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v Resultants of force systems
v Equivalent force systems

v Equilibrium of rigid bodies
v Frames and trusses

v Centroid of area

v Area moments of inertia

v Static friction (FE Reference)
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2-D EQUILIBRIUM STATE
There are 3 conditions that must be satisfied for static equilibrium:

ZFx:O ZFy:O ZM:O

Horizontal forces Vertical forces Moment

CASES

1. Structures at rest
2. Object with a constant velocity
3. Stable structures

FORCE SYSTEMS
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Resultant force (F) is vector representation of three-dimensional force.
F:in+ij+FZk

The component of forces can be found by using the cosines of angle

with respect to the corresponding axis: ;
F, = F COSO, ANE T
T ~=~, line of action
F = F cos@ i 7| offorce F
y y R i + |
| \ e T
F = F coso, = F
| = -y
A F | /
~t 2 2 2 £ ,
F=JF2+F?+F, Y i L

FORCE SYSTEMS
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MOMENT — a force that rotates, turns, or twists an object. Also
the cross product of the radius vector r and for vector F:
M=rxF
A point (O) on an object experiences a moment whenever there is a
force applied to it at a distance, but can be zero if the force passes

through the point. Two forces that are equal in magnitude, opposite
in direction, and parallel to each other is called a couple.

SYSTEMS OF FORCES

F:ZFn
M:Z(rann) /0"’

FORCE SYSTEMS
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For static Equilibrium: » F=0 > M =0

Support reactions (force and moment) resist translation or rotation.

roller
Rv /
| angle
Ry fixed support

EQUILIBRIUM OF FORCE SYSTEMS
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EXAMPLE #1

Three ropes are connected each other to hold a box in the equilibrium
state. If the weight of the box is 70 Ib, find the internal forces I, and 1,

/,

AN T

4 / SN

60Nt/ = "
7
V70 Ib
70 Ib Solution: Y F, -0 Y F =0

I,sin60°-70=0 I,cos60°—-T7, =0
T. - 80.83 Ib T, = 40.41 Ib

FORCE SYSTEMS
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TRUSS : set of pin-connected axial members.

A stable truss consists of a system of triangular structural cells.

Truss Assumptions:

- The connection between the members are pinned

- All forces and reactions are applied at connection points

- All truss members only have axial forces (compression or tension)

Methods to solve member forces: joint /\ufrper chords
1.Method of joints ™
2.Method of sections end post

YFED >M=0

panel web lower chord
length members

TRUSSES
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EXAMPLE #2

Determine the force in member BD shown below.
B. - > 30 kips

C 10ft E|

¥ 50 kips

TRUSSES
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EXAMPLE #2

10ft/ E|  10ft

| ¥ 50 kips
Solution: Using Method of Sections
>M, =0 (cut vertically as shown above)

R (30 ft)~50(20 ft)-80(8 ft)=0  2.Mc =0 (right)
R, = 54.667 kips(1) Ta» (8 ft)—80(8 ft) - 50(10 ft)+ R, (20 ft) =0
T, =5.8325 kips (tension)

TRUSSES
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Centroid of an area is the arithmetic mean location or geometric center
of the area of a body. For a homogeneous body, it is the same as the

Center Of graVIty: (First Moment of Area)
centroid coordinate in

> (x,a,) "= X-component

Nt

4 : A - CENtroid coordinate in
> (v,a,) Y-component
Y = .

where A=) a, == total area

O
CENTROID OF AREA
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Moment of Iinertia (I) or second moment of area is defined as:
I, = [y’dA I, = [ x*dA

3y

Polar moment of inertia (J) is defined as

the sum of themoments of inertia about any
2 perpendicular axes in the area and passing
through the same point.

