The Normal Distribution

One of the most common distributions across all of statistics, and industry, is the normal distribution, and we describe the
normal distribution using 2 parameters, the Mean () & Standard Deviation (o).
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The Mean value is a measure of the central tendency of the distribution & often exists at the peak & centerline of the
distribution.

The standard deviation is a measure of the variation or spread associated with the distribution. The shape of the curve is
governed mostly by the standard deviation.

The smaller the standard deviation the more data is centered around the mean. When the standard deviation gets bigger,
the tails get longer and the data is more dispersed.

This normal distribution is going to be used throughout the CQT body of knowledge, and throughout statistics. This
includes probability, control charts, six sigma and confidence intervals to name a few

The Z-Transformation of the Normal Distribution
Similar to other probability distributions, the area under the normal curve represents the probability of occurrence of X.

To more quickly calculate the area under the normal distribution curve statisticians have given us the Z-transformation,
along with the Z-tables.

To perform the Z-transformation, you can use the following equation. This will transform your random variable X, into a
Z-value based on the distributions mean & standard deviation.
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Once we have the Z-score for any random variable (X). we can translate that into a probability of occurrence, using the
table below.

For example, what’s shown in the image below is Z = -2.0. Now what is the probability of a Z-score of 2.0?

We can use the table for that. You can see that for a Z-score of 2.00, the area under the normal distribution curve is equal
to 47.725%, and you can see that graphically in the image.

If you happen to have a Z-score of -1.0, you would capture 34.134% of the distribution.
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The Z-Transformation of the Normal Distribution

47 725% of the
Distribution
(0.47725)

-2.0

Area under the Normal Curve from 0 to X

x 0.00 0.01 0.0Z 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 000000 | ooo33as | ooovss | oomar | ootsss | oommsd | oozssz | oozrao | oosss | oossss
0.1 0.03353 | 004380 | 004776 | 00572 | 00557 | 005962 | 006356 | 006743 | 00742 | 007535
0.2 0.07326 | 0.08317 | 0.08706 | 009095 | 0o0%4ss | o0ssT | 010257 | 010842 | oomozs | 01409
0.3 0173 | 042172 | 042552 | 042930 | 043307 | 043683 | 014058 | 0od43 | o4E03 | 015173
0.4 015542 | 015310 | 06276 | 016640 | 017003 | 017364 | 0724 | 04s08z | 048433 | 018793
0.5 019146 | 019497 | 013847 | 020134 | 020540 | 0.20884 | 021226 | 021566 | 021904 | 0022240
0.6 022575 | 022907 | 023237 | 023ses | 023891 | 0zdzis | 024537 | 024857 | 025175 | 025490
0.7 025804 | 02615 | 026424 | 0.26730 | o.zvoss | 027337 | 027837 | 027335 | 028230 | 028524
0.8 02551 | 029103 | 029389 | 029673 | 023955 | 030234 | 0305 | 030785 | 03057 | 0317
0.9 031534 | 031853 | 032121 | 032381 | 032639 | 032894 | 03367 | 033395 | 033646 | 033891
1.0 034134 | 034375 | 03469 | 034843 | 035083 | 03531 | 035543 | 035763 | 0.35393 | 03821
1.1 0.36433 | 038650 | 036864 | 037076 | 05vees | 037493 | 037895 | 037300 | o300 | 038298
12 035435 | 038656 | 038877 | 033085 | 039251 | 039435 | 039517 | 039796 | 039973 | 04017
1.3 040320 | 040430 | 040855 | 040524 | 040355 | 04149 | 041309 | 041466 | 041621 | 0.41774
1.4 041924 | 042073 | 042220 | 042364 | 042507 | 042647 | 042785 | 042927 | 043056 | 0.43189
15 043319 | 043445 | 043574 | 043699 | 043822 | 043943 | 044062 | 044173 | 0.44295 | 044408
16 044520 | 044630 | 044738 | 044845 | 044950 | 045053 | 045154 | 045254 | 045352 | 0.45443
17 045543 | 045637 | 045728 | 045318 | 045307 | 045994 | 046080 | 046164 | 046245 | 048327
1.8 045407 | 046485 | D4ES62 | 046635 | 045712 | 046754 | 046856 | 046326 | 046335 | 047062
1.9 047128 | 047193 | 047257 | 047320 | 047381 | 047441 | 047500 | 0.47553 | 047515 | 047570
2.0 047725 | 047778 | D47a: | n4vese | 04vIasz | 047952 | 048030 | 048077 | 048124 | 048183
21 045214 | 045257 | 048300 | 048341 | 048382 | 048422 | 048461 | 0.48500 | 0.48537 | 048574
2.2 045570 | 048845 | 048679 | 048713 | 048745 | 045776 | 048309 | 048840 | 048570 | 048839
2.3 045925 | 048356 | 048953 | 049010 | 049036 | 049061 | 049086 | 04311 | 043134 | 0.49158
2.4 043150 | 049202 | 049224 | 043245 | 049266 | 049286 | 049305 | 043524 | 049343 | 0.49361
25 043373 | 049396 | 043413 | 043930 | 049446 | 043461 | 049477 | 043492 | 0.49508 | 0.45520
2.6 049534 | 049547 | 043560 | 043573 | 049585 | 049535 | 049803 | 049621 | 049632 | 0.49643
2.7 0439653 | 049664 | 0.49674 | 043683 | 049533 | 049702 | 04971 | 049720 | 049728 | 049736
2.8 043744 | 049752 | 049760 | 043767 | 049774 | 043781 | 043785 | 049795 | 043801 | 043807
2.9 043513 | 049513 | 049825 | 049831 | 049836 | 049341 | 099346 | 043851 | 0.49856 | 0.49861
3.0 0435365 | 049369 | 049874 | 043575 | 049382 | 049855 | 049883 | 049395 | 049336 | 0.43900
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The Z-Transformation of the Normal Distribution - Example

For example, let's say you've got a variable X (Grades on the CQE Exam) that follows the normal distribution with a mean
value 1 = 82 and a standard deviation 0 = 6. The Z-score for an exam grade of 70 can be calculated as:

_70-82

-2.0
6

We can interpret this result by saying that the exam score of 70 is 2.0 standard deviations below the mean. If you wanted
to calculate the proportion of the population which scored less than 70% on the exam, it would look like the gray shaded
area below on the distribution:

-2.0 0 z

Notice this distribution is not a reflection of the exam score (centered at z=0), but it's a reflection of the transformed z-
score associated with the exam. We can then use the Z-score tables to answer any probability question associated with
this value without having to use a calculator.

Z-Transformation Example
For example, the graph above shows all exam scores less than z = -2.0; however, you could also use the z-table to find the
probability of a Z-score between -2 and 0, which graphically looks like this:

-2.0 0 z

Once you've performed the Z-transformation, you can now calculate the probability associated with your Z-value using
the table below. This Probability Table can be used to take your Z-value and convert it into the probability. This table is
potentially different from other Z-Probability tables in that it only provides the probability of positive Z values.

Recall though that the Z-value is symmetric around the mean value, so if you were looking for the probability from -2.00
to 0, it would be the same probability as that from 0 to +2.00.
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