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Welcome to Edexcel GGSE (9-1) Mathematics Higher

Student Book

This Student Book is packed full of features to help you enjoy and feel
confident in maths as well as preparing you for your GCSE.

Choose only the topics in Strengthen that
you need a bit more practice with. You'll
find more hints here to lead you through
specific questions. Then move on to Extend.

At the end of the Master lessons,
take a Check up test to help you
to decide whether to J4

or Extend your learning.

Extend helps you
to apply the maths

you know to some
different situations.

Unit Openers put.
the maths you are om0 | = When you have
about to learn into ¢ finished the whole
; ;iz:hfeo (:[n[t::[, unit, a Unit test
ues('uE S helps you see how
:’\a[hsl e :1;‘1/: much progress you
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Use the Prior knowledge check to make sure you are ready to start
the main lessons in the unit. It checks your knowledge from Key
Stage 3 and from earlier in the GCSE course. Your teacher has access
to worksheets if you need to recap anything.




Objectives show
what you will learn
in each lesson.

Have a look at Why
learn this? It shows
you how maths is
Improve your e i useful in everyday
Fluency - practise life. Some lessons
answering questions have Did you know?
using maths you 1o ammn‘amnwwn:%:av e s = instead, which gives
already know. . . 1 you an interesting
fact related to that
maths.

CrmnsmeEl]
3 Wik don i s e s e s it s

The first questions

are Warm up. Here T 1
you can show what P
you already know B A g mcowe

about this topic or

=R ‘

related ones. 1
B e T elees
[ Ry it 11
T - Worked examples
[t oo and Hints give help
Sepse b when you need it.

pr—— R
and Reasoning are Icons alongside the
important skills Ll questions show
forGCSEandalso | *° ."?TTI.meMu;WM.N e o st their level of
improve your ability e st s G difficulty. Questions
to use maths in R — in this book will
fv:x;ﬂx :usmauons e ;az nge from 5 Em
throughout help you Rl sty
practise these skills. Rt et e e i o it

Exam hints help

Some questions are -:;1:%';(;““ s rscmen you to avoid
tagged STEM, Real BT e :;T;";:: :
or Finance. These 3 wéw T—— :
questions show o Soheiin-3- 1080
how the real world B L Exam-style questions
relies on maths. e e e e | are included
STEM stands for e to help
Science, TechnolOgY, [———= 12 feet/Medetiog frkmege iogarsgossnso oo | you prepare for
Engineering and * T e Bﬂ'&'ﬁn‘ your GCSE exam.
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kel o e il s e et
Discussion et : Your teacher may
Sl i o ERE DN 2 Lo
you to explain your Bk ey e i e Progression Chart
reasoning or explore e o 13 ok ot e to help you see
new ideas with a your progression
partner. “w through the units.




Problem-solving lessons
As well as problem-solving and reasoning throughout, this book includes a problem-solving lesson in every
unit. There are two types:
Some, such as the Unit 4 one below, give you strategies to approach problem-solving questions, for
example using bar models. You are given a worked example which talks you through answering a
question using the strategy and then a number of questions to practise on.
Others, such as the Unit 3 one below, give you problem-solving questions in a real-life context to help
you see how mathematical problem-salving is a part of many real-life activities.
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Further support
You can easily access extra resources that tie in to each lesson - lock for the ActiveLearn Homework, practice

and support references on the first page of each lesson. This is online practice that is clearly mappe
to the lessons and provides interactive exercises with lots of extra support for when you are working

independently.
The Practice, Problem-solving and Reasoning Books are full of extra practice for key questions and will

help you reinforce your learning and track your own progress.

viii



Master :  Problem-solve i Strengthen Extend |
p2 i p.19 : i p22 p2s

Estimate the amount of money taken by a
football club on match day.

Numerical fluency i 5 a Write down the first 10 multiples of 6
1 Workout i and9,
a £%03 b 97x0.02 i b Makea list of the common multiples.
¢ 6+02 d 274009 E c  Write down the lowest common
e 42+01 f 04x06 ; multiple,
g 09x002 h 0.9 x0.09 : 6 a Copyand complete the Venn diagram to
i 04:02 j 09:003 B show the first 10 multiples of 4 and 10.
k 0.45+03 | 088+004

Multiples of 4 Multiples of 10
2 Choose the correct sign, <or>.
a 27[]25 b 304[ ]33
¢ -29[ |-28 d -516[ ]-55

3 a Wiite down all the factors of 12 and 18. b Write:down; the lowest.commori
b Make a list of the common factors. multiple of 4 and 10,
©  Write down the highest common
factor. 7 Work out
8-2x3 b (8-2)x3
4 = Copyand complete the Venn diagram e i (ipa
to show the factors of 16 and 20. i o 6)'2
e 4+ -~
Factors of 16 Factors of 20
8  Insert brackets to make this calculation
correct.
9+18+3=9
Estimate
b Write down the highest common § 8 T2x890 i
factor. : ¢ 52449 d 79-24
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Unit 1 Number

10 Write the positive and negative square : % Challenge
roots of these numbers. : 14 How many different ways can these cards
a 36 b1 < 64 H be arranged?

11 Workout :
a 4x9x25 b 102 x 48
c 182x99 d 27x6+27x4 2

12 Copyand complete. » What about now?
a 6x6=60 b 3x3x3x3=30 !

13 Work out : B
a & b 14 g
c 11 d 2r £

1 a Copyandcomplete this list of all possible outcomes for rolling a dice and flipping a coin.
H 1 H 2
T1
b How many outcomes are there altogether?

2 a Copyand complete this list of all possible outcomes for spinner A and spinner B.
A B

¥ 4,1 6,1
2,3 4,3
5 )
b How many outcomes are there altogether?

3 How many possible outcomes are there when
a rolling a dice
b flipping a coin
¢ spinning Ain Q2
d spinning Bin Q2?
Discussion What do you notice about your answers to
i Q1band Q3aand b above
i Q2b and Q3c and d above?

Activel.earn Homework, practice and support: Higher 1.1




Unit 1 Number

Questions in this unit are targeted at the steps indicated.

4 Atestaurant offers a set menu for birthday parties. PR

a  Write down all possible combinations of starters combinations, for example
and main courses. VP for vegetable soup, pizza.

b Reflect How did you order your list to make sure
you didn’t miss any starters or mains?

The restaurant decides to offer fish (F) as a main course.

¢ How many possible combinations are there now?

Vegetable Soup v)

@ Copyand complete. Af;‘ﬂd (5)
3 starters and 4 mains:[_| combinations on (M)
3 starters and 5 mains:[_] combinations Maing

n starters and m mains:[_] combinations
A different restaurant offers 2 starters, 4 mains
and 3 desserts.
e How many possible combinations are there now?

o Pizza ()
'etti Bolognajse (g
Curry (C) &

Lasagne (1)

Key point 1

When there are m ways of doing one task and n ways of doing a second task, the total number
of ways of doing the first task then the second task is m x z.

= QS5 communication
Jess has a 4-digit password for her mobile phone. hint Inclusive
Each digit can be between 0 and 9 inclusive. means that the
a How many choices are possible for each digit of the code? end numbers are

b What is the total number of 4-digit passwords that Jess can create? also included.

Jess would like to choose an even number.
The code can start with a zero.

¢ How many different ways are possible now? (5 marks)

Three people, A, B and C, enter a race.
a Write down the different orders in which they can finish first, second and third.
Harry says that there are 3 possible winners, but then only 2 possibilities for second place
and only one person left for third place.
Discussion Is Harry correct? Explain your answer.
b How many different ways can people finish in
i a4-person race i a 6-person race iii a10-person race?

Q6 communication hint
Afactorial is the result of multiplying a sequence of descending integers.
For example ‘4 factorial =

4x3x2x1.
Make sure you know how to use the factorial
button on your calculator.
7 Problem-solving Eddie needs to choose a 6-digit code for his computer password.
a How many codes can Eddie create using i 6 numbers
il 4 numbers followed by 2 letters
iii 1 number followed by 5 letters?

Eddie decides that he does not want to repeat a digit or a letter.
b How many ways are possible in parts i to iii now?

w



Unit 1 Number

1 Write each number to
i 1significant figure
ii 2 significant figures.

a 873209 b 2019 ¢ 0.007059
2 Work out
a 9x(4+T7) b 5+3x8 ¢ Tx5-4x2
d 30-5x8 e 72-9 f JV29-4
3 Workout the mean of 3, 6,7,9, 15 and 20.
4 Work out
a 32x6 b 16x12 © 8x24 d 4x48

Discussion What do you notice about your answers? Why has this happened?
5 3.7x9.86=36482

Use this fact to work out the calculations below.

Check your answers using an approximate calculation.

a 37x986

b 3.7 x0.0986 Q5a hint Compare with the given

© 00037 x98.6 mkma”;.r;'x e Q5d hint Rewrite

d 36.482 +9.86 % DC g e Dx O the given calculation
e 36482+:986 37x986=[__] as a division.

f 364.82+370

6 Reasoning 54.8 x 7.29 =399.492

a Write down three more calculations that have the same answer.
b Write down a division that has an answer of 54.8.
©  Write down a division that has an answer of 0.729.
d Charlie says that 54.8 x 72.9 = 3989.44. Explain why Charlie must be wrong.
7 a Write down the value of V4 and /9. Q7B hint Use a number line to felp,
b Estimate the value of y5, 6, /7 and V8. g e 5
Round each estimate to 1 decimal place.
© Use a calculator to check your answer to part b. N )

&  Estimate the value to the nearest tenth.

a V47 b V22 Q8a hint You can write your answer
c V84 d V127 Vit =[]
e V10 f V40 = means ‘is approximately equal to’

4 ActiveLearn Homework, practice and support: Higher 1.2




Unit 1 Number

9  Problem-solving A mosaic uses 150 square tiles.
The total area is 3000cm?.

Estimate the side length of a tile.

b Use a calculator to check your answer.

o

10 a Write down the value of 8 and 92
Estimate the value of 8.3? and 8.82. Round each estimate to the nearest whole number.
Use a calculator to check your answer to part b.

no

11 Estimate to the nearest whole number. AT = =
5 o7 b, 7 o Wz QQ: |3n;2 jse a number met; elp.
di 7% e 63 f 98 |
oo |
12 a Estimate answers to these.
2 _JE03) x i . 2
i (11.2-750.3) x 408 i (198 x 3.14)* + 8.85 Q1za iv hint The whole of the
i 88.72-21.9 W expression is being square rooted.
V355 3.93x5.42 So estimate the numerator and
denominator before square rooting.
b Use your calculator to work out each answer.
Give your answers correct to one decimal place.
¢ Reflect How did you decide what to round each number to?
For iii and iv does it matter if you round the numerator or the denominator first?
13 The sum of the values on these cards is 12.

Q13 hint Work out the value
of the card on the right first.

14 Problem-solving A large dice has a side length of 9.2cm.
Estimate the surface area of the cube.

Work out the missing number.

1

o

Problem-solving The area of a square is 80 cm?.
Estimate the perimeter of the square.

16 Problem-solving Pieces of turf are 1m long by 0.5 m wide. Each piece costs £3.79.

a  Estimate the cost of turf required to cover these spaces.
i 96mby24m

i 62mby1.9m

iii 44mby21m
b Use a calculator to work out each answer.

How good were your estimates?

Is it better to i or underestimate a cost?
17 STEM Robert uses a spreadsheet to record his runs for 10 innings.

His scores are in cells Al to J1.
His mean score is in cell K1.

78| 12 4| 15 0 35 0 12| 21| 11.8

a  Use estimates to show that Robert's mean is wrong.
b Work out Robert’s correct mean to the nearest tenth.

w



Unit 1 Number

a Write down all the factors of 20.
b Which of these factors are prime numbers?

~
o

‘Write down all the prime numbers between 1 and 20.
Write down all the factors of 24.
Copy and complete this Venn diagram.

no

Prime numbers between _Factors of 24
1and 20

w
o

Copy and complete this factor tree for 40.
40

A
o 0/3\4
A

& &

b Write 40 as a product of its prime factors. Q3b hir}l Circle the prime
m:DXDXDXD:DDXD factors in your factor tree.

4 Write 75 as a product of its prime factors. Q4 hint Use the method from Q3.

5 Steveand lan are asked to find 60 as a product of its prime factors.
Steve begins by writing 60 = 5 x 12
lan begins by writing 60 = 6 x 10
a Workout a final answer for Steve. b Work out a final answer for lan.
Discussion What do you notice about the two answers?
¢ Start the prime factor decomposition of 48 in two different ways: 6 x 8 and 12 x 4.
Discussion Does your first step in a prime factor decomposition affect your final answer?

6  Reflect a Write down your own short mathematical definition of these words.
i prime ii factor iii decomposition
b Use your definition to write down (in your own words) the meaning of prime factor
decomposition.

Activel.earn Homework, practice and support: Higher 1.3




Unit 1 Number

7 Write each number as a product of its prime factors in index form.

a 18 B U2 Q7 communication hint In index form means to write a number
5 d 36 0 a power or an index.
e 24 f 80 2% is written in index form. 3 is the power or index.

8 120 can be written as a product of its prime factors in the form 27 x n x p.
Work out m, nand p.

Find the highest common factor and lowest common multiple of 24 and 60.

2= 2etna 3——' Write each number as a product of prime factors. ‘
60=2%x2x3x5

Prime factors Prime factors
of 24

Draw a Venn diagram.

The highest common factor (HCF) of 24 and 60
—2x2x3-12

The lowest common multiple (LCM) of 24 and 60 -
o X2x2xBX5=120 Multiply all the prime factors.

9  Find the HCF and LCM of

Multiply the common prime factors.

2 chand)o b 20and g Q9 hint Draw a Venn diagram
hint Draw i

€ Bandip 9 15and4s for each question to help you.

e 27and36 f 33and66

10 Real/ Problem-solving One bus leaves the bus station every 15 minutes.
Another bus leaves every 12 minutes.
At 2:30pm both buses leave the bus station.
At what time will this next happen?

11 Real/ Problem-solving Amber wants to tile her bathroom. It measures 1.2 m by 2.16m.
She finds square tiles with a side length of 10em, 12cm or 18¢m.
Which of these tiles will fit the wall exactly?
Discussion How do you know whether to find the HCF or LCM for Q10 and Q11?

12 Problem-solving The HCF of two numbers is 2. Q12 hint First choose two
Write down three possible pairs of numbers. numbers where 2 is a factor.

Is 2 the highest common

13 Problem-solving The LCM of two numbers is 18. Factor af:%ese hurbarr

One of the numbers is 18.

a  Write down all the possibilities for the other number.
b Describe the set of numbers you have created.
14 48=2"x3and36=22x3?
Write down, as a product of its prime factors,
a theHCFof 48 and 36
b the LCM of 48 and 36.

~




Unit 1 Number

-
©°

Exam hint
*Write a5 2 product
of its prime factors’

Giventhat A =23 x 34 x 52and B =22 x 36 x 5

Write down, as a product of its prime factors, means you don't have
a the HCF of A and B to calculate the number:
b the LCM of A and B. (2 marks)

Write 80 as a product of its prime factors.

Discussion How can you use the prime factor decomposition of 80 to quickly work out the
prime factor decomposition of 160? What about 40?

Problem-solving The prime factor decomposition of 2100is 22 x 3 x 52 x 7.

Write down the prime factor decompositions of

a1 b 24 c 12 d 30

a Harry says the prime factors of 75 appear in the prime factor decomposition of 2100, so
2100 s divisible by 75.
Is 2100 divisible by 24, 12 or 307

b Use prime factors to show that 792 is divisible by 12.
c 15792 divisible by 1327 Explain your answer.
d 15 792 divisible by 277 Explain your answer.

In prime factor form, 700 = 22x 52 x 7 and 1960 = 2° x 5 x 72
a  What is the HCF of 700 and 19607
Give your answer in prime factor form.

b What is the LCM of 700 and 19607
Give your answer in prime factor form.
©  Which of these are factors of 350 and 1960?
1 2% 8% Q19¢ hint What factors do 700
ii 49 and 1960 have in common?
iii 20 Any factor of this number will be
W2 K5KT afactor of 350 and 1960.
d Which of these are multiples of 350 and 19602
i Bx5x73
ii 26x52xT72 Q194 hint What multiples do 700 and 1960 have in common?

i 2B 7 Any multiple of this number will be a multiple of 350 and 1960.

Active.earn Homework, practice and support: Higher 1.4




1

2

3

The inverse of a cube is the culbe root.
2°=8, 50 the cube root of 8 is V8 = 2

Unit 1 Number

Work out
a 3 b (1) c bx&? d 32x5
e 2x10 f o0 g 3x/16 h V8T x /64
Work out
4xbxbxh p 3x3x3x3x3x3
b4 3x3x3

Copy and complete.
c 50=25 d [Pp=27
Q3b hint [ x[]x[]-64

4

5

6

4

8

9

Work out
a var b VT ¢ V1000 d V15
Discussion Why it is possible to find the cube root of a negative number, but not the
square root?

Work out these. Use a calculator to check your answers.

a V42432 b V107457
¢ W3-V

e (5%+3xv2l

Q5a hint Use the priority of operations.

Q5e hint The square root applies to
the whole calculation. Work out the

be root first.
3% - V64 0.22 {7125 e
8 =*5— h =
Vo VA V8
Work out

Q6 communication hint Square brackets [] make

a [3°-5)x 2P
the inner and outer brackets easier to see.

b 20-[3x42=(@2x39)]
c [f2+(T-503-3]+0

Work out

a V16 b V8l ¢ {100 000

a Work out
i 10°x10? i 10° i 108x 102 iv 10®

b How can you work out the answers to part a by using the indices of the powers you are
multiplying?

¢ Check your rule works for

i 10°x10¢ i 10°x10 i 102x 107
Write each product as a single power.
a Px3e b x4 L]

To multiply, add the indices.

& gn = gmen

dn wiem,




Unit 1 Number

10 Find the value of a.

a gixgu-gl b 65x61=6 ¢ Bxpu=pn0
11 Write these calculations as a single power. Give your answers in index form.

a 27x35=30x35=30 b 43 x64 £ 5u5

d 32x4 e 8x8x8 f 9x27x3

Key point 4
You can only add the indices when multiplying powers of the same number.

12 Reasoning

a i Workout

% by cancelling. Write your answer as a power of 5.

ii Copy and complete. 5°+ 52=50
hxbxbxhxbxh_

(u}
4xh 4

b Copyand complete. 45+ 4% =

©  Workout 6° = 6

Discussion How can you quickly find 79 = 73 without writing all the 7s?
13 Work out

& 7o b 45+43 ¢ 36+35

To divide powers, subtract the indices.
i

14 Find the value of a.
a 96+9u=0gd b 45sda=4 ¢ Tor7a=70
15 Problem-solving
2 Yumultiplies three powers of 9 together.
90 90 x 90 =912
What could the three powers be when
i all three powers are different
i all three powers are the same?
Harvey divides two powers of 5.
50, 50-56
What could the two powers be when
i both numbers are greater than 5%
ii the power of one number is double the power of the other number?

o

16 Work out these. Write each answer as a single power.
54x5% 82x 86
B ST b 6+62x6" < d
5= 8"

17 Real/STEM The hard drive of Tom’s computer holds 2°® bytes of data.

He buys a USB memory stick that holds 2% bytes of data.

a  How many memory sticks does he need to back up his computer?

He buys an external hard drive that holds 2 bytes of data.

b What fraction of the external hard drive does he use when backing up his computer?




Unit 1 Number

bt

3

Copy and complete.

a @)-2x[ O[]0 ]0x[]0-20

b (69°=[]Ox[]9x[]0=60

¢ @pr=[]0x[]9=80

Discussion What do you notice about the powers in the question and the powers in the
final answer?

Key point 6

To work out a power to another power, multiply the powers together.

(amyn = xmn

19 Write as a single power.

a (@) b (6)* c (@ d (59°
20 Problem-solving Write each calculation as a single power.
5¢ 16 64 x 16
a 8x32x8 b 125 c T

1 Workout
a 6 b 2 e 3 d 5
2 Write each calculation as a single power.
a 34x36 b 25+:23 € 16x8 d 73x7%
3 Work out
3 pra—
% b 37 < = d V8T
4 Work out the value of . Qéa hint
a 40=5x2" b 3nx3n=38 & |
c 5e5n=58 d ixan=32
5 a Usea calculator to work out rhuifrﬁxwl?:r::[:‘j?
| i 41 iii 571 iv 101
b Write your answers to part a as fractions.
© Use a calculator to work out
Lred i 42 ill:i552 iv 1072
d  Write your answers to part c as fractions.
e Work out
e i (3 i
F 4

Discussion What is the rule for writing negative indices as fractions?

‘ Active Learn Homework, practice and support: Higher 1.5
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Unit 1 Number

6

xn=

a Match the equivalent cards.

b Write a matching tile for the two tiles that are left over.

¢ Copy and complete. (%)71:5, 50 (%)71:(5)

-]

L for any number n, x =0
X

7

8

Key point 8

20

Work out these. Write each answer as a single power.
a 6463x6 b = brtali

55
Problem-solving

a Copyand complete. 2%+ 23 =20
b Write down 2* as a whole number.
¢ P2=8:[]-

d Copyand complete using partsaand €. 2% + 23 = 20=["]
e Repeat parts aand b for 7° = 75,

£ Write down a rule for a®, where a is any number.

1,where x

any non-zero number.

Work out

., b2,
3\” 4\
(@, < ()

(23) h o707
04)* k (510 L@yt

o
S
s =

a Usea calculator to workout Eia
bast e iiant (x)

b Copyand complete. a is the same as the

¢ Work out i
i21s i 1000% l||| -1 iv (m)r

d Copyand complete. a3 is the same as the

e Copyand complete.

i e25=5050 625:=[ ] i 32=[ F s0 32:=[]

Evaluate
a 36 b 81 < (3

Qof strategy hint Convert
mixed numbers to improper

fractions.

Q9h strategy hint Convert
decimals to fraction:
of a.

of a.

Q11 communication hint
Evaluate means ‘work out
the value of".




Unit 1 Number

12 Work out 5 Q12 hint x™=
_1 i 1 -1

a 25t b 64 c (Z) H e

257

Work out the value of ~ a 27° b 167

z_ S0 s Use the rule (x™)" = x™ Work out the cube
s e root of 27 first. Then square your answer.

B derRouli. i

3 T =
16l (e 2° 8 \| Usex =L
13 Work out
a 643 b 100007 ¢ 16 Q13a hint
4y _z 2 4 5
d (E) e 27 f 81

Key point 10

i =(E)
14 Work out T =
o 5 5 3 Q14a hint First worl
a 2ol b (i)'i x ( c (ﬂ)n (i) | outart
25 16 25 :
Then work out 92,

15 Find the value of n. Then multiply these

a 16=2" b VZT=21 c ﬁ =107 numbers together.
[&_(9y" 7o3n 5)7 < gn

d \6’(2) e (/3)7=3 £ (B)7-8

16 Problem-solving / Reasoning Will says that 2 2 x 645 = 80

a  Show that Will is wrong.
b What mistake did he make?

1

=

Problem-solving / Reasoning
Match the expressions with indices to their values.




Unit 1 Number

1 Copyand complete. If your answer is a fraction, write it as a decimal too.

a 10°= b 10%=
d 107= e 10%=
2 Write down the value of 2.
a 10*=1000 b 10°=x
d 10t=x e 10°=0.0001

3 Copyand complete.

€ 402%=
f 10°=

¢ 10%=100000000
f 10%=x

a 5670000=[ milion b 15800000 =[ Jmillon ¢ 4908340000=[]billion

4 Copy and complete the table of prefixes. Q4 communication hint
Prefix is the beginning
part of a word.

tera T 102 1000000000000

siga G 10°

mega M 1000000

kilo k 107

dedi d 01

centi < 102 —

milli m 0001 Q4 communication hint
" = u., the letter for the prefix

i b 10 17| micro,is the Greek letter

nano n 0.000000001 mu.

pico p 1

Some powers of 10 have a name called a prefix. Each prefix is represented by a letter.
For example, kilo means 10° and is represented by the letter k, as in kg for kilogram.

5  Convert
a 15mginto grams b 7nminto metres
c 1igintokg d 7.3ps into seconds.

6 STEM Write these measurements in metres.
a The size of the influenza virus is about 1.2 pm.
b The radius of a hydrogen atom is 25 pm.
¢ Afingernail grows about 0.9 nm every second.

Q5a hint Use a number line.

mg 1 15
x L %
g L C0.001 O >0

Active Learn Homework, practice and support: Higher 1.6




Unit 1 Number

7  Copy and complete.
a 45000=4.5 xD b 10000= 100 © 45000=4.5%100

Anumber is in standard form when it is in the form A x 107, where 1 <A < 10 and nis an
integer.

For example, 6.3 x 10* is written is standard form because 6.3 is between 1 and 10.

63 x 10 is not in standard form because 63 does not lie between 1 and 10.

Standard form is sometimes also called scientific notation.

&  Which of these numbers are in standard form?
A 45x107 B 13x104 ﬁ
C 09x102 D 9.99x107?
E 4.5 billion F 25x10
9 Write these numbers in standard form. 09 WinEWrite the niimber beoween
a 87000 b 1042000 T andl10 it
c 1394000000 d 0007 Then multiply by a power of 10.
e 0.00000284 f 00001003
10 Write these as ordinary numbers.
a 4x10° b 35x10%
c 6.78x10° d 62x102
e 893x105 f 4.04x102

1

=

STEM / Reasoning
a The distance from the Sun to Neptune is 4 500000000 000 m.
i Write this number in standard form.

i Enter the ordinary number in your calculator and press the = key.
Compare your calculator number with the standard form number.
Explain how your calculator displays a number in standard form.

The thickness of a sheet of a paper is 0.00007 m.

i Write this number in standard form.

i Enter the ordinary number in your calculator and press the = key.
Compare your calculator number with the standard form number.

Reflect Why do you think that scientists use standard form for very large and very small

numbers?

o

n

Work out (5 x 10%) x (7 x 10°)

NS ,.J Rewrite the multiplication grouping the numbers and the powers. |

35 x 10— This is not in standard form because 35 is not between 1 and 10.

Write 3! standard form.
35x109=35x 10" x109=35x 100 Work out the final answer.

simplify using multiplication and the index law " x 2" = 2. ‘

B35=353 10"




Unit 1 Number

12 Work out these. Use a calculator to check your answers.

a (3x109x(2x109 b (5% 10% x (4% 107)
€ (8x10 x (6x107) d (8x109 = (4x10%)
e (9x1079+(3x109 Fo@x109+(8x107)
g (Gx10% h (Ax102

STEM / Problem-solving The Sun isa distance of
1.5 x 10%km from the Earth.
Light travels at a speed of 3 x 10°km per second.

How many seconds will it take for light from the Sun to reach the Earth?

14 STEM / Problem-solving A water molecule has a mass of 3 x 102kg.

A bottle contains 1.7 x 10* molecules of water.
Calculate the mass of water in the bottle.

15 a Write these numbers as ordinary numbers.

i 8x10¢
i 3x10?
b Workout (8 x 10 + (3 x 10%), giving your answer in
standard form.
16 Work out these. Give your answers in standard form.
a 3.4x105+67 % 104 b 9.8x10‘-22x102
€ 72x102+62x 107 d 83x10°-7x10"1

(7% 10%) + (T % 10) + (7 % 10%) = 700070.07
Write down a possible set of values for x, y and z. (3 marks)

Q15b hint Use your answers
from part a to write the
answer as an ordinal

number. Then convert this to
standard form.

Exam hint

Don't just write down the
possible values — give
your working to show how
you worked out the values.

1 Workout
g a ixf b x%
E 2 Write each number as a fraction in its simplest form.
= a 06 b 085 < 1625
d 425 e 03 f 1.5

16 Activel.earn Homework, practice and support: Higher 1.7




Unit 1 Number

3 Write to 2 decimal places
a V5 b /7 c V19 d V53
Discussion Which is more exact, the square root or the decimal?

Asurd is a number v«;r\'tten exactly using square or cube roots. 3
Forexample /3 and V5 are surds. 4 and V27 are not surds, because V4 =2 and v27 =3

4 a Workout
i VZxJ3 i V&
b Work out
i V3/5 i V15
¢ What do you notice about your answers to parts a and b?

d Find the missing numbers.
i V2x/6=V0 i V2xvO=/10 i VEWT =V35

Key point 14

vmn = Jm Jn

5 Find the value of the integer k to simplify these surds.
a V150 =VO/6 =k/6 Q5 communication hint
flc il An integer is a positive
/ V10 =
b /40-/8V10-k/10 or negative whole

¢ V128=k/2 number or zero.
V108 = k3

6 Simplify these surds.
a V20 b V300 < V4 Q6 hint Find a factor that
d V250 e 4&/50 f 6/56 is also a square numb

7 Useacalculator to work out v75

as a simplified surd
b asadecimal.

o

Q7 hint Make sure you know how to switch between
surd form and decimals on your calculator.

o

®
o

A surd simplifies to 4/5. What could the original surd be?
Reflect How did you find the surd?

o

9

[5 [18
§ a9 Vae 4 3

Key point 16

Rational numbers can be written as a fraction in the form %, where @ and b are integers
and b # 0. 2
2 is rational as it can be written as <.

0.2 s rational as it can be written as %

V2 is irrational.




Unit 1 Number

10 Copy and complete the table using the numbers below.

Rational

4

V1T 1.4 %9 03

11 Solve the equation 22 - 90 = 0, giving your answer as a surd in its Q11 hintx?=0
simplest form. S
Discussion Can you solve the equation 22 + 90 = 0 in the same ¥ =tV
way? Explain your answer.

12 Solve these equations, giving your answer as a surd in its simplest form.

a 4a?=200 b %12:80 c 32?=36 d 22%-14=142

13 The area of a square is 60 cm?

Find the length of one side of the square.
Give your answer as a surd in its simplest form.
14 a Workout
5V2 x /2T i 4/5x6/12
SV10 x &5 iv 8V12 x 33
b Use a calculator to check your answers to parts i to iv.

Q14a hint Multiply the
integers together and the
surds together. Simplify.

Key point 17

the denominator.

To rationalise the denominator of%, multiply by%. Then the fraction will have an integer as
v

Rationalise the denominator.

1
a—
I
b
e e
Multiplying by “Z is the same as multiplyin:
- plying by *=. plying

by 1, so this does not change the value.

b V75 =V25/3 =5/3 First simplify V75

35

N Simplify the fraction before rationalising,

a L b L <L
V7 V3 V5
5 = i g 2
V8 V15 V40

a

3

V20
11
V11

-

|




Unit 1 Number

16 Reasoning / Problem-solving

Ben types % into his calculator. His display shows g
v
a Showthat L =21
V77

b Use your calculator to check your answers from Q14.

17 The area of a rectangle is 20cm? The length of one side is V5 cm.
Work out the length of the other side. Give your answer as a surd in its simplest form.
18 Work out the area of these shapes.
b &
235,
V8
A [l
VT 10
vz
Give your answer as a surd in its simplest form.
‘ Q18 hint Multiply the and i Then rationalise the

A furniture maker orders 22 metal legs. He uses the legs to make three-legged stools and
four-legged chairs. Describe the different ways he can use all the legs.

| | | | | | | | || | | | | | | | | | | | |—| Draw a picture to represent 22 metal legs. ‘

L:etool Circle 3 legs for one stool. Can you use the
@l FUEETELETRRRETT R | remaining 19 legs to make complete chairs? No.
2 stools 4 chairs <| Circle another 3 legs for two stools. Can you use the |
ining 16 legs to make complete chairs? Yes.
TNy L=

Draw the diagram again. Are there any other ways
you can circle the legs to make complete chairs and

T O LI TUELITI LD | ftoois?

6 stools 1 chair

An alternative method is to use a list.

Numberofstools | 1|2 |3 |4]5|6
Numberofchairs | 4|43 ]2]1]1
Legs left over ¥ 1|23

He can use 22 legs to make 2 stools and 4 chairs or & stools and 1 chair,




Unit 1 Number

1

There are 20 chairs in a conference room. The conference
organiser can put 4, 5 or 6 chairs at a table.

Q1

use a list.

a Describe the different ways the room can be arranged so

that all the chairs are used.
b What is the maximum number of tables required in the room?
A play park is 18 m wide and 31.5m long. The council plans to Q2 hint Draw a picture to
enclose it with a fence, using a supporting post every 2.25m. help you see what you do
How many posts does the council need? to solve the problem.
Whgn two plant st.akes are placed end toend, 03 hint Draw one picture to represent
their total length is 145m. the first sentence. Draw another picture
When the two stakes are placed side by side, to represent the second sentence.

one is 0.15m longer than the other.
What lengths are the stakes? Give your answer in cm.

Finance Ina canteen, a starter costs £0.80, a main costs £2.40
and a dessert costs £1.20.

Three friends bought lunch and paid £10 in total. They each had
at least two courses.

How many starters, mains and desserts did they buy?

Finance A bicycle shop hires road bikes for £25 per day and tandems for £40 per day.
One day a family pays £155.

a  Which type of bicycles did they hire?

b How many people are in the family?

A tour company offers three dlﬁerem_ walking tours. Q6 hint List all the different
The landmark tour leaves every 15 minutes. il

The parks tour leaves every 20 minutes.

The museum tour leaves every 45 minutes.

All walking tours start at 9am. When do the landmark, parks and museum tours next leave at
the same time?

Reflect How can you solve Q6 without making a list?
Discussion Does it matter how you solve a maths problem?

Log how you did on your
Student Progression Chart.

Calculations, factors and multiples

i

3

16.7 x 9.2=153.64

Use this fact to work out the calculations below.

Check your answers using an approximate calculation.

a 167x92 b 15364+ 1.67

Estimate the value of /54 to the nearest tenth.
V8.19x6.43

a Estimate i (/65 1-6.17) %198

6.84 x/3.97
b Use your calculator to work out each answer.
Give your answers correct to 1 decimal place.

Activel.earm Homework, practice and support: Higher 1 Check up




4 Write 90 as a product of its prime factors in index form.

5 Find the highest common factor (HCF) and lowest common multiple (LCM) of 14 and 18.

Unit 1 Number

6 In prime factor form, 2450 = 2 x 52 x 72 and 68 600 = 23 x 52 x 73,
a What is the HCF of 2450 and 686007 Give your answer in prime factor form.
b What is the LCM of 2450 and 686007 Give your answer in prime factor form.

Indices and surds
7  Copy and complete.

c 2M=16 d 50=1

"

Vet + 27

¢ 57+52

@y

-1

(i

a 109=1000 b ©=[]
8  Work out
39212
2 25) x 32
a |5 b [(62- 2% x 3]
9 Write each product as a single power.
a 93x97 b 27x9x27
28x 16
e = e @y
10 Work out
a 2 b 252
11 Simplify
a V54 b 5/1000
12z Rationalise the denominators. Simplify your answers if possible.
L b L
V10 V8

Standard form

13 Write these numbers in standard form.
a 32040000 b 0.0007

14 Write these as ordinary numbers.
a 5.6x10 b 1.09x103

15 Work out these. Give your answers in standard form.
a (5x10% x (9 x 107) b (3x10%) + (6 109)

16 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

* Challenge

17 The diagram shows a warehouse (W) and five
destinations (A, B, C, D, E), and the times it takes
to drive between each of them.
A delivery driver has to deliver packages to
A B, C,Dand E.He starts and ends at W.
a Whichis the quickest route?
b Write your own delivery driver question.

20 min

¢ (8x10)+(6x109)

wan mnm ﬂa

A 40 min B
25 min J0 min
20 min
5 min C
20 min, W
30 min 15 min
50 min ]




Unit 1 Number

Calculations, factors and multiples
1 Copy and complete these number patterns.

a 038x29.4=11172 b 6011545+ 94.67 =635 Qia hint 3.8=0.38 x 10
38%294=] 60115.45 + 94.67 =[]
38x29.4=[] 6011545 + 94,67 =[]
380 % 29.4 =[] 6011545+ 94.67 =[]
3800 % 29.4 =[] 60115450 + 94.67 =[]

2 89x7.21=64169
Use this fact to work out the calculations below.
Check your answers using an approximate calculation.
a 89x721 b 89x7210 © 0.89x0721
d 0.089x0721 e 64169 +72.1 f 64169+721

Q2 hint Write out a
number pattern to
help you.

3 Copy and complete this square root number line.
VT VE VT V15 VTV VI V68 VT
L RS L A Q4a hint Use your
Oos0Os s 7 [ number line from Q3.

Which two square roots

does /52 lie between?

Which is it closer to?

4 Estimate the value to the nearest tenth.
a /52 b /60 ¢ /75

5 a Estimate
i V4.09x8.96 ii 25.76 - 4.09 x 8.96 Q5ai hint Round each
. V6.61%9.23 m:‘mlber to :}I;e nearest
g whole number.
3.95¢+2.03 Which square root is it
b Use a calculator to work out each answer. closest to on your square
Give your answer correct to 1 decimal place. root number line?

iii V26.64 +80.7 i

I

&  Copyand complete these calculations in index form
a 2x2x2x3x3=23x30
b 2x2x3x5=20x["]x[]

€ InInIuIulnf=
7 a Copyand complete this factor tree for 60 until you end up with just prime factors.
60
e
6
R
O O O O Q7b hint Write all the prime

factors from your tree multiplied
together.

b Write 60 as a product of its prime factors.
©  Write your answer to part b in index form.

8  Write each number as a product of its prime factors in index form.
a 24 b 80 <
d 30 e 16 f 72

22 ActiveLearn Homework, practice and support: Higher 1 Strengthen




Unit 1 Number

Write 18 as a product of its prime factors.
18= Dx D x
Write 45 as a product of its prime factors.
===
Copy and complete this diagram. Q9d hint HCF
Prime factors Prime factors
of 18 of 45
i Putany prime factors of both numbers where Q9e hint LCM
circles overlap.
il Put the remaining prime factors of 18 in the
left-hand part of the left circle
ii Put the remaining prime factors of 45 in the
right-hand part of the right circle.
Work out the HCF.
Work out the LCM.
10 Find the highest common factor (HCF) and lowest common multiple (LCM) of
2 2and30 b 2landzs 010 hint Use the method in Q9.
c 15and 25 d 44 and36
Indices and surds
23

o
o

o

a

a

)

1 Copy and complete.
a 2x2x2=20=["] b 5x5=50-["] ¢ -3x-3x-3=(3H=[]
2 Work out Q2c hint

a =[]

c 4H=64

o

5-[] -
109= 1000 s b=
& =bxbxb=

4

a

3 Workout
a 3xv81 b 23xV16 Q3 hint First work out
¢ V2T x 6k d 102:-/25 any powers or roots.

(3225 £ /9 YT x Y000 Then multiply or divide.

e

4 Work out
a 5x(-39-2 Qab hint First work out the round brackets.
b [(92+3)+27? Then work out the square brackets.

¢ V2/49+78

5 Copy and complete.
a (3x3x3x3x3)x(3x3x3)=30x30=30
b (Gxbxbxb)x(bxbxbxbxbxb)=40x40=40
o ©&@x6x6_6_ o
©&® ¢
TxTxTx1x7x7_78
TxTxT 0
e To multiply powers,

d =70

the indices. To divide powers, the indices.
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o
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Unit 1 Number

6 Workout
a 58x53= b 72x79
€ 58+53= d 98+9
e 84x86= f ore7i=

7 Write these as a single power of a prime number.
a 16x8=20x20= b 25x125x25
c 16x64x8 d 27x27x9

8 Copy and complete.
a (W =RxBx=40

b (69=6x6x6x6 =60
c (2=
d @)=
& Towork out a power raised to a power, the indices.
9 a Workout using a calculator.
i 50 i 70 iii 1920 iv (-3)°
b Use your answer to part a to work out these without a calculator.
i 120 i (-6)° iii 2456° iv 100
10 a Workout using a calculator.
i V169 ii 169%
b Use your answer to part a to work these out without a calculator.
i e4: ii 253 iii 81% v 1443
¢ Work out using a (al(ulamr
i 12 i 5125
d  Use your answer to part ¢ to work these out without a calculator.
i 1257 i 275 iii 10007 iv 8 -
Q10e hint Use what
e Copyand complete, you have learned in
164=076-[] partsatod.
5y Wordall 2 Q11a i hint 64} = (643
i 643 ii 643 Work out 643 and square
b Use your answer to Q10d to help you work out your answer.
i 125) ii 273 iii 10003 iv 8 —
¢ Use your answer to Q10e to help you work out 16%, Qtichint 16:= (1610
Use the same strategy
12 a Copyand complete. asin parta.
i 1.’3:4% ii %:mﬂ i %:ZD
3o ek 5l na 36
wit-ay vl
b Work out
P4 ii 10 iii 367 iv 1257%

13 Copy and complete.
a s0-[l-z, ””55 Q13c hint Write the
b 84=[Ix21 5084 = square numbers up to 100.
Simplify Find a square number that

P d yi75 e /128 is a factor of 96.




14 Work out

a Vhxi4 b V25xV25

15 Rationalise the denominator.

Simplify your answer if possible.

it oy
VT V21
1 6
g — d —
V8 V20

Standard form

1

Are these numbers in standard form?
If not, give reasons why.

a 9.004x10°

b 32x10°

c 7.3 million

d 08x10

Write each number using standard form.
a 68000=6.8x100

b 94000000

c 801000

d 0.000004

e 0.0039

f 0.000000053

Work out

(6% 10%) x (2 x 107 =[] 100
(3% 109 x (2 x 109

(6% 109 x (1 x 102

(6% 108) x (8 x 104)

(7 % 10%) x (8 x 108)

(8% 10) x (6 x 109

-0 onoo

T o

(25 x 10% + (13 x 102

¢ V1T xV17

Unit 1 Number

d V2l xv21

Q15a

numerator and denominator by V7.

hint Multiply both the

Q15¢ hint
=[]

2

First rewrite the denominator.

Q1 hint A number written in
standard form looks like this.

A X 10"
number’ times. power
between sign of 10
1and 10

Q2a hint 6.8 lies between 1and 10.
Multiply by 10 how many times to get 68 0007

Q2d hint 4 lies between 1 and 10.
Divide by 10 how many times to get 0.000 0047

Q3a hint
4x2x
ax)

) o

102 x 107
@
e Q3d hint 48 = 48 x 100

Write 2.5 x 10* and 1.3 10" as ordinary numbers.
Use your answers to part a to help you work out

Problem-solving Square A has a side length of 9.2 cm.

Square B has a perimeter of 34.4 cm.
Square C has an area of 80 cm2.

a Which square has the greatest perimeter?

b Which square has the smallest area?