L=t=l +1 =2 +y)dA

Radius of gyration (r) is the distance from a reference axis at which all
of the area can be considered to be concentrated to produce the moment

of inertia. r. = \/Ix/A s \/Iy/A r, = \/]/A

MOMENT OF INERTIA
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List of BasicC

Shapes

Fizure Area & Centroid Area Moment of Inertia (Radius of E}Taﬁnn}! Product of Inertia
I, =bi'136 rl =h"/18
A= bh2 ' - " T,
L= s I =bhi36 r, =b/18 I, = Abh/36=b"h"/72
o | 2 = R I, = Abh/4=b’h%/s
o= 3 I = BKN2 g k:';f r_~ j4=b"h"
I = b ry =b7)2
[, =hh/36 X =h*/18
A = bh2 i 2 24 f 23 2 fn
. ! —b3 36 r, =b"/18 [, , =—Abh/36=—b"h"/72
= : 1T _ 2 2, 2
| P =hlfs = Abh/12 =bR3
},._= ]1"3 ]:: —_ |::lhj-"].1 r::: _I: Illﬁ I;._-_.I 'Iln.l:l]'l 11 |:| |:I .1-"-
I, =b'W12 L
y . I, =bh?[36 -2 =hi/1g I, =[An(2a-b)}36
= bh'2 n 1 I - _ i
I:n . =bhli|}* —;]h—;]'}l]l,ﬁﬁ r, {I: —ab+a” t.lﬂ — hh*(g-ﬂ_hh]l.-u
X.= (a+h) "_ 3 §a ':_ . .
ye= i3 L =b 42 . g =h"/6 l, =[An(2a+bjj12
=bh|{h‘ = nh+u-}]-'11 'y i Tab=a l"'E' = [bh* 2 r]+|:':|1 24
}r. ||__ =h‘h3II11 r:li:!. =|-|:.I]-2 III.-."..- ={I:L I-I . -,Iu-.l-
|::_ [ .||||.= bh [:r —h_':lhllllrfl E _h, |'].1 v =i I:I']-llu' =b~h I
. h " -
= h? [, =bh’/3 r; =h*/3
l ye= hi L, I:jh\ E_t] {3
b ] —[I:h (b2 = n2 )12 2 =(b” +n2)12

¥ ,.-’li - 1'|I ; . _]13{‘-33—4;1h—|_1:lll 1 h:|[£i:—-iﬂ|}—t]:}
| J"'L=h|:'r1—|::l'_- . = 35[_ 1) ! I = 13|:' 5
/ C \h . = hl:leu—h:l A=Db , d+0D0)
'._J, -F 3|:a+|:|:| I =]'|3{3-a—|:r]' JiI _h |:3”‘|-‘:'
-~ b o2 6(a +b)
" IIT ={" b 5in°6 I.Inl"llll I:'.:: =|:£i zinEl:I:,-".l_"
_ 7 A= ab s [, = Ij:_rl cos El], r_,i |I|J +a°cos Eillllll - |
4 “ A e a1 =ﬂ. bzm3 I 2 = (asind )3 I, =[a®bsinBcost /12
b f Ye= (a=mB)2 = FJ.IJ“Ei.ﬂE{I::'+'r] -:-:r:ﬂl":l"li Iy =|:t]+ A 2ol :I "Ig
" X y L ) _
—(ab cos8)/6

—[a’h sinBeost |5

Housnar, George W, and Domild F Bndwon. Applied Meckanics Dynamics, §. Van Nosand Conspeny, Ing |, Princgtom, NI, 1959, Table roprinied by pamstssion of GW. Honsar & D F Huadson

SUMMARY (1)

CIVIL ENGINEERING ACADEMY | THE ULTIMATE CIVIL FE REVIEW COURSE | MODULE 4 STATICS




List of Basic
Shapes

Figure Area & Centroid Area Moment of Inertia (Radius of G}rratinn}z Product of Inertia
A= xa I, =1, ==a*/4 L= a’ /4 ] 0
Xe=— @ I,=1I, Sxa’ /4 L=r Sa’/4 ]I*:"' s
Y= a ] =ga*2 r; a2 v
4t | R S S S
A= xid—th I, =1, ala* -b ]:.4 = ry (a® +b? |4 I, =0
= 4 . . i . - ) =u
Xe= d ]I ]} :“'::i xa‘b” % T; I.'; {5‘1; b t'lll:l' ]:l.'_|- ."L.:':I;.
Yo A ] =xla* -1 /2 ro =(a® +b° /2 za’(a® - b’)
X
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. . - X ]
v . A= a2 . T2x - 36w : o
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- ks | - ] _ _1_IIII|E . .
¥ 1| ]':: 5":];.'."4
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Howsmesr, George W and Dhonald B Hedson, Applied Mechanics Dymamics, I Yan Nosrand Company, Inc, Primcaiom, W1, 1949 Table eprimied by pemission of W, Homner & [ E Hedsom
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List of Basic
Shapes

