of P from xt..

" (¢) Deduce, or find otherwise, the perpendicular distance from P to the line of intersection of =, and x..
' [C]




d d d
s of the type x —} +y=0,2 e o 3 ﬂ—" + y =0 are known as differential equations. All differential equa-
X X
dy d’y
pontain a differential coefficient such as —, —, etc.
dx’ dx’

_'f: y =0, the highest derivative present is the 1st derivative. It is called a first order differential equation.

&y

3 —+y=
R & ir

der differential equation.

0, the highest derivative present is the second derivative. It is therefore called a second

7.1.2 Solution of a first order differential equation using the
method of separation of variables

isafunctinn of x,ie. f(x),y = If{x) dx and so y can be obtained by 