Unit 1 Number

@ ~ o

Show that 272 = 99 = 36, | Q2 communication hint ‘Show that’ means show your working.
Gamsblequestion D) samnin
Here are some properties of a number. There are G marks s6 most of
= Itis a common factor of 216 and 540. e
« Itis a common multiple of 9 and 12.
Write two numbers with these properties. (6 marks)
a  Write 48, 90 and 150 as products of their prime factors. Q4b hint
b Use a Venn diagram to work out the HCF and LCM of 45, %0
48,90 and 150.
Discussion Explain how the diagram can be used to
find the HCF and LCM of any two of the numbers.
Real A new school is deciding whether their lessons should
be 30, 50 or 60 minutes. 150
Each length of lesson fits exactly into the total teaching time
of the school day. Put prime factors of all three
How long is the teaching time of the school day? Inthe very centre first

Discussion Ryan says there is more than one answer to this question. Is Ryan correct?

Explain your answer.

Reasoning

a Use prime factors to explain why numbers ending in a zero must be divisible by 2 and 5.

b How many zeros are there at the end of 2¢ x 37 x 56 x 722

©  Use prime factors to work out 32 x 9 x 3125. Write your answer as an ordinary number
and in standard form.

Write each of these as a simplified product of powers.

2 105 %23 x 56 = (2% 5)% x 22 x 5% = 20 x 80x 23 x 56 = 20 x 500
b 6x24x33

c 15*x10x 62

d 30%x242x15%

Estimate the value of 5.14 Q8 hint

STEM Write each answer
as an ordinary number i in standard form.

a Saturn has a diameter of 120536000 m.
Convert this to kilometres.

b The distance from the Sun to Mars is 227900000 km.
Convert this distance to metres.

© The diameter of a grain of sand is 4 pm.
Convert this to metres.

d The wavelength of an X-ray is 0.1 nm.

Convert this to metres.

Every six months, new licence plates are issued in the UK.

A licence plate consists of two letters, then two numbers, then three letters.
The numbers are fixed, but the letters vary.

2 Ifall letters can be used, how many possible combinations are there?

b If only 21 letters can be used, how may possible combinations are there?



Unit 1 Number

[

STEM / Problem-solving A container ship carries 1.8 x 10°kg.
An aeroplane can carry 3.8 x 105kg,
What is the difference in their mass? Write your answer in standard form.

** (Bamsyiequesion D) [ 12 stratesy hine
Wtk out To add and subtract
5 8 ] 5 fractions you
2 5Em Y"E i need to wite them
Write each answer in the form a//2. @ marks) | with a common
13 Write 3" as a surd and rationalise the denominator.

1 D o

A restaurant offers 5 starters, 7 mains and 3 desserts. SHeh youodtg

clearly.
A customer can choose
+ just one course
« any combination of two courses
+ all three courses.
Show that a customer has 191 options altogether. (3 marks)

15 Estimate the value of
a (31x10%? b V62 x10% (31 %1092 =31 x10% x 3.1 x 10°
¢ (19x10%°

16 Estimate to the nearest whole number oot e 2numier netohele
a 217 b 1# e Va1 Vao Vea
d V%0 e V12 f V30 O 0O 0O

©® When there are m ways of doing one task and n ways of doing a different

task, the total number of ways the two tasks can be done is i x n. . Mastery lesson 1.1

© You can round numbers to 1 or 2 significant figures to estimate the answers

to calculations, including calculations with powers and roots. . Mastery lesson 1.2

© You canusea prime factor tree to write a number as the pmduct of its

prime factors. . Mastery lesson 1.3

© You can use a Venn diagram of prime factors to work out the highest

common factor and lowest common multiple of two numbers. ... ... Mastery lesson 1.3
© The prime factor decomposition of a number is the number written as the

product of its prime factors. It is usually written in index form. ............... Mastery lesson 1.3

®

When multiplying powers, add the indices: x7 x ¢ = xm+n
When dividing powers, subtract the indices: x™ + " =™~ "
To raise a power to another power, multiply the indices.

2= (VE . Mastery lesson 1.4, 1.5

© Anumber in standard form is written in the format A x 10", where A is a

number between 1 and 10 and nisan integer. .........co.coecvuriaieannnn... Mastery lesson 1.6

27
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Unit 1 Number

@ To write a number in standard form:
« work out the value of A
+ work out how many times A must be multiplied or divided by 10.

This is the value of n. Mastery lesson 1.6

© To simplify a surd, identify any factors that are square numbers. ............. Mastery lesson 1.7

© To rati ise a i multiply the and the denominator
by the surd in the denominator and simplify. ......... wesseenaess Mastery lesson 1.7

For each statement A, B and C, choose a score:

1-strongly disagree; 2 - disagree; 3 - agree; 4-strongly agree

Al always try hard in mathematics

B Doing mathematics never makes me worried

Clam good at mathematics

For any statement you scored less than 3, write down two things you could do so that you agree
more strongly in the future.

m

Log how you did on your
Student Progression Chart.

1 623x54=33.642
a  Write down two more multiplications with an answer of 33.642.
b Write down a division with an answer of 0.623. (3 marks)

¢ (Bamsylequestion )
|

List these numbers in order, starting with the smallest.

Show your working.

322 V2T V69 1374 3 marks) |
3 Estimate (17.9 - 36.13) x 3.89

b Usea calculator to work out the answer. Give your answer correct to 1 decimal place. (2 marks)
2

o

4 a Write 42 as a product of its prime factors.
b Use your answer to write 84 as a product of its prime factors in index form. (4 marks)

5  Work out the HCF and LCM of 75 and 30. (3 marks)

6 Real Ben and Sadie are doing a sponsored walk around a circuit.
Ben takes 25 minutes to do one circuit and Sadie takes 45 minutes.
They start together at 9:30 am.
When will they next cross the start line together? (2 marks)

7  Find the value of a.
a 5Ix50=5 b 6056°=6° ¢ BexBr=gt (3 marks)

8 Write (394 as a single power. (1 mark)
9 Use prime factors to determine whether 2520 is divisible by 18. (2 marks)

10 Write each number in standard form.
a 0.00000065 b 0.9 million ¢ 320x10" (3 marks)

-2
11 Write G) as a fraction in its simplest form. (2 marks)

@

ActivelLearn Homework, practice and support: Higher 1 Unit test




Unit 1 Number

=
~

Letx=6x10°and y = 8 x 10% Work out
s avy b oa-y ¢ ay d

IS

Write your answers in standard form. (4 marks)
13 918=27x
Work out the value of x. (2 marks)

14 Work out the area of this shape. Va5
Write your answer as a simplified surd.

V30

(3 marks)

R —

How many different 4-digit odd numbers are there, where
the first digit is not zero? (3 marks)

16 Rationalise the denominator. & @marks)

/6

Sample student answer
The maths is correct, but the student will only get 2 marks. Why?

One sheet of paper is 9 x 10 em thick.

Mark wants to put 500 sheets of paper into the paper tray of his printer.

The paper tray is 4 em deep.

Is the paper tray deep cnough for 500 sheets of paper?

You must explain your answer. (3 marks)
June 2013, Q15, IMAO/IH

Student answer

9x 1072 x 500

0.009 x 500
9x500=4500 +1000=45

29



Problem-solve i Strengthen  Extend
p48 : ; p51 i pss

The amount that a plumber charges customers depends
on a variety of things, including labour and parts.
Labour might be based on an hourly charge of £60, and
a fixed call-out charge of £80. A formula for the total
labour charge £C for a job that takes ¢ hours might be
C= 60t + 80

How much does the plumber charge for a job that takes
2 hours? How long is the job when the cost is £260?

2

Numerical fluency t 5 Simplify

1 Write down the highest common factor a pxpxpxp b cxcxdxdxd
(HCF) of : ¢ Tmx2m d 3fx(-6f)
a 12and18 b 15and35 ¢ e xxbxx9x f ey
c 30and36 d 22and 44 B

6  Work out the value of
2 Work out : a 4p*whenp=2
a (3)x(-4) b & : b 2(m+7)whenm=3
= { ¢ syrpwhenx=2andy=3

- e {4 10-Ge0 whens=lande-2
3 smpliythesecions. T s
az byxm cx dF :
{8 Expand
Algebraic fluency a Tx+3) bo2x-3)
o Simply f ¢ 3D d 9Rx-y+1)
a x+x b yxy 9 Factorise each expression completely.
¢ wx2 d 4t=4 H a 8x-2 b 20y+15
e 50:q f 3z-z c ¢i-2¢ d n+2n?

30



Unit 2 Algebra

10 Solve these equations. ¢ 17 Which of the sequences in Q16 are
Show your working. : a arithmetic
a x+7=5 b 5x-1=19 i b geometric
c 5(x-3)=10 d 4(x+1)=36 : c ascending

11 Find the value of x in the formula : d  descending?

R=2ax-bwhenR=23,a=3andb=17. 18 Write down the first four terms of the

sequence defined by

12 Write an equation and use it to find the

value of x in the diagram. : a firstterm=4
: term-to-term rule is ‘add 7"
. : b firstterm=3
b term-to-rule is ‘multiply by 2
/22 [ i % Challenge
13 Make x the subject of each. : 190 & Workout

1+2

1+2+3

1+4243+4
iv 1+2+43+4+5

b By substituting n=2,3, 4 and 5 into
the formula zn(n + 1), verify that this
formula produces the sum of the first

a x-5=y b 4x=y Ai

14 a Work out the output of this function
machine when the input Is 4.

b By using an inverse function machine, n positive whole numbers.
or otherwise, find the input when the ¢ Use the formula in part b to work out
output is 48, : the sum of the first 100 whole numbers.
15 Use these position-to-term rules towork ~ : d Work out

1+

P+23433
1P+2243%+4

v 1D+23433443453

out the first four terms of each sequence.
a Tn+2 b 20-6n

16 Write down the term-to-term rule and the
next two terms of each sequence. : e By comparing your answers with those
a 2,11,20,.... =1,=3;-0, ... for part a, write down a formula for
€ 6,2<2... d 202002... : the sum of the first z cube numbers.

1 Write as a power of 2.

a 2x2* b 2°+2? € 2 d 3
2 Write as a power of a single number.
104 x 10* ¥ 39!
e b (523x5° L

ActivelL.earn Homework, practice and support: Higher 2.1 31
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Unit2 Algebra

‘ Questions in this unit are targeted at the steps indicated. ‘

3 Simplify
a xixxt b x?xx®
¢ a'xat d oyrxyxyt
& Simplify
a 2a’x3a’ b 4cx2c®
c© 4n?x10n® d »¥xT7v?
e 5s%x3s%° f
5  Simplify
a %= biixisiny
Pt
c E d y'+y
re exp
e ¥ S
6 Simplify
1494 6fs
a o W
g o
7 Simplify
a (xp b (x93

— L
Q3ahintx’xx°=xxrxxrxrxrxrxyg=x0

3 4

e mixm?

Q3b hint 27 x 7 = gon

[(Quanintza* x30*=2x3 %0 a* =0 |

2pg? % 5pq° x 3p°q | Qée hint 5526 x 3535 =5x3 x 52 x $>x L x {3

Q5a hint 2%+ 12 ==
B

F_eweria
T T S

64+ 232 d 12w+ 4w*

(e d (7

Discussion Which of these expressions are equivalent?

9x2xx> (3x%)° 0xI2 27x° (-3x7?

& Simplify
a ry»? b (3792

9 Multiply or divide each pair of expressions

connected by a line in this diagram.
Divide in the direction of the arrow.
Reflect Which pair of expressions was
easiest to multiply/divide? Why?

Which pair was hardest? Why?

10 Simplify
a e¥ b (exy
11 Reasoning Copy and complete
a xl+xd=x0D0=y0

3 % 0

==
Therefore x0="]
¢ xP+x°=x00=20

5

XxxTxX  _
TXEXERERE [

|

Therefore x0==
0

O

reai=

3% x 912

i (Ey Q8a hint (22} = 22 x (2
2 ke

Q7a hint (x)? = 27 x 27 =20

Therefore x0==
|

Q11b hint x has a negative powe!



x=landx™

Unit 2 Algebra

1

N

Simplify
a b b A3
< p° d re

Exam hint
In part a first multiphy

implify 3¢ 2
a S:mpl:f{ 3f 'd* % ded” (3 marks) the numbers then
b x‘xxr=x simplify ¢2 x cand
Work out n. (1 mark) e
14 Simplify =
" N . Q14b hint
2 = £ (qZ)u iz
15 Simplify o4
N R R N )
16 Simplify
17 Reasoning Copyand complete
a xixyi=yOO=2x0=["] b xixrixai=gOO0=x0="]
vaxve=[] VExVEx V=[]
Therefore xi=["] Therefore xi=["]
i — |
18 Simplify i . . Q18 hint Begin by writing
@ Bprdt b Uset o i)t d pze%yt | epgdi-rprga

Expand
a 4x+2)

b 3(G-5
Simplify by collecting like terms.
a 4a+2+5a+3 b 3x+5-2x-1

Find the highest common factor (HCF) of
a 12and 10 b 18and 27

<

Tem+1) d -2y +6)
4r+2s-4r+3s

9x and 15

Active Learn Homework, practice and support: Higher 2.2
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Unit2 Algebra

4 Reasoning a Write down an expression containing brackets for the area of the rectangle.

|

b Copy and complete this diagram to show the areas of the two small rectangles.

z+5

X 5

d

¢ What do you notice about your answers to parts a and b?

When the two sides of a relation such as 2(x + 5) = 2x + 10 are eqjual for all values of x it is

called an identity and we write 2(x + 5) = 2x + 10 using the ‘=" symbol.
An equation, such as 2z = 6, is only true for certain values of x (in this case 2 = 3).

5 Reasoning State whether each relation is an equation or an identity.
Rewrite the identities usin;

a xxx=x? b 3x+4x-x=6x € 3x-1=2x+1 d %ZZZ
6 Reasoning By drawing rectangles show that
a 3x(r+d) =3xi+12x b x@y+z)=2xy+xz ¢ xly+)=xy+az
Key point 4
To expand a bracket, multiply each term inside the brackets by the term outside the brackets.
7 a Expand i Sx(y+4) Qi 3ylx+2) Q7b hint Add the two
b Use your answers to part a to expand and simplify expansions in part a
Sy +4) + 3y(x + 2) and collect like terms.
8  Expand and simplify Q8 hint Expand all
a 6ble+3)+2e b 6y+2(y+7) € 3x+9+a brackets first. Then

d 6m+2)+3(m+5) e 2a+5b+3(a+b) f 2(6x+y)+3(x+2y) | collect like terms.

9 Expand and simplify
a z(x-2) b 4(y-3)+Ty

"

Tt+3(-2)

d 2pp+q)-qp-Qe 2w-wl-3w) F Sele+f)-2fe-f)

10 Find the HCF of
a 4xand 61y b 3wy and5x Q10 hint What is the HCF of the numbers?
¢ 8xyand 12y d 5x?y and 10xy? Which letters are common factors?

-
=

Factorise completely

Q11b hint Write the HCF
L b ar+6uy=I1+[D outside the brackets,
c 3ab-5b d Txy+Txz Use your answer to Q10a.
e ab-abc f v+
g 6p°q-9pq h
i j

3x%z+12xz Q11 Strategy
12pqr - 10pgs Expand brackets to check.

207k? - 152k



Unit 2 Algebra

12 a Whatisthe HCF of 4(s + 2t)2 and 8(s + 21)?

b Copyand complete
(s +20)° - 8(s + 21)
=[s+anls+20-CN
=[s+2n(s+2t-)

Factorise completely

a lip+1)2+21(p+1)

b 5(c+1)2-10(c+1)

¢ 12+ 82 -8ly+ )

d (a+30)2-2(a+3b)

e 5(f+5) +10f(f+5) Communication hint Consecutive

f 5(@+b)?-10(@+b) integers are one after the other.

Q12b hint Use your answer to part a.

1

@

Show algebraically that the product of any two consecutive integers is divisible by 2.
One of these two rumbers must. be even,
50 It can be written as 2m for some whole number; m.

Numbers 1, 2,3, 4, 5, ... are odd,
even, odd, even, odd, etc. 50 a pair of

If the other number is nthen their product is consecutive numbers must contain
2mx n=2mn. 2mn has afactor of 2 so itis one odd and one even. If a number
divisible by 2 is even it is in the 2 times table.

14 Communication / Reasoning
Show algebraically that the product of three
consecutive integers is divisible by 6.
Discussion What happens for four consecutive
integers? Can you use algebra to show it?

Q14 hint When the numbers are
consecutive at least one of them is even
and one of them is a multiple of 3.

Exam hint
Make sure that your

a Expand 4x(2x - 5y) (1 mark) final answer cannot be
b Factorise completely 4cp — 6cp® (1 mark) factorised further.
¢ Simplify VOmn%) (2 marks)

16 Reflect In this lesson you have learned about expanding,
simplifying and factorising.
Why do you think these methods have these names?

Active lLearn Homework, practice and support: Higher 2.3 35




Unit2 Algebra
1 Solve these equations.
a 4x-5=23 b 3(7x+4)=33 c 9=3(7-2x)

2 Write down the lowest common multiple (LCM) of
a 2and3 b 6and8 ¢ 2.3and12

3 Show that x = 3is a solution of the equation x* - 2x =21

4 Expand and simplify

a 2(x+3) b 2B3x+1) +3(5x-2) © 2Qx+1)-3(4x-5)
5 a Copyand complete to begin to solve the equation.
i Qsa Subtract 3x from
3x+1=5x-9 .
both sides of the equation.
3x+1-[]=50-9-[] Then simplify the expression
O=Ck-9 on both sides of the equation.
b Solve the equation.
6  Solve
a 2x+4=x+9 b 5x+3=Tx-5 ¢ x-5=3x-25 d 1lx-7=9x-11
7 a Expand
i 4Bx-4) i 7x-3)

b Use your answers to part a to solve 4(3x = 4) = 7(x - 3)
8 a Expand and simplify 2(3x + 5) - 3(x - 2)
b Use your answer to part a to solve 2(3x + 5) - 3(x - 2) =25

9 Solve these equations.
a 2(Bx-1)+5(x+3)=24 b 2(x-1)-(Gx-4)=3

Unless a question asks for a decimal answer, give non-integer solutions to an equation as exact
fractions.

10 Solve
a 20x-1)+3@+2)=1 b 4@2x+3)=5(3x-2) c 3Qr+9) =2(4x-1)
d 9x-2(3x-5=6 e 5(r-3)-(6-5v)=0 f 73 -5x)=2(x-6)

Discussion In part a, why is the fraction solution more accurate than the decimal?

11 Simplify these expressions by cancelling.
142 4y 27z 26w
7 b3 i s 7

a

12 a Copyand complete to begin to solve the equation. Q122 hint Maltiply both

sides of the equation by 4.

Then cancel.
4
Tx-1=]
b Solve the equation.
13 a Copy to begin to solve the equation: Q132 hint Multiply both sides by x - 4.
10 _5 Then cancel the left-hand side and
10 x-4 expand the right-hand side
2=

10=Jx-]

Solve the equation.

=



Unit 2 Algebra

ZI; LE x; 5 by 9, and cancelling,

show that 3(2x + 1) =x - 5. Then solve the equation.

14 a By multiplying both sides of the equation

b By multiglying both sides of the equation Queb hine 2 x12 :%:Dx
x_ % 1 i
£ -2 L by12,and cancelling, show that NS a2,

6 - 4x = 7. Then solve the equation.

Discussion How can you choose the number to multiply by?

Key point 6

To solve an equation involving fractions, multiply each term on both sides by the LCM
of the denominators.

15 Solve these equations. =
b-t_b+l Q15a hint Begin by
a e b multiplying both
u sides by the LCM of
d TR e 2and 4.

16 Problem-solving Find the size of the smallest angle in the triangle.

8!

A =\

17 Real/ Reasoning Bert drove from his house to Bolton at an average speed of 60 mph.
He drove back at an average speed of 45mph. His total driving time was 7 hours.

Q16 strategy hint What fact do you
know about angles in a triangle?

2 Bert lives x miles from Bolton. Q17a hint
Write down an expression for the time of his outward journey. N distance

b Write down an expression for the time of his return journey. e “epeed

¢ Write down an equation for both parts of the journey in terms of x.

d Solve the equation to work out how far Bert lives from Bolton.

1 Workout
a 6=-(3-1) b 25-3x4 C 2x42 d 2x4-3x5+4x6

2 a Write 75 million in standard form.
b Write 3 x 108 as an ordinary number.

3 Usea calculator to work out 1.05% Round your answer to 2 decimal places.

Active Learn Homework, practice and support: Higher 2.4

37




0

Unit2 Algebra

An expression contains letter and/or number terms but no equal signs,

eg 2ab, 2ab + 3a2b, 2ab - 7

An equation has an equals sign, letter terms and numbers. You can solve it to find the value of
the letter, eg. 2x - 4=9x+1

An identity is true for all values of the letters, e.g.% =2x x(x+y) = +ay

A formula has an equals sign and letters to represent different quantities, e.g. A = wr*
The letters are variables as their values can vary.

4 Write whether each of these is an expression, an equation,
anidentity or a formula.

a E=mc? b 4x+T=2x < e d 2@+y)=2x+2y
e 2 £ C=2mr e wd h 2mr=7
i wdt=utet j %‘:9

Reflect Write your own examples of an expression, an equation, an identity and a formula.
Beside each one, write how you know what it is.

5 Use the formula Q = 2P* to work out the value of ) when
a P=10 b P=-1

6 Use the formula D =2X2 + Y'to work out the value of D when
a X=10andY=150 b X=-2andY=0

7  Real/Reasoning The instructions describe how to cook a joint of beef.

Cook for 30 minutes at 220 °C, followed by 40 minutes per kilogram at 160 °C.

a Work out the total time taken to cook a 2.5 kg joint of beef.
b Write a formula for the total time, 7" (minutes) to cook m kg of beef.

8 Problem-solving a Write a formula, in terms
of band A, for the area, A, of the triangle. h
b Use the formula to work out the value of
i Awhenb=6andh=3
i bwhenA=20andh=4

b
9  Finance Anamount £P is put into a bank account offering r % interest.
After n years the value of the savings, S, is given by the formula
Fon
S=P(1+305)
Joe invests £10000 in this account in January 2015. The interest rate is 4.6%.
How much will his investment be worth in January 20207
Give your answer to the nearest penny.

10 STEM / Problem-solving A car, initially travelling at
aspeed of wm/s, accelerates at a constant rate of
am/s2. The distance, s, travelled in ¢ seconds is given by
the formula s = ut + Jat’.

Q10a strategy hint Write down
the information you are given,
uw=[Ja=[]t=[]Then
substitute into the formula.

a Acarjoins a motorway travelling at 10 m/s and has a

constant acceleration of 0.6 m/s?. z
Work out the distance travelled by the car in 20s. Q10b hint At rest, 1=0.

. . Substitute all the information
Work out the acceleration of a Formula 1 car which e il ThenRnd A
starts from rest and travels 70min 2.55. : 2

o




Key point 8

Unit 2 Algebra

The subject of a formula is the letter on its own, on one side of the equals sign.

a Make a the subject of the formula v? = u® + 2as
b Make x the subject of the formula y =%+b
a w2+ 225 b oy=2* b
v? - u? = 225 Subtract u? from both sides. cy =ax + b —{ Multiply both sides by c.
=a Divide both sides by 2s. cy~b=ax Subtract b from both sides.
> y-b
a=t +— =% —{ Divide both sides by a.
y-b o
K= Re-write in the form x = ...
11 Change the subject of each formula to the letter given in the brackets.
a v=u+at [a]
b E=m-2n [n]
3G
w==— G
< 7 161
d R= g 0 Q
e r-BY
f os=ut+iar*  [a]
12 STEM The formula, F=3€ + 32 is used to convert temperatures from degrees Celsius
to degrees Fahrenheit.
a Convert 28°C into degrees Fahrenheit.
b Make C the subject of the formula.
¢ Convert 104°F into degrees Celsius.
13 STEM a Make Tthe subject of the formula £ T
b Sometimes the distance between the Earth and Mars is about 57.6 million kilometres.
The speed of light is approximately 3 = 108 m/s.
Estimate the time taken for light to travel from Mars to the Earth.
N Check the value of a by
a Make a the subject of the formula c=3(2ab+3) (3 marks) et
b Finda when b= 1.5and ¢ = 63. (1 mark) | of all three letters into
the original formula.
15 STEM / Reasoning The formula d=v2Rh, where R = 6.37 x 10° metres is the radius

of the Earth, gives the approximate distance to the horizon of someone whose eyes are
h metres above sea level. Use this formula to estimate the distance (to the nearest metre)
to the horizon of someone who stands

a atsealeveland is 1.7m tall

b on the summit of Mount Taranaki, New Zealand, which is 2518 m above sea level
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1 Work out the outputs when each of these numbers
is used as an input to this function machine.
a0 B 5, c 10
2 Write down the previous term and the next term in this sequence.
[17.1013,1619,22,[] ...
3 Write down the first five terms of the sequence with nth term
a an b 3r+1 ¢ -4n d -2n+3

Key point 9
, denotes the nth term of a sequence. u, is the first term, u, is the second term and so on.

4 Work out the 1st, 2nd, 3rd, 10th and 100th terms of the sequence with nth term
a up=7+3n b u,=100-2n C Up=6

Key point 10

In an arithmetic sequence, the terms increase (or decrease) by a fixed number called the
common difference.

5 For each arithmetic sequence, work out the common
difference and hence find the 3rd term.
a 063,065 ... by 33
€ 23 d 05691569, ...

Q5 communication hint
‘Hence’ means ‘'use what you
have just found to help you'

Key peoint 11
The nth term of an arithmetic sequence = common difference x n + zero term

a Work out the nth term of the sequence 3,7,11,15,... b Is 45a term of the sequence?
a 4n 4, 8 12, 16,

The common difference is 4. Write out the first
five terms of the sequence for 4n, the multiples
of 4. Work out how to get from each term in 4n
to the term in the sequence.

3, 7, 11, 15,
el
¥4 44
The nthtermis 4n- 1.

b 45=4n-1 = . -
i, \——‘ Write an equation using the nth term and solve it. ‘

11.5=n
45 cannot be in the sequence because 11.5 is not an integer.

40 ActivelLearn Homework, practice and support: Higher 2.5
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Unit 2 Algebra

Reasoning
2 Find the common difference for each sequence you wrote in Q2 and Q3.

b Where does the common difference appear in the nth term?

Predict the common difference for each sequence.

i nthterm5sn-2 i w,=-3n+4

Work out the first three terms of each sequence to check your predictions.

n

o

Write down, in terms of 5, expressions for the nth term of these arithmetic sequences.
8 35791 b 14,18,22 26,30, ... € 2I2200.82, .50
d 13,10, 74,1, e 5,10, 15, 20, 25, 30,

Reasoning a Show that 596 is a term of the arithmetic sequence 5, 8, 11, 14, ...
b Show that 139 cannot be a term of the arithmetic sequence 4, 11, 18, 25, ...
Reflect How did the worked example help you to answer this question?

T oo

Here are the first five terms of an arithmetic sequence. [DxpAalt meahs showsyoun
working, then answer

3,595, 2127 the guestion with either:
a Find an expression, in terms of n, for the ath term ik
of this sequence. (2 marks) becavse .
b Ben says that 150 is in the sequence. No. Ben is not correct
Is Ben right? Explain your answer. (1 marky becaves -
-
Reasoning The nth term of the sequence 5,13, 21, 29, 37, ... is 8n.- 3.

a Solve 8n - 3=1000
b Use your answer to part ato find the first term
in the sequence that is greater than 1000.

Q10b hint What is the next integer value
of n? Substitute this into the nth term.

Reasoning a Find the first term in the arithmetic hint Begin by findi
sequence 2, 11, 20,29, 38, ... that is greater than 4000, | 011 hint Begin by finding a
ind the fi in the arithmeti formula for the nth term, u,, and
b Find the first term in the arithmetic sequence then solve the inequallty . > 4000,
400, 387, 374,361, ... that s less than 51. 3

Real / Modelling Frank weighs 100kg and goes on a diet

losing 0.¢kgaweek. i

a ﬂow much doesﬂhe weigh after sequence. Write and
i 1week i 2 weeks iii 3 weeks? solve an inequality.

b After how many weeks will Frank weigh less than 89 kg?

Q12b hint Find the

Real / Modelling Martina trains for a marathon. In her first Q13 hint Begin by
week of training she runs 5 miles. Each week after that she writing the first few
increases her run by 0.8 miles. How many weeks of training will terms of the sequence.

it take before she runs more than 26 miles?

Reasoning The nth term of an arithmetic sequenceis u,=7n +3.

a  Write down the values of the first four terms, u,, u,, u,, u,.

b Write down the value of the common difference, d.

© By substituting nn = 0, work out the value of the zero term, u,.

Discussion What do you notice about your answers to parts band ¢, and the numbers
that appear in the formula, u, = 7r + 3? What can you say about the zero terms of the
sequences in Q4?
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15 a Find the outputs when the terms in each of these
arithmetic sequences are used as inputs
to the function machine.
i 2,581114,... i 10, 20,30, 40, 50, ...
b Compare the common differences for each input sequence with the common difference

for the output sequence.
How are these related to the operations used in the function machine?

When an arithmetic sequence with common difference d is

input into this function machine, the output sequence

has common difference p x d.

16 Reasoming When 3 is input into this function machine, the output is 10.
When 7 is input into the function machine, the output is 18.

difference between outputs

p= difference between inputs

a Workout the difference between the two inputs.

b Work out the difference between the two outputs.

© Use your answers to parts a and b to find the value Q16d hint Put either of the inputs
of p in the function machine. 3 and 7 into the machine. As a

d  Work out the value of ¢. check, they should both work.

17 Reasoning Find the values of p and ¢ in this function machine when the inputs 2 and 7
produce outputs of 20 and 55, respectively.

1 a Increase £1200 by 4%.
b Decrease £180 by 15%.

Find the term-to-term rule and work out the missing numbers in these geometric
sequences.

a 361224 |[] ... b 8L 93] | c 2,-6[ ] -54,162,-486, ...

42 ActiveLearn Homework, practice and support: Higher 2.6
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In a Fibonacci type sequence the next number is found by adding the previous two numbers
together.eg. 1, 1,2, 3,5, 8,13, 21, ... is a Fibonacci type sequence because 1 +1=2,1+2=3,
2+3=5andsoon

a 23300 b L4300 K L2 L [

Key point 14 |

3 Find the next three terms in each of these Fibonacci-like type sequences. e

In an geometric sequence the terms increase (or decrease) by a constant multiplier.

ten

4 Write down the first four terms of each sequence. Q4 hint Substi
L into these formulae.

b mu=2t ¢ u,=03

a u,=

Discussion Which of these are geometric sequences?

5 Write down the first five terms of these geometric sequences.
a first term = /2; term-to-term rule is ‘multiply by 2"
b first term = 3; term-to-term rule is ‘multiply by 23"

6 Finance / lving lanisa Q6 Communication hint Predict
He promises to donate £10 to charity one month, means finding a good guess about
£20 the next month, £40 the next month and so on. what might happen. Check your
Predict how many months until he is donating guess and improve it if you need to.
over £1000.

7 Finance / Modelling John invests £8000 in a bank account at 5% interest.
a How much money does John have after 1 year?
b He leaves the interest in the account each year.
How much money does he have after
i 2years i 3years?

¢ How long will it be before his investment exceeds £10000?

8 Finance / Modelling Sarah gets pocket money every week from Q8 hint Work out
the age of 5 until her 21st birthday and is given a choice of two options. | the total amount
Option 1: Get the same number of pounds each week as her age. for each option
Option 2: Get £5 a week aged 5 and increasing by 15% a year. separately and see
Which option should Sarah choose? which is larger.

Give reasons for your answer.

quadratic sequence has n2 and no higher power of n in its nth term.

9 Reasoning a Write down the first six terms of the Q5b hint Compare with
Sequencet, == the sequence for 1%,
b Work out a formula for the nth term of each sequence. What do you need to add
i 2,510,17,26,37, ... or subtract?

il 0,3,815,24,35,.
iii 4,916, 25,36, 49,
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10 Copy and complete this diagram to work out the next term in the sequence 0, 1, 8, 21,

1 8 21
S L \\/D Q10 hint Begin with the
|

sequence 0

second difference box, then
dstcfierences. 11 e ik the first difference box and

L/‘ \B/‘ \D/‘ finally the sequence box.

2nd differences +6 +

11 Work out the next term of each sequence. Q11 hint Work out the first
a 621,4681,.. b 27162%.. c 0136,.. and second differences

12 a Copyand complete to work out first and second differences for the sequence u, = n*+ 1.

sequence 8 1" 16 23 32
Mmoo e
1st differences *3 +5 +7
SN o N P
2nd differences +2 D D

b Copy and complete for the sequence v, =3n?-n -2
sequence 0 8 22 42 68

1st differences  +8 +14
2nd differences +6

Discussion Are the second differences increasing, decreasing or constant?
What is the connection between the formula for the nth term and the second differences?

Key point 16

The second differences of a quadratic sequence, u, = an? + bn + ¢, are constant and equal to 2a.

Find a formula for the nth term of the sequence 8, 23, 48, 83, 128, ...
sequence & 25 48 83 128

N PR AN AN P .

stdfferences ¥15 F25 ¥35 +45

Mo Ne A Nl
2nd differences 10 +i0 +70
S0 a=10+2=5 Halve the second difference to
The forrmula hasa Sn2terminits find the coefficient of nz.
[sn2 [ 5 [ 20 [ 45 [ 8o [125]
[sequence | & [ 23 | 48 [ 83 | 128 | L

Compare the given sequence with 5n.

Themshreraieon £ 0 \\-I The nurmbers in the second row are 3 more than those in the first row. |

13 Reasoning Find a formula for the nth term of each of these quadratic sequences.
a8 3;9/19:33,51, ...
b -2,7,22,43,70, ...
€ 45,6,8512165, ...
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14 Reasoning Each number in Pascal’s triangle is found by adding the pair of numbers
immediately above it.

Row 0 1

Row 1 1 1

Row 2 1 2 1

Row 3 1 3 3 1

Row 4 1 4 6 4 1

a  Work out the numbers in the next row. ‘an ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘
b Copy and complete the table for the sum of the ‘sum‘ ‘ 1 ‘ 2 ‘ ‘ ‘ ‘ ‘

numbers in each row.
¢ Work out a formula for the sum of the numbers in row n.

15 Thesequence 2,7, 14, 23, 34, ... has nth term in the form u,, = an® + bn + ¢
a Find the second differences and show that a = 1.
b Subtract the sequence n2 from the given sequence.
2 7 14 23 34
e 1 4 9 16 25

rtooo e

¢ Find the nth term of this linear sequence.
d  Write the nth term of 2, 7, 14, 23, 34, ...
nt+[n-]

The nth term of a quadratic sequence can be worked out in three steps.

Step 1 Work out the second differences.

Step 2 Halve the second difference to get the an? term.

Step 3 Subtract the sequence an? You may need to add a constant, or find the nth term of the
remaining terms.

16 Find the nth term of each sequence. Q16 hint Use the method in Q15,
a 4,10,18, 28,40, ...

b 0,149 16
¢ 512,23,38,57, ...
d 3,11,25,45,71, ...

17 Communication The nth term of a sequence is u, = 10". = —
Show that the product of u, and u, is u,,.
1 Exam hint

a Write down the first four terms in the sequence The questionrefers to
with nth term 1 = 22, (2 marks) anine ke =0 o)
i credit is given for just
b State the term-to-term rule. (1 mark) cecking ot e
© Use algebra to show that the product of any two terms e

in the sequence s also a term in the sequence. (2 marks) )

45
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46

1  Find a pair of numbers whose

a productis 6and sumis 5 b productis 4 and sum is -5.
2 Simplify
2 2
a (2x) b (5y) e .
3 a Copyandcomplete this expression for the area of the =
whole rectangle. (x + [ )(]+1) g
b Write an expression for the sum of the areas of the | x+2
smaller rectangles. 1
Collect like terms and simplify. 12

Key point 18

To expand double brackets, multiply each term in one bracket by each term in the other bracket.

Example 5

Expand and simplify (x + 3)(x + 5)

Multiply each term in the 2nd bracket
by each term in the 1st bracket.
FOIL: Firsts, Outers, Inners, Lasts

=x2+5c+3x + 15 Collect like term:
Bk

=x2+8r+15

E+3) +5)
N A

4 Expand and simplify
a (k+6)@E+10) b @+6)x-3) ¢ (x-&E+10 d @-3x-4)
5 Problem-solving Find the missing terms in these quadratic expressions.

a @@+ P=w2+[Ju+6 b @-[c+8=2+50-]

Key point 19

To square a single bracket, multiply it by itself, then expand and simplify.
@+1P=@+DE+1)=22+22+1

6 Expand and simplify
a (@+2r b (x-3p c (x+57 d (@-4y

‘ Activel.earn Homework, practice and support: Higher 2.7
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~
o

Copy and complete to evaluate 512 - 492 without a calculator.
(51+49)(51-49) =2 x[]=[]

Without using a calculator work out

i 1012-992 i 1.032-0972

o

8  Expand and simplify
a (e-d)x+4) b (x-2@x+2)
Discussion Why can your answers be called difference of two squares?

9  Factorise Q9a hint Factorising is
a 12-25 b y?-49 ¢ 2-81 the inverse of expanding.
22-25=(x ) )
Example 6

Factorise %2+ 5x + 6
Write a pair of brackets with x in each one.
2150+ 6 This gives the x? term when multiplied.

@ Wurk out all the factor pairs of 6, the number term. \
1x6 2x 3

Work SUE wiih Tackor poir will wid-t ghe
146=7 243=5 5, the number in the x term.

(x+2)w+ 5)

Then write each number in each of the brackets with x. |

Check: (x + 2)(2 +3) = X2+ 5%+ &
\{ The expression is now factorised. Expand |

the brackets to check it is correct.

10 Factorise Q10a hint Find two numbers
a 12+8x+T +Tx+12 with product 7 and sum 8.

b
c x2+8x+15 d xt+2x-3
e -2x-3 f x’-6x+8 Q10d hint For a product of -3, one number
g 1-6x-T h 2-Tr+12 must be positive and one number is negative.
S o e 146 +24 [ oS 0F hint For a positive product buta
k ~6x16 L at+2e+l negative sum both numbers must be negative.
11 Problem-solving A rectangular piece of paper T+5

has length (x + 5)cm and width (x +2) cm.
A square with sides of length, x cm is removed.
2 Write an expression for the area of the rectangle 1
before the square is cut out.
Expand the brackets.
b Write an expression for the shaded area
c Find xif the shaded area is 31cm2.

12 Problem-solving / Reasoning The two rectangles
shown have the same area. Find x.
T+6
-
— >
£3 x+3

13 Copy and complete these factorisations.
a 4a2-9=@x)?2-[ F=@x-[a+[)
b teyr-1= (1 -[F- Cly-D0Cy+[D

~




Unit2 Algebra

14 Factorise

a 9m?-25 b 25¢2-81 ¢ xr-4oy?
B —
a Factorise x? + L1x +30 (2 marks) :;::s:c;:e;;wm
b Expand (3u —4v)* (3 marks) expanding the brackets.

48

Example 8

A factory makes boxes of Christmas crackers, Each box contains 12 crackers.
The factory has 13 machines. Each day, each machine makes 1638 boxes of Christmas crackers.
The same number of boxes is loaded on to each of 18 lorries.

a How many crackers are on one lorry?

b Write an expression for the number of crackers on a lorry when
each box contains ¢ Christmas crackers

they are made in a factory that has m machines

each machine makes b boxes of Christmas crackers per day

the same number of boxes is loaded on to each of n lorries.

»

Using smaller numbers:
Replace the numbers in the

Each box of Christmas crackers contains 2 crackers. = i
question with smaller numbers.

3 machines
Each machine makes 5 boxes of crackers.
4 lorries

3 machines Each day, each machine makes 4 lorries
5 boxes of 2 crackers

HE-HHE

==l==l= |
===

Use your picture to help you
calculate how many crackers

Total number of crackers on 1 lorry=5x2x3+4 —_ |

Using numbers from the question: on one lorry. Then replace
Total number of crackers on 1lorry = 1638 x 12x 15+ 18 the smaller numbers with
=14196 the corresponding numbers,
in the question.
b Total number of crackers on a lorry = 22 €1
_bem Replace the numbers in
2 your calculation with the

corresponding letters to
write an expression.
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Luke is revising for a Spanish exam. Every day he reads
11 pages of his Spanish vocabulary book. There are 15 words
on every page. After three weeks, he has only 35 words left.

Q1a hint Replace each
number in the question with
asmaller number and draw

2 How many words are in his Spanish vocabulary book? sy
b Write an expression for the number of words in a ‘correct’ picture. There is also
vocabulary book when someone reads x pages perday, | no correct’ smaller number,

there are iy words on every page, and after z weeks, the
person has only m words left.

A farmer grows strawberries. The farmer employs 28 fruit pickers
Each day, each fruit picker picks 36 kg of strawberries.

Allthe strawberries are packaged into plastic tubs.

Each plastic tub contains 0.25 kg of strawberries.

Then the same number of plastic tubs is put into each of 63 boxes.

a How many plastic tubs are put into each box? Qza hint Use a
b Write an expression for the number of plastic tubs in a box when whole number
p fruit pickers each pick g kg of strawberries, these are packaged instead of 0.25 kg.

into plastic tubs, each containing s kg of strawberries, and the
same number of tubs is loaded into each of ¢ boxes.

Avending machine has 24 different products. It stores 15 of each of these products.

On average, people buy 35 products from the machine every day.

2 How many products remain in the vending machine at the end of 7 days?

b Write an expression for the number of products remaining in the vending machine at the
end of n days when a vending machine has x different products, it stores y of each of
these products, and on average, people buy m products from the machine every day.

22 office workers send an email to each other.
a How many emails are sent altogether?
b Write an expression for the number of emails sent by x workers.

Q4 hint Sometimes it is helpful to try a series of smaller numbers to lock for a pattern.
2 workers 3 workers 22 workers X workers
I AAS
emails
B A B CA CA B
number of emails 2x1 3x2

a  Write down the 137th odd number. Q5 hint Write down the 1st, 2nd,
b Write an expression for the nth odd number. 3rd odd numbers. How do you find
the 137th odd number?

Hg:/:a_;\y timesdotiro.or :mre Q6 hint How many times do two or more odd digits
odd digits appear ina num e7r appearin numbers
when counting from 0 to 999? 0-9 10-19 20-29 30-39...

100-109 110-119 120-129 130-139...

Reflect Did using smaller numbers help you?
I this a strategy you would use again to solve problems?
What other strategy or strategies helped you to solve these problems?
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Log how you did on your
Student Progression Chart.