Figure Area & Centroid Area Moment of Inertia (Radius of Gyration)” Product of Inertia
(I N I, =1, =4ab*/15 r =r =b/5 C o
XY,
— 1643175 1 _11.2 /172
|; C | 'f - x. = 3a/5 I, =16a b{175 r, =12a°/175 L —0
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Housner, George W, and Donald E. Hudson, Applied Mechainics Dyniamics, D, Van Nostrand Compamy, Inc., Princeton, 1MJ, 1952 Table reprinted by permission of G W. Housner & D E Hud=son
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Moments of inertia (I) in the previous slides are the moments of
inertia about the centroidal axis.

I, = |y*dA I. = [x°dA
For Moments of Inertia of built up sections (Parallel Axis Theorem):
Y | 'Y’
>‘< I, =L, +d:A L =L +d;A
where
¢ - X’ d_ = the distances between two axes in X direction
d, = the distances between two axes in Y direction
0 - X

MOMENT OF INERTIA
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EXAMPLE #3

Find the moment of inertia about X-axis and Y-axis of the following section.
=

4[’ 4[’
0.57 0.5” ‘
S S 4" 0.5" X

MOMENT OF INERTIA
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EXAMPLE #3 1. Solve for the centroid of total area:
(0.25)(2) 1 (2.5)(2) - (4.75)(2)

Y | X, = 195, A5t
YH 2+2+2
L _22)+0252)+ Q@) _, 4167m
4" 4,, 24+2+2
| C 3 = 2. Solve for the moment of inertia about each
X’ centroidal area:
2 1 3 b
; It =1 =—(0.5)(4) =2.667/
1 .
I, = 5(4)(0.5)3 - 0.041667 in*
1 3 :
Ly =I5 = 75(4)(0.5) = 0.041667 in’

I, = %(o.5)(4)3 - 2.667 in*

MOMENT OF INERTIA
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EXAMPLE #3

Y vy
4[’ 4,,
| 3
C >
XI
2 ;
0.5" 4" 0.5” X

3. Solve for the moment of inertia about section’s total area:
I', =2(2.667 + (1.4167 - 2)° (2)) + (0.041667 + (1.4167 - 0.25) (2)) = 9.459 in’

I', = (0.041667 + (2.5-0.25)" (2)) + 2.667 + (0.041667 + (2.5 - 4.75)" (2)) =23 in*

MOMENT OF INERTIA
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Static Friction:
The largest friction force occurs right before an object moves

F<uN

=50

where S
u. = coefficient of static friction 140 “fr=Hs N

N = normal force between surface in contact

S
o 30
O |
i | 1 =
‘; -20 Static | Kinetic
Fa—T =1 friction |  friction
Ffl‘ (F) O 10 |
— ia 10 20 30 40 50 60 70
W O Applied force, Fy
A iBe
no ok
FNT( N) 3 motion AR sunp

STATIC FRICTION
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EXAMPLE #4

A large box will be moved by pushing it with force F. Suppose the weight of
the box is 200 Ib at its center of gravity. Find the required force F to move
it. Also judge if the box will tip due to the force or not. Assume u, =0.4

3 ft Solution:

The required forceis F=u N =0.4x2001b=801Ib
i Check if the box will tip by checking the equilibrium of
6 ft moment at point A:
4 1t Resisting moment = w (1.5 ft) = (200 Ib)(1.5 ft) = 300 Ib-ft
wW Overturning moment = F(4 ft) = (80 Ib)(4 ft) = 320 Ib-ft
DL YT Overturning moment > resisting moment,
N so the box will tip.

STATIC FRICTION
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Module 5

Dynamics

- COMING UP NEXT...