Simplifying, expanding and factorising
1 Simplify
a Lpx5p? b 15x¢+ 3x? LR

2 Expand and simplify 3@p +q) -2(3p - q)

3 Factorise

a 2xy-6y b 3ab-6a?
4 Expand and simplify
a (x+4)x-6) b (x+52
5 Simplify
a a7 b 4a®
16p?
¢ ooy i =2
4p?
6 Expand and simplify (2s - r)(s + 3r)
7  Factorise
a x*-81 b x2-9x+14

Equations and formulae

8  Write whether each of these is an expression, an equation, an identity or a formula.
a v-u+at b az-b:=(a-b)a+b)
¢ my d 4a=5

9 Solve4x-3=2x+6

10 Solve2(3x+1)=5(x-3)

11 Use the formula z =/ - 2fg to work out the value of z when f= 10 and g =3.

12 Communication Show that the equation x3 + 4x = 6 has a solution between 1.1 and 1.2

13 Anelectrician charges a £25 call-out fee, plus £36 per hour.
Write a formula for his total charge £€ for i hours' of work.
14 a Make y the subject of the fomrula 2x + 3y = 4
b Make b the subject of the formula S = 6ab + 4a?
5

x x
15 Solve——zfg

3
Sequences
16 Write down the next two terms in the Fibonacci sequence 3,4, 7,11, ...

17 a Find the nth term of the arithmetic sequence 2, 11, 20, 29, ...
b Show that 167 cannot be a term in this sequence.
c Find the first number in the sequence that is greater than 167.

18 Find the nth term of the sequence 10, 19, 34, 55, ...

ActiveLearn Homework, practice and support: Higher 2 Check up
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19 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

Payay

* Challenge
20 a Multiply together the four pairs of connected x

terms and expand your answers. x+3 z=2
Add together your answers and simplify the
result. Would the result have been the same
if you had expanded in a different order?
Factorise your simplified expression.

o

n

Simplifying, expanding and factorising

1 Sim;;lify2 o 3 2 5
—_—— e
a pPxi b tixt Qlahint? xt xt x Ext =L xtxt xtxl=1°
c txp d t2xtt
)
e ttxgt fodxe Qid hint Add the indices.
2 Simplify P
a 3pix6p? b 8zx9z+ ; S
c T x2b* d 2rix4r? Qzah'ma%pu
e 2xixdxt fo5sZx2gt Ll
3 Copy and complete
a texp=(0 b tf+e?=10 c ?+2=(0=0
4 Simplify
12a’ Qéa hint 20+ 4 pb=p?
20p° = 4p? b
3 P P 4a? | =
o , @ -0e

7 oy
5 Copy and complete
a @2=[]Bx[P=[]2
P« [P=[]P-18
e« P« Oe= [P =

d What do you notice about powers and brackets? What is the rule?

6 Simplify = —

a (@9 b () ¢ (Zgﬁ)’ | Q6a hint Use the rule you noticed in Q5d. |
7 a Expand3(2x+y) Q7a hint Use a multiplication grid.

b Expand 2(3x - 43) x |2z | o

n

Expand and simplify 3(2x + y)+ 2(3x - 4y)

ActiveLearn Homework, practice and support: Higher 2 Strengthen ‘ 5
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8

-
o]

Expand and simplify

a 2lbc+5d)+3(c-3d) Q8 hint Use grids to help you

b 6G3m+n)-4(m=-n)

Copy gnd .comple!e the Q9a hint Find the common factors. || Q9b hint Start with
factorisations, 3abi=3xaxbxb Bxy =2 4x[ ]x
a 3ab?-2ab=ab(]..[ ) | ah-—2xaxb 6r=2x3x[]

b gxy+6x=2[]...[C) | Writethe common factors first. ool e

c 3st-6st= J(]...[]) |3abi=abx3b method for part a.
d Lab?+21b = (]..[ )| -2ab=abx-2

a  Copyand complete the multiplication grid.
b Use your answer to part a to expand

X x +5
= (x+4)(x+5)=a2+5x+[ |+20
4 - e =22+[Jx+20
+4 +20
a Use this grid to expand (x - 6)2
x x -6
x 2
-6

b Use a grid to expand (x - 4)(x + 4)
Use the grids to expand and simplify

a (@+8)(3x+2) b (x+1)(5x+3) © Bx-T)x+4)
x [ 3x | «2 x |2x | 41 x [ 3x | 7
X 5x x
+8 +3 +4

Match the expresions to their factorisations.

‘ (x-3)2 ‘ ‘ 246X +5 ‘ ‘ (x+1)(x +5) ‘ Q13 hint Expand the
brackets to check.

‘zz-smg ‘ ‘ (x+3)(x+2) ‘ | 22+52+6 ‘ |x2—x—6 ‘

a There are three pairs of positive integers o
whose product is 12. One pairis 1 and 12. ) o~
Write down the other two pairs. Q14 hint (x+[ Pw+[ p=a2+8r+12

b Which pair of numbers in part a add up to 8?7 \\f o

© Use your answer to part b to factorise o-o-s

r2+8r+12=+[Dw+[)
Factorise
a x*+13x+12 b xP+Tx+12

a There are four pairs of integers whose product is =10. One pair is =2 and +5.
Write down the other three pairs.

b Use your answers to part a to factorise
i x2-92-10 ii x2+9x-10
i x2+43x-10 iv 22-32-10
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17 a There are four pairs of integers that multiply to 24 and add up to a negative number.
One pair is -8 and 3. Write down the other three pairs.
b Use your answer to part a to write down the factorisation of
x2-25x + 24
il x?-14x+24
22-10x + 24
v ox?-11x+24

Equations and formulae
1 Write whether each of these is an identity,
aformula, an expression or an equation

Q1 hint When there is no = signiitis ...
When the two sides are always equal it is ...

a 2 When you can solve it to find the value of
b x+2r=3x the letter it is ...

¢ y=2¢

d 2x=1

2 When U=5and V=3, work out
a Ve b 4V ¢ 4Vz+ U

3 Usethe formula m = 24 + g to work out 7 when
x=3andg=5. g g En|

4 Usethe formula ¢ =r2-3rstowork out t whenr=5and s = 2.

5 Make x the subject of the formula Q5 hint Use inverse operations.
y=21-4
0] v
6  Make Q the subject of the f¢ lP*a+h
ake Q the subject of the formula “a | Q6 hint Use function machines to help you. |

7 a Makeb the subject of ¢ :sz

b Make s the subject of v?= u? + 2as

8  Solve the equation 5x - 1=3x+7 Q8 hint You need to get only unknowns (x) on one side

of the equals, and only numbers on the other side.

©
o

Q9b hint Rewrite the equation using

i T@x-4) i 2Bx+5)
your expressions from part a.

Expand the brackets.
Solve the equation 7(2x - 4) =2(3x + 5) ‘

-

10

o

Expand and simplify 7(2x + 1) - 3(4x + 3)
Solve 7(2x+1) -3(4x +3) =5

o

11 Simplify
LIz - . 20r
7 2 5
1z Solve these equations. Start by multiplying both sides of the equation by 5.

x 3x
X4 b %z
v 5
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13 Solve these equations

Eas Ax
8 5= b e 1
¢ How do you decide what to multiply by?

14 Solve these equations

z x_ x+1_x Q14a hint Multiply by 4 x
& G 2
Sequences
1 Write down the next two terms in each of these Fibonacci sequences.
a 1,12358,..
b 57,12,19,31,. Q1 hint The rule is 'add two terms to get the next’
c© 2,4,6,10,16, 26, ...

2 Work out the first three terms of the sequence with nth term Q2 hint Substitute
a 2n+3 b 50-2n n=1,n=2nr=3
€ n2+1l d 10m2 into each formula.

3 The first five terms of an arithmetic sequence are 3, 6, 9, 12, 15.

The Itiples of [ ].
- :se areh e ‘E e 7D Q3a hint Which times tables
ol i are these numbers in?
< Copy and complete this statement.
The general term is[_Jn
& Work out a formula for the nth term of each of these arithmetic sequences.
a 10, 20,30, 40,50, ...
b 7,14,21, 28,35, Q4 hint Use the method from Q3.
© 12,24,36, 48, 60,
5  Look at the sequence in the table.
[Termnumber [ 1 [2[3]4[5]56 ]|
[ Term [7]e]ofwo]ulr]
a  What number do you add to each number in the top row
of the table to get the number in the bottom row? >
b Copy and complete this statement. sth hint Check Yim“' ﬂf:Wﬂ gY
The nthtermis n +[_] i Lk

6 Write down a formula for the nth term of each of
these arithmetic sequences. Q6a hint Use the method from Q@S.
a 3,4,567,...

b 13,14,15,16,17, ... Q6c hint Ty n -]
& SEEL 0 e
7 These two sequences have the same common difference.

Sequence A: 4,8, 12,16, 20, ...

Sequence B: 7,11,15,19,23, ...

a Work out the nth term of sequence A.

What do you add to each term in sequence A to get the
terms in sequence B?

Write the nth term of sequence B.

-

n

Q7a hint The numbers in
sequence A are multiples of
[Jso the nth term is[_Jn.

Q7¢ hint Use your answers
from parts aand b.




Unit 2 Algebra

©
o

Write down the next two terms in each of these arithmetic sequences.
i 612,18, 24,...

13570

4,7,10,13, ...

v 25,20,15,10, ...

Find the nth term of each sequence in part a.

Write down the first five terms of the sequence with Q9b hint Can this sequence
nthterm i, =10+ 4n. have odd numbers in it?

Explain why 351 cannot be a term of this sequence.
Which term of the sequence is 102? Q9c hint Solve 10 + 4r = 102

10 The nth term of an arithmetic sequence is 57 + 7.
a  Which term of the sequence is 1077 Q10a hint What equation
b Find the first term in the sequence which is bigger doyou need to solve?
than 108.

Find the first term in the sequence which is bigger Q10c hint Solve 51+ 7 = 150.
than 150. Use the next integer value of n.

Copy and complete the first and second differences for
this sequence and work out the next term.

o

©
o

no

n

11

o

Q11b hint The formula is
s gy e L] an + bwhere a is half the
M M e AN A second difference.
1st 6 +10 [] [] For the first term 7= 1 and
LT L e e the term is 5. Substitute
2nd +4 O (1) n=1and your value of @
into ant + b=5to find b.

b Find a formula for the nth term.

~

Find a formula for the nth term of each of these quadratic sequences.
a 9,21,41,69,... b -9,-6,-16, ..

L= ]

=l
Uy = 2Uy Qlaihintu,=u, +1
S =U b

v ow=1..u, =-3u

b Which of these sequences are arithmetic and which are geometric?

2 Reasoning a The 1st term of an arithmetic sequence is 0.341 and the 2nd term is 0.407
Work out the 3rd term.
b The 1st term of an arithmetic sequence is 9 and the 3rd term is 14.

Work out the 2nd term.

The 1st term of an arithmetic sequence is 4 and the 5th term is 16.

Work out the 4th term.

The 1st term of an arithmetic sequence is 5.8 and the 2nd term is 5.9.

Work out the 100th term.

n

a
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3

Moedelling A clothing store monitors sales in-store and online.
Sales for the last few years are shown in the table.

Year 2010 2011 2012 2013 2014 2015
In-store 31250 25000 20000 16000
Online 640 960 1440 2160

Assuming both types of sales form a geometric sequence
2 workout the sales of each type for the next two years
b work out the year when online sales are predicted to exceed in-store sales.
Finance The formula gives the monthly repayments, £M, needed to pay off a mortgage
over n years when the amount borrowed is £P and the interest rate is r %.
Pr(1+ 1

1200[(1 +557)" - 1]

n

Calculate the monthly repayments when the amount borrowed is £250000 over 25 years
and the interest rate is 5%.

Problem-solving Raj attempts a multiple choice test with
20 questions. He scores 5 marks for a correct answer but loses
2 marks if it is incorrect. Raj attempts all 20 questions and gets
atotal score of 51. How many answers did he get right?

Q5 strategy hint
Let x be the number
of correct answers.

Real The deposit, D, needed when booking a skiing holiday is in two parts:

+ anon-returnable booking fee, B

- one-tenth of the total cost of the holiday, which is worked out by multiplying the price per
person, P, by the number of people, N, in the party.

_p. 0P
D=B+ 5

o

Find the deposit needed to book a holiday for four people when the cost per person is
£2000 and the booking fee is £150.

Make P the subject of the formula.

What is the price per person when D = £500, B = £150 and NV = 57

n o

Change the subject to the letter given in the brackets.
a vi=ui+2as [d]
b V=inrth 0]

_a(r-1)
=== K

d ax-by=c [y]

S

Simplify

4etd
207d
Lxiyex3aiy

o

l2m-ind)*

VopgT

n

a
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o (Bamsiylequestion | T, pambine

Work out a simplified exptession for the area of this shape. M“"i ‘:y e ”t?thé
All the angles are right angles. you find on the

e diagram.
x+10
a1
x+10 (4 marks) |
1o (Bamstylequestion D) sxambin
£ Check your
FO)(p—
a Expantsl :n} ;Ampllfy (p+9p—4) (2 marks) e
b Solve =55 = dw+2 (3 marks) by substituting
. back into the
¢ Factorise x? —9 (1 mark) ssiion
d Simplify (9x'y?) (2 marks)

June 2012, Q14, IMA{J/ZHJ

1 (Eamseguestion D) sam bine

You can change temperatures from °F to °C by using the formula e i
calculations to

S(F—32) support your
o decision in part a.
Fis the temperature in °F.
C is the temperature in °C.
The minimum temperature in an elderly person’s home should be 20°C.
Mrs Smith is an elderly person.
The temperature in Mrs Smith’s home is 77 °F.
a Decide whether or not the temperature in Mrs Smith’s
‘home is lower than the minimum temperature should be. (3 marks)
S(F-32)
9

b Make F the subject of the formula C = (3 marks)

June 2014, Q12, IMAO/IH

12 Communication Q12b hint How could
a  Explain why 2n + 1 is an odd number for any integer n. you write the product

b Show that the product of two odd numbers is always odd. ofitwoidifferentiodd
numbers, algebraically?

13 Factorise completely

oy
a x2-12x+32 b x?-12x+36 c x2-x-2 d 5549
14 Solve
a 3Qr-1)-4(3x-2)=10 b
x 3x
e g 21




58

Unit2 Algebra
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Communication Show that the difference between consecutive square numbers is always
an odd number.

Find the nth term of each sequence. Q16 hint The second differences
a 1,-5,-15,-29, -47, so-[Jn2+bn+c

© M x g = gren . msgnogn ()= g

=1 o Mastery lesson 2.1

@ When the two sides of a relation such as 2(x + 5) = 2x + 10 are equal for
all values ofz it is called an identity and we write 2(x + 5) = 2x + 10
using the ‘=" symbol. . .

Mastery lesson 2.2

© An equation, such as 2x = 6, is oniy true for certain values of x

(in this case x = 3). Mastery lesson 2.2

@ To expand a bracket, multiply each term inside the brackets by the

term outside the brackets. x(y + z) = xy + xz . T Mastery lesson 2.2

© Unless a question asks for a decimal answer, give non-integer solutions

to an equation as exact fractions. . Mastery lesson 2.3

@

To solve an equation involving fractions, multiply each term on both
sides by the LCM of the denominator

Mastery lesson 2.3
© An expression contains letter and number terms but no equals sign,

eg.2ab, 2ab + 3a?b, 2ab -7 ...
© An equation has an equals sign, terms in one letter and numbers,

eg 2r-4=9r+1

You can solve it to find the value of the letter. ........

Mastery lesson 2.4

Mastery lesson 2.4

®

An identity has an equals sign and is true for all values of the letters,
e.g%zzx,z(x+y) 2 A omsaminsimisisinis

A formula has an equals sign and letters to represent different
quantities, e.g. A = wr?
The letters are variables as their values can vary.......

Mastery lesson 2.4

Mastery lesson 2.4

®

The subject of a formula is the letter on its own, on one side of the
BQUAlSSIEN cuivarssisisasmisssisanssss e s s asseass. MASEETY 88500 24

®

In an arithmetic sequence the terms increase (or decrease) by a fixed

number called the common difference. .. Mastery [esson 2.5

@ When an arithmetic sequence with common difference d is input into
this function machine, the output sequence has common difference

ped. Mastery lesson 2.5

@ In a Fibonacci-like sequence the next number is found by addmg the

previous two numbers together.......... Mastery lesson 2.6
@ In a geometric sequence the terms increase (or de(rease) by a

constant multiplier. The nth term is ar". . Mastery lesson 2.6
& A quadratic sequence has n? and no higher power of 7 in its nth term. Mastery [esson 2.6
@ The second differences of a quadratic sequence, u, = an? + bn + ¢ are

constant and eqUAlto 2. ..ueesuesserssssisnsarinesssiessssaserinseessars Mastery lesson 2.6
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@ The nth term of a quadratic sequence can be worked out in three steps.
Step 1 Work out the second differences.
Step 2 Halve the second difference to get the an? term.
Step 3 Subtract the sequence an?. You may need to add a constant, or

find the nth term of the remaining terms. Mastery lesson 2.6

®

To expand double brackets, multiply each term in one bracket by each
| termiimthe otherbrackelsuessusivammmmmsissss s siaiisinsidanis Mastery lesson 2.7
To square a single bracket, multiply it by itself, tf
simplify, e.g. (x+1)2= (x + )(x +1) =22+ 2x +
A quadratic expression has a squared term (and no higher power),

S S Mastery lesson 2.7

Choose A B or C to complete each statement about algebra.

In this unit, | did... A well B OK C not very well
I'think algebras. . A easy BOK  C hard
When | think about doing a algebra, | feel A confident B OK C unsure

Did you answer mostly As and Bs? Are you surprised by how you feel about algebra? Why?
Did you answer mostly Cs? Find the three questions in this unit that you found the hardest.
Ask someone to explain them to you. Then complete the statements above again.

Student Progression Chart.

i
=
2
Log how you did on your -

1 Work out the next two terms of the Fibonacci sequence, 4, 7, 11, 18, 29... (2 marks)
2 Write whether each of these is an expression, a formula, an equation or an identity.
a 4Br+1)=5c-6 (1 mark)
b 4(Gx+1) (1 mark)
¢ 4Br+1)=12r+4 (1 mark)
d y=403x+1) (1 mark)
3 Solve
a 4(Bx-2)=32 (3 marks)
b 7x+3=2x-12 (3 marks)
4 Simplify
a 7¢2x9¢° (2 marks)
25y* —
5y (2 marks)
c (e (1 mark)
5 Expand
a 3xlhx+y) (2 marks)
b (+&)@x-3) (2 marks)
¢ -1y (2 marks)
6  Find the first three terms of the sequence with nth term u, =81 x (%)’! (3 marks)
7 a Find the nth term of the arithmetic sequence 4, 10, 16, 22, 28, ... (2 marks)
b Show that 231 is not in the sequence. (1 mark)
c Find the smallest number in this sequence which is greater than 234. (3 marks)

ActiveLearn Homework, practice and support: Higher 2 Unit test ‘
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8 Reasoning The value of a car goes down by 10% a year. A car costs £40000 when new.
a How much is it worth after

i lyear il 2years? (2 marks)
b After how many years is it worth less than half of its original price? (2 marks)
¢ Does the answer to part b increase, decrease or stay the same when
i the cost of the new car is changed to £12000 (1 mark)
i the rate of decrease is changed to 20%? (1 mark)
9 Make x the subject of the formula y =2x + 5 (2marks)
10 Reasoning Find the nth term of the sequence 2, 11,26, 47, ... (6 marks)
11 Reasoning The diagram shows an isosceles triangle.
All lengths are in centimetres.
a Write down an equation for x. dx — 3 x+3 (1 mark)
b Solve the equation. 5 5 (2 marks)
c  Workout the length of BC. (2marks)
L ETET R
12 E={mp Y
Find Ewhenm=6x10"*and v =3 x 10, (1 mark)
13 Factorise completely
a x2-16 (1 mark)
b 6y?-9xy (2 marks)
¢ x2+3x-10 (2 marks)

Sample student answer

a How does drawing the 3D shapes help?

b Where can you get help with the formulae in an exam?

¢ How does the student's layout of the answer help ensure no mistakes are made?
d  Why has the student used a capital R for the radius of the cone?

A sphere of metal, radius 5Sem, is melted down and made into a cone of the same volume.
The perpendicular height of the cone needs to be Sem.
What will the base radius of the cone be? (3 marks)

Student answer

@4

r=5
volume = volume
Znr® = TR
G A = nR?h
=B 4nx5 =  aRPx5
Gm  500¢ = BR?
G5B 100 = K&
R=10cm
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Problem-solve Strengthen
p.81 : : p84

Statistics are a major part of our everyday lives. They help us to
compare our own characteristics with other people whether it is at work,
rest or play. How does our salary compare to others? Do men earn more
than women on average? What about our physical properties such as
weight and height? Do other people get more sleep than us? How does
our phone and internet usage compare with others of our own age?

The heights of five players on a basketball team are: 187 cm, 199cm,
204 cm, 209¢cm and 201 cm. What is the mean height of the team?

Numerical fluency : &  Find the mean, median, mode and range
1 Workout B of these data sets.
a 0x4+1x2+42x5+3x2+4x1 a01135
b H11+16) bi 1,3, 3.5, 1./8 13
¢ 5016541
8x2+4Tx3+3x4+2%5
8+7+3+2
2 Write the number that is halfway between :
a 10and12 b 1land17 ¢ land6 @

5 In2005,a group of office workers were
asked how they travelled to work. The
survey was repeated in 2010 and 2015.
The compound bar chart shows the results.

Fluency with data [Cbus [Ecar [Jbicycle [Jwalk
3 The table shows the times of trains from 109,
York to London. 90-
Train A B C D 1 80
Depart | 0930 | 10:01 | 1059 [ 1406 | : 70
Arrive | 11:42 | 12:23 | 12:51 | 1611 | :  §60;

; % 50.
a How long does the 09:30 train take to 8
get to London? Give your answer in : E 40
hours and minutes. i 30
What time does the 14:06 train arrive 20-
in London? Give your answer as an 10.
am/pm time.
Mary arrives at York station at 9:20am.
Which train does she catch to London?

o

n

2005 2010 2015
Year

61
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a What percentage of workers walked to * e Inwhich month did the school give
workin 20052 g the largest number of detentions?
b What percentage of workers cycled to f Compare the total number of

workin 20152

For each statement write T if it is
definitely true, F if it is definitely false
or CT if you cannot tell because there
is not enough information.

detentions given to boys and girls

n

8  The table shows the marks that two
students obtained in their end of year exam.
Draw a dual bar chart to show this

i The number of workers walking ; information.
to work increased in every survey Subject | Geography | Biology [ Spanish
between 2005 and 2015. i Kyle 9 0 5

ii The proportion of workers travelling - Adil 3 10 2
by bus decreased in every survey
between 2005 and 2015. : 9  The pie chart shows the GCSE grades

awarded to 720 students.

The number of workers travelling
to work by car in 2010 was the
same as the number cycling or
travelling by bus combined.

The table shows the age distribution of
men and women in a company.
Draw a compound bar chart to show this

information.
Age 18-24 | 25-39 | 40-69
Number of men 10 | 40 | s0

Number of women | 20 50 30

a Whatis the modal grade?
b How many students were awarded

The dual bar chart shows the number of

school detentions given to boysand girls grade 87
during the year. ¢ 10 The table shows the holiday destinations
[IBoys [@Girls : of 120 people. Draw a pie chart for
this data.
20 z
UK [ France [ USA | Spain
Number of 55 15 20 10
15 people

11 The bar chart shows the scores obtained
when a dice is rolled.

Number of detentions
=]

a How many times did the dice land on
a2?
2 b Workout the total number of rolls
¢ What is the modal score?
0 6
5
a How many detentions were given to T4
boys in March? g
b How many more detentions were ;r &
given to boys than to girls in October? & 2
¢ Inwhich months did boys and girls get 14 ’_|
the same number of detentions? : 0
d  Inwhich month did girls get 6 more 1 2 < 4 5 6
detentions than boys? : Score



12 Asocial scientist is studying urban life
in a developing country. She uses a data
collection sheet to record information
about the size of families living in a city.

Number of children Tally
0 1
U :
2 JUI i
3 Il :
4 il
5 I

o

Work out the range of the number of
children per family in the city.

Work out the total number of families
in the survey.

Calculate the mean. Round your
answer to 1 decimal place (1 d.p.).
The mean number of children per
family in a rural community is 3.1.
Compare this with the mean for city
families.

o

n

a

13 The data set shows points awarded in the
2013/14 season of the Premier League.
69, 86, 36, 33, 40, 38, 84, 37, 72, 45, 49, 50,
56, 64, 30, 42,79, 82, 38,32
a Display the data on a stem and leaf

diagram.
3 Key
2 3|o means3o

Unit 3 Interpreting and representing data

b How many teams are in the Premier
League?

< How many of these teams scored over
72 points?

14 Vinay conducts a survey to find out the
types of TV programmes people like to
watch.

He asks people whether they like to watch
sport, drama, news or documentaries.
Design a suitable data collection sheet
Vinay could use to collect the information.

15 The heights, in centimetres, of a dozen
students in Year 10 are
162, 154, 174, 165, 175, 149, 160, 167, 171,
159, 170, 163
a Is the data discrete or continuous?
b Work out the missing numbers,  and
¥, in the grouped frequency table.

Height & (cm) Frequency
140 < h < 150 1
150 < h < 160 2
160 < h < 170 £
170 </ < 180 y

c Draw a frequency diagram.

* Challenge

16 Find a set of five positive whole numbers
with
- range 10
mode 4
median 6
mean 7.
Is there more than one possible set?
Repeat for a set of six numbers. Find as
many possible answers as you can.

ActiveLearn Homework, practice and support: Higher 3.1
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Unit 3 Interpreting and representing data

1

~

The table shows the median and range of scores obtained by Sophie and Celia after playing
many rounds of golf.

Median Range =
8 Q1 strategy hint Compare the
‘ Sophie 71 13 median scores and range of scores.
In golf a lower score is better.
‘ Celia 93 25

Write two sentences comparing the performances of Sophie and Celia.

‘ Questions in this unit are targeted at the steps indicated.

Real / Communication The pie charts show the ages of people attending an open air
theatre and a music festival.

1500 attended the theatre and 20000 attended the festival.

[Jover60 []20-59 [Junder 20

Theatre Festival
a How many pecple under 20 attended the theatre?
b Which pie chart has the larger sector for over-60s?
©  Show that there are more over-60s at the festival than at the theatre.
Discussion Does a larger sector always represent a larger number?

Reasoning The stem and leaf diagram shows the masses of a group of people in a lift.

5| 4 Key
6 3 4 7 5 | 4 means54kg
7 0 2 6 8
8 5 |
a How many people are in the lift? Q3d hint The median is the
b What is the mass of the heaviest person in the lift? ki A
< What is the range? 2
B Whatistheimadiany the total number of values.
e :\oi:ﬁ%‘vna?;%gnkthe lift reads, ‘Maximum 12 persons, Q3e strategy hint Mention
8 N both of the facts on the
F:{plaifn lwhether this group of people can travel in the safety notice in your answer.
ift safely.
f  Calculate the mean mass of the people in the lift.
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Key point 1

A back-to-back stem and leaf diagram compares two sets of results.

The annual salaries of employees working in an ICT company are displayed in the back-to-back
stem and leaf diagram.

Key Male Female
8 | 1 representsa salary of £18000 1| 9 represents a salary of £19000

Male Female

8 1 9 9
9 5 2 0 2 1 2 6 7

8 7 3 0 3 0 4 4
4 5 6
5 4 8

Compare the distribution of salaries of the male and female employees.

Male range: 36000 - 18000 = £20000
Female range: 58000 - 19000 = £39000

9+1

i Sthvalue = £29 000

There are 9 males, so median male salary is:
13+1
2

Female employees’ salaries have a larger range but the median salaries of men and
women are similar.

There are 13 females so median female salary is: = 7thvalue = £30000

Write a sentence comparing
ranges and medians

4 Real/ Problem-solving A group of students take maths
and English exams. The back-to-back stem and leaf
diagram shows their results.

Q4 hint Refer to the context
(exam marks) in your

comparison.
Compare the distribution of marks obtained by the students
for the two exams.
Key
4 | 3 represents 34 marks 4 | 1 represents 41 marks
on the Maths exam on the English exam
Maths English
L 4 3
4 i 5
2 4 0 5 3 4 8 8
3 1 6 0 2 9
6 6 7 8
8 8

Discussion What does the shape of a back-to-back stem and leaf diagram show you?

65
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Real / Problem-solving The heights (in cm, measured to the nearest cm) of two

types of tulips are recorded.
Type A: 24, 37, 52, 26, 29, 46, 47, 29, 30, 36, 48, 55, 59

Type B: 16, 23, 34,37, 31, 13, 64, 52, 53, 37, 43,39, 38, 42, 42, 37 similar to a bar chart
a  Draw a back-to-back stem and leaf diagram for this data. turned on its side.
b Use the shape of your diagram to compare the distribution

of heights of the two types of tulip.

Jeevan counted the number of leters in cach sentence
of a newspaper article. He showed his results in a stem
and leaf diagram.

0|8 8 9
11 2 3 4 4 8 9
2|0 3 5 5 7 1 71
32 2 3 3 6 6 8 8
4 1 2 % 3 5

Key

4| 1 represents 41 letters

a Write down the number of sentences with 36 letters.
b Work out the range.
¢ What is the modal number of letter

Q5b hint A stem
and leaf diagram is

Compare the outlines
of the two charts.

Exam hint
Find the total number of values to
help you find the median value.

2

d Work out the median. (4 marks)
To draw a frequency polygon you can join the midpoints of the tops of the bars in a frequency
diagram with straight lines.
The table shows the heights of 100 students. Height (h cm) Frequency
a Copy and complete the frequency diagram. 140 < h < 150 0
Heights of 100 students 150 < h < 160 6
60 160 = h <170 10
170 = h < 180 22
50 "
180 = h < 190 52
40
H 190 < h < 200 10
2 30
g 200 =h <210 0
©

0140 150 160 170 180 190 200 210
Height (cm)
b Draw a frequency polygon on the same diagram.

Discussion s there a quicker way to draw a frequency
polygon without drawing a frequency diagram first?

Q7a hint Data is continuous,
50 no gaps between ba

Q7b hint Draw straight lines
to connect the midpoints of
the tops of the bars.
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To draw a frequency polygon, plot the frequency against the midpoints for each group.

8 Real The frequency table shows t.he time taken Time (¢ mins) Frequency

for Lompet]tors to comple;e a (h:rlﬁy fun run. S 258 py
a  How many runners took part? e =

b Work out the percentage of runners who
took more than 100 minutes. GO 1280 12
c Estimate the range. 80 = ¢ <100 0
d  Copy and complete the frequency polygon. 100 =t <120 &
Time to complete a fun run 120=<t <140 3

08¢ hint Do we know the actual
times for the 4 runners in the
10 20 = ( < 40 group? What is the
shortest time taken?

pe
2 Q&d hint Work out the
E 4 midpoint for each group.
2
0

0 20 40 6080 100 120 140 160
Time (mins)

Discussion Why is your answer to part ¢ only an estimate? What assumptions did you make?

9 Reasoning A group of Year 10 students are each
asked to guess the price of a can of cola and a
small bunch of bananas.
The results are displayed on the frequency polygons.
Which data set has the greater range?
Would you expect the median of data set A
to be greater than, less than or about the
same as the median of data set B?
Which data set do you think gives the prices
for cola?

o
Frequency

o

Price

n
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1

3

Match each sequence with the correct description.

a 3/57,911,13,15,17,19,21 i The values are constant.

b 0,26, 46, 60,69, 76, 81, 84, 85, 85 i The values increase at a constant rate.

C 464444 b4 b4 i The values decrease at a constant rate.
d 12,11,10,9,8,7,6,54,3 iv The values increase at a decreasing rate.
e 1,3,7,2048625 v The values fluctuate up and down.

Predict the next two terms in these sequences.
a 4,6,8,4,6,84638,... b 3,4,6,9,13,18 24,31, ...

The price of a book rises from £16 to £20. Work out the percentage increase.

Key point 4
Atime series graph is a line graph with time plotted on the horizontal axis.

4

Real / Reasoning The table shows the temperature of a hospital patient recorded on the
hour every 2 hours during a 24-hour period.

[Time [ oo Joz o4 os os 1012 1416182022 |
| Temperature (°C) [36.7 |368 | 37.1 [37.4 [37.8 [ 383 [38.0[ 382 | 374 373 37.2[371 |

a  What is the patient’s temperature at 6 pm?

b What is the patient's maximum temperature during this period? At what time did it occur?

¢ Work out the mean temperature. Give your answer to 1 decimal place (1 d.p).

Discussion Why is the mean temperature an estimate?

d Represent this time series on a line graph. Comment on
the variation of temperature.

Q4d hint Use a vertical axis
from 36 to 39.

Each week of the autumn term, a teacher records the number of pieces of late homework.

[ Week [1]2]3]a]s[6[7]8]o]w0]nl)]
| Number of late homewerks | 38 [ 34 [ 26 [ 14| 8 [ 7 [18[10] 7 [15]25[40]

Draw a time series graph for this data. Comment on how late homework varies during the
course of the term.

Real / Reasoning The time series Magazine prices
graph shows the prices of two
magazines over the last 6 years.

a  What was the price of Magazine A
in 20122 7 Magazine A
Suzy says the price of
Magazine A has risen more
than the price of Magazine B
during this period.

Is she correct? Give a reason
for your answer.

Suzy also says that the rate of Magazine B
increase in the price of 2
Magazine A is slowing down. 1
Is she correct? Give a reason for
your answer.

Predict the prices of each
magazine in 2018.

o

Price (£)

n

0
2010 2011 2012 2013 2014 2015 2016 2017 2018
Year

a
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Example 2

The table shows the quarterly price of a tonne of wheat (in dollars) during the last three years.

2012 g 2014 Communication hint
01 [Q2 [Q3 [Q4 |01 [Q2 @3 [Q4 |Q1 |02 [03 [ Q4 | | Prices are recorded every

250 | 279 | 101 | 157 | 348 | 371 | 230 | 264 | 451 | 477 322 | 347 | | 3 Months <o the first
quarter covers Jﬂnuar‘/,

a Whatis the price in the third quarter (Q3) of 2013? February and March.
b In which quarter is the price the lowest?
¢ Draw atime series graph of the data.

d Describe the variation in prices during this period and comment on the overall trend.

a $230
b The lowest priceis $ 101 which occurs in the third quarter of 2012.
Wheat prices
¢
500
s
T 400
-g 300
% 200
2
£ 100
0+
Q1 Q2 A3 Q4 Q1 Q2 Q5 Q4 Q1 G2 @5 Q4
12 2014
4 The price of wheat fluctuates up and down during the course of each year.

However the overall trend shows a general increase in prices.

7 Real / Problem-solving The table shows the quarterly sales (in thousands) of umbrellas
during the last three years.

[ 2012 | 2013 | 2014 |
\
|

@10z o3 [0s|01 0203 04| Q] Qe Q3] 0k
89 [ 75 [ 24 [ 85 [ 80 [ €6 | 19 [ 76 | 75 | 62 | 17 | 73

What are the sales in the second quarter of 2013?
Inwhich quarter are sales the highest?
Draw a time series graph for this data.
Describe the variation in umbrella sales during this period and comment on the overall trend.
Reflect What do you think the term ‘trend’ means? Write a definition in your own words.

Q7a hint Sales are in thousand:

mpoanoco

8 Real/ Problem-solving The table shows the profit (in millions of pounds) of an ICT
company over the past 10 years. The profit for 2010 is not known.

‘ Year ‘ 2005 ‘ 2006 ‘ 2007 ‘ 2008 ‘ 2009 ‘ 2010 ‘ 2011 ‘ 2012 ‘ 2013 ‘zmb ‘ Sﬁiﬂﬂﬁg{?ﬁ.s

[Profit| 05 |07 | 08 | 11 | 14 | ? | 24 | 3.1 | 41 | 53 | | from2005t02015
and a vertical axis

a Drawa line graph for this time series. up to7, to help
b Describe the overall trend. with partd.

c Estimate what the profit might have been in 2010.

d  Predict what the profit might be in 2015. Q8d hint Continue the ‘curved’

shape of the graph for two more

Discussion How reliable are your values
years. Profit is in millions of pounds.

in parts c and d?
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®
The table shows the height of sea water in a harbour between midnight and noon.

[Time [ Midnight [ tam [ 2am[3am [4am [sam [ 6am|[ 7 am [ 8am [9am [ 10am] 1 1am [Noon|
[Height @) | 10 125[143] 15 [143]125] w0 [75[s7] s [ 57 [ 75 | 10|
Draw a time series graph to show how water height varies with time.

At what time does high tide occur in the moming? PES——

Predict the height at 3 pm. Use both the table and the graph
Itis only safe for a ship to enter the harbour when the £ help you spot the pattern.

water height exceeds 7.5 m.

During which times of the day is it not safe for ships to enter the harbour? (7 marks)

anos

€ 1 Draw x and y-axes on graph paper from 0 to 8. Plot five points with coordinates
Ee A(2,4.75), B(5, 3.5), C(4, 3.75), D(7, 3) and E(3, 4).
= Four of the points lie on a line. Which point does not lie on the line?

Bivariate data has two variables. Plotting these on a scatter graph can show whether there is
arelationship between them.

2 Eight students took a maths test and a science test. Their marks are displayed in the table.
Student AlslclolElFlcln Maths and science test results

Mathsmark |3[9|7|3/6|10[5[1
Sciencemark| 4 |8 |4]2|5]|7 |3

a Copy and complete the scatter graph.
Student A scored 3 in maths and 4

in science so draw a cross at (3, 4). 5
For student B, draw a cross at (9, 8).—2
Use the scatter graph to copy and a
complete the sentence.

In general, students with higher 2
maths scores got ... ..scence 4
scores and students with lower

maths scores got ...
science scores. Maths

=
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Key point 6

Unit 3 Interpreting and representing data

A scatter graph shows a relationship or correlation between variables.

No (or zero) Negative
X X X X X X
X % X %
X X X X x
X X X
X X ta x

Points lie close to a
downward-sloping
straight line. As x

increases y decreases.

No linear relationship
between x and y.

upward-sloping straight

Points lie close to an

line. As x increases y.
increases.

3 Thedaily sales and price of ice cream are recorded together with the maximum outside
temperature. Three scatter graphs are plotted from the data.

2 E 3 hint To describe

o [ >§< X x x X what the correlation

2 z % | . K " % et means in words, you

] X x 2l x X x 2 o could say, As the

EX a ® s o X price of ice creams

) x X increase, sales ... |
Price Price Temperature

For each graph state whether there is positive, negative or no correlation and describe in
words what this means.

4 Real Acar dealer notes the engine size
of seven models of car and the distance
they travel on a litre of petrol.

a Draw a scatter graph for this data.
b Describe any relationship between these two variables.

[Engine size (litres)| 1 [1.4[16] 2 |3 [35[4 |
|pistance (km) [ 16 [142[13.5]11.7]9.2[8.4 7.1 ]

Qé4a hint Put engine size
on the horizontal axis from
0to 5and distance on the
wertical axis from 6 to 17.

Q4b hint State the type of correlation and then write a
sentence beginning, ‘The larger the engine size, the ..

5 Anauction house asks an art dealer to award six ‘ Score
paintings marks out of 10, without disclosing
the names of the artists.

The market value (in £100000s) and dealer’s score for each painting are in the table.
Draw a scatter graph and describe any relationship between the score and the value of the
paintings.

[2]7]s]3]s]e]
| Market value [35]1.8[5.6]43]8.4]25]

6 Reasoning A survey of seven British towns records the number of serious road
accidents in a week, together with the number of takeaway restaurants.

[ Number of [85 15105271 ]25[90]
| Number of accidents | 27 | 9 | 4 [ 19| 17 [ 12 | 19 |

o

Draw a scatter graph and comment on any relationship between the two variables.

Alocal coundillor notices that there has been a sharp increase in the number of road accidents
in recent years. She puts the blame on an increase in the number of takeaway restaurants.
Does the scatter graph provide statistical evidence to support the councillor’s view?
Discussion Why do you think there is correlation in this data set?

o
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7 Real What sort of correlation would you expect to find between:
2 height above sea level and air temperature
b adults’ weekly calorie intake and their weight
© astudent’s shoe size and marks on a French exam?

Discussion Give two other practical examples of data sets that illustrate each of the three
types of correlation.

8 STEM/ In a chemistry i the mass of chemical preduced, y, and
temperature, x, are recorded.

‘x(ln"c) ‘100‘110‘lZO‘130‘140‘150|160‘170‘180‘190‘200‘
‘y(inmg)‘}k‘}?‘bl‘l&‘lo&‘47|41‘35‘26‘15‘3 ‘

a  Plot these points on a scatter graph.
State the type of correlation between mass and temperature.

Describe in words what happens to the mass of chemical proeduced as the temperature
increases from 100 to 200°C.

Estimate the maximum mass and the temperature required to achieve this.

n o

a

5 (Bamsiylsquestion D) e
A manufacturer of mp3 players monitors the cost of quality control (in £10000s) This graph
and the percentages of faulty items. is drawn on

m-squaredt

paper, 5o

Effect of quality control make sure

you read off

the values

The results are shown on the scatter graph.

=
3
§
a

of the urits
X when you
give your
answers.

2

Percentage of faulty items

4 8
Cost of quality control (£10000s)

a State the type of correlation between these variables and interpret your answer.
b What was the highest percentage of faulty items in the data set?
© Find the range of the cost of quality control. (4 marks)
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1 Read off the value of
a ywhenx=6
b xwheny=25

S cms B 1o 1 By
dnuisem

Aline of best fit is the line that passes as close as possible to the points on a scatter graph.

2 Whichline, A, B or G, is the best line of best fit for B
the data points on the scatter graph? §

Example 3
The scatter graph shows the GDP per capita (in $1000s) and life expectancy (in years)
for eight countries.
GDP per capita and life expectancy

Communication hint

The gross domestic
& iSRS EsE s ey e S product (GDP)
80 < X measures the value
X X
x
0

of goods and services
produced by a country.
The GDP per capita is
the GDP divided by
the number of people
in that country.

Life expectancy (years)
~
3

5 10 15 20 25 30 35 40 45 50 55 60
GDP per capita ($1000s)

a Drawaline of best fit.
b The GDP per capita in the UK is $36 000. Estimate the life expectancy of a baby born in the UK.
a GDP per capita andlife expectancy Position a transparent ruler
e over your scatter graph so it
5> - follows the overall trend. Move
\250 it slightly so you have roughly
275 G the same number of points
g ga above and below the line.
372 X
8
20° i To estimate life expectancy,
= start at $36000 on the
5 10 15 20 25 30 35 40 45 50 55 6O horizontal axis, go up to the
PErpercaptes ($10008) line of best fit and read off the
b Estimated life expectancy in the UK is 79 years. answer on the vertical axis.
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3

4

The table shows the height and weight of eight athletes.

[Height @m) 155 [166 [ 170 [175 [ 178 [192 [ 193 [ 198 |

| weight (kg) |50 [ 65 [ 64 | 77 | 67 | 85 [115] 05 |

5 Drawa scatter graph for this data. b Draw a line of best fit on your graph.
¢ Use your line of best fit to estimate the weight of an athlete who is 185cm tall.

d Estimate the height of an athlete who weighs 60 kg.

STEM A chemical engineer heats gas inside a sealed tank and measures the temperature
(in degrees Kelvin, °K) and pressure (in atmospheres, atm).

[ Temperature (°K) [ 300 [ 303 [ 304 | 312 [325 [ 339 [ 343 [ 351 | Q4 hint Draw lines
[Pressure atm) [ 14 |15 [17 |20 [22]23]25[30] on your scatter

graph to show
how you obtained
your estimates.

Draw a line of best fit on a scatter graph and use the line to
a  estimate the temperature required to create a pressure of 2.8 atm

b estimate the pressure when the temperature is 308 °K.

Real / Reasoning The table shows the height and shoe Height (cm) | Shoe size
size of a group of male college students: 158 %
a Draw a line of best fit on a scatter graph and use it to estimate 168 5
i the shoe size of someone who is 175cm tall
the height of someone with shoe size 7 164 6
iii the height of someone with shoe size 13.5. 167 85
b Which of these estimates do you think is the least reliable? 174 85
Give a reason for your answer. 178 0
Discussion As a general rule, is it better to use a line of best Ie7) 105
fit to make predictions about values inside or outside the -
existing range of data points? 185 12

Key point 8

Using a line of best fit to predict data values within the range of the data given is called
interpolation and is usually reasonably accurate.

Using a line of best fit to predict data values outside the range of the data given is called
extrapolation and many not be accurate.

Real / Reasoning Jack and Joe perform an identical experiment in a science lesson.
Their results are shown on the scatter graphs.

. Jack’s results Joe's results
6
e X
al %
X
3 ¢
2
1 RNX
o
1.2 3 4 5 6 7 x x
a Use the given lines of best fit to work out two Q6b hint The points on one
estimates for the value of y at x =3 diagram are very close to the line
b Which of the estimates is likely to be more reliable? of best fit. On the other diagram
Give two reasons for your answer. the points are more scattered.
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Key point 9

Individual points which are outside the overall pattern of a scatter graph are called outliers.
If they are likely to be from incorrect readings you can ignore them.

7 STEM / Reasoning An elastic rope is suspended from the ceiling and stretched
vertically by hanging weights on the end. The table shows the weight,
W (in newtons), and length, L (in cm), of the elastic.
[wep [ 1 [ 214 [45]5 [65][85]9 10
[Z(em) [12.4 [ 148186 204 | 21.2 [ 24.5] 294 | 304 | 40
Draw a scatter graph for this data.
Why is the last point classified as an outlier? Suggest a possible reason for this.
Draw a line of best fit passing close to the remaining eight points.
Use the line to estimate the length of the elastic when a mass of 7N is suspended.
Estimate the length of the elastic when it is not stretched.
Reflect A lot of the questions in this lesson ask you to estimate.
Write a definition of the word ‘estimate’ in your own words.
8 Modelling The table shows the age, x, and mass, y, of a sample of 11 boys.
[xtyears [ 2 [ 4 [ 6 [ 8 [10 12| 14 |16 [ 18 [ 20 | 22 |
yikg) |13 | 16 | 21 | 25 [ 33 [ 40 | 51 | 60 | 67 | 71 | 72 |

Q7e hint When the
elastic is not stretched,
no weight is

panoo

\
a
b

Draw a scatter graph of this data.
Assuming that weight can be modelled using a line of best fit:
i estimate the weight of a 15-year-old i estimate the weight of a 24-year-old.
¢ Which of the answers in part b is likely to be the more reliable?
d By drawing a smooth curve close to the data points, make new estimates of
the weights in part b.
e Which of the two models is the more accurate? Give a reason for your answer.
2 Exam hint
The table shows the distance, d, of ten apartments from a city centre Aways draw lines
and the monthly rent, M, for each. 2N your disgram
for any readings
Distance, d (km)| 04 [08 [0.9 [14]1.8]23[23]32[34[ 4 | e o
Rent,M(£) | 510470430340 400290320 140 [100 [ 120] 1 you get the
a Plot the points on a scatter graph. a"i‘”:; W;GE'&
b Describe the relationship between the distance from the city centre Al e
and monthly rent. el
¢ Estimate the rent of an apartment that is 2.7km from the city centre. method.

(5 marks)
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1

The table shows the scores when a dice

is rolled.

_ ) _ [score  [1]2[3]a]5]6
a How many times is the dice rolled in total? ‘ Frequency ‘ 7 ‘ 1 ‘ 3 | 3 ‘ 2 ‘ 1
b What is the modal score?
a Write down the number which is halfway between 11 and 20.
b What is the middle value in the interval 20 = x < 40?
Real / Finance The annual salaries of staff who work in a cake shop are
£12000, £12 000, £15000, £18 000, £40000
2 Work out the mean, median and mode of staff salaries. Q3b hint The number
b The company wishes to quote one of the averages in an quoted in the advert must

represent a typical salary
that you could reasonably
expect to earn.

advertisement for new staff.
Which of the averages would be the most appropriate?
Give reasons for your answer.

Reasoning The sizes of shoes sold in a shop during a morning are

55.5,556,1,7,7,1,8599,10,11,115,12,13

a Work out the mean, median and mode of these shoe sizes.

b The shop manager wishes to buy more stock but is only allowed to buy shoes of one size.
Which one of these averages would be the most appropriate to use?
Give reasons for your answer.

Reflect What do you think the differences are between mean, median and mode?

Write notes in your own words and include an example of when each would be

appropriate to use.

Real / Finance The monthly costs of heating a shop in the Month | Heating cost
winter months are shown in the table. Nav 7180
a Work out the mean, median and mode of heating costs.
: 4 \ Dec £190
b The shop must provide a report of expenses and
toits accountant. Jan £270
Which of the averages is the most appropriate to provide Feb £240
in the report? Give reasons for your answer. Mar £180

Reasoning State whether it is better to use the mean, median or mode for these data sets.
Give reasons for your answers.
a Time taken for five people to perform a task (in seconds):
6,25, 26, 30, 30.
b Car colour: red, red, grey, black, black, black, blue.

Identify the outliers of the data sets and find the range of each. Q7a hint Is it possible
a The masses of six members of a local wrestling team: for someone in the
Tkg, T6kg, 82kg, 89kg, 96kg, 101 kg team to weigh 7 kg?
b The salaries of the six people who work in a small restaurant:
£14000, £15000, £15000, £17 500, £19000, £38 000 Q7 strategy hint
Think about whether you
Q7b hint Who might be earning £38000 in a restaurant? should include the outlier
It is likely that this figure is correct. in your calculations,
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8 STEM/ Finance Identify the outliers of the data sets. Calculate a sensible value of the
range. Give a reason why the outlier has been included or excluded in your calculation.
a Nine temperature readings (in °C) recorded during a science experiment:
34, 44,30, 27, 500, 30, 40, 45,2.9
b The profit or loss made by a firm during the last six years: Q8b hint The negative
£100000, ~£250 000, £50 000, £75000, £150000, —£25000 numbers indicate a los

Example 4

The table shows the times, 7, taken for 100 people to queue for a rollercoaster at a theme park.
a Estimate the mean waiting time. /{ The third column gives an estimate

b Explain why the mean is only an estimate. A e

2 | Time, T (mins) quency, f | Cl idpoint, X xf The fourth
0=T<20 14 10 10x14=140 column gives
20 =T <40 55 30 30 x55=1650 an estimate
40=T<60 31 50 50 x 31 = 1550 of the total
Total 100 3340 waiting time
in each class.

sumof waiting times 3340
‘total number of people . 100
=334 minutes
The mean is an estimate because we don’t know the exact times taken.
Discussion What assumptions have been made about the data?

Mean =

-

9 Real The grouped frequency table shows the length of Kate’s phone calls during the last month.

Time, T (mins) | Frequency,f | Midpoint, x o
0=T<4 21 2 2% 27 =54
4=T<10 34

100=<7T<20 15
20=T<60 4
Total

a Copy and complete the table to estimate the mean length of phone calls.
b A call costs 0.05p/min. Estimate the total cost of these calls.

Key point 10

If the total frequency in a grouped frequency table is n, then the median lies in the class

containing the L th item of data.

2
The modal class has the highest frequency.
10 Reasoning The times taken for students to do their t (mins) Frequency
maths homework are shown in the table. 0=1<10 3
2 How many students took less than 10 minutes to do To=1=20 5
their homework? 20=1<30 8
b How many students altogether took less than W i 5

20 minutes to do their homework?
How many students altogether took less than 30 minutes to do their homework?
State the modal class.

Explain why the median is the 11th data value.

Use your answers to parts a-d to work out which class interval contains the median.

- an
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11 Real/ Problem-solving The table shows Distance Ben's Jamie's
the distances jumped by two athletes training (d m) frequency frequency
for a long jump event. €8 AT = 8
a How many jumps did Ben do in training? 70=d<i5 7 I
b Explain why Ben's median distance
is halfway between the 18th and 75=d<80 £ £l
19th items in the data set. 80=d<85 L 2

¢ Inwhich class interval is Ben's median? 85=d<90 0 1

d  Work out which class interval contains Jamie’s median distance.

e On average, which athlete jumps the furthest in training?

f State the modal class for Ben and Jamie.

g Atthe long jump event, both athletes must compete against the current champion, who

jumped 831m.
Who stands the better chance of beating him? Explain your answer.
)
A rail company monitors delays on its peak time weekday service.
The results for the last month are shown in the frequency polygon.

Late trains Exam hint
Make sure you

4 understand what
. the diagram
g3 represents before
; o you begin.
&

14 16 18 2
Number of minutes late
a How many trains were more than 14 minutes late last month?
b The company offers compensation to its monthly season ticket holders
iff the mean delay on its peak weekday trains exceeds 10 minutes.
Should the company offer compensation for last month? (5 marks)

W

1 The table shows the drink choices of a ‘ Drink

[ Tea [ Coffee | Cola | Water |
[Frequency | 8 [ 20 | s | 7

group of 40 people.
Draw a pie chart to represent this data.

2 Drawabar chart for the datain Q1.
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Agroup of 180 students are asked whether they did their maths homework last night.
The table shows some information about their responses.

e o, Jotal Q3 hint Begin by using the
Boys 30 total in the second row to work
Girls 25 100 out the number of girls who
Total 180 did not do their homework.

Copy and complete the table.

Reasoning / STEM A clinical trial is carried out to compare the effect of two drugs for the
treatment of hay fever.

One hundred hay fever sufferers were given either Drug A or Drug B. After a week the patients
were asked to choose one of three responses: no change, improved or much improved.

No change Improved | Much improved Total
Drug A 10 60
Drug B 13
Total 17 65 100

a Copyand complete the table. Q4D hint DIVIdE the i
: : . int Divi umber

b What fraction of these patients were given Drug B7 L Pt SN DRIEE B
¢ Which drug performed best in this trial? the total number of patients.
Give reasons for your answer.

Reasoning Students were asked whether they were in favour of having more lockers in the

school changing rooms.

In Year 10, 110 of the 180 students were in favour. In Year 11, 100 of the 210 students were

against the idea.

a Display this information in a two-way table.

b The school will only buy new lockers if at least 60% of Year 10 and 11 students are in
favour. Explain whether the school will buy the lockers.

The bar chart shows the level of support for a new high High speed rail link

speed rail link. 200

The government claims that this provides convincing

evidence that people are in favour of the plans.

a  Explain why this bar chart is misleading.

7100

Q6a hint Look carefully at the vertical scale.

@ N
8 2
8 8
S ©

Number of people
-

b Draw a correct version. Comment on what B
information this provides about the level Against  In favour
of support for the new rail link.

A supplier of ‘Nutty Oats Muesli’ claims. Fibre content of muesli brands
that it provides more fibre than three

rival brands and uses the bar chart to -4
support this claim. 2
“
Give two reasons why this diagram o
is misleading, E
°
=
<

Rival Nutty Oats Rival  Rival

brand brand  brand

A B c
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8 Finance / Reasoning The line ‘Share price
graph shows the share price of an ICT T
company on the first of each month.
a Find the share price on 1 May.

b Amelia bought 250 shares on
1 February. She sold them on
1 October. How much profit
did she make?

Price (£)

5
4.
3
&
1

©  Inwhich months should Amelia
have bought and then sold
her shares to make the
highest profit?

J;'m Feb Mar AprMay Jun Jul Aug Sep Oct Nov Dec
Month

Line graphs are useful for tracking changes over time. Pie charts are good when comparing.
parts of a whole. Bar charts are used to compare the frequencies of two data sets.

9  Reasoning A tuck shop sells four types of crisps: ready salted (RS), cheese and onion (CO),
salt and vinegar (SV), and smoky bacon (SB).
On one day, the shop sells these flavours to boys and girls:
Boys: CO, RS, CO, SV, SV, RS, RS, SB, CO, €O, RS, SB, RS, RS, CO, CO, RS, SV, SV, RS
Girls: RS, SB, SV, SV, €O, CO, RS, RS, RS, SV, RS, CO, SB, SV, SB, SV, SB, €O, SB, (O
Explain why it is not possible to display this data on a freguency polygon.
The shop manager decides to display the data on either a pie chart or a bar chart.
Which should he use if he is most interested in:
i the proportion of each flavour bought by the boys or girls combined
i comparing the number of each flavour bought by boys and girls?
The shop manager orders 720 packets of crisps from a supplier. How many packets of
cheese and onion crisps should he order?

= o

n

10 Communication A teacher records the marks awarded to boys and girls on a test.

Bf)ys: 23,7,10,34,10,5,3,39,31,6,7, 15,21 Q10a hint What information do you

Girls: 1, 15, 25, 39, 17, 24, 11, 28, 6,39, 20, 16 lose when you draw a bar chart?

a State one advantage of using a back-to-back
stem and leaf diagram instead of a dual bar
chart to display this information.

b Draw a back-to-back stem and leaf diagram for this data.
¢ Find the median marks to compare the performance of boys and girls on this test.

A researcher wants to compare the waiting times at Exam hint
several hospital accident and emergency departments. Imagine trying to draw each diagram.
The table shows the waiting times at one of the You should also think about what the
hospitals over a morning. diagram is going to be used for
Waiting
time, 0= T<30[30 =T<60[60=T<90[90<7<120(120 <7< 150|150 =T <180
T (mins)

20 35 30 24 15 12
a Which one of these statistical diagrams would be the best diagram to use to display this data?

stem and leaf pie chart frequency polygon scatter graph

b Give reasons for your choice. (4 marks) |
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Companies are not allowed to cause too much air pollution. PM2.5 Pamdes have adi
iameter

This includes the number of airborne particulates they produce. Of less than 2, icrom,
PM10 par; etres,
Communication hint Particulates are very small particles. bezwegn z';’::g - Jemeters

For example, dust and soot are both particulates. 0 m'crume!res

1 micromete - 106

The legal limits for particulates are a yearly mean of
+ 40mgin every cubic metre of air for PM10 (coarse) particles
25mg in every cubic metre of air for PM2.5 (fine) particles.

)

A national newspaper recently accused a company of being over the legal air pollution limits.

The company tried to persuade the newspaper to withdraw the story by publishing two

frequency polygons. According to the company, these frequency polygons showed that their

yearly means for both types of particulates were below the legal limits.

The newspaper refused to withdraw the story. It claimed that the company’s frequency

polygons did not fully prove that levels of particulates fell below the legal limits.
Measurements for PM10 (coarse) Measurements for PM2.5 (fine)

ricies over 1 year particles over 1 year
40 re g 20 Shisee 5

5 /\ 00 5 10 1520 25 30 35 40
mg of particulates per

0 10 20 30 cubic metre of air (mg/m?)
mg of particulates per cubic ms!m ul air 1mg/m=)

1 Are the means in the case study above or below the legal limits for particulates?

@ w
& S G

Frequency
Y
o 8

S

Q1 hint Use the frequency polygons to produce two grouped frequency tables. From these
tables you can estimate the mean for each type of particulate.

2 Construct a statistical argument supporting the claims made by the newspaper. Is there
evidence to support the claim that one of the yearly averages could be over the legal limit?

Q2 hint Are your answers to Q1 exact means? What assumption are you making, and how does
this work to the company’s advantage? What would happen if the actual values were typically
higher than the midpoint in some or all of the groups? Could you estimate a maximum value
for the mean?
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Log how you did on your
Student Progression Chart.

Statistical diagrams

1 Copyand complete the two-way table, which
shows the voting intentions of a group of Eaxtyit bty 1| ITstal
men and women. Men 120 200
2 How many women are in the group? Women
b How many women intend to vote for Party A? Total 130 380
2 Agroup of 48 adults are asked what their Favourite subject at school

favourite subject was at school. They can

choose from maths, English and science.

A group of 32 school children are asked the

same question. h LR
The pie charts show the choices for the Science

adults and children separately.

2 How many adults chose English?

b Reeshma says that an equal number of
adults and children chose maths.

£ Adults Children
Is she correct? Give a reason for your
answer.

3 The lengths of cod and plaice God Elalce
caught by a fishing trawler are 1 % A0 1 7.8 8 9 9
shown in the back-to-back stem 9 7 4 1 2 7
and leaf diagram. T 7 3 o 3] o
a How many cod did the trawler 5 4 3 % Z 5 & 5 35

catch?
b Compare the ranges. Key Cod Plaice
¢ Find the median length of 0] 1 represents 10cm 1|5 represents 15cm

plaice caught.
Any fish caught that are under 22 cm in length must be returned to the sea.
What is the total length of fish returned?

n

4 Draw a frequency polygon for this data.

[Time [ 0=t<20 [ 20=t<40 | 40=t<60 | 60=t<80 | 80=t< 100 |
‘Frequen:y ‘ 6 ‘ 5 ‘ 1 ‘ 2 ‘ 5 ‘

Averages and range

5  Identify the outliers in the data sets and work out the range of each, including the outliers.
a  Price of TVs: £450, £450, £640, £690, £4800
b Heights of plants in em: 42, 47, 39, 51, 22, 24

6  For the grouped frequency table: Class Frequency
a  estimate the mean 0sx<5 7
b state the group containing the median 5<x<10 15
© estimate the range 10=x<15 1B
d state the modal class. 150 <20 4
20=x<25 1

ActivelLearn Homework, practice and support: Higher 3 Check up
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Scatter graphs and time series Sun cream sales
7 Reasoning The time series graph
shows the sales (in 1000s) of bottles
of sun cream during the last three
years
a How many bottles were sold in
the third quarter (Q3) of 2012?

b Give a possible reason why the
sales fluctuate up and down.
Describe the overall trend in sales
over this three-year period.

Sales (1000s)
T

n

04
Q1 Q2 Q3 Q4 Q1 Q2 Q3 Q4 Q1 Q2 Q3 Q4
2012 2013 2014

o

Reasoning The table shows the marks awarded to seven candidates taking two maths

exams. The information is displayed in the scatter diagram together with a line of best fit.
Candidate A B C D E E G
Marks for Paper 1 57 |68 |42 |24 |28 | 71|34
Marks for Paper 2 45 |61 |28 | 14| 22 | 64 | 24

a State whether this diagram Maths exam results
shows positive, negative or no
correlation. 100
b Use the line of best fit to estimate 90.
the mark that someone might 0
geton:
i Paper 2if they get 50 on Paper 1 o 70
i Paper 1 if they get 90 on Paper 2. i 60
¢ Whichof youranswerstoparth &
would you expect to be more 8 0
reliable? 240
Give reasons for your answer. g 30
20
10
o
10 20 30 40 50 60 70 80 90 100

Marks for Paper 1

9 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

FEETE

* Challenge

10 a Write down any four numbers and calculate the mean.

Add 3 to each number in your list and calculate the new mean.

¢ What do you notice about your answers to parts a and b?

d Use algebra to show that this works for any set of four numbers.

e What happens to the mean when each number is multiplied by c?
Use algebra to show you are correct.

o

Q10 hint Let the
four numbers be
w,x,yand z.
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Statistical diagrams

1 Agroup of 40 boys and 72 girls are asked to choose their favourite Olympic sport from
archery, badminton, cycling and diving.
The pie charts show the choices for the boys and girls separately.

[0 Archery

[ Badminton

[0 Cycling

[ Diving

Boys Girls
How many girls chose badminton? @Q1a hint What fraction of the girls
. pie chart represents badminton?

How many boys chose cycling?
Sam says tht equl numbers of boys and g5 1 it Work ut the umbers

: Ty ! for each pie chart and compare.
Give a reason for your answer.
2 Real Agroup of students are asked whether they study a

science or arts subject at college.
The information is shown in the two-way table.

noo

Science Arts Total

Men 2 15 “0 Q2a hint The arts students

Women 20 20 40 are in the second column.
Total 45 23 80

Qz2b hint Go along the row
2 How many of the students study an labelled ‘Women’ and down
arts subject? the column labelled ‘Science’.

b How many of the students are women

Q2c hint The last column shows that there

studying science?
are 40 men and 80 students altogether.

What fraction of the group are men?

n

3 Agroup of 20 children are asked if they have a pet.
The information is shown in the two-way table.

Yes No Total Q3a hint Fill in the number in

Boys 4 the top left-hand corner. The first
e 3 column should add up to 5.
Total 5 20

2 Work out the number of boys who have a pet.

b Work out the total number of boys. Q3¢ hint FillIn the middle

© Workout the total number of girls. number in the last column. The

d Fill in the remaining numbers in the table. column should add up te 20.

84 ActiveLearn Homework, practice and support: Higher 3 Strengthen ‘
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The times taken (in minutes) to complete a task by a group of boys and girls are shown in the
back-to-back stem and leaf diagram.

Boys Girls
4 1 5 9 9
9 8 0o 0 & 0 2 2 7
8 7 3 0 3 0 2 4 Q4a hint Try writing
3 & 5 6 out the complete
list for the boys. The
Boys Girls 10s digit is in the
Key “ middle column, so the
4 | 1 represents 14mins 1 | 5 represents 15mins longest time for the
boys is 43 (not 34).
a How many boys are there in the group?
b What is the shortest time for the boys? Qéc hint The girls are on the right,
¢ How many girls took longer than 40 minutes to 50 you read their times forwards.
complete the task? For example, 15, 19, 19, ... Write
d What s the longest time overall7 15 this achieved  BaismaonO et bUDREC e
by a boy or a girl?
a Copy and complete the back-to-back stem and leaf Q5a hint Begin with
diagram for the data sets. Set A. The first two
A: 20, 27, 30, 30, 32, 38, 49 numbers are 20 and
Siias s by 27.They have been
o written backwards on
SetA SetB the first row. Do the
same for the second
T 2 6 8 8 row with the next
2 four numbers.
4
Key  SetA SetB
7| 2 represents27 2| 6 represents 26
b For each data set find

th di Q5b i hint The median is the middle
e mevian value. If there are two middle values, the
the range. median is halfway between them.

Q5b i hint The range is the difference
between the largest and smallest values.

A

Compare the two data sets.

Q5c hint Write about the ranges and
medians in your answer.
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6

Real Twenty people record the time, ¢ hours, they spend en the internet during a day.

[Time (¢hours) [ 0=t<2 | 2=t<4 | 4=t<6 | 6=¢<8 | 8=t<10 |

|Frequency | 1 3 | 9 5 | 2
[ Midpoint [ 1 | 3 | | | |
a Copy and complete the table Time spent on internet
to show the midpoints. o
b Copy and complete the
frequency polygon. [
Plot the midpaints on the 8
horizontal axis and frequency
on the vertical axis. 7
@ 6
g
% 5
£ &
3
2 /
1
o
2 7 8 9 10

4 5 6
Time (hours)

The frequency polygon shows the length (in minutes) of 15 songs.

Length of songs
5
4
g
g3
3
$2
&
1
o
o 1 2 3 4
Time (mins)

Copy and complete the table.

Q7 hint The midpoints
are the values shown on
the horizontal axis on the
graph. The frequencies are
the values shown on the
vertical axis on the graph.

Q7 hint Check that the
frequencies add up to 15.

[Midpoint [ o5 [ 15 [ [ |
[ nterval [o=t<1 [ 1=1<2 | | | |
[Frequeny | 1 [ 2 ] | | J

Averages and range

1

Jason records the following lengths during
a physics experiment.

3.4em, 58cm, 29¢m, 4.8¢m, 46cm, 5.8¢cm
a  Which one of these values is an outlier?
Explain why it is appropriate
to remove this outlier from
the data set.

-

Q1a hint Look at the list and find a
value that is much bigger that the rest.

Q1b hint Outliers can be removed if
you think they are clear errors. What do
you think Jason might have done here?

n

Q1c hint Do not include the outlier value in your calculation.

Calculate the range.
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2 STEM Azoologist measures the lengths of 50 snakes (to the nearest cm).

Lengths (L cm) | Frequency | Midpoint | Frequency x midpoint
0=L<10 T 5 7x5=35
10=L<20 12 15 12x15= 180
20<L<30 20
30=L<40 8 Q2a hint To find the
40 =L <50 3 midpoint of 20 = L <30,
T o
On a copy of the table 20+30=50
a complete the third column to show the midpoints of 50+ 2=25
each class
b complete the fourth column to find the total length Qzc hint Divide the

total length by the total

of all the snakes
number of snakes.

use your answer to part b te work out the mean length.

n

3 Real A speed camera records the speeds of passing cars during
the morning rush hour.

Q3a hint Find the total
Speed (x mph) [ Frequency [ Midpoint [ Frequency x midpoint | | ' ' o 800 %
0=x<20 8 10 8x 10=80
20 =%525 20 Q3b hint Divide the
25=x<30 184 number of cars in the
P T 30 = x < 40 class by the
total number of cars and
Total multiply by 100.

a How many cars were there altogether?
b What percentage of cars broke the speed limit of 30 mph? ri:wgl Follow :jhe .
¢ Copy and complete the table to work out the mean speed. wathod jou s in @7

4 Write down the modal class for the grouped frequency table in
a Q
b Q3.

Q4 hint The modal class is the one with the highest frequency.

5 Work out the class containing the median in

5 :i Q5 hint There are 50 numbers in the grouped frequency table.
" | The median is the 221

26th numbers.
There are 7 numbers in the first group, 12 in the second (making 19 so far) and 20
in the third (making 39). The 25th and 26th numbers must be in the ... group.

= 25.5th number, so is halfway between the 25th and

Scatter graphs and time series
1 State whether each scatter graph indicates positive, negative or zero correlation.
Correlation graphs

Q1 hint Do the points
a b c lie close to a line? If not,
X X X X there is zero correlation.
o & X x x An uphillline shows
x x X x positive Furlrelatlon and
x N X X 2 downhillline shows
X negative correlation.

X X X
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2

STEM In a science experiment a ballis dropped onto the ground five times to see if there is

a connection between the height of the drop and
the height of the bounce.

‘ Drop (cm)

[ 50 ] 75 [100] 150 ] 200]

2 Copyand complete the scatter graph.

[Bounce (em) | 24 | 38 | 42 | 80 | 92 |

Drop height and bounce

Qza hint Height of drop is plotted

Eloo on the horizontal axis and height

2 8 of bounce is plotted on the vertical
2 axis. The vertical axis goes up by

5 o0 4 units for each small square.

3 a0 5 -

= Q2c hint As you look at the diagram
5 20 X from left to right, do the points slope
® upwards, downwards or neither?

ol
0 25 50 75 100 125 150 175 200

Height of drop (cm)

=

Copy and complete the sentence.
As the height of the drop increases, the height of
the bounce ...

Q2d hint Use a transparent ruler
and try to draw the line so you have
two or three points above the line
and a similar number below.

n

Does the scatter graph show positive, negative or
zero correlation?

Draw a line on your diagram that passes as close

as possible to the five points.

Use the line of best fit to predict the height of bounce
when the ball is dropped from a height of 125cm.

a

n

Real A company reviews its pricing policy by monitoring
monthly sales (in thousands of items) and prices.

[Price (£) [32]30[25]15[12] 8 [ 5

Q2e hint Start at 125¢m on the
horizontal axis. Draw a vertical line
up untilyou hit the line of best fit.
Now draw a horizontal line from
that point across to the vertical
axis and read off the answer.

Q3a hint Each small square on the
horizontal axis is worth one uni

[Sales (1000s) | 12 | 60 [ 16 | 30 [ 37 | 41 | 44 |

a Copy and complete the scatter graph.
b One of the points on the graph is an outlier
and should be ignored. Which point is it?

©  Describe the relationship between 60
sales and price. -
d Drawa line of best fit on your diagram. & 50
e Use the line of best fit to estimate Z 40
monthly sales when the price is 3
i £20 i £36 g%
£ Which of your answers is the most < 204
reliable in part e? .
Give a reason for your answer. & 10
g Use theline of best fit to find the price 04

Q3c hint State the correlation and
write a sentence that begins, ‘As
price increases, sales ..."

Monthly sales
/i i

x
X

needed to get monthly sales figures of 20000. @

15 20 25 30 35 40
Price (£)

5 10

Q3d hint Ignore the outlier
when drawing your line.

Q3e hint Follow the
method you used in Q2.

Q3¢ hint Start with the

sales on the vertical axis,

of points on your graph) is reliable but extrapolation

graph) is unreliable.

Q3f hint Interpolation (predicting values within the range

(predicting values outside the range of points on your

go along to the line and
read off the price on the
horizontal axis. Always draw
the lines on your diagram.
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Reasoning The table shows the number of ice lollies sold by a kiosk at a seaside resort
last year.
[Month [ Jan [ Feb [ Mar | Apr [ May [ Jun | Jul | Aug [ Sep | Oct | Nov | Dec |
[ Number | 10 | 80 [ 150 | 220 | 290 | 360 | 360 | 200 | 220 | 150 | | |

a Copy and complete the time series graph.
Ice lolly sales

o

Number sold

Jan Feb Mar Apr May Jun Jul Alg Sep Oct Nov Dec
jonth

b Describe in words how ice lolly sales vary during the year. Qé4c hint Read the numbers
¢ Assuming that the pattern of sales continues, estimate in the table from left to
the sales for November and December. right to spot the pattern.

Reasoning Each point on the scatter graph shows the mass of a bag of fertiliser and its price.
Price of ferti

Mass

a  Which two bags are the same price?

b Which of Band D gives the better value for money?
c  Which two bags give the same value for money?

d  Which bag gives the worst value for money?

e Describe the correlation.

Give reasons for your answers.

There Is positive c ion between variables
d y, negative correlation between y and z and negative Rz eegyhing rou could
FENCHINCE: v 8 draw diagrams to help you
correlation between z and w.

State what type of correlation you would expect between
a xandz b yandw ¢ xandw.

Reasoning Find the value of the missing number, x, in this list:
2,4,556,7,7,x
a if the modeis 7 b if the meanis 6.




6 Reasoning Every student in Year 10 completes a

Unit 3 Interpreting and representing data

4 STEM / Problem-solving Two dozen tomato plants are grown in a greenhouse and the
total weight of fruit produced by each plant is recorded. The same number of tomato plants
of this variety is grown outdoors.

The information is displayed in the frequency polygons.

Mass of tomatoes produced

oft
8
7
36
g
S5
g
4
3
2
1 Outdoors:
o
1 B 7 8 8§ 10

4 5 8
Mass (kg)

o

Estimate the greatest mass of tomatoes grown by a plant outdoors.
How many plants grown in the greenhouse produce between
4kg and 6k of fruit?

The grower claims that the average yield of plants grown in
the greenhouse exceeds the average yield of outdoor plants
by more than 3 kg. Does this data support the claim?

o

Qé4c communication hint
Yield means the amount
of fruit produced.

n

5 Reasoning A group of 50 students take a maths test. Their marks out of 40 are shown in

the table.

[Marks [ 2022 | 2325 | 2630 | 3140 |

‘ Frequency ‘ 1 ‘ 15 ‘ 22 | 12 ‘

a Estimate the mean mark and explain why this is only an estimate.

Explain which class contains the median.
Estimate the range.
The student whose mark was between 20 and 22 has her paper remarked. She is awarded
anew mark between 23 and 25.
Without doing any calculations, state whether the following will increase, decrease or stay
the same.

i Range ii Mean

anco

questionnaire in which they are asked to choose their
favourite takeaway food from pizza, burger and curry.
The results are shown on the pie chart. @
a If 132 students chose pizza, how many chose burger?
b On asimilar pie chart for Year 11, the angle of the Pizza
sector for pizza is 200°.
Explain why this does not necessarily mean that
fewer students in Year 11 chose pizza as their favourite.
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7 Reasoning The stem and leaf diagram shows the ages ol 8
in complete years of a sample of 24 men in a tennis club. 11z s
a Find the median age. 211 & 7
b The ages, in complete years, of a sample of —
3 1 4 1 9
14 women from the club are: S
82, 58,53, 9,23, 81, 45, 48, 31, 77, 16, 23, 64, 62 Lo 0 G 0 2 5
Draw a back-to-back stem and leaf diagram for 5:/ 00 @ 1 &
the men’s and women'’s ages. 6|12 3 4
¢ Without doing any further calculations, make one 7] 0
comparison between the ages of men and women 8| 3
at the club. Key
[ @7¢ hint Lokt the outline shapes of the two sides of the diagram. | 1| 2 means 12years

: T
Suzy did an experiment to study
the times, in minutes, it took
Iemice cubes to melt at
different temperatures,

Some information about her
resulis is given in the
scatter graph.

The table shows information
from two more experiments.

Time (minutes)
X

‘Temperature (°C) | 15 | 55 i 0 40 s 080 W 1w

On the scatter graph, plot the information from the table. (1 mark)  Exam hint
Describe the relationship between the temperature and Draw a line of

the time it takes a 1cm ice cube to melt. (1 mark)  best fit on the
graph to help you
answer part c.

Temperature (°C)

T e

Find an estimate for the time it takes a 1cm ice cube to
melt when the temperature is 25°C. (2 marks)
Suzy’s data eannot be used to predict how long it will take a 1em ice eube to melt when the
temperature is 100°C.

d Explain why. (1 mark)
Nov 2011, QI1, 1380/3H

Aline of best fit passes through the mean point, (%, 7), where X is the mean of the x coordinates
and 7 is the mean of the y coordinates.

9 Real/ Problem-solving A car showroom has five cars, all of the same model but of
different ages. The table shows the age, x (in years), and the price, y (in £1000s) of each car.

a  Plot the points on a scatter graph and
state lheplype of (orrelatiof ’ ‘ Age (years) ‘ L ‘ 2 | El ‘ 6 ‘ ! ‘
b Find the mean, x, of the ages of the cars, [Price (£10005) [ 25 [18 [ 15| o [ 6 |
¢ Find the mean, y, of the values of the cars.
d  Plot the point (x, ) on your scatter diagram and draw a line of best fit passing through
this point.
e Use your line to estimate the cost of a car that is 5 years old.
f  Explain why it would not be sensible to use the line to estimate the value of a new car of

this model.
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10

Modelling The table shows the age and mass of a group of 10 people.
[Age [ 5 [ 8 [12]13] 153040 [45]52]55]
[Mass (kg) [ 18 [ 30 [ 45 [ 49 | 57 [ 76 | 79 | 81 | 83 | 84 |

a Plot these points on a scatter graph.

b Draw a line of best fit on the diagram passing through the mean point and with roughly
the same number of points above and below the line.

Use your line to estimate the mass of someone who is 23 years old.

n

d A better model is to use two different straight lines, one up to 20 years old and the other for
over 20. Draw these on your diagram and use them to obtain a more reliable answer to part c.
Real / Problem-solving The table shows Age (v years) | Male Female
the age distribution of male and female teachers 20=x<25 1 0
in a school. 25=x<30 2 9
a griw fre:;huency p(:il.ygons for these two sets of 0=x<35 3 10
ata on the same diagram. e ' P
b By calculating the mean of each data set, TP T 0 m
compare the age distributions of male and =
female teachers. A5 0 10 B
¢ What feature of your diagram confirms that 50=x<55 12 4
your comparison is correct? 55 <x < 60 4 0
60 =x<65 1 0

Finance The table shows the annual
salaries of 200 employees of a company.

Under £30000 | At least £30000 | Total
Men 60 90
Women 50
Total 200

a Copy and complete the table.

b What percentage of employees are women?

© What percentage of men earn under £30000?

d What percentage of employees earning at least £30000 are women?

Reasoning Every studentin Year 7 must attend a lunchtime club. They can choose from
music, drama or sport.

Out of the 185 students in Year 7, 65 choose music and 49 choose drama. Of the 95 boys in
the year, 35 choose music. 32 girls choose sport.

Copy and complete the two-way table for this information.

Music Drama Sport. Total

Boys
Girls
Total

Reasoning One hundred students studying music at school are asked to choose their
preference from rap, jazz and classical.
Of the 29 who choose rap, 13 are girls. Of the 21 who choose jazz, 10 are girls.
There are 54 boys altogether.
a Draw a two-way table and use it to work out the percentage of students who
i prefer classical music ii are girls who prefer classical music.
b What percentage of boys prefer rap?
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15 Problem-solving A car manufacturer compares colour preferences of men and women.
Potential customers are asked to pick their favourite colour from a list of four. The results are
shown in the table.

Colour creamy white | platinum grey | midnight blue | charcoal black
Men 2 13 25 20
Women 4 8 6 2
Which one of these statistical diagrams could be used?
scatter graph frequency polygon
back-to-back stem and leaf diagram pie chart

Explain your choice.
Reflect For each of the statistical diagrams in this question, write down an example of
when it would be the appropriate diagram to use.

Means of time series data from several consecutive periods are called moving averages.
These smooth out the ups and downs, enabling you to spot the trend.

16 Real/ Reasoning A retail company recorded the number of customer complaints each month.

[Month [t 2345 ]se]cr |
[c [ 45 [ 35 [ 20 [ a0 |30 | 15 [ 30 | =
Q16d hint To find the
a Draw a time series graph for this data. moving average for
b Show that the mean number of complaints during the first months 3-5, add the
3 months is 33.3 (1 d. values for months 3, 4
¢ Show that the mean number of complaints for months 2, 3 and 5 and divide by 3.
and 4is31.7 (1 d.p).
d Copy and complete the table of 3-month moving averages. | Q16e hint You can plot
[Months [13 2435 ]46]57| s ovlepvEroess OO
your time series graph.
[Moving average (1d.p) [ 333 [317] | Make sure you plot each
e What do these averages tell you about the overall trend valtie in the miodle of
in customer complaints? et Be

Exam hint

Make sure your
comment i in
eontext by relating

A garage sells used cars.
The table shows the number of used cars it sold from July to December.

[ July T August [September | October | November | December | it to the number
[ [ 3 46 28 | 40 | | | efearssold
a Work out the 3-point moving averages for the information in the table.
The first two have been worked out for you.
29 35 (2 marks)
b Comment on the trend shown by the 3-point moving averages. (1 mark)

Nov 2011, Q15, 1380/4H |

1

@

A biologist measures the lengths

of 40 fish and records the results

in a grouped frequency table.

Find x if the mean length is 15.75cm.

[Length @em) [0=L<10[10=L<x[x=L<3x]
‘Frequem:y ‘ 6 ‘ 24 ‘ 10




Unit 3 Interpreting and representing data

Reflect

© A back-to-back stem and leaf diagram compares two sets of results.

On the left-hand side the numbers are read backwards. ... Mastery lesson 3.1

© Afrequency polygon is a graph made by joining the midpoints of the tops

of the bars in a bar chart with straight lines. . ... Mastery lesson 3.1

& Aquicker way of drawing a frequency polygon s to plot the frequency

against midpoints of each group. . Mastery lesson 3.2

© The modal class (or modal group) has the highest frequency terrersesenanes Mastery lesson 3.5
© To estimate a mean from a grouped frequency table, add together the products
of class midpoints and their frequencies, and divide by the total frequency.. ... Mastery lesson 3.5

@ If the total frequency in a grouped frequency table is rz, then the median lies
in the group containing the thitem of data. ..........

Mastery lesson 3.5

© Atime series graph is a line graph with time plotted on the horizontal axis.  Mastery lesson 3.3
© Bivariate data is data that has two variables. Points can be plotted on a

scatter diagram to see if there is a link between them. .........covviiiiena.. Mastery lesson 3.4
© Data displays positive correlation if the points on a scatter diagram lie close

to an upward-sloping straight line. Data displays negative correlation if the

points on a scatter diagram lie close to a downward-sloping straight line. ... Mastery lesson 3.3
© Aline of best fit is the line that passes as close as possible to the points on

a scatter graph.
© Usinga line of best fit to predict data values within the range of the data

given is called interpolation and is usually reasonably accurate. . veenen. Mastery lesson 3.4
@ Using a line of best fit to predict data values outside the range of the data

given is called extrapolation and may not be accurate

Mastery lesson 3.4

Mastery lesson 3.4

© Individual points which are outside the overall pattern of a scatter diagram
are called outliers. They can be removed from a data set provided a reason

for their removal is given. .. .. . Mastery lesson 3.5

© The line of best fit passes through the mean point,(E, ). . Extend3
© Means of time series data from several consecutive periods are called
moving averages. ......... Esass s seiesin HEXIONE3

Look back at the questions you answered in this test.

a  Which one are you most confident that you have answered correctly?
What makes you feel confident?

b Which one are you least confident that you have answered correctly?
What makes you feel least confident?

¢ Discuss the question you feel least confident about with a classmate.
How does discussing it make you feel?

Log how you did on your
Student Progression Chart.

1 Reasoning Togetagrade 9 in a GCSE exam, Bhavik must have a mean of at least 93%,
averaged over three exam papers.
His mean score on the first two papers is 89%. Is it still possible for him to achieve a top
grade overall? (3 marks)

Activel.earn Homework, practice and support: Higher 3 Unit test




Unit 3 Interpreting and representing data

Reasoning The time series graph Rate of unemployment
shows the rate of unemployment
in a country over a 3-year period.
What was the rate of
unemployment in the

second quarter of 201427

Give your answer correct
to1d.p. (1 mark)
Which quarter experienced
the greatest fall in the rate

of unemployment? (1 mark) Q1 G2 Q3 Q4 Q1 G2 Q3 G4 Q1 G2 Q3 G4
Describe what this time series 2012 2013 2014
suggests about the trend in

unemployment over the 3 years. (1 mark)

£

o
O N o ® o ©

o

Unemployment rate (%)
> S

n

The back-to-back stem and leaf diagram shows the number of apples growing on two types of
apple tree in an orchard.

Autumn Gold Ruby Red
4 1 Z 0 7
4 3 0 3 2 2 4 6
7 4 4 3 7T 8
2 5 0 ) 4 8
4 6
Key Autumn Gold Ruby Red
1] 2 represents 2| 0 represents
21 apples 20 apples
a How many Autumn Gold’ trees are there? (1 mark)
b Find the range of the number of apples growing on ‘Ruby Red trees. (1 mark)
¢ Find the median number of apples growing on Autumn Gold’ trees. (1 mark)

Reasoning The table shows the time that 80 customers T G T

spent queuing in a bank. msi(Eminiites)] ERreqtichcy]

2 Estimate the mean queuing time. (3 marks) U=tz 18

b Inwhich group is the median time? (1 mark) 2<t<4 24

¢ Itisdiscovered that one of the customers p e ! 20
whose time was originally recorded as 6=<t<8 10
9 minutes only queued for 3 minutes. 8=t<10 5
Without doing any calculations, state whether your T =
answers to parts a and b will increase, decrease
or stay the same. (2 marks)

The table shows the number of hours "I’ime ‘ 5 ‘ 2 ‘ 8 ‘ 1 ‘ 5 ‘ % ‘

six students spent revising for a maths

Rest i i [Mark | 80% | 50% | 90% | 40% | 75% | 60% |

a Plot this data on a scatter diagram. (3 marks)
b Describe the correlation and explain what this means in this context. (2 marks)
< Drawa line of best fit on your diagram and use it to estimate the mark of someone who
revises for 3 hours. (2 marks)
d Isitsensible to use the graph to estimate someone’s mark if they have done no revision
at all? Give a reason for your answer. {1 mark)
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6 Reasoning An estate agent keeps a record of the types of property sold in the last month.

semi-detached terraced terraced flat detached
detached flat terraced flat flat
semi-detached flat detached terraced detached
detached terraced flat flat terraced
a Explain why it is not possible to present this information using a
frequency polygon. (1 mark)
b Draw a pie chart for this data. (3 marks)
¢ Next month's sales are also displayed on a pie chart. The angle for the sector

representing flats is 140°. Explain whether this shows that she has sold more
flats than last month. (1 mark)
7 Reasoning 100 people each bought an electronic tablet with a choice of 16 GB, 32GB or

64GB of memory.
53 of the customers are women. 12 of the women bought a 16 GB tablet.
15 of the men bought a 32 GB tablet. 20 of the 40 customers who bought a 64 GB tablet are men.
a Draw a two-way table for this data. (3 marks)
b What fraction of customers bought a 32GB tablet? (1 mark)

&  The frequency polygon shows the distribution of times taken to clean a car.
Time taken to clean a car

50

40
=
g
§ 30
$
§ 20
frs

10

0 5 10 15 20 25 30 35 40 45 50 55 60
Time (minutes)

2 How many cars are cleaned in total? (1 mark)
b How many cars took between 40 and 50 minutes to be cleaned? (1 mark)
c State the modal class. (1 mark)

Sample student answers
a  Who has got the answer correct? b Who gets the most marks? Explain why.

Ed has 4 cards.

There is a number on each card.
The mean of the 4 numbers on

Ed cards is 10.
Work out the number on the 4th card. (3 marks)
June 2013, 06, IMAO/IH |
Student A Student B
B 124641547 _ 4,
4
33 +7=40
4thcard =6



Master ; Problem-solve
po8 p.110

31 Christians,

21 Muslims

16 non-religious people

14 Hindus

6 Buddhists

12 with other religions.

What percentage are Muslim?
What fraction are Christian?
What fraction are non-religious?
What percentage have a religion?

Numerical fluency

1 Aselection box contains four types
of sweets: 6 caramels, 7 chocolates,
4 bonbons and 3 nougats.
a  What fraction are caramels?
b What fraction are not caramels?

2 Workout
a fof18kg b Jof £25
¢ Zofsslitres d Llof6hm
3 Workout
a i3 b x5
4 Work out
a 25%of £12 b 30% of 150g
5 Work out
a 3xt b 5x%
6  Work out
a £:3 b 3

1

b

1

If the world were a village of 100 people, there would be

°

~

Strengthen § Extend |} Test
p.112 p.115

Work out

aded b <3
Giving your answers as mixed numbers,
work out

a 2x1 b 3x2

Giving your answers as mixed numbers
where appropriate, work out

a 3+1 b 742

Write each ratioin its simplest form.

a 10:25 b 63:7

There are 40 girls and 25 boys at a holiday
camp.

What is the ratio of girls to boys?

Give your answer in its simplest form.
Aloom band bracelet uses green and
blue rubber bands in the ratio 3:1.

What fraction of the rubber bands

are blue?

97
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13 Here are the ingredients needed to make

8scones

275g self-raising flour

25g sugar 50g butter legg

2 How many eggs would you need to
make 24 scones?

b How much butter would you need to
make 12 scones?

4 Use amultiplier to calculate these
percentages.
a 20%of £78 b 70% of 52kg
c 45%of340ml d 8%of510m

«

Write these test scores as percentages.
a 15outof25 b 49 out of 60
c  Which was the best score?

Y

The price of a sofa is £480. Lucy pays a
deposit of 15% of the price.

Work out the amount she must pay as a
deposit.

e

Write as a percentage of £50
a £37 b £75

Write
a 33 asan improper fraction
b asamixed number.

Work out

1

1

2
2
2
2.

®

©

SR RS

Write these fractions as both decimals
and percentages. Where necessary, round
your answers to 3 significant figures.
a2 b i d 22

Write down the single (decimal) number
you can multiply by to work out an
increase of

a 17% b 38%
Increase £28 by 12%.
Decrease 5m by 8%.

c 6% d 210%

Write 3.24 to 6 decimal places.
Convert to a decimal

1 z
a B2

¢ % Challenge
i 24 Which of these amounts would you prefer

to win?

55% of £150 2of £120

0.8 of £90 300% of £28

a 35x%

5
© 8x%

b 24x3
d 6xl
Work out

a 21x36+14

Q2a strategy hint Write the question as a fraction
multiplied by a fraction = x =.

Divide by common factors before multiplying, if you can.

b 32x45+36
€ 9x24=8

Activel.earn Homework, practice and support: Higher 4.1
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Questions in this unit are targeted at the steps indicated. ‘

4 Tonia and Trinny are twins. Their friends give them identical cakes for their birthday.
Tonia eats 3 of her cake and Trinny eats £ of her cake.
How much cake is left? Give your answer as a mixed number.

The reciprocal of the number n is % You can also write this as n"%. ‘

5 Find the reciprocal of each number.

a8 b 0145 ¢ 48 d 2
Use a calculator to check your answers. = =
Reflect What method did you use toworkout the | 29 int To find the reciprocal of

a fraction, swap the numerator and
the denominator.
For example, the reciprocal of } is 5.

reciprocals of the decimal numbers?
Discussion What happens when you multiply a
number by its reciprocal?

6 Find the reciprocal of Q6d hint To find the reciprocal
a3 b 2 of a mixed number, first convert
it into an improper fraction.
¢z d s iti improper fracti

Discussion s it possible to find the reciprocal of zero? Explain your answer.

Itis often easier to write mixed numbers as improper fractions before doing a calculation. |

7  Giving your answer as a mixed number where appropriate, work out

a 1ixi b 15x3 ¢ 3x15 d 2gx2t
8  Work out
1 ]
a 25 b 3+

9 Giving your answers as mixed numbers where appropriate, work out
i.2 7.0 1.3
a 1%:2 c 2L d 3ke2

10 Reflect Katherine says, ‘Dividing by a fraction is the same as multiplying by the reciprocal of
that fraction!

Is she correct? Show some working to explain your answer.

11 Copy and complete the calculation.
T s
4L 43t
N WY
Dtz
Dl . O.
0 10
= Di
12 Work out
a 15+22 b 2L+3L Q12¢ hint Sometimes both denominators

must be changed to add fractions.

5, g5 i, 53
c el d 355t
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13

EEESEGEsin D Exambint

A part has broken on a machine and needs to be replaced. E;I"“‘“ SRR ‘;7

: showing your caleulations.
The replacement must be between 7.5cm and 72 cm long in P e oo
order to fit the machine. The part wiltudh no: ft

The diagram shows the replacement part. the maching because ...

s
4Zem  2tem

Will this part fit the machine?

You must explain your answer. (5 marks)

'Write both numbers as improper fractions. |

Write both fractions with a common denominator. |

‘Write the answer as a mixed number. ‘

14

15

Work out these subtractions.

a 65-2% b 52-1% ¢ 3%-43 d 43-5%
Discussion Do you always need to change mixed numbers to improper fractions to
subtract?

Problem-solving Inan engineering factory, the production line takes up § of the
floor area.

Out of the remaining floor area, a total of 2 is taken up by office space and the canteen.
The rest is warehouse space.

The warehouse space occupies 2000 m2.

Work out the floor area of the production line.

Problem-solving Alice watched two films at the cinema.

The first film was 1% hours long and the second was 2% hours long.

a  Work out the total length of the two films.

Alice drove to the cinema.

She arrived 10 minutes before the first film began and had to wait for half an hour
between the two films.

She left immediately after the second film finished.

Car park tickets can be bought in multiples of 1 hour.

b How many hours of parking did Alice need to buy?
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1 Simplify these ratios, giving your answer without units. Q1 hint Give -5
a 36 b 15:25 ¢ 2442 hver fordto 53
d 3cm:15mm e 450g:1.8kg f 18litres:240ml | fwithout units.

2 Write each ratio in the form 1:n 5 = -
a 4:20 Qza hint The question tells you to make the left side of
2 the ratio equal to 1. 4 2 20
Br 28:14 Divide both sides of the ratioby  +4( . . — )+4
the number on the left. (RN |
The number on the right may not be a whole number.

a
St
i N

You can compare ratios by writing them as unit ratios.
In a unit ratio, one of the numbers is 1.

3 Write each ratio in the form n:1
a 12:4 b 30:45 Q3d hint Make the right-hand
L 2.9 side of the ratio equal to 1.
€ 33 d &% 2
4 Wi tesmiosintheform1in 04 hint If the answer is not an integer,
a £3:60p b 5kg:80g you can use fractions or decimals.
© 2 hours:45 minutes d 20cm:73m Choose whichever is most accurate.

5 Reasoning Ina school there are 52 teachers and 598 students.
a Write the student:teacher ratio in the form of n:1.
Another school has 85 teachers and 1020 students.
b Which school has larger number of teachers per student?

6 Problem-solving Julie and Hammad each make a glass of
orange squash. Julie uses 42 ml of squash and 210ml of water.
Hammad uses 30ml of squash and 170 ml of water.

Who has made their drink stronger? Q7 hint

7 Reasoning Archie and Ben share some money in the ratio 7:11. Tz
x e
(e’

Ben gets £132. How much money does Archie get?

8  Tomake a tough adhesive, Paul mixes 5 parts of resin with 2 parts of hardener.
a  Write down the ratio of resin to hardener.
b To fix a birdbath, Paul uses 9g of hardener. How many grams of resin does he use?
© On another project, Paul used 12g of resin. How much hardener did he use?
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9 Ascale model of Tower Bridge in London is 22 cm high. The real bridge is 66 m high.
a  Workout the scale of the model. Write it as the ratio of real height to model height.
The bridge is 243m long in real life.
b How long is the model?

10 In a school, the ratio of the number of students to the number of computers is 1:3.
There are 210 computers in the school. How many students are there?

-
=

Sally and David divide £35 in the ratio 3:2.
a  What fraction does Sally get?

b What fraction does David get?

¢ How much money does each person get?

Share £126 between Lu and Katie in the ratio 2:5.

2+5="7parts 4‘ Find out how many parts there are in total. ‘

1part=£126+7=£18
e \{ Find out how much one part is worth. |
Lu:2x£18=£36

Katie:5x £16=£90 1 Find 2 parts and 5 parts.

Check: £36 + £90=£126 /

-
~

Share 465 building blocks between Benji and Freddie in the ratio 7:8.

How many blocks does each person get?

Discussion Which is easier, working out fractions first (like in Q11) or using the method in
the worked example? Why?

13 James and Freya share a piece of fabric 20.4m long in the ratio 3:2.
What length of fabric does Freya get?

14 Share each quantity in the given ratio.
a f£374inthe ratio 2:4:5 b £46.70in the ratio 1:3:4
¢ 8Tmintheratio3:1:6 d 774kgin theratio 2:7:3
Discussion How should you round your answer when working with money?
What about with kg?

5 CamEEEETTIIIITD s

Talil is going to make some concrete mix. Wrk ;’;ﬁ:jgﬁ?fﬁ;’de 4
He needs to mix cement, sand and gravel in the ratio 1:3:5 A
by weight. mix and comment on each
Talil wants to make 180kg of concrete mix. ingredient to say if there
Talil has is cnough.

15kg of coment

85kg of sand

100kg of gravel.
Does Talil have enough cement, sand and gravel to make the
concrete mix? (4 marks)

Nov 2012, Q13, IMAO/IH
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16 Write each ratio as a whole number ratie in its simplest form.

a 20:365 .
Q16a hint Multiply first by 20 : 365
b 71:1205 powersof ten tomake both 10 (0 T )x10
© 20.1:469 sides of the ratio whole = C B )+|:|
d 903:602 numbers, then simplify. 40 : []
17 Real / Reasoning Ben wants to make some turquoise paint. He is going to mix blue, green

and yellow paint in the ratio 2.4:1.5:0.1.
Copy and complete the table to show how much of each colour Ben needs to make the paint
quantities shown.

Size Blue Green Yellow Q17 hint Write the ratio
1 litre in whole numbers first,
2.5 litres then fha_re the amount

of paint in the new rati
5.5 litres

1 Which of these ratios are equivalent?

2 The exchange rate between pounds and Australian
dollars (AUD) is £1=51.80.
a  Convert £200 to dollars. b Convert $756 to pounds.
3 Problem-solving Kirsty buys a pair of jeans in England for £52.
On holiday in Hong Kong, she sees the same jeans on sale for HK$620.
The exchange rate is £1=HK$12.40.
Where are the jeans cheaper?

4 Reasoning Ned and Adrian both go out for a bicycle ride one day. Ned rides for 23.5 miles.
Adrian rides for 41km. 5 miles = 8km.
a  Write the ratio of miles to kilometres in the form 1:n.
b Work out who has ridden further and by how much.

5 Reasoning Craig i painting his room orange. T T
He buys a tin of paint with red and yellow in the ratio 5:4. of red and yellow paint the
Another tin of paint has yellow and red in the ratio 16:20. same in both tins?

Are the two tins of paint the same shade of orange?
Explain your answer.
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6 Problem-solving Joe is paid £63 for 12 hours’ work in a supermarket.
a  What fraction of this is Joe paid for 7 hours’ work?
b Work out how much is he paid for 7 hours’ work.
Joe is paid more than the minimum wage for his age.
¢ Howold is he? How specific can you be?

[Age [21andover | 181020 | Under18 | Apprentice |
|Current minimum wage (2014) |  £650 | 513 | 379 | 273 |
7 Inacake, the ratio of butter, b, to sugar, s, is 3:4. Q7 hint
Copy and complete. o i)
s=ba[ 1=[1b 3:4 43
b=sx[]=7s 1] [ ]
N7 \,«

8 Reasoning Caroline makes spicy beetroot chutney.
For every 500 g of beetroot, she uses 2 hot chillies.
a Write a formula for ¢, the number of chillies used with n grams of beetroot.
b Caroline has 2.75 kg of beetroot. How many chillies does she need?
Caroline wants to make the chutney much spicier, so she doubles the number of chillies.
c  Write a formula for the new recipe.

Key point 4

When two quantities are in direct proportion, as one is multiplied by a number, r, 5o is the
other.

9 Are these pairs of quantities in direct proportion?
a 10 bread rolls cost £1.60, 15 rolls cost £2.24
b 3 bitcoins cost £10.80, 7 bitcoins cost £25.20
c 5 people weigh 391 kg, 9 people weigh 767 kg.
10 STEM / Modelling In a science experiment, Kishan measures how far a spring extends
when he adds different weights to it. The table shows his results.
Are the weight and extension in direct proportion?
[weight@) [ 1IN [ 2N [ 3N [ aN [ 5N |
| (@ | 12mm | 24mm | 36mm | 48mm | eomm |

-
=

The table gives readings Pand Q in a science experiment.
a ArePand Qin direct proportion? Explain.

b Write a formula for Q in terms of P.

© Write the ratio P:Q in its simplest form.

12 The values of A and B are in direct proportion.
Work out the missing values P, Q, Rand S.
[Valueofa [32 [ P [ @ [20]72 |
|valueofB [ 20 [30 [35 [ R | 5 |

13 The cost of ribbon is directly proportional to its length. A 3.5m piece of ribbon costs £2.38.
Work out the cost of 8m of this ribbon.
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14 Problem-solving The length of the shadow of an object is directly propertional to the
height of the object.
A lamp post 4.8 m tall has a shadow 2.1 m long.
Work out the height of a nearby bus stop with a shadow 1.05m long.

Exam hint
Margaret is in Switzerland. ouonly need [oconvert
one of the prices into the
The local supermarket sells boxes of e
Reblochon cheese. U before you laok at the
1608 weight.

Each box of Reblochon cheese costs

3.10 Swiss francs. 1t weighs 160g.

In England, a box of Reblochon cheese costs £13.55 perkg.

The exchange rate is £1 = 1.65 Swiss francs.

Work out whether Reblochon cheese is better value for money

in Switzerland or England. (@ marks)
Nov 2010, 05, SMBIH/O1

1 Write down the single number you can multiply by to work out an increase of
a 15% b 30% ¢ 5%

dn wiem

2 Write down the single number you can multiply by to work out a decrease of
a 25% b 10% c 6%

3 Karen gets a gas bill. The cost of the gas before the VAT was added was £361.20.
VAT is charged at 5% on domestic fuel bills.
What was the cost of the gas bill, including VAT?

Q3 communication hint Value Added Tax (VAT) is charged at 20% on most goods and services.
Domestic fuel bills have a lower VAT rate of 5%.

Exam hint
Read one sentence
at a time and decide

Petra booked a family holiday.

The total cost of the holiday was £3500 plus VAT at 20%. e e
Petra paid £900 of the total cost when she booked her holiday. need to do.

She paid the rest of the total cost in 6 equal monthly payments.

Work out the amount of cach monthly payment. (5 marks)

June, 2013 Q7, SMB3H/O1
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5  Aholiday costing £875 in the brochure is reduced by 12%.
How much does the holiday cost now?

& Reasoning Curtis buys a car for £9600. The value
of the car depreciates by 20% each year.
Work out the value of the car after

Q6 communication hint
Depreciates means loses valu

a lyear
b 2years.

Q6b hint The value at the end of year 1
depreciates another 20% in year 2.

Simple interest is the interest calculated only on the original amount invested.
Itis the same each year.

7 Finance a Workout the amount of simple interest earned in one year for each of these
investments.

i £1500 at 2% per year. ii £700 at 8% per year.

Martina invests £14 500 for

3 years at 6.75% simple interest.

How much is the i worth at

the end of the 3 years?

o

Q7b hint Work out the amount of interest.
she earns each year and multiply by 3.

8 Finance / Problem-solving Income tax is paid on

Q8 communication hint
any money you earn over your personal tax allowance.

Your income means the amount

The personal tax allowance is currently set at £10000. of money you earn or are paid,
Above this amount, tax is paid at different rates, and ‘per annum’ (abbreviated to
depending on how much you earn. p.a) means each year.

The table shows the rates for 2014/15.

Tax rate Taxable income above your personal
Basic rate 20% £0 to £31 865
Higher rate 40% | £31866 to £150000

Work out the amount of income tax
each of these people paid in the

Q8 hint Subtract the personal tax allowance
before working out the tax owed.

2014/15 tax year.
a Ellaearns £26500 per annum. b Sammy earns £28 760 p.a.
© Antony earns £47 000 p.a. d Pippa earns £73850 p.a.

Key point 6
You can calculate a percentage change using the formula
actual change

00
original amount

percentage change =

9  Finance Inder invests £3200. When her investment matures, she receives £3328.
a  What was the actual increase?
b Work out the percentage increase in her investment.

10 In 2014, the Croftshire County Council raised £18.64 million in council tax. In 2004, they raised
£17.18 million. What was the percentage increase over the decade?

-
=

Reena bought a jacket for £45. Six months later, she sold it for £34.65.
What was her percentage loss?
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actual loss (or profit)
Percentage loss (o profit == el

12 Guy spent £11.40 buying ingredients to make cupcakes. Q12 strategy hint When you are
He sold all the cakes for a total of £39.90. working out profits, remember
What percentage profit did Gary make? to subtract any costs first.

13 Reasoning The price of a magazine costing £1.20 increased by 150% over 2 years.
Jo says the magazine is now 1% times more expensive.
Eric says it is 25 times more expensive.
Who is correct?

Key point 8

You can use inverse operations to find the original amount after a percentage increase or
decrease.

In one year, the value of a car dropped by 12% to £9240.
How much was the car worth at the start of the year?

100% - 12% =88%=088

—» 9240

10500

The car was worth £10500 at the start of the year.

Original number —

14 Stuart pays £52.56 for his office stationery order. This price includes VAT at 20%.
What was the cost of the stationery before VAT was added?

1

w

The cost of living increased by 2% one year.

The next year it increased by 3%.

Copy and complete the calculation to work out the total percentage increase over these
two years.

1

)

Problem-solving Manjit bought a house. The value of her house went up by 5% in the first
year. In the second year, the value went up by 2%. At the end of the two years, her house was
worth £171360.

a What was the total percentage increase? Do not round your answer.

b Work out the amount Manjit paid for her house.

17 Reasoning a Show that applying a 20% increase followed by a 20% decrease is the same
as a 4% decrease overall.
b Will the final amount be the same or different if you apply the decrease first, then the
increase?

107
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1  Solve these equations

a om-3 b 2-n-6 < bog
2 Copy and complete this table.
Fraction Decimal
T
8
o 045
H z
5 :
= 80%
15
3 Workout
a % of 10 b 0.25of 40 Q3a hint Change Q3b hint Change
3 3 ;
© {of 16 d 048 0f 350 5 toadecimal. 0.25 to a fraction.
e 123of64 f 250% of £19

4 Reasoning A restaurant manager bought a case of 12 bottles of sparkling water.
He paid 90p per bottle.
He sold } of the bottles for £2.10 per bottle and the rest of the case for £2.40 per bottle.
a How much profit did he make?
b Express this profit as a percentage of the total cost price.

Q5 strategy hint You
Mr Mason asks 240 Year 11 students what they want to could draw a diagram.
do next year.
15% of the students want to go to college.
5 of the students want to stay at school.
The rest of the students do not know.
Work out the number of students who do not know.
(4 marks)
June 2013, Q2, IMAO/IH

A farmer uses 1.8 out of every 5 acres of land to grow crops.
He grows corn on 7 of the land he uses for crops.
What percentage of the total area of his land does he use to grow corn? (3 marks)

108 ‘ Activel.earn Homework, practice and support: Higher 4.5 ‘
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7 (Bamstylequestion )

Which is closer to 30%: 1 or 22

You must show your working. (3 marks)
8 Problem-solving The table shows the Term1 | Term 2 | Term 3
number of days, absence for Year 9
students in each school term over 2 years. | e S RUIRROT) 4t 15 2
Write three sentences comparing the [Years o13/2014) [ 28 64 2y

absences in the 2 years. Use fractions,
decimals, percentages, ratio or proportion. Q8 hint Choose calculations
that will help you to compare.

9 Problem-solving Workout ‘i of 0.25 of 48% of £340.

Show all your working out.

10 Reasoning Write the sum of the sequence

1

Example 4

6,6 .6 . acafraction Q10 hint Write the fractions
Ay MO0 as decimals.
(where .. indicates that the sequence goes on forever)

Explain your answer.

=

Reasoning Two variables s and ¢ are connected by the formula
s=4t

a Aresand tin direct proportion? Explain.

b Write ¢ as a fraction of s.

¢ Write the ratio s:¢.

Write 0.3 as a fraction. 7 =
0.5=0.333353333...=n

r | Multiply the recurring decimal by 10 to shift
50 10n=3.333333333 the sequence one place left.

10n-n =3.333333333... - 0.333333333...
=3000000000. Subtract the value of n from the value of 10n.
This makes all the numbers after the decimal point 0.
9n=3
Solve the equation.
Simplify the fraction if possible.

Key point 9

All recurring decimals can be written as exact fractions.

1

1

2 Write these recurring decimals as exact fractions.
Write each fraction in its slmplesl form. Q12 strategy hint Multiply by a power of ten,
a 0.6 b 0.1 If 1 decimal place recurs, multiply by 10.
c 0.52 d 0.181818... If 2 decimal places recur, multiply by 100.
e 0.743 f 0.261 If 3 decimal places recur, multiply by 1000.
3

Which of these fractions are equivalent to recurring decimals. Show your working out.
A = b L ¢z d L
= = £ ®
Discussion How can you tell whether a fraction will give a recurring or terminating decimal?
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4

Sophie spent%of her clothes allowance. She spent £11. Crista spent% of her clothes allowance.
Now Crista has £2 less than Sophie. How much is Crista's clothes allowance?

Sophie's clothes allowance

5

2 Draw a bar to represent Sophie’s clothes
‘E”I 4| | | allowance. Add the information from the question.
Sophie's clothes allowance = £68
- 2 4 of Sophie’s clothes allowance = £11.
So, Sophie’s clothes allowance = £11 x 8 = £88
[e1] £77 | | sophie has I of £88 left = £77 left
spent left

Crista’s clothes allowance

T

Draw a bar to represent Crista’s clothes allowance.
Add the information from the question.

e,
l ‘ £75~——l—| (Crista has £2 less than Sophie. £77 - £2 = £75 |

Crista’s clothes allowance

% 3 2 of Crista's clothes allowance = £75. So, Crista
spent £ of her clothes allowance = £75 + 5 = £15
[e15 ] £75 |

spent lek Use your bar model to answer the question. |

Crista’s clothes allowance = £15 + £75 = £90

Check: Check your answer works.
Sophie spent, 1 of her clothes allowance = 1 of £68 = £11

Amountleft=£88 - £11=£77

Cristaspent & of her clothes allowance = L of £90=£15

Amountleft = £90 - £15=£75

Now Crista has £2 less than Sophie. v

1 This Christmas, Mr Smith spent 2% times his budget for Q1 hint
presents. He spent £405. Mrs Smith spent 1% times her
budget for presents. She spent £5 less than Mr Smith spent.
a  How much was Mr and Mrs Smith’s total budget for

presents?
b How much did they overspend?

Mr Smith's spending =
e

2 Caroline and Naomi share a flat with a monthly rent Q2 hint b S
of £1025. Caroline’s bedroom is 15 times the size of
Naormis,s0 she agrees to pay 13 tmes the rent of Naori. L T 11

e ——
How much do they each pay? Naomi Caroline
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3 Apetting zoo has rabbits, goats and llamas Q3 hint Draw a bar model showing the
in the ratio 6:3:2. The 200 has 8 more rabbits ratio 6:3:2. Compare rabbits and llamas.
than llamas. How many goats does it have? How many sections represent 8 rabbits?

4 Amateur boxers can only fight other boxers Weight class Boxer’s weight (kg)
in the same weight class. TP 10T
The table shows three of the weight classes. MYWETE]

Two amateur boxers have weights in the ratio Lx.ght hanywexght sl
2.5:3. Their total weight is 165 kg. Middleweight 69-75
Eigl;‘: boxers fight each-other? Q4 hint Draw a bar to represent the total

weight. Split the bar into 0.5 sections.
One section = ___ kg

5 Jamie invests some money. In the first year it increases to 110% of its original value.
He spends 20% of the profit on a cricket bat and % of the remainder on a cricket jumper.
He is left with £140 profit. How much did Jamie invest?

6  Fluis passed around an accounts department. Q6 hint Draw the accountant's
The clerk has 22 times the days off sick than the section of a bar first. Label it A,
accountant. The accountant has Z the time off Next draw the clerk’s section. Label
sick than the book-keeper. In total they all take 10 it C. Be very careful when drawing.
sick days. How many sick days do they each take? the book-keeper's section, B.

7 8adults, 6 children and 2 seniors swim lengths ata 7 ik Do 2 bor ol to
swimming pool session. The mean number of lengths swum represent all the swimmers.
by the adults is 40, the mean swum by the childrenis 7 and | 8 adults swum a mean of 40
the mean swum by the seniors is 35. Work out the mean lengths. How many lengths
number of lengths swum by everyone in the session. did they swim altogether?

8 Reflect Look back at the exam-style questions in lessons &.4
and 4.5. How could you answer these questions using bar models?
Is drawing bar models a strategy you would use again to solve problems?

Log how you did on your
Student Progression Chart.

Fractions
1 Workout

a 12+23 b 3L-2r
2 Workout

a 2ix1} b 2kl

Ratio and proportion
3 Write each ratio as simply as possible, without units.
a 350ml:2lirtes b 07kg:32kg
4 Write each ratio in the form 1:n
a 4:28 b 23
5  The euro exchange rate was £1 = €1.27. Work out
a how many euros | would get for £45 b the price in pounds of a sofa priced at €488.95

Active Learn Homework, practice and support: Higher 4 Check up ‘
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6 Reasoning Ellis makes some biscuits. For every 200g of flour he uses, he needs 75 g of butter.
a Write a ratio for the amount of flour to the amount of butter.
b Write a formula for /; the amount of flour, in terms of the amount of butter, b.
Ellis makes 24 biscuits using 300g of flour.
¢ How many biscuits can he make with 375 g of butter?

7 Share £132in the ratio 3:2: 1

Fractions, decimals and percentages
8  Work out the final amount when

a  £450is increased by 7.5%

b 877.2kg is decreased by 3.2%

9 Simon scores 68 marks in his second maths test. In his first maths test he scored 85 marks.
What is the percentage decrease in Simon’s score?

10 The price of a laptop increases by 35%.
The new price is £972.
What was the original price?

11 Barbara invests £14000.
In the first year, she earns 5.9% interest.
In the second year, she earns 3.2% interest.
a  What was the total percentage increase over the 2 years?
b How much money does she have after 2 years?

12 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

* Challenge

13 Find the cube root of the reciprocal of the square root of the reciprocal of 64.
Write a problem similar to this.
Make sure you know the answer.

Fractions
1 Workout
s 5,3
a 1+1 b ¢ Eed
3,0 0 .2 7.5
d 3+5 e p*s f u+s
2 Giving your answers as mixed numbers, work out Q2a hint Change the improper
& 3+ b l+4 fraction to a mixed number:
s ; )
2 s
c 345 d 2+% L 5= =
y = Spttmap

Activel.earn Homework, practice and support: Higher 4 Strengthen ‘
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3 Workout 0
a 24+ 3%:5+§+%:5+i
2,51 i, g2 1, o
b 15+5; c 25+15 d 6;+45

4 Work out these subtractions.
Give your answers as mixed numbers.

e O [ s hint Write both numbers as halves. |
2= 7 2
b 53-22 ¢ 32-12 d &2-2 e 25-1%
5  Work out

a 1%

05a hint Change the mixed number to an
improper fraction. Then use the method in Q1.

Ratio and proportion
1 Which of these ratios are in the form

a Lin? b n:1?
ARGt B 5:2 (& kil DT E 89
2 Write each ratio in the form
i l:n ii n:1
The first one has been started for you.
a 3:15
1 @ | no1
3 : 15 3 : 15
—3(1 g D)Ta ﬂs(D 2 q )18
b 8:2 c 7:56 d 42:24
3 Simplify each of these ratios.
a 65:4 b 5:85 c 28:4 d 56:88
Q3 strategy hint Choose a number to multiply by that will give you 5 4

65
X e
awhole number on both sides of the ratio. 2( 13 : 84 4

4 In 2007 the exchange rate from pounds to US dollars was £1 = $2.
a How many dollars could you buy for

i 4 i £5? Q% hint Workout the ~ %[]
il What calculation did you use toworkitouty | MUlplertochange 7 N
b H?w manyp?unds(ouldyou buy for inverse operationto N
i %6 i $10? change $ to £. =[]
iii - What calculation did you use to work it out?

5 Reasoning A and Bare in direct proportion. Q5 hint
Fill in the missing values for X' and ¥ in this table.

A
LTy
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6 Reasoning Pand Qare in direct proportion.
Find the missing value in the table.
Show your working.

i Q
3 5
9

7 Kiran, Lewis, Stephen and Jane are paid in the
ratio 2:5:4:7, according to the number of hours
they have worked.

Lewis is paid £35.50.
Work out how much money Kiran, Stephen and Jane receive.

Q7 hint

Fractions, decimals and percentages
1 Convert these percentages to decimals.
a 104%
b 126.5%
© 983%

= 2 The price of a theatre ticket increases by 3.5% from £45

(EEH a  What percentage of £45 will the new price be? Q2a hint 100% + [ Po=[ P

b Write your answer to part a as a decimal.
©  Work out the new price. Q2c hint[ ]x45="]

| 3 The price of a pedicure decreases by 4.2% from £36 on promotion.
E28 a What percentage of £36 will the new price be?

b Write your answer to part a as a decimal.

©  Work out the new price.

4 Betsy invests £3000. When her investment matures, Q4 hint Draw this information
she receives £3135. asabar model.
a Copy and complete the working to calculate the £3000 £[]
percentage increase of Betsy's i
original amount = 3000 [ ——
actual change = 3135 - 3000 = 135 £3135
actual change 135
percentage change = m %100 = 3000 * 100=["]%

b Check your answer by increasing £3000 by the percentage you calculated.
Do you get £3135?

5  Work out the percentage loss made on each of these items. For each part copy and complete
the following working. Check your answers.
original amount =[]
actual change=["]
actual change
original amount
a Bought for £8, sold for £5.75
b Bought for £145, sold for £120
c Bought for £615, sold for £500

percentage change =

xlUD:%xlDﬂ:D%
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6 Workout 5 Q6 hint Use an equivalent fraction, decimal or
a 075x150g b gof £10 percentage to make the calculation easier.
¢ 333%o0f £36

7 The price of a computer game after a 28% increase is £13.44
a What decimal number do you multiply by to
increase a value by 28%?
b Draw a function machine for this calculation.
c  Work backwards through the function machine
to find the original price.

Q7b, c hint
Original price; = x[] - £13.44
Work backwards: [ |« +[ ]« £13.44

&  Find the original price of
a asofa that costs £585 after a 25% discount
b ahouse priced at £192030 after its value rose by 3.8%.

9 Carol put £5000 in a savings account for 2 years.
The first year she earned 2.5% interest.
The second year she earned 3.1% interest.
a Write a calculation to find the amount of money Carol had at the end of the first year.
b Multiply your calculation from part a by 1.031 to find the amount in the account after
2 years.

4

1 Problem-solving Amanda, Chen and Mark shared some money in the ratio 2:4:9.
Mark got £84 more than Amanda.
How much money did Chen get?

2
2 Work out (51;;’
5
3 Reasoning The diagram shows a rectangle ABCD. A E B
AB is twice the length of BC.
E is the midpoint of AB. F is the midpoint of BC.
Work out the area of each of these triangles F
Give your answer as a fraction of the rectangle.
a ADE b BEF
¢ (DF d DEF D

Discussion Would these fractions change if length AB was 3 times the length of BC?

4 Aphotocopier increases the sides of a square in the ratio 2:3. What percentage increase is this?
5 Problem-solving The diagram shows A
three identical shapes, A, B and C.

£ of shape A is shaded.

2 of shape C is shaded.

What fraction of shape B is shaded?
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6

-
5}

-
=

Finance / Reasoning Gareth sells cupcakes.

He adds 40% profit to the cost price.

He sells the cupcakes for £1.68 each.

He wants to increase his profit to 60% of the cost price.
How much should he sell each cupcake for?

Problem-solving Ina company, 65% of the workers are female.
40% of the women drive to work.

50% of the men drive to work.

What percentage of the company’s employees drive to work?

Here is some information about a class.

Boys | Girls
[Left-handed 4 3
| Right-handed F) 9

a Write down the ratio of right-handed boys to left-handed boys.
Give your answer in its simplest form.
b What percentage of the girls are left-handed?

VWXY is a rectangle with length 20 cm and width 12em.
w 20em x

Diagram NOT
drawn to scale 12em

v
The length of the rectangle is increased by 30%.
The width of the rectangle is increased by 10%.
Find the percentage increase i the area ofthe rectangle. (S marks) |

Work out
a 2+

b 173+

€ 3

Real / Reasoning Sian has some sheep.

The sheep produce an average of 15.8 litres of milk per day for 146 days.

Sian sells the milk in  litre bottles.

Q9 strategy hint
‘What single number
would you multiply
each length by to
find the new area?
‘What happens if you
multiply these two
numbers together?

Work out an estimate for the total number of bottles that Sian will be able to fill with

the milk.
Show clearly how you worked out your estimate.
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12 (BEmSiqueston D) Exem hint

Each day a company posts some small letters and some large letters. 2loys
The company posts all the letters by first class post. S
The tables show information about the cost of sending a small letter by first cach of the
class post and the cost of sending a large letier by first class post. last, four lines
Small Letter Large Letter :’; tzj]“jzt‘:’”
[ Weight | Firstclass post | Weight First class post final answer:.
[ o100 | 60p | 0-100g £100

101-250g £1.50

251-500g £1.70

501-750g £2.50

One day the company wants to post 200 letters.

The ratio of the number of small letters to the number of large letters is 3:2.

70% of the large letters weigh 0-100 .

The rest of the large letters weigh 101-250g.

Work out the total cost of posting the 200 letters by

first class post. (5 marks)
Nov 2013, Q11, IMA{J/IH)

13

Mr Layton needs to buy some oil for his central heating.
He can put up to 2500 litres of oil in his oil tank.

There are already 750 litres of oil in the tank.

Mr Layton is going to fill the tank with oil.

The price of oil is 58.4 p per litre.

Mr Layton gets 6% off the price of the oil.

How much does Mr Layton pay for the oil he needs

to buy? “ lnxrlﬂ)J

14

Boris, Carla and Dean share some money.
- 1

Boris gets & of the money.

Carla and Dean share the rest of the money in the ratio 4:5.

What percentage of the money does Dean get? (@marks) |

15

8
]
z
H

Linda is going on holiday to the Czech Republic. values you are gjven
She needs to change some money into koruna. e o
She can only change her money into 100 koruna notes. cach step in your
Linda only wanis to change up to £200 into koruna. reasoning,
She wants as many 100 koruna notes as possible.
The exchange rate is £1 = 25.82 koruna.
How many 100 koruna notes should she get? (3 marks)
June 2012, 09, IMA (J/ZHJ
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© Itis often easier to write mixed numbers as improper fractions before
doing a calculation. .

.. Mastery lesson 4.1
@ You should divide by common factors before multiplying, if you can... Mastery lesson 4.1

© The reciprocal of the number 7 is & You can also write this as n-. ... Mastery lesson 4.1
@ To find the reciprocal of a fraction, swap the numerator and the
denominator. For example, the reciprocal of%\'s § sresemsnssenanenss MASERIY LRSSON4]
© Tofind the reciprocal of a mixed number, first convert it into an
improper fraction. .
@ Sometimes both denominators must be changed to add fracuons
@ You can compare ratios by writing them as unit ratios. In a unit ratio,
one of the numbers is 1. The other number may or may not be a whole
number.....

Mastery lesson 4.1
Mastery lesson 4.1

Mastery lesson 4.2

@ To share a quantity in a given ratio you could work out what fraction
of the total amount each person receives, and then multiply each
fraction by the total amount. Another method is to work out how
much one part is worth, and then multiply by the number of parts

each person receives. . Mastery lesson 4.2

& When two quantities are in direct proportion, as one is multiplied
by a number, r, s0 is the other. Their ratio also stays the same as they
increase or decrease.

@ Simple interest is the interest calculated only on the original amount
invested. It is the same each year. , esereee Mastery lesson 4.4

Mastery lesson 4.3

| @ You can calculate a percentage change using the formula

i actual change
percentage change =———————
original amount

actual loss (or profit)

%100 .. eensene.. Masterylesson 4.4

@ Percentage loss (or profit) = * 100

original amount

You can use inverse operations to find the original amount after a

percentage increase or decrease. .
o Value Added Tax (VAT) is charged at 20% on most goods and ser

Domestic fuel bills have a lower VAT rate of 5%.

On some things no VAT is charged.
@ Depreciates means loses value. ..
@ Your income means the amount of money you earn or are paid, and

‘per annum’ (abbreviated to p.a) means each year...................... Mastery lesson 4.4

Mastery lesson 4.4

Mastery lesson 4.4
Mastery lesson 4.4

© When you are working out profits, remember to subtract any costs ﬁrst Mastery lesson 4.4
& All recurring decimals can be written as exact fractions.
@ If 1 decimal place recurs, multiply by 10.

If 2 decimal places recur, multiply by 100.

If 3 decimal places recur, multiply by 1000..

Mastery lesson 4.5

Mastery lesson 4.5

7 For this unit, copy and complete these sentences.
% + |showed lam good at + Ifound ___ hard - lgotbetterat by
& - lwas surprised by + lwas happy that - Istill need helpwith ___
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Log how you did on your
Student Progression Chart.

Workout a 2¢+12 b 52-2] (6 marks)

Reasoning Alice has 8; acres of orchards,

Alice grows apple trees in A% acres of the orchards.

She grows pear trees in the rest.

How many acres of pear trees does Alice have? (3 marks)

Reasoning Selika gives her garden a makeover,
She spends money on plants, materials and labour in the ratio 1:5:12.
She spends £848.75 on materials.

Work out
a how much money she spends on labour costs (2marks)
b how much she spends in total. (1 mark)

On a hospital ward, there are 16 nurses and 68 patients.

a  Write the nurse: patient ratio in the form of 1:n. (1 mark)
Another ward has 18 nurses and 81 patients.

b Which hospital has the best nurse:patient ratio?

Explain your answer. (2 marks)

Problem-solving Cameron is going on holiday to Spain.

He needs to change some money into euros

He can only change his money into €20 or €50 notes.

Cameron has up to £540 to change.

He wants to take as many euros as possible.

The exchange rate is £1 = €1.27.

How many euros will Cameron get? (3 marks)

Reasoning | is directly proportional to K. Work out the missing values, a and b,

in the table. (4 marks)
J K
52 36
39 a
b | 225

¢ Write a formula for J in terms of K.

Nathan makes fudge and sells it at a Christmas fayre.

He spends £2.14 on ingredients.

Nathan sells all the fudge and has £9.63 in the cash box at the end of the sale.

What percentage profit does Nathan make on the fudge? (2 marks)

a Atourist attraction experienced a 3.75% fall in visitor numbers in June, compared to the
previous month, due to exceptionally bad weather.
There were 121660 visitors in June.

How many visitors were there in May? (3 marks)
b In July there were 4.5% more visitors than in May.
What was the percentage increase in visitor numbers from June to July? (2 marks)

Active Learn Homework, practice and support: Higher 4 Unit test
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The diagram shows rectangle EFGH.

E 24em F
3em
H G

Length EF is 24cm. Width FG is 3cm.

The length of the rectangle decreases by 40% and the width
increases by 30%.

What is the overall percentage change to the area of the rectangle?
State clearly if this is an increase or deerease. (6 marks)

Sample student answer
Why will the student only get 2 marks for this answer?

Stacey bought a handbag in Paris.

The handbag cost €64.80

In Manchester, the same type of handbag costs £52.50

The exchange rate was £1 = €1.20

Compare the cost of the handbag in Paris with the cost of the

handbag in Manchester. (3 marks)
June 2012, 02b, SMBI/01

Student answer
£1=€1.20
£52.50 x 1.20 =€63
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In 1936 work began on building more than 11000 ‘
pillars’ across the United Kingdom. By measuring angles
and using trigonometry, surveyors could work out the
distances between pillars. This enabled them to make a
map of the whole country, accurate to a few metres.
The diagram shows the angles between two trig points.
Estimate the distance AC. Explain your reasoning.

A

Numerical fluency : 5 Which of these shapes are regular?
1 Workout :

a 32+42 b V37442

c V10°-6 d V62 +8?
2 Work out H

a Je-5 b & 6 Find the size of the angles marked

with letters.

i Give your answers as a decimal correct
to 2 decimal places.

i Leave your answers in surd form.
Geometrical fluency
3 List ALL the quadrilaterals which have

exactly ONE pair of parallel sides

Give reasons for your answers.

a
b four right angles :
t i f t %
£ o mj ore e o .Symme it 4 Sketch an isosceles triangle PQR and
d no pairs of parallel sides d i f
ekl raw on any lines of symmetry.
R i : b Use your diagram to show that two
4 Whatis the name given to a regular : angles are equal.
a triangle b quadrilateral?
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8 Work out the size of © 11 Make y the subject of each formula.
a angleDAB b LAZY < MRK azg=r b Lozz ¢ £y
D X i 4 ¥
A ¢ 12 Write and solve an equation to calculate
c i the size of each angle in degrees.
@ Al ‘ Y a b
i x+20
A L M : 3
4z - 30
K_i N ¢ *Chall

' 13 Inan isosceles triangle, one angle is
twice the size of one of the other angles.
Work out the value of each angle.

Algebraic fluency

9 a=3andb= 11 Work out
a x=a’+b b x=b-a? F

10 x:aandy:Z«Workout;. i

Give your answer as a fraction in its
simplest form.

WA AN

1 Whatis the size of any angle in an equilateral triangle?

2 Anisosceles triangle has one angle of 130°. ﬁ
What are the sizes of the other two angles?

3 Work out the size of angle a. Give reasons for your answer. -

122 Activel.earn Homework, practice and support: Higher 5.1 ‘
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Questions in this unit are targeted at the steps indicated.

ABC and CDE are straight lines. AE is parallel to BD, A
Work out the size of A05>
a ABD b BDC 8
c AEC d ACE & @
D
Reasoning ABCD is a parallelogram. C

A B
Q5b hint Line BA is parallel to CD.
Line CBis parallel to DA.
D 1

a Copy the parallelogram and extend each side.
b Work out the other angles in the parallelogram.
¢ What do you notice about the opposite angles?
d Repeat with different parallelograms.
Is your observation in part ¢ still true?
e Reflect What property of parallelograms have you shown?

Triangle ABC is shown. DE is parallel to AB

B x /ic Z £

A B
a  What is the value of x + y + 22 Give a reason for your answer.
b Copy the diagram. Mark on the size of each of these

angles in terms of x, y and z. Qéc hint

i angle CAB i angle ABC x+y+z=__ °

Give reasons for your answers. The angle sum l:f a
¢ Use your answer to part a to derive the sum of angles in a triangle. |_"""8'® 15—

EamSHiequeHRI D) Bambne

B Mark on the diagram the
size of any angles that
you know:

Start by using the rules
of parallel lines to find
another angle on the
diagram. Then find which
two angles are equal in

Diagram NOT
accurately drawn

¢ b £ v the isosceles triangle by
CDEF is a straight line. leoking to see which two
AB is parallel to CF. DE = AE. sides are equal
Calculate the size of the angle marked x.

You must give reasons for your answer. “ markslj

123




Unit5 Angles and trigonometry

8 Communication / Reasoning b f o
In this diagram a diagonal divides the v ﬁ Si :x:ch:egln .
quadrilateral into two triangles. —

Use the diagram to prove that the angle
sum of a quadrilateral is 360°. S d

When one side of a triangle is extended at the vertex:
- the angle marked x is called the interior angle.
- the angle marked y is called the exterior angle.

x + Y =180° (angles on a straight line) 2 \Y

9 Work out the size of each angle marked with a letter.

a ¢ b a
68
< X
z 817

AL B

677

X
c N d N

S
R
\i o 7

L M Q

P

Discussion What do you notice about the relationship between the exterior angle of a
triangle and the interior angles at the other two vertices?

The exterior angle of a triangle is equal to the

sum of the interior angles at the other
two vertices. angled = angle a + angle b
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Example 1

Work out the size of angle ABC. Give reasons for your answer.
B

F E

Write a reason every time
£DCF = x (vertically opposite angles are equal) you write an angle.

£ CDE + £ DCF = 180° (corinterior angles add up to 1807)
T+2x= 750°\| Form an equation using the angle property. |
2180 [Collect like terms.
x=60° — ]
/BCA=80° Solve the equation to find x.

LBAC=1x-10=60~10=50° ————| Substitute the value of z to find angle BAC |
£ ABC = 180" - (60 + 50)° (angles ina triangle add upto 180°)

-180"-110°

=70°

10 Reasoning Q10 hint Start with:
ABCD is an isosceles trapezium. angle BCE + angle CBE=__©
BCEis an isosceles triangle. (exterior angle is equal to the sum of the___)
DCEF is a straight line. angle BCE = angle CBE (
Angle BEF = 132°, Write any angles you work out on a sketch of
Work out the size of angle DAB. the diagram.
Give reasons for your working.
D, c " 3 F
1327 Q10 communication hint

To ‘give reasons for your working”
write the angle property you use
for every angle you find.

[ B

1

=

Reasoning Workout the size of angle ACB. Give reasons for your working.
c D
J25°

Q11 hint Use the properties.
on the diagram:

BCis parallel to DE.
) o

E
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12 Work out the size of angle CBD.
Give reasons for your working.

D

Q12 hint Use the fact that
angles in a quadrilateral add up
t0 360° to write an equation.

1 For each value of n, work out (1 - 2) x 180
a n=3 b n=5 ¢ n=1 d n=8

2 Work out the size of each angle marked with a letter.

A pentagon has five sides.

Sketch a pentagon.

Draw in the diagonals from one vertex
to all the other vertices.

The pentagon has been divided into 3 triangles.
The angle sum of each triangle is 180°.

Sum of the interior angles of a pentagon = 3 x 180° = 540°
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Work out the sum of the interior angles of a hexagon.

N : . - @3 hint Use the same
Discussion Does it matter if the hexagon s regular et s
or irregular?

Reasoning Copy and complete the table.

Polygon Number of sides (r) | Number of triangles formed | Sum of interior angles
Triangle - ; 1 180°

Q 4

Pentagon 5 3 540°

Hexagon 6

Heptagon 7

Discussion What do you think the sum of the angles in a 12-sided polygon (dodecagon) is?

The sum of the interior angles of a polygon with  sides = (2 - 2) x 180°

5

The sum of the interior angles of a polygon is 1620°. How many sides does the polygon have?
(n=2)180"=1620"—_['eorm an equation using the sur of interior angles.

A regular polygon has 20 sides.
a Work out the sum of the interior angles of the polygon.
b Work out the size of the interior angle.

Reasoning Work out the size of each interior angle of
a aregular pentagon

b aregular octagon
¢ aregular heptagon

d aregular polygon with 15 sides.
Reasoning Work out the size of each unknown interior angle.

QTa hint First work out the sum of the
interior angles for a 5-sided polygon.

B
Q7b hint To find x solve
X43r+x4+2x+2x= s
£ Then work out each interior angle.

nop_ 1620
180 Divide both sides by 180.
n-2=9

Add 2 to both sides.
n=11

The sum of the interior angles of a polygon is 3060°.
How many sides does the polygon have?

Problem-solving A regular pentagon is divided into
5isosceles triangles. .v ‘7
Work out the size of .

a anglex b angley ¢ anglez.
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10 Reasoning Q9 shows a pentagon made from isosceles triangles.
What polygon can you make from equilateral triangles?
Reflect Besides triangles, which other regular polygons can fit together like this to create a
pattern without leaving any gaps? Explain.

Exam hint

Mark the angles on the
diagram as you work
them out, Write the
angle property you

use for each one.

The diagram shows a regular hexagon and a regular octagon.

Diagram NOT
accurately drawn

Calculate the size of the angle marked x.
You must show all your working. (4 marks)
June 2012, Q13, IMAV/IH

1 Work out the sum of the interior angles of
a aheptagon b apentagon ¢ adecagon.

2 For each triangle work out
a thesizes of angles a, b and ¢
b thevalueofa+b+ec.
i
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3 For each quadrilateral work out
a thesizes of angles a, b, c and d
b thevalueofa+b+c+d.

Key point 4

When one side of a polygon is extended at a vertex:
angle x is the interior angle

+ angle y is the exterior angle.

interior angle + exterior angle = 180°
(angles on a straight line add up to 180°)

(] N\

4 Reasoning A pentagon and a hexagon are shown.

a Work out the sizes of the angles marked with letters. Q4a hint For the
b Work out the sum of the exterior angles. pentagon work

©  What do you notice about the sum of the exterior angles? out the value of
Discussion Does it matter if the polygon is regular or irregular? a+biesdse

The sum of the exterior angles of a polygon is always 360°.

In a regular polygon all the angles are the same size, so exterior angle = 360°

number of sides

5 Work out the sizes of an exterior angle of a regular hexagon.

dn wem
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Work out the sizes of the angles marked with letters.
The first one has been started for you.

2+31°+90°+ 71° + 88° = 360°

Reasoning The sizes of seven of the exterior angles of an octagon

are 42°,110°, 13°, 67°, 55°, 11° and 53°.
Work out the size of each interior angle.

Q6 strategy hint To find angle ¢,
first work out the exterior angle
not marked with a letter.

Reasoning Work out the sizes of each unknown exterior angle in this polygon.

Each interior angle of a regular polygon is 140°.

How many sides does the polygon have?
Exterior angle = 180" - 140° = 40° /+

Use interior angle + exterior angle = 180°
to work out the size of an exterior angle.

360" _

Number of sides = 522-=9—__ |

For a regular polygon,

s0 number of sides =

, exterior angle =

360°

number of sides
360°

exterior angle

How many sides does a regular polygon have if its exterior angle is

a 10° b 72°

¢ 207

0 How many sides does a regular polygon have if its interior angle is

a 120° b 150°

=

Explain.

c© 140°7

Reflect Can the exterior angle of a regular polygon be 70°?
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12 Problem-solving One side of a regular hexagon ABCDEF forms the side of a regular
polygon with n sides.

Angle GAF = 105°.
Work out the value of n.

13 Problem-solving The exterior angle of a regular t Work aut the size
polygon is half the size of its interior angle.

How many sides does the polygon have?

-

Work out

a /100

b V25

c 3

d V&9

a=45andb=62

Work out

a a2+ b?

b JVaz+b?

Give your answers correct to 1 decimal place.

N

E
3
S

w

Find the positive solution of each equation.

Give your answers correct to 3 significant figures.
a ¥=12

b x2=122+82
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In a right-angled triangle the longest side called the hypotenuse.

Pythagoras’ theorem states that, in a right-angled triangle, the

square of the hypotenuse is equal to the sum of the squares of a c
the other two sides.

ct=at+b?

Calculate the length of the hypotenuse.

Give your answer correct to 2 significant figures.
a=5b=4c=x a ¢
Sketch the triangle. Sem
E=aF+ b Label the hypotenuse ¢ and the
252442 other two sides @ and b.

x2=25+16 Substitute the values of @, b and ¢ into
the formula for Pythagoras’ theorem.

x2=41

x=v4T ——| Use a calculator to find the square root. ‘

#0001 Round your answer to 2 significant
x=64cm(to2sf) figures and put the units in your answer.

Discussion Does it matter which side is @ and which is 57

4 Reflect Dawn and Eleri are answering the same question.
Parts of their working are shown.

Dawnis working Eleris working
X2 =33.846 x2 = 33846

x=/35845
2=

2 Which working is the more accurate? Why?
b Will the accuracy of the working affect the answer?

= 5 Calculate the length of the hypotenuse in each triangle.
488 Give your answers correct to 2 significant figures.
a b 9cm <

%
6cm G 5.1m

7cm

‘ Q5 hint Do not round before taking the square root. Use all the figures on your calculator display.

ABC s a right-angled triangle. A
Calculate the length of AC.

Give your answer correct to 2.35m
3 significant figures.

Il

T
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7 Calculate the length of the diagonal of a rectangle
measuring 5¢m by 3.5¢cm.
Discussion What is a sensible rounding for
the answer to this question? Why?

Q7 strategy hint Sketch a right-
angled triangle and label it.

State the degree of accuracy after
your answer eg. 2 s.f. or 1 d.p.

8 Real Azipwire runs from a vertical height of 20 feet.
The total horizontal distance travelled is 32 feet.
What is the length of the zip wire?

9  Problem-solving A ship sails 5 miles North and
then 8.1 miles East.
It then returns directly to its starting point.
What is the total distance the ship travels?

10 Real / Problem-solving A roof truss is made of wood.

The vertical support bisects the horizontal span.

Q9 hint The question
is asking for the total
distance.

Q10 communication
isect means divi

n half.

Work out the total length of wood needed to make the truss.

LQ‘M
_—
12m

T —

D
ABCD s a trapezium.
AB =6cm
BC=8em ©
AD = 12em 12em
8em
A B

6em
Caleulate the perimeter of ABCD.
Give your answer correct to | decimal place.

Exam hint
Divide the shape into a
rectangle and a right-
angled triangle and then
fill in the measurements of
the sides of the triangle.

(G m: Brks))

Atriangle with sides a, b and ¢, where ¢ is the longest side, is right-angled only if c2 = a2 + b2.

12 Reasoning Can a right-angled triangle
have sides of length
a 4cm,5cm, 8cm
b 9cm, 12cm, 15cm
c 5cm,12cm, 13cm?
Explain your answers.

Q12a hint If the triangle is right-angled,
the longest side will be the hypotenuse.

5 ‘s
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Calculate the length of the hypotenuse in this right-angled triangle.
Give your answer correct to 1 decimal place.

Warm up

2 Solve these equations.
a 52=a?+d? b 107=62 4+ b7 ¢ Bg2=13 Ao
Example 6

Calculate the length m in this right-angled triangle.

am
Give your answer correct to 3 significant figures.
R=R+#R Sketch the triangle. b
A Label the hypotenuse ¢ and the 4cm 9em
other two sides a and b. €
81=m+16

Substitute the values of @, & and
m=81-16=65 \ cinto Pythagoras’ theorem.
m=J65 Solve the equation.

=80622...
=280 Use a calculator to find the square root. ‘

m=806cm (to 3f)

\| Give your answer correct to 3 . and include the units.

3 Exam hint
Label 4, b and ¢ on the
Diagram NOT diagram. Write down the
acourately drawn

theorem you use before
you substitute in.

13em

ABC is a right-angled triangle.
AC = 6cm

AB=13cm

Calculate the length of BC.

Give your answer correct to 3 significant figures. (3 marks)

March 2013, Q13, IMA0/2H
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Modelling / Real A ladder of length
5m leans against a vertical wall.
The foot of the ladder is 4.2m from the

Q4 hint State the
degree of accuracy
after your answer.

base of the wall. S

How far is the top of the ladder from
the ground?

4.2m
Modelling / Real Aramp is to be used to go up one step.
Step
Ramp
| 30cm

—_—
The ramp is 3m long. Q5 hint Convert lengths
The step is 30 cm high. to the same u
How far away from the step (x) does the ramp start?
Give your answer in metres, to the nearest centimetre.
Calculate the vertical height of trapezium ABCD.
Give your answer in centimetres, to the nearest millimetre.
A 8cm B

D

12cm &
Problem-solving a Calculate the length of the side of the largest square that fits inside a
12cm diameter circle.

b Workout the length of the side of the smallest square that surrounds a 12cm diameter circle.
Work out the length of the unknown side in each right-angled triangle.

Give your answers in surd form.

a C b A B 08a hint Simplify the
surd 50 your answer
looks like this:

i Eami 3em ac=-CH [ em
c
AT Zem L
c B
faen Q8 communication hint Giving an answer in
10em ‘surd form’ means don't work out the square root.
A
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9 lving ABCisan i triangle. A
D is the midpoint of BC.
Work out the height of the triangle.
Give your answer in surd form.

10 Problem-solving
Work out
a the length of AD
b thelength of CD
c the perimeter of the triangle.
Give all your answers to 3 s.f.

1 Workout the size of each unknown angle.
a ‘ b ‘ (‘

2 Solve these equations, correct to 2 decimal places where necessary.

z_ 1o i )
a fow b Z75 ¢ 35= T d 95 T
Key point 8
The side opposite the right angle is called the hypotenuse.
Fiom sk . - g hypotenuse.
e side opposite the angle s called the opposite. opposite

The side next to the angle @is called the adjacent.

adjacent

136 Active Learn Homework, practice and support: Higher 5.6




Unit5 Angles and trigonometry

3 Reasoning Draw triangle ABC accurately using a ruler and protractor.
Angle A = 90°, angle B=30°and AB = 5¢cm.

@ Label the hypotenuse (hyp), opposite side (opp) and adjacent side (adj).
b Measure each unknown side to the nearest millimetre.
©  Write the fraction
opposite i adjacent i opposite
hypotenuse hypotenuse adjacent
Convert each fraction to a decimal.
Give your answer correct to 1 decimal place.
d Repeat parts a to ¢ for triangle ABC with

i angle A=90° angle B=30° and AB=7cm

i angle A=90° angle B=30° and AB=8cm
Discussion What do you notice about the ratios of sides in a triangle with angles
30°,60° and 90°?

Key point 9

In a right-angled triangle:
o

The sine of angle 0is the ratio of the opposite side to the hypotenuse, sin 6 = %

di
The cosine of angle 01 the ratio of the adjacent side to the hypotenuse, cos 91:7:,
The tangent of angle §is the ratio of the opposite side to the adjacent side, tan :%’_’

el

You can find the sine, cosine and tangent of an angle using the @ keys on your

calculator.

4 Use your calculator to find, correct to 1 decimal place
where necessary

a sin35° b cos17° Q4a hint Press @@@B

¢ tang2° d cos73° on your calculator
e tanl2° f tan49° 2 .

Example T

Calculate the length of the side marked x.

Give your answer correct to 3 significant figures. opp hyp
opp 10cm
EMZWP —{ You are given ‘opp’ and 'hyp’ so use the sine ratio. |

sin22"= & | Substitute the sides and angle into the sine ratio. |

x=10xsin32° Rearrange to make x the subject

£=5.2991... ———] Use your calculator to work out 10 x sin32°.

x=5.500m (03 5f) —| Round your answer to 3 s.f. and put in the units. |
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5  Calculate the length of the side
marked x in each triangle. ‘

0

Give your answers correct to
3 significant figures.

a | b c

O /44> b
0cm T

Q5a hint Use sin §=—

opp
hyp

: Lo
Q5b hint Use tan 0 = 5

6 Reflect The mnemonic SOHCAHTOA can be used to remember the sine, cosine and
tangent ratios.
Does it help you? Can you devise a mnemeonic of your own?

7 Calculate the length of the side marked x. Give your answer correct to 1 decimal place.

x Q7 hint You are given adjand

hyp so use the cosine ratio.
| h

15cm

8 Caleulate the length of the side marked x in each triangle.
Give your answers correct to 1 decimal place.

72m

X \~"4.5cm

Exam hint

Use SOHCAHTOA to write
an equation involving 2.
Show your unrounded
answer to at least 5 digits
before rounding to 3 s

Diagram NOT
accurately drawn

Calculate the value of x.
Give your answer correct to 3 significant figures. (3 marks)
Nov 2012, Q17, IMAO/2H
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10 Problem-solving / Reasoning A shed roof makes an angle of 41° with the horizontal.
— 6m
The width of the shed is 6m.
The length of each slope is 4m.
Calculate the height of the roof.

Key point 10

The angle of elevation (¢) is the angle measured upwards from 7
the horizontal.

The angle of depression (d) is the angle measured downwards

from the horizontal.

11 Real/ Modelling A ladder 7m long s leaning against a wall.
The angle of elevation is 72°.
What height does the ladder reach?

Q11 strategy hint Use a sketch.

72°
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1 Use your calculator to find, correct to 2 decimal places
a tan49° b cos 16° ¢ sin75°

2 ABCis a right-angled triangle. B
Calculate the length of AB,
correct to 2 decimal places.
3.5cm

If the lengths of two sides of a right-angled triangle are given, you can find a missing angle
using the inverse trigonometric functions:
sint cost tan’!

Make sure you know how to use sin-?, cos™ and tan™! on your calculator.

3 Use the inverse function on your
calculator to find the value of §
correct to 0.1°.
a sin =0562 b cos #=0.805
© tan@=0246 d sing=f
e cosf=1 foang=£%

Example 8

Calculate the size of angle x.

angle=1x
AT Identify the information given: Sem
PP angle, opposite and hypotenuse.
hypotenuse = 9em
opp = = =
[ il ‘opp’ and hyp’ %
sin fp —l You are given ‘opp’ and 'hyp’ so use the sine ratio.

% =5 —————{ Substitute the sides and angle into the sine ratio. |
5

x=ein (2}

5
o
= 33.7489... Use sin"* to find the angle.
x=33.7°(to 1dp) Round your answer to 1 d.p.

4 Calculate the size of angle x in each triangle.
Give your answers correct to 1 decimal place.

a b c

Q3 communication hint Correct to 0.1°
means give your answer to 1 d.p.

15cm 3em 4.5cm
12em

=
7.2cm

Qaa hint Use sin x = 222 Qab hint Use cos 2= | | Qac hint Use tan 1 = 222
hyp hyp adj
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5 (CEmsyegEston D) pambiat
N L Diagram NOT Do not round until the very
] accurately drawn end of your calculation.

6.4cm

<]

M

9.6em

LMN is a right-angled triangle.

MN = 9.6¢m.

LM =6.4cm.

Calculate the size of the angle marked x°.

Give your answer correct to 1 decimal place. (3 marks)
June 2012, 016, 13440/21 |

6 Real/ Problem-solving A flagpoleis secured
to the ground by wires. Each wire is 4m long.
The wires attach to the flagpole at a height of 3m.
What is the size of the angle (x) the wire makes 3m
with the ground?

7 Real/ Problem-solving A tree 20m in height stands on horizontal ground.
Work out the angle of elevation of the top of the tree from point A.

A

40m

Discussion How can you work out the angle of depression of point A from the top of the tree?
8 Real/ Problem-solving From P,a ship sails Ship
3km East and then 5km North to its destination.

A helicopter flies from P directly to the ship.

5 How far does the helicopter fly?

b On what angle (x) from North should the helicopter fly? North 5km
Give your answers correct to 1 decimal place.

’
P 3km
9 Real/ Problem-solving From the top of a vertical cliff, Q9 hint Sketch and
65m high, a lifeguard can see a boat out at sea. label a right-angled
The boat is 42m from the base of the cliff. triangle to show this
What is the angle of depression of the boat from the top of the cliff? | Information.
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10 Problem-solving Work out the area of

this isosceles triangle. Bom

11 Problem-solving Calculate the size of angle §in this diagram.

Gem,

12 ABCis an isosceles triangle.
a2 Use the diagram to write the value of tan 45°.
Use Pythagoras’ theorem to find the length
of BC. Leave your answer in surd form.
©  Write these ratios as exact values using surds.
i sin 45° il cos 45°

-

13 ABCis an equilateral triangle. D is the midpoint of AC.

Q12ci hint Your
answer should
look like this:

1

sin 45°

B
20m 2em
Q13a hint
Sketch right-angled triangle ABD.
A A Add length AD and angle ABD to
A ] c your diagram.
2cm
a Use the diagram to write these ratios as fractions. s b
: 60° i sin30° Your answer should
i by 0 LR look Like this:

Work out the length of BD. Leave your answer in surd form.
Write these ratios as exact values using surds.
i sin 60° i tan 60° i cos30° iv tan 30°

n

The sine, cosine and tangent of some angles may be written exactly.

30° 45° 60° o 90°
1 2 3
sin 2 = = 0 1
V3 2 1
cos = = il 0
tan g 1 V3 0
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14 Find the exact value of x in these triangles.
a b

vz Q14 strategy hint Sketch the triangle.
dl 1 & Label the hyp, opp and adj.
Decide on the ratio to use by looking
¢ | atKeypoint 12.

Substitute the values you are given.

In this quadrilateral, angles PQR and QRS are equal.
Angle PSR is + angle QRS. Angle QPS is £ angle QRS.

a Find angle PSR. b Show that angle QPS is a right angle.
equal
angles GR Sketch the diagram and write
/ your findings on it as you go.
Q
4
7 GRS
& / 7
7 QRS —>
P s

Let angle QRS be x. Angle QRS is used to define a lot of other angles.
Angle PSR = x So call this ‘unknown'’ angle x°.
7

—&,
Angle QPS =23 Angles in a quadrilateral
Angles in the quadrilateral PARS = 1 + X + 21 + £v = 22r = 360° sum to 360°.
el ~ 105"
Thersfore =2, X560 =100 ‘Write and solve an equation.
60"

a AnglePSR= 1= 4x105=
b AngleQPS =81 = £x 105 = 90" Use the fact that PSR - £

Therefore angle QPS is a right angle.

Show that angle QPS is a right angle, ie. 90°.
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1 In this triangle, angle BAC is 25% of angle ABC.
The ratio angle ACB:angle ABCis 1:4.
a What is the size of angle ABC?
c

o

What kind of triangle is this?

B

Q1a hint Copy the diagram. Call angle ABC x.
Rewrite the percentage and ratio as fractions,
then label the other angles in terms of x.

A
2 Antony thinks of three numbers. Q2 hint Let the first number be
- The second number is 4 times the first.
- The third number is 4 less than the second.

+ The first number multiplied by the second number is 25.
Find the three numbers.

3 Arectangle has a length twice its width. Its diagonal is /45cm. Q3 hint Draw a rectangle
What are the length and width of the rectangle? with a diagonal. Label the
shorter sides x.

&  Aright-angled triangle has a hypotenuse that is 1.6 times the
length of the base. What are its angles?

5 This brand logo is a heptagon with a vertical line of symmetry. Angle A is three times angle C.
Angle B is four times angle C. Angle D is 260°. Find angles E, F and G.

Q5 hint Sketch the diagram. Angle C
seems important (it is mentioned
twice) so call it x.

Label the other angles in terms of x,
then use these to form an equation.

E

6 Reflect Choose A, Bor C:
Solving problems by using x for the unknown is:
A always easy B sometimes easy, sometimes hard C always hard
Discuss with a classmate or your teacher what you did find easy or hard.

Log how you did on your
Student Progression Chart.

Angles and polygons
1 2 Whatis the size of each interior angle of a regular decagon?
b What is the size of an exterior angle of a regular pentagon?

2 Partofa regular polygon is shown.

hE

How many sides does the polygon have?
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3 Work out the size of angle x.

>
€

Ay

4 DEAIs a straight line
ABEF is a rectangle.
Angle ACD = 90° and angle EAB =36°.  F E
Work out the size of angle DEB.
Give reasons for your working.

o

5 Work out the size of angle ABE.
Give reasons for your working.

c 5 A

’ 2,
6 Communication Show that for any quadrilateral
a+b+c+d=360°

(AT
T,

7 Reasoning BCD isanisosceles triangle. E D
ACis parallel to ED.
AE is parallel to BD.
Angle BAE = 62°.
Work out the size of the angle marked x. 62° x
Give reasons for your working. A B [o:
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Pythagoras’ theorem

8 Calculate the length of x in each right-angled triangle.
Give your answers correct to 2 significant figures.
a b

51cm

9 Reasoning A triangle has sides of length 3cm, 6cm and 7cm.
Is the triangle a right-angled triangle? Explain your answer.
10 Work out the length of ACin this right-angled triangle.
Give your answer in surd form.
c

6cm
A

Trigonometry
11 Calculate the length of the side marked x in each triangle.

Give your answers correct to 3 significant figures.
a b

12cm

4

-
~

Calculate the size of angle i in this triangle.
Give your answer correct to 3 significant figures.
Q

5.2cm 13em

o

13 Akiteis flying at a height of 11.7m.
The string of the kite is 14m long.
What is the angle of elevation of the kite? Give your answer correct to 1 decimal place.



Unit5 Angles and trigonometry
14 Write down the value of
a tan45° b sin30° ¢ cos60°

15 How sure are you of your answers? Were you mostly

Just guessing, @ Feeling doubtful @ Confident @
What next? Use your results to decide whether to strengthen or extend your learning.

* Challenge

16 The square and the isosceles triangle
have the same area.
Find tan 6.

Not to scale

Angles and polygons

1 Reasoning Mario divides some shapes into triangles to work out the sum of the
interior angles.
a Copy and complete his table.

Polygon Quadrilateral Pentagon Hexagon Heptagon

Number of
sides (n)
Number of 2
triangles

Sum of
interior 2 x 180°=360°
angles

Copy and complete Mario’s working to find an
expression for the sum of the interior angles
of any polygon.

Number of sides = n

Nutber of triangles = - __

o

Sum of interior angles = (- __) x
c  Work out the sum of the interior angles of a decagon.
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2 Work out the size of each interior angle of these shapes, The first one has been started for you.
a aregular nonagon

Sum of interior angles = (1 __ ) x__° Q2 communication hint
—©@-_)x__° In a regular polygon
. all the sides and all the
angles are equal.
Interior angle =
b aregular polygon with 12 sides ¢ aregular polygon with 20 sides.

3 The sum of the exterior angles of any polygon is 360°.
What is the size of an exterior angle of a
a regular quadrilateral
b regular decagon
c regular polygon with 18 sides?

4 a Rearrange the formula to make n, number of sides, the subject. ey %

exterior angle = 360"
b How many sides does a regular polygon have if the exterior angle is
i 90° i 60° iii 30° i

5 Partofa regular polygon is shown.

D
E Q5b hint Use the fact that angles
on a straight line add up to 180°.
” 1627
Cc
B

a Identify the interior and exterior angle.
b Work out the size of x.
¢ How many sides does the polygon have?

6 a Whatisthe sum of the interior angles of a hexagon?

Q6b hint Use your answer to part a to
form an equation.

£+110° + 80°+ 130° +115°+ 120°= ___ °
Solve it for x.

b Work out the size of x.

7 Communication Work out the size of
angle ABC. Give reasons for your working.
The working has been started for you.
Z+3C+X4+5+24+T=__°
(angles in a quadilateral )
Xk ¢

Q7 hint Have you
answered the
question asked?
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8 Reasoning / Communication Work out the value of x and . Give reasons for your working.
A
56°

x
Q8 hint Use these reasons:
Alternate angles are equal.
Angles in a triangle sum to 180°.
Base angles of an isosceles triangle are equal.

Y Angles on a straight line add up to 180°,
B d [

9 Reasoning / Communication
Are these statements true or false? Explain your answers.
a m=x b z=x+y C m=y+z
d m=180"-x e x=180°-(y+2) m

10 Reasoning Copy each diagram.

a  Write x in all the angles equal to x in each diagram.

b Write y in all the angles equal to 180 - x in each diagram.

¢ Look at your diagram for part ii. What properties of parallelograms are shown?
Pythagoras’ theorem
1 Name the hypotenuse in each triangle.

a A b P c L
C
M
Q z

Q1 hint The hypotenuse

B is the longest side and is

N opposite the right angle.

R

2 The hypotenuse of this right-angled triangle is labelled c.
Copy and complete these steps to find the value of ¢.
2=824+_2

o
9
= |

Q2 hint Ina right-angled triangle,
the square of the hypotenuse is

equal to the sum of the squares i i
of the other two sides. This is : H
Pythagoras’ theorem.
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3

7

Calculate the length of ¢ in these right-angled triangles.
Round your answer to 1 decimal place where necessary.

Q3 hint Use the same method as in Q2.

a b 12m
¢ 8om
22.5m 4

15cm

Q3b hint Do not round before taking
the square root. You should find the
square root of 650.25.

One of the shorter sides of this right-angled triangle is labelled b.

Copy and complete these steps to find the value of b.

T B Q& hint Pythagoras’ theorem: ¢? = a2 + b*
b

F=a P

Reasoning Aaron says, ‘Triangle ABC is right-angled” Is Aaron correct? Explain.

Q6 hint A triangle is only right-angled if
2= a? + b2, where ¢ is the longest side.
Start:
cl=18
a+b

16cm
b

Work out the value of x in each right-angled triangle.
Give your answers in surd form.
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Trigonometry
1 Sketch these triangles and label the hypotenuse, opposite and adjacent sides.

a A b p c N
L
Q
B
M
2 Write sin x, cos x and tan x as fractions for this triangle. 6
The first one has been started for you.
opposite
sinx = IR g 8
hypotenuse  [] 10

3 Useyour calculator to find, correct to 2 decimal places
a sin22° b tan36° ¢ cos70° d tan58°

4 Copy and complete. Use your calculator to find each angle to 1 decimal place.
a tanx=0345 x=tan(]

b sin #=0.806 0= El" (0.806)
¢ cosy=07625 y=cos (]
d sina=% ="

e cosb=¢4 b=cos (]

5 Sophieis calculating the length of the side marked x in this triangle.
Copy and complete her working.

S0H cAHEOA) Q5 hint Round your

answer to 1 d.p.and

h
tan =P x vp putin the units.
adj opp
tan 36° % O
S5cm
G adj

6  Calculate the length of the side marked x in each triangle. D

Give your answers correct to 1 decimal place. method as in Q5.

a b Write SOH CAH TOA.
Underline the information
you are given.

Use the ratio with two
underlines.

13cm
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T

=l

I

Calculate the size of angle x.
The working has been started for you.

! hyp
SOHEARTOA 15em o9
adj
cos=22
]
cosx= g 12cm
] ad)

Calculate the size of angle ABC in this triangle.
Give your answer correct to 0.1°

A
Q8 hint Sketch triangle ABC.
8cm Label angle ABC.
Then use the same method as in Q8.
¢ 3cm B

Which angle is an angle of elevation and
which is an angle of depression?

Real / Problem-solving From the top of a vertical cliff, C, a boat, B, can be seen out at sea.
The cliff is 90m high. The boat is 110m from the base of the cliff.
a Copy and complete the diagram to show the information you are given.

C

90m

B A

b What is the angle of elevation of the cliff top from the boat?
Give your answer correct to 1 decimal place.

Copy and complete this table. Leave your answers in surd form.

30° 45° 60° [ 90°

sin

tan
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Problem-solving A rectangle BCEF is constructed inside a
regular hexagon ABCDEF. Work out the size of angle DEC.

B Diagram NOT
¢ accurately drawn
A F
D
E

ABCDE is a regular pentagon.

BCF and EDF are straight lines.

‘Work out the size of angle CFD.

You must show how you got your answer. (3 marks)
June 2014, Q11, 1MA U/IHJ

Problem-solving Work out the size of angle QSP.
Give reasons for your working.

2 — 20

A
F B
E
D
Exam hint

You could start by working
out the size of the exterior
angles of the pentagon.

2x +35

ABCD is a trapezium.
A Diagram NOT
accurately drawn

10em
9em I
3em
B [

AD = 10cm, AB =9¢m, DC = 3em

Angle ABC = angle BCD = 90°

Calculate the length of AC.

Give your answer correct to 3 significant figures.

(5 marks)

Nov 2012, 015, ]MAII/ZHJ

Problem-solving A rectangular garden measures 25m by

Exam hint
Divide the trapezium into a
rectangle and a triangle and
put on the sizes of the three
sides of the triangle:
Calevlate the length BC first.

20m.

A path s laid diagonally across the garden and along the whole of its perimeter.

What is the total length of the path?

Problem-solving The ratio of the interior angles of a pentagon is 1:2:

Work out the sizes of all five interior angles.

15!
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7 Problem-solving The exterior and interior angles of a regular polygon are in the ratio 1:2.
How many sides does the polygon have?

| 8 Problem-solving The area of triangle ABCis 42 cm?.
88 A

12cm

B c

Calculate the size of angle x.
Give your answer correct to 1 decimal place.

9 Reasoning Sarah sees an aeroplane.
She estimates it is flying at a height of 56 000 feet.
The angle of elevation to the aeroplane is 49°.
What is the horizontal distance between Sarah and the plane? Give your answer correct to 3 sf.

10 B

A m c
a Find the length (to 2 d.p) of
i AB i AC
b Work out the perimeter of the triangle.
11 Problem-solving Ina right-angled triangle the shortest side is 4<m and the longest side
is8cm.
Work out the exact perimeter of the triangle.

3 12 Problem-solving The length of the diagonal of a square is 10cm.
Work out the length of a side of the square.
Give your answer correct to 1 decimal place.

13 Problem-solving The diagram shows a circle centre O. Angle OBA s 90°.

€]
prat

B 8.3cm [of

a  Work out the radius of the circle.
b Work out angle OCB.
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5

@ The angle marked x is called the interior angle. The angle marked y is called the
exterior angle.

A

x +y = 180° (angles on a straight line add up to 180°) .._.._............. Mastery lesson 5.1

®

For any polygon, interior angle + exterior angle = 180°. ... Mastery lesson 5.3

© The exterior angle of a triangle is equal to the sum of the interior
angles at the other two vertices.

£ AR

angle d=angle a +angle b Mastery lesson 5.1

© The sum of the interior angles of a polygon with n sides = (n - 2) x 180°.  Mastery lesson 5.2
© The sum of the exterior angles of a polygon is always 360°.............. Mastery lesson 53
© The exterior angle of a regular n-sided polygon is....................... Mastery lesson 5.3
© Inaright-angled triangle the longest side is called the hypotenuse

and is opposite the right angle. Mastery lesson 5.4

®

Pythagoras' theorem states that in a right-angled triangle, the square
of the hypotenuse is equal to the sum of the squares of the other
two sides.

s

b

G102 4.2 nspeniesemsmwessavasenmsversussnessrasasesyommmmssersprassyemen MOSIERY €SSOI BIA

®

A triangle with sides a, b and ¢, where c is the longes! side, is nght—
angled only if ¢? = a2 + b2 o +rere.. Mastery lesson 5.4

®

In a right-angled triangle, the side opposite the angle 6 is called the

opposite. The side next to the angle ¢is called the adjacent. Mastery lesson 5.6

hypotenuse

adjacent
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@ The sine of angle @is the ratio of the opposite side to the

i opp
hypotenuse, sin §=—.......
Y hyp

& The cosine of angle 8 is the ratio of the adjacent side to the

hypotenuse, cos 6=

0
adjacent side, tan f=—-—.
adj
@ You can use sin”!, cos™ or tan™! on yourcalculaturm find an angle
when you know its sin, cas or tan. ...

> The angle of elevation (¢) is the angle measured upwards from the
horizontal. The angle of depression (d) is the angle measured
downwards from the horizontal.

> The sine, cosine and tangent of some angles may be written exactly. ..

adj

PP

» The tangent of angle 6 is the ratio of the opposite side to the

‘Notation’ means symbols. Mathematics uses a lot of notations.

For example:
= means is equal to

° means degrees
Look back at this unit. Write a list of all the maths notation used.

Why do you think this notation is important?
Could you have anwsered the questions in this lession without understanding the

maths notation?

30° 45° 60° 0 90°
1 vz 3
sin 3 > > 0 x
V3 ¥z 1
cos 5 > 2 % o
V3 .
tan 3 1 V3 o

B meansa right angle

Mastery lesson

Mastery lesson 5.6

y lesson

Mast

fastery lesson

ery lesso.
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Log how you did on your
Student Progression Chart.

A I J

5 What is the sum of the interior angles?
b Werk out the size of angle HI). (3 marks)

2 PQRisaright-angled triangle. R
PR=123cm
RQ=6.4cm
Calculate the length of PQ.
Give your answer correct to
2 decimal places.

12.3cm
6.4cm

Q P (3 marks)

3 Communication
ABC and DEF are straight lines. D = 3
ACis parallel to DF.
BE=CE
Work out the value of x.
Give reasons for your answer. 432°,

A B c (3 marks)

4 Commaunication
ABC and DEFG are straight lines.
ACis parallel to DG.
Prove that the angle sum of any
triangle is 180°.

(4 marks)

5  Write down the value of
a tan0®

b sin 90°

¢ cos0®

d cos45°

e sin60° (5 marks)
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6 XYZis aright-angled triangle. Z
YZ=54m
XZ=76m 7.6m
Calculate the size of the angle marked x.
Give your answer correct to 1 decimal place.

5.4m

g v

~

of the ramp to be 1 metre.
What does the angle of elevation need to be?

®

Reasoning A shipis sighted from the top of a lighthouse.
The angle of depression from the lighthouse to the ship is 45°.
The distance from the top of the lighthouse directly to the ship is 4 miles.

Calculate the horizontal distance of the ship from the bottom of the lighthouse.

Give your answer correct to 2 decimal places.

©

Problem-solving A rectangular lawn has a diagonal path running across it.
The lawn is 10m wide and 15m long.

Work out the length of the path.

Give your answer in surd form.

Sample student answers
Which student gives the best answer? Explain.

c

35cm

! [,

.. A

ABC s a right-angled triangle.
BC=35cm

Angle ABC = 90° and angle BAC = 65°
Calculate the length of AC.

Give your answer correct to 2 decimal places. (3 marks)
- -
Student A Student B Student C
sines® = P2 sin@s =22 sines" =22
fyp hyp i
09=25 hyp = 3.5 ¢in 65° x=—22_
S sn65°
3172077255 o
35 x=386cm
AC=22 =
= 317em
AC=3.89cm

(3 marks)

Reasoning Kari builds a skate ramp with 2 metres of wood. She wants the vertical height

(3 marks)

(3 marks)

(3 marks)
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p.161 p.186 p.187 p.190 p.195

Top athletes and sports teams use graphs to track
their progress, particularly when new training methods
are introduced, so that they know how much of an
improvement they have made.
Two groups of athletes followed two different training.
programmes. They recorded the soreness in their muscles
using a scale of 0 to 5. The graph shows their results.
Giving your answers as a scale reading, 4 roup |
a how much difference was there in the first readings i
for the two groups? 0 T
b how much difference was there in the last two readings?
¢ Which group had the better training session?

Soreness

10 20 30 40 50 6
Minutes after exercise

6

Numerical fluency i 5 Solve
1 Workout : a 3x+5=9 b 3x-2=-2+10
a 2+2x6-3 b (-20+Tx-2 p
: Graphical fluency
2 Write down the reciprocal of &  Write down the equation for each line.
a7 b ¢ -3 d -2
O 5 B| v c
Algebraic fluency a 4
3 Miguel walks 7.5 km in 1.5 hours. 3
What is his speed? 2
1
Q3 hint
Speed = d\s‘tante : 5 48 -2 W k7
time :
2
: sl | |
4 When x =5, work out : = |
ax+d  b2-3 1 i = b
T Lo : | |
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Unit6 Graphs

7

8

: 9 Real The graph shows the amount an
electrician charges his customers.

a Copy and complete the table of values
fory=2x+1.

B =] z[a]o[1]2]3] Electrician’s charges
72 O N
b Plot the graph of y = 2xx + 1 £ 180
160
140

For each of these graphs, work out
i the gradient
i the y-intercept.

Charge (£)
5

0
012345678
Number of hours worked

o

How much does the electrician charge
i for 1 hour’s work

i for 51 hours' work?

The electrician charges a call-out fee.

i How much is the call-out fee?

i How many minutes of work does
the call-out fee include?

: i How much does the electrician

b : charge per hour after the initial

call-out fee?

o

i *Challenge
: 10 The graphsof y=22+2and y=2x+5
are plotted on the grid.

e
w8210 123452

2w koo

T
Su3210 Ne 3 dsx

2
: FERER AR

4 : 433210 13 34¢%

- :

5 H Give the coordinates of the two points of

intersection of these graphs.



Unit6 Graphs

1 Rearrange 2x - iy = 5 to make ¥ the subject.

Questions in this unit are targeted at the steps indicated. ‘

2 Onsquared paper, draw a line with gradient

a5 b1 c -3
3 Copy and complete this table for the graphs on the grid.
Equation of line Gradient y-intercept
y=2x+4
y=2x
y=2x-3

Discussion How can you find the gradient and the y-intercept from the equation of a line?
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Alinear equation generates a straight-line (linear) graph.

The equation for a straight-line graph can be written as y = mx + ¢ where m is the gradient
and ¢ is the y-intercept.

Write the equation of
a lineA
b lineB.

]

Work out the
| gradientfrom points
y-interceptis (0, -8),50 c=-& | on the line. Find the

a y=mr+c

gradient m =2

Equationofline Als y =2x - & | YMtercept:
b g Substitute the
gradient, m= -3 values into the
formula.

yrinterceptis (0, 2),50 c =2

Equation ofline B is y = ~3% + 2

4 a Match each line to an equation.

Bl = e [ [

Which line passes through the origin? Q4b communication hint
Which line is the steepest? The origin is the point (0, 0).

Which lines have the same intercept?

Which lines are parallel? Qte hint Parallel lines have
the same gradient.

pan o
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5 Write the equations of these lines.

b HIAA 41
3 3
2
4 Qs hint Read
the scale of
both axes
carefully.
6  Here are the equations of some linear graphs. Which of these graphs
a  cross the y-axis at the same point
b are parallel?
i y=22x-3 ig=3x+1 diiy=x-1 ivy=2x+1 vy=--x

To find the y-intercept of a graph, find the y-coordinate where x = 0.
To find the x-intercept of a graph, find the x-coordinate where = 0.

7 a Fortheequation2y - x=3
i copy and complete the table of values

ii plot the graph on suitable axes.
b Repeat part a for the lines with equation
ixey=4 i x+y=7
Discussion Where do you think the graph of 1 + i = 3 will cross the axes?
Where will x + 7 = -12
8 InQ7youdrew the graphsof 2y ~x =3, x+y=4andx+y=7.
a Rearrange each equation to make y the subject.
b Read the gradients and y-intercepts from each.
¢ Look back at your graphs in QT to check the gradients and y-intercepts are correct.

To compare the gradients and y-intercepts of two straight lines, make sure their equations are
in the form i = mx + ¢.

9 Reasoning Which is the steepest line?
a y=ix-2 b 2y+5x=7 ¢ 3r+iy=2
d y=1-4x e 6x-2y=9

10 C ication / Probl. lving Which of these lines pass through (0, 3)?
Show how you worked it out.
A y=3x-3 B 4y-8x=12 C S5y=3x-15 D 2x-y=3 E 3x+y=3
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4 A

Warmup

2 The equation of a line is = 3x + ¢. Find the value of ¢ when x = 4 and y = 15.

On the same grid, draw these graphs from their equations.
a y=2x-1
b y=-x+4

Plot the y-intercept.
Decide if the gradient is positive or
negative.

Draw a line with this gradient,
starting from the y-intercept.

Extend your line right across the grid.
Label the line with its equation.
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3 Draw these graphs from their equations.
Use a coordinate grid from ~10 to +10 on both axes.
a y=2r+4 b y=2x-3 cy=3x
d y=ix+2 e y=-2u+1 fy=-3z+2

4 Reasoning Match each equation to one of these sketch graphs.

‘g=52:+1‘ ‘y=a:+3‘ ‘y=fx+l¢| ‘ y=-3x ‘ ‘y=%x+3‘

A B c D E
y y ¥ ¥ 4
3| 4 3
1
x x x z x

Reflect What does it mean in maths to sketch a graph? What information do you include on
a sketch? How is this different from plotting a graph?

#  sksteh tnepmphsof 5 hint Find the - and
a y=2x b y=3x+1 cx+y=5 y-intercepts. Join them
) . . with a straight line.
6 a Find the x-intercept and y-intercept of

Q6 hint Mark the x- and y-intercept
and join with a straight line.

)

the graph with equation
3

o

Sketch the graphs.

Key point 4

Alinear function has a graph that is a straight line.

7 Reasoning Which of these are linear functions?
it

a y=-3x b y= cy=2x+1

d 3x+2y=5 e y=x2+4 fy:%
8  Reflect y = mx +cisalinear equation.
In your own words, how would you describe what ‘linear’ means?

9 Reasoning

a Does the point (3, 6) lie on Q9 hint Substitute the values of x and y into the
theline y = %xy equation of the line.
h N Do both sides of the equation have the same value?
b ?::;::eypf;‘: 1252) lieton What does it mean if they do? What does it mean if
: i they do not?
¢ Does the point (-2, -7) lie on
theline iy = ~4x - 17 = s
Q10 strategy hint Substitute the gradient (m)
10 Problem-solving A straight line has into the equation i = mx + ¢.
gradient 2. The point (4, 5) lies on the line. | Then substitute the given values of x and y (the
Find the equation of the line. coordinates of the point) and solve to find c.
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11

lving Work out the equations of these straight-line graphs.
a The line with gradient 3 that passes through the point (0, 5)
b The line with gradient -1 that passes through the point (3, 0)
¢ The line with gradient 1 that passes through the point (6, 1)
o The line with gradient —2 that passes through the point (5, —4)

Find the gradient of the line joining points A (-3, -2)
and B (5, 4)

a by drawing the graph and using the formula
difference in y-coordinates

difference in x-coordinates

Q12a hint

! difference in

gradient = ; y-coordinates

AN
difference in x-coordinates

b using the formulam = Lt where
A m Xy
A=(xyy,) and B=(x, y,)
(-3,-2) (5,4)

Discussion Which method do you prefer? If you didn't draw a graph, could you still use

method a?

Reasoning P is the point (-2, 6). Q is the point (10, 0).

a Find the gradient of line PQ.

b Write y = mx + ¢ using your gradient from part a. Substitute the coordinates of Q into this
equation. Solve to find c.

© Write the equation of the line PQ.

To find the coordinates of the point where these graphs intersect
Yy=4x-3 Yy=-x+12

a  write the two equations equal to each other

b solve to find x

© substitute x into one of the first equations to find i

d write the coordinates (x, i)

Find the coordinates of the point where these graphs intersect.
y=-x+2 3x+2y=5

3

Warm
up

Find the area a b . .
Q1 hint Remember to give
oFeachishape. 2mm | Aacm units for your answer.
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A distance-time graph represents a journey.
The vertical axis represents the distance from the starting point.
The horizontal axis represents the time taken.

2 Real Sophie drives from her house to a cinema.
The distance-time graph shows her journey.

Sophie's trip to the cinema

S

£
2Es
v £
c o6
§E
B24
& 2

[]

Spm  6pm  7pm  8pm  9pm

Time of day

a How faris Sophie’s house from the cinema?
b What time does Sophie arrive at the cinema?
¢ How long does she take to drive to the cinema?
d How longis she at the cinema?
e What was her speed on the way to the cinema?
£ Work out the gradient for her drive to the cinema. What do you notice?

Discussion What does a horizontal line mean on a distance-time graph?
What does the gradient mean?

Key point 6
On a distance-time graph, the gradient is the speed.

3 Real / Modelling Amal drives to her friend’s house.
She drives 150km in 2.5 hours. Then she stops for a half-hour break.
She then drives 70km in 1 hour and arrives at her friend’s house.
a On graph paper draw a horizontal axis from 0 to 4 hours and a vertical axis
from 0 to 220km.
Draw a distance-time graph to show Amal’s journey.
b Werk out her speed for the first part of the journey.

4 Kirsty is practising speed skating.
She covers the 1200m straight course in 75 seconds.
She rests for 1 minute then skates back to the
start line at 10m/s.
2 Drawa distance-time graph to show Kirsty’s

Q4a hint Work out how far
Kirsty travels in 1 second, or in
10 seconds. Plot this as a point.

skating practice. PR 5 = =
b Work out the fastest speed she travelled. e oA ORER B0 3SR D
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5

Simon went for a cycle ride. |
He left home at 2pm.

The travel graph represents part
of Simon’s cyele ride.

At 3pm Simon stopped for a rest.

Exam hint
In an examination, graphs are marked online so make
sure the examiner can see your pencil drawings.
Use a pencil that is easy to see over the grid lines.

a How many minutes Simon’s cycle ride
did he rest? (1 mark)
b How far was Simon from
home at Spm? (1 mark)
At Spm Simon stopped for -
30 minutes. g
Then he cycled home ata P
g
steady speed. E
It took him 1 hour 30 minutes H
to get home. H
¢ Complete the travel graph. E
(2 marks) 3
a

March 2013, 03, IMAO2H

Q5 communication hint
Steady speed means travelling 2% G dpn S 6pm Thn Bpm
the same distance each minute. Time

8
6
4
2
b

otal distance
total time
Make sure your units match.

Average speed =

=) 6 Real/Modelling The table shows a train journey from Birmingham to Shrewsbury.
The train stops at Wolverhampton and Telford on the way.

Station Time
Birmingham New Street (departing) 1432
Wolverhampton (arriving) 1442
Telford (arriving) 1459
Shrewsbury (arriving) 1519

When a train arrives at a station, it stays for 3 minutes before leaving for the next station.
There are 16 miles between each pair of stations.
a Draw a distance-time graph for this journey.

b Work out the speed of the train between Q6d hint Do you think the average speed
Birmingham and Wolverhampton. for the whole journey will be faster or

€ Work out the speed of the train between slower than the speed over each part of
Telford and Shrewsbury. the journey? Why?

d What was the average speed for the whole journey?

7 Look at the graph you drew for @3. What was Amal's average speed for the whole journey?
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8 Real/ Modelling Train A travels Train journeys to and from Manchester
from Manchester to London.
Train B travels from London to Menchestag
Manchester.
Use the graph to estimate how
far they are from London
when they pass each other.
Work out the speed for each
part of the journey for Train A.
When was Train B travelling
fastest? How can you tell this London +
from the graph? 2pm
Which train travelled faster
on average?
Discussion Are these distance-time graphs good models
for train journeys? What assumptions have been made?

Key point 8
The gradient of a straight line graph is the rate of change.

9 Reasoning Josh runs water into these three containers at a constant rate.

Train A

o

Train B
100

-
Distance (miles)

n

a

. 5 o
g g 5
a o o

A B c Time Time Time:

a Inwhich container does the depth of water increase by the same Q9 communication
amount every second? hint Constant rate

b Which graph shows the depth of water increasing steadily? means the same

¢ Match each graph to one container. amount flows in

Discussion Why is graph ii curved? Sveny second;

10 Reasoning Here are three vases.
They are all cylinders and all the same height.
Skye fills the vases with water at the same rate.

100

On the same axes, sketch three graphs showing the rate at which water fills the vases.

Q10 hint Which vase will be
full first? Which will be full last?

Depth

Time

Key point 9

A velocity-time graph has time on the x-axis and velocity on the y-axis.
The gradient is the rate of change of velocity, or acceleration.
A positive gradient means an object is speeding up.
change in velocity
time
The area under a velocity-time graph is the distance travelled.

Acceleration =
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11 Real Gavin goes forarun.
The graph shows his journey.

Velocity-time graph of Gavin’s run Q11b hint Read seconds from the
s o graph and change to minutes

16
_ 14 / Q11c hint Gradient of the line
% 12 { segment PQ.
; 1.0 \ acceleration (m/s?)
3 08 | \ _ change in velocity (m/s?)
3 O time (s)
s o / { )
0.2 I Q11d hint Find the area of the
olP u triangle under the line segment TU.
240 480 720 960 1200 1440 Read the height from the velocity
Time (seconds) axis and the base from the time axis.
Work out
a Gavin's maximum velocity s
b how many minutes he ran at 1.1 m/s
© his acceleration for the first part of the journey -
d the distance Gavin ran during the last 120 seconds. Cl

e Copy and complete this description of Gavin's run.
He accelerated at[_]m/s? for the first [_]minutes,

Communication

then ran at a constant velocity of [_]m/s for[_]minutes. hint Deceleration is
Next ... negative acceleration.
It means that an object

Discussion How do you show constant speed, constant

acceleration and constant deceleration on a velocity-time graph? (BRI

-
N

Reflect Why do we call the graphs in this lesson rate of
change’ graphs?
What kind of rates of change might you find in everyday life?
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The table shows the charge for using ‘ Units.

[ 200 | 500 | 700 [ 900 [ 1000]

different numbers of units of electricity.

[charge (£) | 12 [ 40 | 82 [110] 138 | 152 |

a Plot these points on a grid

b i Use your graph to find the charge for using 800 units of electricity.
i Declan receives a bill for £60. How many units of electricity has he used?

Key point 10

Graph axes do not have to start at zero.

Azigzag line —\,— shows that values have been missed out.

Real / Problem-solving Gurpreet is buying some

pens to give away at an exhibition.

The graph shows the price per pen depending on how

many pens are ordered.
2 How much would a single pen cost?

o

altogether?

n

How many pens can he afford to buy?

Q2 hint The open circles show that the upper
limit of each bar is not included at that price.

Finance / Reasoning This graph shows the
conversion from euros (€) to Canadian dollars (C5).
a How many dollars do you get for €107

b How many euros do you get for C51?

©  Work out the gradient of the graph.
Discussion What does the gradient tell you?

4 Real/ Reasoning This graph shows the charge
to hire a van for a number of days.
a Calculate the gradient of the line.
b What is the initial charge before you add on
the daily hire charge?
c  Write down the equation of the line.

Discussion What does each part of the

equation represent?

d Alice has £450. For how many days can she
hire the van?

Gurpreet buys 60 pens. How much does he spend

For another event, Gurpreet is given a budget of £75.

Cost per pen
£1.00—=
H —
£ —o
8
8 —o
o
£0.50 —o-
0
50 100 150
Number of pens

Conversion graph, euros
to Canadian dollars

Canadian dollars
c & B &

0 5 10 15
Euros

Cost of van hire

v

0 5 10152025
Number of days hire

2 o
8 (5
S ©

Hire charge (£)
N
15
S

When two quantities are in direct proportion
- their graph s a straight line through the origin
+ when one variable is multiplied by r, so is the other.
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5 Moedelling Which of these graphs show one variable in direct proportion to another?

s

6 Modelling Look at the graph you drew for Q1, and the graphs in Q3 and Q4.

Which show direct proportion?

7 Real/Reasoning A recipe uses a spice mix including chilli powder and cumin in the ratio 2: 5.
a  Copy and complete this table.

‘chlllipowder(grams) ‘ 1 ‘ 4 ‘10‘

‘ Cumin (grams) ‘ ‘ ‘ ‘

b Draw a graph showing grams of cumin (y) against

grams of chilli (x).
© Write the equation linking x and y. Q¢ hint V‘;‘-'Ifmi{ld write the
d  How much chilli would you need for gqLateiottheline:

a recipe using 85g of cumin?

" i " Q74 hint How can you use the
Discussion Does extending the values in the table to help you?
graph give accurate values?

& Reasoning / Modelling Zadie has a new freezer delivered to her house.

Zadie turns on the freezer and a sensor records the temperature inside the freezer.
The graph gives information about the temperature, 7°°C, of the air inside the freezer.

Temperature of air inside freezer

30
20
g
° 10
2
I
3 .
5 FHIEER A S 8910 111213
= Time (hours)
—10:
—20-

What does the y-intercept tell you? What does the x-intercept tell you?

Use the graph to estimate the temperature 3.5 hours after Zadie turns on the freezer.
How much does the temperature fall over the first 5 hours?

Is the rate of decrease of temperature constant? How can you tell from the graph?
Discussion Can you predict the temperature when x = 142 When x =367

ancoco
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Modelling / Reasoning The table shows the largest quantity of a sugar, & grams, which
will dissolve in a cup of coffee at temperature ¢°C
[teo [ 44 [ 50 [ 62 7078 85 |
[k (grams) | 265 | 300 | 360 | 400 | 440 | 475 |

a Onasuitable grid, plot the points and draw a graph to illustrate this information.
b Use your graph to find
i the lowest temperature at which 120g of sugar will dissolve in the coffee
ii the largest amount of sugar that will dissolve in the coffee at 81°C.
The equation of the graph is in the form k= ai + b.
¢ Use your graph to estimate the values of the constants a and b.

d  Will 4 teaspoons of sugar dissolve in the coffee at 90°C?
Use the-equation-to-datie: Justifyyour snswer i
4 vy £ 1 teaspoon of sugar =5 grams
Reasoning / Finance The graph shows two different Pay As You Go mobile phone tariffs,
Plan A and Plan B.

Mobile phone costs

Cost (£)

0 20 40 60 80 100120 140160
Number of minutes

How much does 100 minutes cost on

i PlanA i PlanB?

What is the practical meaning of

the y-intercept value on Plan A

the point where the two graphs intersect?

Another tariff, Plan C, is introduced. On Plan C you will pay £18.50 per month for
unlimited minutes.

Which plan should each person choose?

Molly: Average 150 minutes of calls per month.

Theo: Average 100 minutes of calls per month.

o

ano

Finance / Real / Reasoning Beth wants to sell her car.
She has tracked the online sale price of the same model of car for a month.
Here are her results.

‘Carage(years) ‘ 1.1 ‘ 3 ‘ 2 ‘ & ‘ 42 ‘ 17 ‘ 5k ‘ 25 ‘
[ Price (&) | 11800 | 9000 | 10250 | 4900 [ 6000 | 10700 4500 | 9800 |

Plot a scatter graph of Beth’s results.

What type of correlation does this graph show?

Draw in a line of best fit.

Write the equation of your line of best fit.

Beth's car is 3} years old.

Use your equation to work out how much she should sell it for.

panoo

Discussion Can you use your equation to predict the price of a brand new car?
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B

The table shows life expectancy (in years) for -
females born in the UK from 2000 to 2013. “"2";0“' th | Life """:"U ;’ {ears)
a From this data, work out the life -
of a girl born in 2001 304
i 2020 2002 805
2050. (4 marks) 2003 805
b Which answer is more reliable? 2004 811
Why? (2 marks) 5005 S
Q12 strategy hint You could 2006 315
draw a graph to show this 2007 817
information and extend it. 2008 81.7
2009 823
2010 824
2011 826
2012 828
2013 83.0
Source: ONS |

1 Whatis the value half way between
a 5and9 b -2and4 c 3and8

d -5and -2?

2 Hereisa right-angled triangle.
What is the length of side AB?

A

Q2 hint Use Pythagoras’ theorem.

c
b

a

5cm
B
¢ T2em

3 Write down the gradient and g-intercept of the line y = 2x - 3.

t Look back at

Q3h
lesson 6.1 if you are stuck.

Activel.earn Homework, practice and support: Higher 6.5
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4 Work out the midpoint of a line segment AB, where
a Ais(0,3)and Bis (4, 7)
b Ais(2,9) andBis (9,2)
c Ais(3,8 andBis(-1,6)
d Ais(-4,-1) and Bis (0, 0).
Discussion How can you find
the midpoints of line
segments without drawing?

| Q4 hint Draw the lines on a grid with axes from -10 to 10. ‘

Q4 communication hint A line segment is a part of a
straight line.

Q4 discussion hint What value is half way between the
two x-coordinates? And between the two y-coordinates?

The coordinates of the midpoint of a line segment are
(11 Tty
20 )

(. y)

5 Work out the midpoint of a line segment PQ, where Q5 hint Work out these midpoints

a Pis(0,1)andQis (3, 10)
b Pis(2,3)andQis (6, -5)
c Pis(-3,3)and Qis (7, -2)

without drawing the graphs.
You can use a quick sketch to
check your answer after you have

worked it out.

d Pis(-7,-4) and Qis (5, 0).

6 x’{o‘;};out the gradient of each line segment 06 histk Use.the formuia.
change iny

adient =
e change in x

7 Whatis the length of the line
segment with end points
a E(-3,2)andF (0, -2)
b G(-4 -1)andH (2, 7)
¢ J(53)andK (@8, -1)?

Q7a hint Sketch a right-angled triangle and use Pythagoras’
theorem to work out the length of the hypotenuse.
Y
E(-3,2)

8 Reasoning A line is parallel to the line y = 2x - 7 and passes through the point (2, -5).
a Substitute the value of m for this line into y = mx + c.
b Substitute the coordinates of the known point to work out the equation of the line.

9 Reasoning / Finance The graph
shows the profits of two companies
who sell garden furniture. B A
Write the equation for the profit
of company B.

Company A and company B profits

=
8

7 = 15¢

Profit (£)

Time
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10 Problem-solving Write the equation of a line parallel to y =%x +2, which passes through
the point (9, -2).

11 Problem-solving Find the equation of a line that passes through the point (-2, -2) and is
parallel to the line with equation y - 3x=7.

12 Here are three pairs of perpendicular lines. 8 04 /
a  Write down the gradient of each line. . y
b Multiply the gradients in each pair together. 3 =
What do you notice? 2 A
=l 5
B0 E
\c,
B,

When two lines are perpendicular, the product of the gradients is 1.

When a graph has gradient m, a graph perpendicular to it has gradient 7.

13 Write down the gradient of a line perpendicular to
a y=3x-1 b y=-4r+2 cy=4x+3

Find the equation of a line
a that is perpendicular to the line with equation y = 1x and

passes through the point (-2, 9) (2 marks)
b that is perpendicular to the line with equation x + y = 6
and passes through the point (-3, =7). (2 marks)

176 Activel.earn Homework, practice and support: Higher 6.6
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1 Write down the equation of each line. (o g i TR
2
i
. H D
~—4»3-2511!{ 1234567
2 Copy and complete the table of values for y = x?. A 3- i
[#]-]a]2TaTo 1 2TaT4] :
72 N I I I
3 Plot the graph of y = x? using your table of values from Q2. Q3 strategy hint It is easier to
Draw an x-axis from -5 to +5 and a g-axis from 010 +20. | draw a curve with your hand
Plot the coordinates from your table of values. ‘inside it’ and moving outwards.
Join the points with a smooth curve. Turn your paper round so you
Label your graph y = x2. can draw the curve comfortably.

Key point 14

A quadratic equation contains a term in &% but no higher power of x.
The graph of a quadratic equation is a curved shape called a parabola.

i gt
4 a Copyand complete this table of values for y = x2 - 3. GRa ik o quadiatc Tencione
x|3|=2|1]of1]2]3 with more than one step, you
® can include a row for each step
in the table.
B =3 | =S | of | oK |3 | ed | S
¥y

b Plot the graph of y = 22-3.
Discussion What do you think the graph of y = 2+ 2 will look like?

)  Examhint
Sifor gy, Here are some common mistakes
(4 marks) people make when drawing graphs.
wobbly lines feathering

e
Q5 strategy hint Work out the value of y for all the /_/ ////

integer values of x from -3 to 3.

You could draw a table for these values.

Draw the graph of y

flat bottom miscalculated point

6 a Copyand complete this table of values for y = 3x2 \_/ Y
Sl

b Plot the graph of y =3x%

A quadratic graph has either a minimum point or a maximum
maximum point where the graph turns.

minimum
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7 Reasoning Compare your graphs from Q3, Q4, Q5 and Q6.
a What is the same about these graphs?
Which ones have a minimum point? Which ones have a maximum point?
Find the coordinates of the minimum/maximum point for each graph.
Describe the symmetry of each graph by giving the equation of its mirror line.

L4

an

8 Modelling / STEM Some maths students are Rocket experiment
investigating the effects of gravity on bottle rockets.
The students measure the rocket’s height until it falls back
to the ground.
The graph shows the rocket's height, i metres, at time
t seconds after take-off.
a  What type of graph is this?
b When is the rocket travelling fastest?
©  When is the rocket's speed zero?

Height, / (m)
@

. " 012345
Q8c hint Faster speed = steeper gradient Time, ¢ (5)

d  What is the maximum height that the rocket reaches?
e How longis the rocket in the air?

9 Hereis the graph of i = 22 - 1.
Use the graph to solve the equation % —1=0.
Discussion How could you use the graph to solve x? - 1 =2?

Key point 16

A quadratic equation can have 0, 1 or 2 solutions.

10 Here are four graphs. a y=22-2a°
Use these graphs to
solve the equations
a 2x-a7=0

b
3
d
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Example 3

Here is the graph of y = x% - 3x - 2. y=22-3x-2
Use the graph to solve the equation x* - 3x - 8=0. ay
Give your answers correct to 1 decimal place. y=6
Rearrange the equauon s0 that i
oness 2
Gl 5
i H
\x~ -3r-2-6 4
| Find where y = x> - 3x - 2 intersects y = 6. ‘
P Read off the x-values.
x=47
11 Reasoning Use the graphs in Q10 to solve the equations
a 2r-x2+2=0
b -2x-3=0 Qlic hint
¢ 2+4x-3=0 2174 4x-3=0
d 1-2-3x=0 *D(z.zusx—%D)*D
e Explain why 2x - 22 = 3 has no solutions.
12 Q12 strategy hint
a Complete the table for y = 21> - 3x — 4. PR Am )
+ )+
EEIEI I ERENEN RN Oz 203000
Ll [T T =051 ]
(2 marks)
b Draw the graph of y = 2¢* - 3x - 4. (2 marks)
¢ By drawing a suitable line on your graph,
solve the equation 242 + x - 20 = 0. (2 marks)
/
13 Modelling 7 Real Carla throws a rounders ball.

This table gives data for the height, i metres, of the rounders

ball at time, ¢ seconds, after Carla has thrown it.

Q13 communication hint
The trajectory of an object
is the pathiit follows.

‘ﬂme,t(semnds) ‘ 0 ‘ 1 ‘ 4 ‘ 3 ‘ 4 |

‘Helghl,h(metres) ‘ 12 ‘ 37 ‘ 41 ‘ 4.2 ‘ 22 |

a Use this data to draw a graph showing the trajectory of the rounders ball.

b Continue the graph to predict when the rounders ball will land.
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1 Copyand complete this table of values for yj = x*.
[#][3]-2T1T0T1T2T3]
1720 N A O
2 Workout the value nf% when
a x=-4
b x=1
Give your answers as fractions and as decimals to 2d.p.

A cubic function contains a term in x> but no higher power of x.
It can also have terms in x? and x and number terms.

Q3 hint What values do you need to include
on the x-axis? And on the y-axis?

3 Using your table of values from Q1,
B draw the graph of y = x* for-3 = x = 3.
4 Reasoming Use your graph from Q3 to estimate
a 17 b V=T
Use a calculator to work out
e a7 d VT

Discussion Which of your answers are most accurate? Explain.

5 Drawthe graphof y = -x*for -3 = x = 3.
Reflect What is the same and what is different about this
graph and the one you drew in Q37

6 a Plotgraphsof y=23+1land y=x3-2for-3=x=3.
b Compare these two graphs and the graphs from Q3 and Q5.
What similarities can you see? What are the differences?
Discussion What do you think the graph of y = 2+ 5
would look like? What about i = x* - 37

Q6a hint Draw both
graphs on the same
axes.

Key point 18

Areciprocal function is in the form gwhere kis a number.
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Example 4

Draw the graph of y :%, where x =0, for -3 < x 3.

Make a table with
a-values from -3 to 3.
Do not include 0.

x|s|-z|1|4|2[2)t|1]2]>

y | 2212|4421 |32

and complete the tabl

Plot the points. Join the two
parts with smooth curves.

Key point 19
The x and y axes are asymptotes to the curve. An asymptote is a line that the graph gets
very close to, but never actually touches.

Discussion Why can't you read the value of y when x =0 from this graph?

7 Reasoning a Drawatable of values for y = - %, where 2 =0, for -3 = x <3,

b Draw the graphof y =

¢ Whatis same and what s different about y = Land y = - 17

8 o Drawthegraphof y =2 where x =0, for 4 = x =< 4.

b Use your graph to find the value of y when

ix=3 i x=-1 it x=-25
9 Reasoning Match each equation to a graph.
a y=x2-1 b y=2-2 ¢ y=2z
d y:% e y=-x f y=-3x
A B C D E F

Key point 20
A cubic equation can have 1, 2 or 3 solutions. |

10 Reflect Write a hint on how to remember the shapes of different
types of graphs. Include sketches in your hints.
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11 Use the graphs you drew in Q6 to solve the equations. Q11c hint Read off the
a x3-2=0 b x?+1=0 ¢ ¥-2=-3 where the curve crosses i

a Complete the table of values for y = x* - 5x. (2 marks)
[El=T=]-TeluTaTs]
Lol T Telol T T
b Draw the graph of y = »* - 5x fromx = -3 tox =3. (2 marks)
¢ Hence or otherwise, solve x* - 5x =2, (2 marks)

Nov 2013, Q17, IMAO/2H

-
w

This is the graph of y = 11x + 222 - 523,
By drawing suitable lines on the graph

a solve the equation 11x + 2¢2 - 5x3=0
b solve the equation 11x + 2x2 = 512 = 8.

1 From the graph, find
a thevalueof x when y =3
b thevalueof y when x =1.

I N

2 Construct acircle of radius 5cm.

values

Exam hint

Think about what shape
your graph should be.
ALt where will it
cross the axes?

In part ¢, *Hence or
otherwise’ means that:
it will be easier to
answer this question
using parts a and b (the
graph you have drawn).

Active Lear Homework, practice and support: Higher 6.8




Q4 hint When does she start
descending at a constant speed?

3 Reasoning / Modelling The distance-time Distance-time graph for journeys
graphs represent the journeys made by a bus between Exeter and Cheltenham
and a car starting in Exeter, travelling to
Cheltenham and returning to Exeter. & 120 Chr Bl
a How faris it from Exeter to Cheltenham? & 100
b Including stops, how much longer than £ 80

the car did the bus take to complete 8 60
the journey from Exeter to Cheltenham? é 40
©  Work out the greatest speed of the car 8 20
during the journey. 0+
S s ——— SEEESSSROERS
on its journey. N
d On the retum journey, at what time did Time of day
the bus reach Weston-super-Mare?
e Work out the average speed of the car
over the whole journey.
£ What does the change in gradient on the bus’s journey from Weston-super-Mare to
Cheltenham show?

4 Modelling / STEM A skydiving instructor
jumps from an aircraft flying at 3000 m. E 4000
The graph madels her motion as she falls. £ 3000
At what height does she open her parachute? 2 2000
Explain how you know. T 1000

Unit6 Graphs

Q@Q’QQQ@@Q\Q’Q'DQ?Q@Q

Time (seconds)

No correlation or weak correlation shows that there is no linear relationship between two
quantities, because their graph is not close to a straight line.
When the points follow a curve, there may be a non-linear relationship between the quantities.

5 Reasoning Here are two sets of data. =
Q5 hint For the graph of
DatasetA g3 [4[5]6 677810 data set B, make sure your
‘y ‘ 7 ‘ 8 ‘10‘ ‘14‘14‘16|16‘21‘ y-axis extends to 40.
DatasetB [ 573 [36] 4 [ 4 [45]47]51]53]56]57]
Ly o ]m]us]u]ar]a3]a6]27]31]33]
a Plot each set of data on a scatter graph.
b Describe the correlation for each set.
c Draw a line of best fit for the graph for data set A. What does this show?
d Draw the graph of y = ¥2 on the same grid as the graph for data set B.
Copy and complete this table of values to help you.
[« [30]32]35[37]40]45]48]50]55]60]
el T T 1 [ \
e What do you notice from your graph?

What do you think the relationship is between x and y in data set B?
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6

Real / Reasoning The petrol consumption of a car, in kilometres per litre (km/[), depends
on the speed of the car.

The table gives some information about the petrol consumption of a car at different speeds.
[ Speed (km/h) [ 62 687686 [ 93] 99 103]

[ Petrol consumption (km/l) | 126 | 139 | 147 | 15 | 146 | 137 | 122 |

5 Draw axes on graph paper, using 5cm to represent 20km/h on the horizontal axis and
4cm to represent 1km// on the vertical axis.
Start the horizontal axis at 60 and the vertical axis at 12. Show the discontinuities clearly
on the axes.
Plot the values from the table and join them with a smooth curve.

From your graph, estimate

b the petrol consumption at 75km/h

¢ the speeds which give a petrol consumption of 13.5 km/L

The graph shows the numbers of rats recorded in a colony.
Number of rats in colony

40
30
20
10

0

Number of rats

2 3
Time (weeks)

a  How many rats were there at the start of the study?

b Explain how you found your answer to parta.

c Estimate the number of rats at
] & Q7d hint s it an increase or a decrease?
i 3 weeks i 5weeks.

¥ = By how much? Write a sentence

d  Describe the change in the number of rats beginning, ‘The number of rats ..."

from week 3 to week 5. s

STEM / Reasoning The graph shows the count rate against time for magnesium-27,
which is a radioactive material.

The count rate is the number of radicactive emissions per second.

Magnesium-27 count rate

¥ Q8 communication hint
The half-life is the time
it takes for the count rate
to halve.

Counts per second

0 10 20 30 40 50
Time (minutes)

Estimate the count rate after 20 minutes.
After how many minutes is the count rate 30?
Estimate the half-life of magnesium-27.
Does the count rate ever reach zero?

ancoco
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9 Finance / Problem-solving The graph shows the value of an investment
over a 5-year period.
Investment over
5 years

Value of investment (£)
=)
8
2

0
012345
Year

What was the initial value of the investment?
Estimate the value of the investment after 5 years.
How much did the value increase in the first year? Qod hint

The rate of interest remained the same for the 5 years. _actualchange
Work out the percentage interest rate. original amount

an oo

100

Key point 22

The equation of a circle with centre (0, 0) and radius r is &% + y? = 12,

Construct the graph of x? + y2 = 36.

r={36-=6 4| Compare &2 + y? = 36 with 22 + 2 = r2. |

10 On graph paper, draw the graphs of
a a+yi=1 b a2+y2=16 c xleyl=49 d a?+y2=81
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Tom sells trainers online. He has hired you to work out the best (mast profitable) price for his trainers.

T'is the price at which Tom sells each pair of trainers, @ is the quantity (or number)
of pairs of trainers that Tom sells per week, and P is Tom's weekly profit.

1

~

w

Finance Tom buys each pair of trainers from the
supplier for £25.

Explain why his weekly profit can be modelled using the
formula P= Q(T - 25).

Tom knows (from experience) that if he sells the trainers
at £40 nobody buys them, as they are too expensive.
However, every time he lowers his price by £1, he sells
10 more pairs a week on average

Show that this can be modelled by the formula:
Q=10(40-T)

These formulae can be combined as P = 10(40 ~ T)(T - 25).
Expand the brackets to write this new formula in full.
Finance Starting with your new formula, choose an
appropriate method to help you find

a  the selling price that will maximise profits

b the most profit Tom can make in a week.

Finance Tom's supplier raises their price to £26.
How will this affect your result?

Make a prediction and then test it by adjusting,
the formula for P.

Q1 hint Start by writing an
expression for the profit Tom
makes on one pair of trainers.

Q2 hint Show that when the
sale price is £40, no trainers are
sold. What happens when the
sale price is £39, £38 and so on?

Q4 hint You might choose to
plot a graph of profit against
selling price. Create a table of
values first to help you choose
the scales for your axes.

Q5 hint You will need to change
one of the numbers in the
formula given in Q3.
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Linear graphs
1 Reasoning A line has equation 2x +3y = 7.
Write down the gradient and y-intercept of the line.

2 Write down the equations of these four lines.

3 Draw agraph of the equation i = -3x - 1.
Do not use a table of values.

4 Without drawing a graph, find the gradient of the line through each pair of points.
b P(1,-4)and Q (4, 5

a G(-4,5)andH (4, 1)

5 Reasoning Hamzah goes for a bike ride with his
friends. The graph shows the five stages of his
journey.

What is the gradient for the first stage of

the bike ride? What does this represent?

Work out Hamzah's average speed for

the whole journey, including any stops.

On which stage of the journey was he

travelling fastest?

Work out his speed for that stage.

o

o

n

a

6 Reasoning Annie buys some cakes from the
Kupkake Faktory.
There is a minimum order of three cupcakes.
Then there is a fixed price for each cupcake.
The graph shows the price structure.
a  What does the gradient tell you?
b What does the y-intercept tell you?
c Arex and y in direct proportion?
Explain your answer.

7 Reasoning ] is the point (2, -5) and K is the point (-3, -1). Work out
b the length of the line segment.

a the midpoint of the line segment JK

8 Reasoning The equation of a line is = 3x + 1. Work out
a theequation of a line parallel to y =3 + 1 which goes through the point (2, =7).
b the equation of any line perpendicular to i = 3x + 1 that does not share its y-intercept.

Unit6 Graphs

Log how you did on your
Student Progression Chart.

Distance (miles)

s
115 2 25 3
Time (hours)

Cost of cupcakes

o
0 5 10 15
Number of cupcakes

20 *
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Non-linear graphs
9 Reasoning Match each equation to one of the graphs below.

a y=x* b y:% cy=-2* d x?+y?=9
e y=2° fy= ,%
A B C D
b Y Y Y
z
‘ E Ed
S
E F G
10 The equation -3 + 3x - 1=0 has three solutions.
Use the graph of y = —x? + 31 - 1 to estimate all three solutions.
.
4
P
2
1
i \_J/q i Xi 3z
Real-life graphs
11 Real/ Modelling Hannah is watering her garden. Water from a hosepipe
The water coming out of the hosepipe forms a Y,
smooth curve. _ 25
This graph models the curve. E 2
a Give the coordinates of the maximum point E, 15
of this graph. £ 1
b What was the maximum height that the 05
water reached? 0
© How long did the water take to hit the ground 0 05 1 A5 2%
- - Time (s)
after leaving the hosepipe?
d What is the practical meaning of the start point of the graph (the y-intercept)?



Unit6 Graphs

1z Reasoning Mike fills these containers with water at a constant rate.
Match each container to a graph.

UASE

13 How sure are you of your answers? Were you mostly

Just guessing, @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

14 * Challenge
Design a game where you have to get from the start to the finish, collecting all the gold coins and
avoiding all the obstacles.

¥ Key
14
A start
Ax x e 5 M Finish
X Obstacle
O x 10 O Gold coin
23 X 8
O
O 6
X X 4
X
x 2
x OxXn
2 10 8 5 1 2 o

Design your game within a border.
There must be at least 10 obstacles and 5 gold coins. ou cannot touch the borders of your grid to
escape your obstacles. Record your moves.

Here are two examples of a possible first move for this game:

Walk 7 units south, or walk 7 units down the line x = -12.

After everyone has finished Check up, challenge a friend to complete your game in fewer moves.
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Linear graphs

1 a Which of these equations of lines are in the form gy = mx + ¢?
iy=3x+1 il 2y=bx+6 il xry=4
ivy=2x-1 v 10x+2y=1
b Rearrange the other equations in the form y = mx + c.
2 The graph shows four straight-line graphs. NE}
a  Which lines have y-intercept (0, 1)? 5 G,
b Which graphs have a positive gradient? i
a3
¢ Which graphs have a negative gradient?
Qzb hint Qzc hint N
Positive gradient Negative gradient.
looks like this. looks like this. ,$7 \ =
/ \ >
3
Think uphill. Think downhill. 4 \
d  Which equation matches which line?
iy=x-3 i y=-3x+1
i g=2x+1 Woy=-x+2
3 Match each graph to an equation. = % /
a y=-2x A 5
b y=3x-2 8!
¢ y=—x+2 3 /
29
2
3
4 On squared paper, draw lines with these gradients.
a 4 b -1 € <
8 Drewlinesionthess equations Q5a hint Identify the intercept from the
a y=4x-3 equation. Mark this on the y-axis first.
b y=-x+2 Then draw the gradient. Use Q4 to help you.
© y=
[ s hint = means'-1 lot of 2" |
Q5c hint What does it mean if there is not a
number on the end of the equation?
190 ActivelLearn Homework, practice and support: Higher 6 Strengthen ‘
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Unit6 Graphs

The sketch graph shows the points A (-3, 1) and B (2, 6).
From the sketch, work out

a thechangeinx

b thechangeiny

—
¢ thegradient of this line segment, using o 6- " ¥,

Changeinx
A(-3,1)

Work out the gradient of the line segment between each pair of points.

a C(-23)andD(1,5) | Q7 hint Use the same method as Q6. Draw a sketch. |
b E(-4 -1)andF (0, 4)

For the same pairs of peints as Q7, find the length of

= . int Sketch
each line segment. Leave your answers in surd form.

Use Pythagoras’ theorem,

For the same pairs of peints as Q7, find the midpoint
of each line segment.

& .y)
C(2.3) 09 hint Copy and complete the calculation to
D(1.5) work out the coordinates of M, the midpoint.
M 10
o
(-2+1)  (3+5)
2 2 s
Q10a hint Which lines
have the same gradient?
2 Choosing from these equations, which pairs of lines i pe el
are parallel? of miny=mx+c
‘Ay:&—B ‘ ‘By:—x—l ‘ ‘Cy:—zx ‘
Q10b hint Your line must.
_ _ _ have the same gradient,
‘Dy*kit ‘ ‘Ey’x{s ‘ ‘Fy7u+1 ‘ but you can use any
B winedhe eqiustionol shatives e selinl 36 esch gk SEeR N £

Find the negative reclproca]l of Q11 hint Find the reciprocal.
a 4 bz Then change the sign.

¢ -10 d -3

Choosing from these equations, which pairs of lines

dicular? Q12 hint Which lines have
are perpendicular?

gradients which are negative
reciprocals?

1
‘Ay:_?xfg‘ ‘B"’:zx_l ‘ ‘Cy=72x+5 ‘ Look for one whole number
and one fraction (with the
‘Dy:l—x ‘ ‘Ey:1+5 ‘ ‘; y=tr+1 ‘ same denominator as the
z

whole number). One gradient
needs to be positive and the
other needs to be negative.
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" i =1
13 Reasoning This is the graph of y = 3 + 4. Q13 communication hint To satisfy the
Y equation’ means ‘make the equation true’.
8 Substitute the x and y values into the
z equation - are both sides equal?
6
5
4
3
2
1
78 6 4 2 10 2 [ 3K
-2

a  Which of these points are on this line?
L4 M(3,6 N(-5-10) P(-42)
b Do the points L, M, N and P satisfy the equation?

14 Reasoning a Whatis the gradient of any line parallel toy =3x - 37

b Write the equation of a line parallel to y =3x - 3
that goes through (-1, 7).

Q14b hint Substitute the given values of x and y, and
the value of m you found in partainto y = mx + c.
Solve to find ¢.

Non-linear graphs
Reasoning Enzo makes a table of values and plots the graph of y = ¥+ 2.

1

From the graph, which points do you think are incorrect?

Yy
28
26
24
22

5 a32hd 1234 5%

Q14a hint In the
equation i = mx + ¢,
m is the gradient.

Q1 hint Which points
donot fit the shape
of an x? graph? Check
if the points fit the
equation.
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2 Reasoning Shona makes a table of values and plots the £
graphof y =2 - 1. 30+
a From the graph, which points do you think are incorrect? 254
Q2a hint Which points do not i :12:
fit the shape of an & graph? 1'{]’
b Now find the incorrect points in Shona's table of values. il
)15
%o
c  Work out the correct values. 154
~o04
~25] 5
SR

3 Reasoning Match the words to the graphs and the equations.

2 ‘quadrau:‘ . ‘ cubic ‘ L ‘ re(ipro(al‘ : ‘ linear |

4 B & Q3 hint Some words match more

¥ ¥ than one equation or graph.
/ K Which two graphs are quadratic?

Which is 222 Which is —x??

* 2 \ 2 Look back at lessons 6.6 and 6.7
to help you.
2 E & Do the same for cubic and

reciprocal graphs.

\

[ree] ] (oo ] [

] ] [

Real-life graphs
1 Reasoning Frankie kicks a rugby ball for a conversion after a try.
He kicks the ball from 6 m in front of the goal posts.

The graph shows the path followed by the Path followed by rugby ball
rugby ball. JA Height (m)
a  What type of graph is this? 64

Explain your answer.

4
Qla hint Think about the
shape of the graph. i

What are the coordinates of the
maximum point?

b hint Look carefully at th S F e
Q1b hint Look carefully at the Distance (m)
axes before you read the values.

o
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< What is the value of ¥ when x =27
d  What is the value of x when  =3.52 Qle hint Read the question
e What do the negative values of x mean in this context? again for a reminder.
£ Find the height of the ball as it goes past the posts.

g The bar on a rugby goal post is set at 3m.
Assuming he kicked the ball straight at the goal, has the ball gome over the bar?

2 Reasoning Here are two vases.
Vase 1 Vase 2

U & Q2a hint You could write
a sentence like ‘The water

a Use the words ‘faster’ or ‘slower’ to write sentences about lzaliplbyesaines
: faster first, then slower’
how the water level in these vases changes as they fill up.

b The graphs show the depth of water against time
when water pours into the vases at a constant rate.

Qz2b hint The steeper the graph,
Which graph matches which vase? i

aster the rise in water level.

Graph A Graph B
< £
a a
-] a
Time Time

3 Finance The graph shows the profit made on the sales of light bulbs by the Like Bulbs
company. The line goes through the origin.
Light bulb profits

Profit (£)

0 50 100 150 200 250 300
Number of light bulbs sold

a Copy and complete

i 25 bulbs = £[ ] profit

ii £13 profit =["]bulbs

iii £ Jprofit=175 bulbs

iv []bulbs = £4.80 profit
b Describe the relationship between profit and the number of light bulbs sold.
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3

1 Reasoning Without plotting the graphs, work out which of these functions

a have the same y-intercept b have the same gradient.

2 a Aisthe point (-1, 2). Bis the point (7, 5). y Diagram NOT
Find the coordinates of the B(7,5) . accurately drawn
midpoint of AB.

b Pisthe point (-4, 1).

Qis the point (1, -3).
Find the gradient of PQ. A1, )%

3 Problem-solving Point L has coordinates (-1, =3). Point M has coordinates (5, 5).
Point M is the midpoint of the line LN.
a  What are the coordinates of point N?
b What is the gradient of the line segment LN? Plant diversity at
Discussion Do you need to work out the equation of the line? nature reserve

4 STEM / Real A biologist conducts a study into plant = 0 B
diversity in a nature reserve. 39 ok
For each plant, he records the average size of the seeds :' 40
and the number of seeds on the plant. o 35
His results are shown in the graph. g 30
The line of best fit has been drawn in for you. 8 55
Write a formula that models the link between seed sizeand ‘6 g9
number of seeds in this sample. %15
Q4 hint Find the equation of the line of best fit. E ‘g
0

Average size
of seeds (mm)

5 Problem-solving A recipe for ratatouille uses aubergines and tomatoes in the ratio 2:5.

a  Write an equation showing the relationship between
aubergines, g, and mmatces, v substituting the values from the

b Plot the graph of the equation from a =0to a = 10. ratio. Both sides of the equation

¢ Find the gradient of the graph. must have the same value.

Discussion What is the meaning of the

gradient in the context of the question?

d Hence or otherwise, work out the quantity
of aubergines needed in a recipe that uses
600g of tomatoes.

Q54 hint Check your equation by

Q5d communication hint ‘Hence or
otherwise” tells you to use the information
you've already worked out in the question,
or any other method you can think of.
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6

Reasoning Here are the cross-sections of three different concrete-transporter lorries.
a b c

A builder empties the lorries by pumping out the concrete from the bottom at a steady rate.
Here are three sketch graphs showing the relationship between the depth of the concrete left
in the lorry and the number of minutes since the pump was switched on.

A B C
‘ ‘*h
of t

d

of t of 7
Match each lorry with one graph.
a Communication Show that the equation

x%=3x - 1= 2x - 1 can be rewritten
as x2-5x =0.

L3

Find the equation of the straight line shown.
Solve the equation a2 - 5x = 0.

n

Q7¢ hint You can solve the equation
x? - 5x = 0 by finding the intersection
of the graph of y = 22 - 3x - 1 with
the graph of a different straight line.

N W & oD N 00

b Draw the graph of y = 1-Zfor -3 = v =3

© Write the equations of the two asymptotes for this graph.

Modelling A mobility scooter accelerates from rest at a constant rate of 1.2m/s%

The distance, s, covered by the scooter is given by the formula s = 1 a2, where a is the
acceleration in m/s*and ¢ is the time in seconds.

a Draw a graph of the distance covered by the scooter for values of  from 0 to 10 seconds.
b What is the distance covered after 4.5 seconds?

¢ How many seconds does the scooter take to cover 40 m?
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10 Write the equation of a line
a parallel to the line 32 + 5y = ~10
b parallel to the line 2y - 4x = 5, and which goes through the point (3, 7)
¢ perpendicular to the line 8x + 6y = ~1, and which goes through the point (-2, 1).

11 Problem-solving A rectangle is made using four straight lines on centimetre squared paper.
Three of these lines are shown on the grid.
The point (-4, 0) lies on the missing side.
a  Work out the equation of the y=2x+3

missing side. ¥

Label the two missing corners
C (in quadrant 4) and

D (in quadrant 3).

Q11 hint Make sure you
understand quadrant notation.

b Work out the coordinates of corner D.
¢ Work out the length of the diagonal BD.
Give your answer to 1 d.p.

12 Communication The point D (4, A lies on the line y =3x - 5.
Show that the point D also lies on the line g = 2x - 1

o e
Diagram NOT

C  accurately drawn Q13 strategy hint You can

start by using the equation

y =-2x + 6 towork out

where Aand D cut the axes.

ABCD is a square.

.

P and D are points on

the y-axis.

Ais a point on the x-axis.

PAB s a straight line.

The equation of the line

that passes through the

points A and D is

y=-2xr+6.

Find the length of PD. P (4 marks)
Nov 2012, 023, IMA0/IH |

14 Reasoning
a Match each equau’an with its graph.

i y=a2- i yfl i y=2x2+5 v oy=ux-

HETE

b Find the equation of the line of symmetry for each graph.
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15 Problem-solving Match each equation with its graph.

® o

®

© o

Q15 hint To find the

a y=a'-4x?+5 b y=-x%+2x2- y-intercept, substitute x
€ y=32+2x+5 d y=-22°+322
A v B v,
0 \ 0
5 0
™ |
1241 ]9 el 31 4 | 2
L1
o
(4 Y ) \] ¥,
o 5
e T ] [Td2[di [0
T2 | £ L0 x
/ o

Alinear equation generates a straight-line (linear) graph....... Mastery lesson 6.1
The equation for a straight-line graph can be written as y = ma + ¢ where
m is the gradient and G is the -INTErcept. ... cuvivuiianiniarinnivinssnnenan,  Mastery lesson 6.1
Parallel lines have the same gradient. ... Mastery lesson 6.1
To find the y-intercept of a graph, find the y-coordinate where x = 0.
To find the x-intercept of a graph, find the x-coordinate where y =
To compare the gradients and y-intercepts of two straight lines, make sure
their equations are in the form i = mx + ¢.
Alinear function has a graph that is a straight line,
Adistance-time graph represents a journey.
0 Straight lines mean constant speed
© horizontal lines mean no movement
o the gradient is the speed, since average speed =
total distance

total time

Make sure your units match,
TThE BisdieABR A St ele Giaph & tHE TSt CR e o
On a velocity-time graph
o straight lines mean constant acceleration
© horizontal lines mean no change in velocity (i.e. travelling at a constant velocity)
chaﬂge in velocity

Mastery lesson 6.1

Mastery lesson 6.1
Mastery lesson 6.2

total distance

total time
o Average speed =
Mastery lesson 6.3
Mastery lesson 6.3

o the gradient is the acceleration, since acceleration =

© the area under a velocity-time graph is the distance travelled
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© Graph axes do not have to start at zero.
A zigzag line —\,— shows that values have been missed out............. Mastery le
) When two quantities are in direct proportion
> the graph is a straight line through the origin
© when one variable is multiplied by i, soisthe other...........coooeivenins
Xy . xa ht ya)
5 7 )

@ The coordinates of the midpoint of a line segment are (

B8

[E2)
A/ 2 Y2l
(@0

® When two lines are perpendicular, the product of the gradients is —1.
When a graph has gradient m, a graph perpendicular to it has gradien

Reciprocal functions are in the form %where kisanumber.....
¥ ‘J}
N -

© Aquadratic equation contains a term in xZ but no higher power of x.
The graph of a quadratic equation is a curved shape called a parabola. .. ...

y=t

E

A quadratic graph has either a minimum point or a maximum point
where the graph turns, s
maximum

minimum

Aquadratic equation can have 0, 1 0r 2 SOIUtIONS. .. ooouvviviiniiiiiiiuiiiins
@ Acubic funiction contairis @ term in'z® but no higher power of o,
It can also have terms in x2 and x and number terms..................ooooo.

VAN

© Acubic function can have 1,2 or 3 solutions. ...,
No correlation or weak correlation shows that Lhere is no linear relalmnsh\p
between two quantities, because their graph is not close to a straight line.
When the points follow a curve, there may be a non-linear relationsh\p
between the quantities. ..

© The equation of a circle wwlh centre (0 0) and radms ris xz + y
In this unit, which was easier:

y

a plotting and drawing graphs or b reading and interpreting graphs?
Copy and complete this sentence to explain why:
1find graphs easier, because
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Log how you did on your
Student Progression Chart.

B 1 On squared paper, draw the graph of y =2x - 1 for -2 <x <5.

Do not make a table of values. (4 marks)

2 Line segment GH is drawn on centimetre squared paper.
Gis the point (<1, 7). H is the point (2, =2).
a Find the gradient of the line segment GH.
b Find the midpoint of the line segment GH.
¢ Find the length of the line segment GH. Give your answer correct to 1 d.p. (3 marks)

w

Here is a sketch of a scatter graph.
b

g ]
Describe a the correlation and b the relationship between x and y. (2 marks)
o (Bamsylequestion )
Elliot went for a cycle ride. He left home at 10am.
The travel graph represents part of Elliot’s cycle ride.

Elliot’s cycle ride

Distance from home (km)

Time
At 11am Elliot stopped for a rest.
a How many minutes did he rest?
b How far from home was Elliot at 12:30pm?
At 1:15pm Elliot stopped for 30 minutes.
Then he cycled home at a steady speed. It took him 1 hour 45 minutes to get home.
¢ Complete the travel graph. 4 marks) |
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5 A ball bearing rolls down a ramp onto a table.
The graph shows its velocity for the first 20 seconds.

o

=
@

Velocity (m/s)

o

0 5 10 15 20
Time (s)

a What was its acceleration in the first 5 seconds?

b How long is the ramp? (4marks)

6  Hereis ascatter graph with the line of best fit drawn on.
10 20 30 40 50
Temperature (°C)

Work out the equation of the line of best fit. (2 marks)
7 Reasoning The formula KE= %mvZ gives the kinetic energy (in joules)

of an object with mass m kg and velocity zm/s.

a Work out the kinetic energy of a ball with mass 1.5kg, travelling at 3m/s.

b Draw a graph of KE against o for values of # between 0 and 4m/s.

c  What is the velocity of the ball if its kinetic energy is 9 joules? (5 marks)

01

ava Y
oo o

Salt dissolved (g)
o
a

8  Write the equation of a line which is
a parallelto y=3x +2
b parallelto2y +5x =1
c perpendicular to = -2x + 1 and passes through the point (4, -3). (4 marks)

9 Reasoning Hereis the graph of a quadratic function. Y,
a  What are the coordinates of the minimum point?
b What is the equation of the line of symmetry
of the graph?
¢ Identify the equation of the graph from the
options below. Justify your answer.
iy=12242
i y=2x2+2x
i y=2x2-4x

(3 marks)

10 Problem-solving Using the graph in Q9
a solve the equation 242 - 4x =2

b find the coordinates of the point where the line g = x + 1 intersects the given graph.
(4 marks)

2
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Sample student answers
Whose method do you prefer? Why?

Debbie drove from Junction 12 to Junction 13 on a motorway.

The travel graph shows Debbic’s journey.

Distance from
Junction 12
(kilometres) 20

10

0 10

Time (minutes)

Tan also drove from Junction 12 to Junction 13 on the same motorway.

He drove at an average speed of 66 km/hou.

Who had the faster average speed, Debbie or Tan?

You must explain your answer. (4 marks)
une 2013, Q11 IMA0/14H )

Student A Student B
lan:  6Gkm/h = 33 kmin 30 minutes B :%
40 =30+2
=30x5+2
30
Distance from =2k
Junction 12 Debbie had the faster average
(kilometres) speed as she has 75km/h and

lan has 6&km/h,

0 10 20 20
Time (minutes)

Debbie had the faster average speed as her
graphis stesper.



Extend |
p232 p.237

Master
p.204

Problem-solve  } i Strengthen
p225 : p229

Goods are packaged in shapes that stack easily on
shelves, have space to show the name of the product

and attractive pictures, and are not easily knocked over.
Packaging also needs to be cheap to produce, and should
not leave too much empty space around the item inside.
A manufacturer can choose either a cylindrical box or a
cuboid to package 4 tennis balls. Each tennis ball has a
diameter of 6.5cm. Work out the possible dimensions for
each box.

¢ Algebraic fluency

1 Calculate an estimate for 52 x 44x 189 | 6 Whena=3,b=2and c= 4, work out
: a 2a? b 4ac+2b

¢ abc d ab

Numerical fluency

2 Roundto 1 decimal place (1 d.p).
a 357 b 206 c 499

7 Make x the subject of
a y=cxr
¢ m=tvy

3 Roundto2dp.
a 9402 b 139834

o

a=bxz

Fluency with measures
4 Match each object to the amount of liquid
it can hold.

EiJ

Copy and complete.

i Geometrical fluency

i & Sketch acircle. Draw and label its centre,
: radius and diameter.

9 a Sketch the net of this triangular prism.
: Label the lengths on your net.

- 8cm
a 52m=[_Jm b 24em=Jmm : i
¢ im=[Jmm d 341km=[Jm :
e 0327 litres=["|ml B b Work out the surface area of the
£ 2400ml=["litres : prism.
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Unit 7 Area and volume

10 a Sketch the solid formed by this net.
4cm

4cm

b Draw sketches to show its planes of
symmetry.
c Calculate the volume of the solid.

11 Work out the
area of this
parallelogram.

Work out the
volume of this
3D solid.
Write your
answer to

2 significant

figures 2 s.). —
3om

: %Challenge

i 13 These chocolate bars are packed into
: cuboid-shaped boxes for transport.

i 210m
T2cm

3cm

Sketch how you could pack 6 of these bars
to take up as little room as possible.
What size box do you need for 48

: chocolate bars?

£ What other shapes of box could you use
to transport them? Which shape box
would be most practical?

a 6cm b
I:lzcm o
2 Solve
a 3x=12 b lr=¢

1 Workout the area and perimeter of each shape.

13em 10cm

12cm

12em

¢ 4lx+2)=28

‘ Activel.earn Homework, practice and support: Higher 7.1
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Unit 7 Area and volume

Questions in this unit are targeted at the steps indicated.

a Work out the area and perimeter. b Work out the area.
3T 16mm 16mm
10m
5.5m 34mm
6m
52mm

©  Work out the shaded area. Give your answer to the nearest square mm.

7.2cm

9.4cm

12cm

Discussion How did you work out the area in part b? How else could you have done it?
Which way is most efficient?

This trapezium has parallel sides, @ and b, and perpendicular height, h.

AN

Two trapezia put together make a parallelogram, with base {a + ) and perpendicular height, h.
a b

Communication hint Trapezia
is the plural of trapezium.
b a

Area of 2 trapezia = base x perpendicular height = (a + b)h

Area of a trapezium = 3(a + bk

&

Calculate the areas of these trapezia.
Round your answers to 1 decimal place (1 d.p)

[[@4a hint Use the formul: area = Ha + by |

where necessary.

a 8cm b 5cm < d 27.3cm
e=HCM_,

4cm 19.4¢m|
3_2,“] 86m

10em 11.2om

12cm

45m
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Unit 7 Area and volume

5  Calculate the area and perimeter of this isosceles trapezium.

=3
(888] 18cm
Q5 communication hint An isosceles
13cm ¥
trapezium has one line of symmetry.
Its two sloping sides are equal.
28cm

Reflect How can you remember how to find the area of a trapezium?

) _ Show your
Here is a diagram of Jim's garden. S

12m all the calculations
‘DisgamNOT you do on your
drawn accurately Ao
9m
18m

Jim wants to cover his garden with grass seed to make a lawn.

Girass seed is sold in bags.

There is enough grass seed in each bag to cover 20m? of garden.

Each bag of grass seed costs £4.99.

Work out the least cost of putting grass seed on Jim’s garden. (4 marks)

Nov 2012, 025, IMAO/IF
7 Probl Ivi 75m
g
Here is the plan of a play area.
Work out its area. jtom
60m
25m
55m
8  The area of this trapezium is 96 cm2. 15cm
a Substitute the values of a, b and A into the formula s
A=Ha+bh

b %npghto get an equation. o

Solve to find A.

n

Q9 strategy hint Sketch
and label the trapezium.
Use the method from Q8.

9 Problem-solving A trapezium has area 32cm?,
and parallel sides 5.5 cm and 10.5cm. Work out its height.

This trapezium has area 70mZ.
Find the length of the shorter parallel side.

70=3a+12)x7 \' Substitute the values of 4, b and A into
=h
10 1as 12) the formula A = L(a + b)k

il

12m

Tm
D

a=8&em Multiply both sides by 2.
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Reasoning Find the missing lengths.
a b

a b
Area
5cm

8cm

2.1m

Problem-solving One corner of a rectangular piece of paper is folded up to make this
trapezium.
Work out the area of the trapezium.

—_— 10cm

1 Round each number to the level of accuracy given.

a 3.567 (1d.p) b 3206 (2 sf) c 8495(@2dp) d 15721 (3sf)
2 Workout
a i 10% of 25kg i 10% less than 25kg i 10% more than 25 kg

| Qzaii hint Subtract 10% of 25 kg from 25 kg.

b i 5%of40m i 5% less than 40m iii 5% more than 40m

w
o

Explain why these two squares have the same area.

1cm 10mm

o

Work out the area of each square.
Copy and complete.
1emz =" Jmm?

n

To convert from cm? to mm2 multiply by 100.
To convert from mm? to cm?, divide by 100.
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4 Reasoning

a Sketch a square with side length 1m and a square with side length 100cm.

b Copy and complete.

1me =[Jeme

¢ How do you convert from cm? to m2?

5  Convert
a 250mmZtocm? b 52m?tocm? ¢ 7000cm? to m? Q5g hint
d 34cm?tomm? e 885m2tocm?® f 1246 mm?to cm? Convert m? to cm?
g 037m?tomm? h 2800000 mm? to m? then to mme.

6 Calculate these areas.

34cm

N b . ¢ 18m
500m

5.2cm

Area = [Jm? Area = [ mm? Area = [ mm? asm

Area = [ om?

e Reflect In part ¢, which was the easiest way to find the area in mm??

+ Find the area in cm?, then convert to mm?.
« Convert the lengths to mm, then find the area.

f Reflect Which was the easiest way to find the area of partd in em??

1 hectare (ha) is the area of a square 100 m by 100m.
1ha =100m x 100 m = 10000m?
Areas of land are measured in hectares.

100m

1

00m

7 Here s the plan of a playing field.
550m

=2

440m

Work out the area of the field in hectares.

| 8 STEM/ Problem-solving A farmer counts

588 2wild oat plants in a 50 cm by 50¢m square of a field.
The whole field has area 20ha.
Estimate the number of wild ocat plants in the field.

Q8 strategy hint Work out the area
of the square in m2 How many of
these would fit in the field?

R ~10% 10%
A 10% error interval means that a measurement could
be up to 10% larger or smaller than the one given.
45kg 50kg 55kg
9 Afactory makes bolts 30mm long, with a 10% error interval.
a Workout the largest and smallest possible lengths of the bolts.

b Write the possible lengths as an inequality.
[CJmm = length <[ Jmm
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10 Sweetsare packedvin 20g bags, with a 5% error interval. Q10 hint[ Jg=mass <[ Jg
Work out the possible masses of the bags of sweets.

11 Reasoning a Each measurement has been rounded to the nearest cm.
Write its smallest possible value.

i 36cm il 112cm
b Each measurement has been rounded to 1 d.p. Write its smallest possible value.
i 25cm ii 6.Tkg

Discussion What is the largest possible value that rounds down to 36cm?

Measurements rounded to the nearest unit could be up to half a unit smaller or larger than the
rounded value. The possible values of x that round to 3.4 to 1 d.p. are 335 < x < 3.45

12 Each measurement has been rounded to the accuracy given.
Write an inequality to show its smallest and largest possible values. Use x for the measurement.
a 18m (to the nearest metre) b 245kg(to1dp)
¢ L4m(to1dp) d 526km (to2d.p)

Key point 6

125=2<135
lower  upper
bound bound

The upper bound is half a unit greater than the rounded measurement.
The lower bound is half a unit less than the rounded measurement.

13 Write i thelowerbound i the upper bound of each measurement.
a 8cm (tothenearestcm) b 53kg (tothe nearest tenthofakg) ¢ 11.4m (told.p)
d 2.25litres (to 2 d.p) e 5000m(to1sf) f 32mm(to2sf) g 153kg(to3s.f)

The length of the side of a square is 5.34 cmto 2d.p. Use the upper and lower
Work out the upper and lower bounds for the perimeter. bounds of the side
Give the perimeter to a suitable degree of accuracy. length to calculate the
upper and lower bounds
Lower bound Upper bound of the perimeter.
Side length | 5335 cm 5345 cm
Perimeter 5335x4=2134cm |5345x4=21.38cm

Round the upper and

2134 =213t0 1 desimalplace 2138 =21.4to 1 decimal place —{ (OWer boundsto 1
decimal place. Do they
21.34 = 21 (nearest cm) 21.38 =21 (nearest om) give the same value?

Perimeter = 21 cm

Round to nearest cm. They both give the same value so we
can be sure that to the nearest cm, the perimeter is 21 cm.

14 Reasoning A rectangle measures 15cm by 28cm to the Q1 strategy hint Sketch a
nearest cm. diagram. Which two possible
a  Work out the upper and lower bounds for the length lengths will give the largest
and width. possible perimeter?
b Calculate the upper and lower bounds for the perimeter

of the rectangle. Give the perimeter to a suitable degree
of accuracy.
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15 Reasoning A parallelogram has base length 9.4 m and height 8.5m. Both measurements are
given to 1 d.p. Work out the upper and lower bounds for its area.

16 Reasoning A parallelogram has area 24 cm? to the nearest whole number.
Its height is 6.2cm (to 1 d.p).
a Write the upper and lower bounds for the area and the height.

b Work out
i upper bound for area i upper bound for area Q16¢ hint Which
upper bound for height lower bound for height calculation in part b
¢ What is the upper bound for the base of the parallelogram? givesthe highervaliie?

1 Workout the volume of this 3D solid made
from two cuboids.

2 Solve dcm
a 9%=72 b Zh=50

The surface area of a 3D solid is the total area of all its faces.

3  Reasoning
a Sketch a cuboid 4cm by 5¢m by 7cm.
b Work out the area of the top of your cuboid.
Which other face of the cuboid is identical to this one?
©  Work out the area of the front and side of your cuboid.
Which other faces of the cuboid are identical to them?
d Work out the total surface area of your cuboid.
Discussion How can you calculate the surface area
of a cuboid without drawing its net?

Q3d hint
2x[J+2x[]=Jem?

4 Calculate the surface area of a cuboid 3cm x 2cm = 6cm.
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Key point 8

Aprism is a 3D solid that has the same cross-section all through its length.

DO D

5 Communication a Isthe 3D solid in Q1 a prism? Explain your answer.
b Work out the area of the cross-section of the solid in Q1
c  Multiply the area of the cross-section by the length of the solid. What do you notice?
Discussion For a cuboid, why is multiplying area of cross-section by the length the same
as multiplying length x width x height?

Key point 9
Volume of a prism = area of cross-section x length
6  Workout the volume of each prism.
a b 2cm c
T 3em
166m? o) 9em
4 6cm
Gem

cm!
8cm

7 Reasoning This triangular prism has volume 48 cm?,

s,

a  Work out its height. Sem P
b Sketch its net and work out its surface area.
r
Q7a hint Write and solve an equation:
volume 48=3x[_|xhx[] e
3om
8 Exam hint
Jane has a carton of orange juice. fedicles
s ’ o the juice to
The carton is in the shape of a cuboid. the dhagram.
Diagram NOT Sketch the
accurately drawn carton when it
stands on the
20em shaded face.
The depth of the orange juice in the carton is 8 cm.
Jane closes the carton.
Then she turns the carton over so that it stands on the shaded face.
Work out the depth, in cm, of the orange juice now. (3 marks)

June 2012, Qi2, IMAO/TH
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Key point 10
Volume is measured in mm?, cm® or m®.

9 Reasoning

a  Sketch a cube with side length 1cm and a cube with side length 10mm.

b Copy and complete.
1em? =[]mm?
¢ How do you convert from mm?® to cm*?

10 Reasoning

a  Work out the volumes of a cube with side length 1 m and a cube with side length 100cm.

b How do you convert from m® to cm??

Capacity is measured in ml and litres.
lem?=1ml
1000cm? = 1 litre

11 Convert
a 45m’intocm?

b 52cm?into mm?

© 9500000cm’ into m? d 3421 mm? into cm?

e 5200cm?into litres f 0.7 litres into cm?
h

g 175mlinto cm® 3m?into litres.

Kate paints all the faces except the base.

12 Problem-solving A water tankis a cuboid 140 cm tall, 80cm wide and 2m long.

[=3] 14 STEM / Modelling A scientist collects a sample of leaf mould 20cm deep from a 0.25m?

Ltk area in a wood.

a By modelling the sample as a prism, calculate the volume of leaf mould she collects.
b In the leaf mould sample she counts 12 worms. Estimate the number of worms in the top

20¢m of leaf mould in 2 hectares of the wood.

15 Communication Show that the volume of this prism is 20x°.

g
£

x

16 Reasoning The dimensions of a cuboid are 5¢cm by 3cm
by 8cm, measured to the nearest centimetre.
Calculate the upper and lower bounds for the volume
of the cuboid.

Q15 hint Work out
the volume using the
measurements in x.
Simplify your answer.

Q16 strategy hint First
calculate the upper and lower
bound of each measurement.

a  Work out the total area she paints, in square metres.

b 1tin of paint covers 4 m2 How many tins of paint does Kate need?
=5 13 Problem-solving / Reasoning
A cube has surface area 507.8cm? to 1d.p.

What is the length of 1 side of the cube?

Give your answer to 1 d.p.
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1 Solve
a 35=1r
b 75=3r2
2 Make x the subject of
a y=mx
b 2=y
c p=x*

The circumference of a circle is its perimeter.

3 Reasoning The table gives the diameter and circumference of some circles.

dn waem

Diameter | Circumference
10cm 314cm
54m 169.6m
36mm 113mm
a Work out the ratio%hr each one. What do you notice?
b The ratio"’;‘_"“ifeze"(eof acircle s represented by the Greek letter  (pi).
iameter

Find the = key on your calculator.
Write the value of 7 to 8 d.p.

Discussion How can you work out the circumference of a circle if you know its diameter?
What if you know its radius?

For any circle
circumference = x diameter
C=nd or C=2nr
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4 Work out the circumference of each circle. Give your answers to 1 d.p. and the units of
measurement.

Y Y

c d

Reflect Do you need to remember both formulae for the circumference of a circle, or just one?

Key point 14

The formula for the area, 4, of a circle with radius r is A = wr?.

5  Find the area of each circle.

6  Reflect One of these expressions is for the area of a circle and one is for the circumference.

2mr ar?
Q6 hint Think about the u:
How can you remember which is which? ofareaand circimference,

Mr Weaver’s garden is in the shape of a rectangle.
In the garden there is a patio in the shape of a rectangle and two ponds in the
shape of circles with diameter 3.8 m.
The rest of the garden is grass.

17m

Diagram NOT
accurately drawn

patio grass pond
3.8m
9.5m

AN
b4

Mr Weaver is going to spread fertiliser over all the grass.

One box of fertiliser will cover 25 1 of grass.

How many boxes of fertiliser does Mr Weaver need?

You must show your working. (5 marks)
June 2012, Q5, 1MA0/2H

Exam hint
Show clearly which areas you are working out. You could use
Area -

Area (D) =
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©

STEM / Modelling A biologist needs to estimate the area of this mould sample.

Q8b hint Use your mean
from part a as an estimate
for the diameter.

She measures the distance across it in two directions.
a  Work out the mean distance across the sample.

b By modelling the sample as a circle, calculate an estimate for its area to the nearest
square millimetre.

©

Real / Problem-solving A bicycle wheel has radius 32cm.
How many complete revolutions does the wheel make in 1km?

10 Reasoning The areas and circumferences of these circles are given in terms of .
Match each circle to its area and circumference.

a b c d
Q10 hint Substitute
the radius into the
circumference and
area formula.

‘ 497 cm? ‘100‘" om? ‘144'« cm? ‘ ‘25« cm? Q10 Communication hint
‘In terms of 7' means mis
in the answer.
‘ 10w cm H ‘ 20w cm ‘ ‘ 24w cm ‘ ‘ 14w cm ‘
11 Reasoning a Work out the area and circumference of a circle with radius 6cm
i intermsof w
i to2sf
b Which values for the area and circumference are the most accurate?
12 The circumference of a circle is 104cm.
a Substitute the value for Cinto the formula = wd. Q12 hint
b Solve the equation to find the diameter to 1 d.p.
13 Find the radius of a circle with

Seheii Q13 hint Find the diameter and halve it. |

Acircle has area 50m2 Find its radius, to the nearest cm.

50=mr? Substitute A = 5010 the area formula. |

570: r2 Rearrange to make r* the subject.
= -

-, Square root both sides to find r.
V'

r=399m=399cm
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14 a Find the radius of a circle with area 520 m?
Give your answer to the nearest cm.
b Find the diameter of a circle with area 630cm2.
Give your answer to the nearest mm.

15 Timis using circles in a scale diagram. The area of each circle represents the number of
people in a group.

Circle Number of people Area of circle

X 40 40cm?

Y 25 25cm?

z 70 70cm?

a Copy and complete to make r the subject of the formula for area of a circle.
A=
A SR
:
T O Radii is the plural of radius.
5 =

b Use your formula for r from part a to work out the radii of circles X, Y and Z to the nearest mm.

16 Real/ Reasoning In a bakery, pastry is rolled into rectangles 0.5m by 4m.
Circles of diameter 6cm are cut out of the pastry.
The remaining pastry is thrown away.
a Calculate the area of pastry thrown away from each rectangle.
b What percentage of the pastry is thrown away?

Q16a hint How many
circles fit across and
along the rectangle
of pastry?

1 Find the circumference and area of this circle
a interms of =
b correct to 3 significant figures.

2 Simplify
a 2m+2m
b 2n+6+42
€ 5+3m+2
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W‘":Q“‘ ‘h_e_arlea of N i O3 sbategy Nint g theareaior
a thesemicircle b the quarter circle SR
Bcm 10em
i intermsof = i correctto3sf.

Work out the perimeter of each semicircle

i intermsof m
i toldp Q4 hint Find half the
a b circumference of the
whole circle. Add the
diameter to it.
10cm
3cm

Work out the perimeter of this
quarter circle

a intermsof =

b toldp. Q5 hint Find one quarter of

the circumference of the whole
“8em circle. Add two radii to it.

Problem-solving A window is made from a rectangle and a semicircle.

Q6 strategy hint What
ameter of the semi

26m

pm—
1.4m

Work out to 1 d.p.
a thearea
b the perimeter of the window.

Problem-solving Four quarter circles are cut from a 10cm square like this.

Work out the shaded area.
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8  The area of this semicircle is 15cm? g
to the nearest whole number. 53 Wewingy St i
N i . the area of the whole circle,
a Find the radius of the semicircle. P e i
Write all the numbers on your
calculator display.
b Round your answer to part a to a suitable degree of Q8b hint How many decimal
accuracy. places could you measure to
Discussion What is a suitable level of accuracy? with a ruler?

Key point 15

For a sector with angle x° of a circle
with radius
Arc length =

360 2mr

Area of sector = = x a1
rea ofr sector 360X1r

Example 4

Work out
a thearclength 10cm
b the perimeter
¢ the area of this sector.
Give your answers to 3 s.f. A

a Arclength=_%_x 2mr

360
=360 x2x1x 10 —{ Write the formula, substitute the angle x and radius.
—6980m (35f)
b Ferimeter=6.98+ 10 + 10 Perimeter = arc length + 2 radii
=27.0cm(3sf)
x
¢ Area=———x7r?
360
_ 4?’30 R0 4| Write the formula, substitute the angle x and radius.
=349cm? (35£)
9 Exam hint
A Wiite the formula
you are using and
Disgram NOT show how you will
15em accurately drawn substitute the given
numbers into it.
A Make sure you

o o write down your
unreunded answer
0AB s a sector of a circle, centre 0. e e

The radius of the circle is 15cm. before rounding.

The angle of the sector is 30°.

Calculate the area of sector O4B.

Give your answer correct to 3 significant figures. (2 marks)
March 2013, Q19, IMAO/2H
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10 Work out the arc length and perimeter of the sector in Q9.
Give your answers to 3 s.f.
11 Problem-solving a Work out the arc length and area of this sector.
“ 7cm
b The radius of the circle was measured to the nearest cm.
Work out the upper and lower bounds for the area of the sector.
12 The area of this sector is 10cm?.
3cm
a Substitute r=3 and area = 10 into the formula
-
Area = 360" wrt
b Solve your equation from part a to find the angle of the sector, to the nearest degree.
13 Problem-solving Find the angle of this sector.
@
7cm
14 Problem-solving This sector has area 16 mZ
Find the radius.
Give your answer to a suitable degree of accuracy.
T
15 Problem-solving Angle AOB is 45°.
The sector AOB has area 5wcm?.
Find the length of the arc AB. @
¥
16 Problem-solving Calculate the area of the shaded region.

Give your answer in terms of m.

8cm
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1 Sketch the net of a cylinder.

Warm
up

2 Find the value of r. Give answers to 1 decimal place where appropriate.
a 12-21 b 54=2p ¢ 32=bm? d 30w =3m

Reasoning A cylinder is a prism.

a  Write an expression for the area of its cross-section.
3b hint V-
b Write a formula for its volume. g )2

The volume of a cylinder of radius r and @
height h is V= mrth

w

4 Work out the volume of each cylinder. Give your answers to 1 d.p.

a b ¢ i
I13cm
7cm
‘%mrvn

5 Modelling / STEM A scientist takes a circular section of ice, with
diameter 1 m. The mean thickness of the ice is 34cm.
Estimate the volume of ice in the sample. Give your answer in m?.

6 Acylinder has radius 3.5cm and volume 125cm?. Work out its height.

Q6 strategy hint Substitute
the values into the volume
formula and solve to find &.
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Areaof eachcircle = x 4% = 16m

Area of rectangle = 2mirh=2 x Tx 4 x &= 6471

=961
=3016cm?

Calculate the total surface area of this cylinder. Give your answer to 1 d.p.

Sketch a net.

Each circle has area w2,

The length of the rectangle is the
circumference of the circle, 27,
The width of the rectangle is the
height of the cylinder, A.

Surface area = 2 x 167 + Gar Two circles plus rectangle
=321+ 64n

The total surface area of a cylinder of radius r and height & is 2wr? + 2mrh

7 Calculate the total surface area of each cylinder in Q4.
8 Problem-solving A cylinder has total surface area
3900 mm? and radius 15mm.
Work out its height, to the nearest millimetre.

9 Problem-solving When 120cm? of water is poured
into a cylinder, it reaches a height of 8cm.
More water is poured into the cylinder, until it reaches
aheight of 20cm.
How much water is in the cylinder now?

Q8 strategy hint Substitute
the values into the surface
area formula and solve.

Key point 18

For a sphere of radius r
Surface area = 4mr?
Volume = 477>

a

the doors banging when they are close«

Afactory produces these hemispheres with diameter
1cm with a 10% error interval.

Work out the possible volumes of plastic used for
each hemisphere, to the nearest cubic millimetre.

10 Calculate the surface area and volume of each sphere. Give your answers in terms of .

11 Real In kitchen cupboards, plastic hemispheres prevent Q
d.

Q11 hint
[Jmm? = volume = [ Jmm*
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1z

Exam hint
The diagram shows a solid glass paperweight, made bl el
from a hemisphere on top of a eylinder. i
The height of the eylinder is 20mm. ( -4mm separately.
The radius of the cylinder is 4mm. Set out
20mm your working
Clearly.

a Calculate the total volume of the paperweight.

Give your answer correct fo 3 significant figures. (3 marks)
b Calculate the surface area of the paperweight.
Give your answer correct fo 3 significant figures. (3 marks)

Discussion How do you calculate the curved surface area of a hemisphere? Is this the same
as the surface area of a hemisphere?

Problem-solving A spherical ball bearing is made from 20ml of molten steel.

Work out its radius, to the nearest millimetre.

Problem-solving What is the radius of a sphere Q14 hint Give your answer to an
with surface area 500 m?? appropriate level of accuracy.

Problem-solving / STEM A 10m long cylinder of Q15 hint The two solids have the
brass with radius 2cm is melted down to make a sphere. | ool e a0 equation
Work out the radius of the sphere. in terms of ar and solve it.

Reflect In this lesson you have used four formulae, for volume and surface area of cylinders
and of spheres.

How can you remember which is which? Do you need to remember the cylinder formulae or
can you work them out using what you know about prisms and circles?

Work out the area of each triangle.
a b

5cm

Tem
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Find the length of the sloping side in the triangle in Qla.
Give your answer to 1d.p.

Here is a square-based pyramid.

a Sketch a net of this pyramid.

b Work out the area of each face.

¢ Calculate the surface area of the pyramid.

Discussion Do you need to sketch the net to work out

the surface area of a pyramid? 4cm

Q3a hint On a square-based pyramid
the triangular faces are identical.

Key point 19

Volume of pyramid =+ area of base x vertical height

Volume of cone =

area of base x vertical height
wrth

4

This pyramid has a square base of side 8cm, and vertical
height 10cm.
Calculate its volume to 3 s.f.

8cm
8cm
Exam hint
This solid is made from a square-based pyramid e
and a cube. detidmlo
i . a suitable
The squae-based pyramid is 12cm high, and has Seqres of
volume 300 em’. o
Find 12cm
a the length of one side of the square base
b the total volume of the solid. (6 marks)
6  Acone has base radius 6¢cm and height 8cm.
Calculate its volume
a intermsofm som
b to3sf
6cm
Key point 20
Curved surface area of a cone = mrl, where r is the radius and [
is the slant height.
Total surface area of a cone = rrl + wr? !

=
=5
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7 Acone has base radius 5cm and slant height 13 cm.
Calculate, in terms of =
a thearea of its base
b its curved surface area
¢ its total surface area.

13cm

8 Problem-solving / Real Work out the area of card
used to make this d'\sposable cup.

Q8 strategy hint Use Pythagoras
to work out the slant helgh

Discussion Which value of { gives the most accurate calculation for surface area?

9  Problem-solving Work out the total surface area and volume of a cone with radius 27 mm
and vertical height 83mm.

10 Problem-solving An ice cream cone of radius 3 cm holds 100 ml of ice cream.
What is the height of the cone?

11 Problem-solving / STEM A sphere of plastic with volume 600cm? is melted and used to
make a cone of the same radius.

Work out the height of the cone.

12 The top 8cm of this cone is cut off, Q12 strategy hint
to leave a 3D solid called a frustum. ~ 8em Volume of frustum
Work out the volume of the =volume of whole
frustum, in terms of . cone - volume of

4em top cone.

13 This 3D solid is made from a cylinder ]6'3"‘ -
and aieone, Q13 hint Convert

the heights to mm:
6cm =[_Jmm
xem=[_Jmm

Write an expression, in mm?, for

a2 the volume of the cylinder

b the volume of the cone xcm
© the total volume of the solid

14 Calculate the volume of this 3D solid.

f4cm
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7

Example 6

The diameter of an ice cream scoop must match

the diameter of the cone. This is the medium scoop
and medium cone. % v

The medium cone has a vertical height of 2om (1dp.)

17.5¢m. A large cone has a vertical height of 18cm.

The volume of the large cone is 40% bigger than Gem
the medium cone. What diameter scoop should

be used for the large cone?

Draw a picture to show all the information in
the question.
Use your picture to draw a flow diagram.

Medium Large
Flow diagram Working cone cone
Find the diameter Answer
(&) | ofthetarge con d=2x35=7cm
Find the radius of 7351 =67r
@ the large cone. 12.25=r Write an equation and solve for .
35cm=r
Find the volume of IxTxrex 18
@ thelarge coneeing| et ome _| Use the formula for volume of a cone. ‘
the formula.
o) P | s —{ Foranincrease of do%, mutply by L4._|
using step 1.
Use the formula for volume of a
cone, V= 3mr2h. Leave your answer
Find the volume 3 xTx32x17.5 in terms of  to save rounding.
(@ | ofmediumcone =525mom?

Start the working here.
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1 Afootball has a diameter of 14.2 cm. The volume of a tennis ball is 10% of the volume of the
football. What is the diameter of the tennis ball? Give your answer to 1 decimal place.

A cake recipe requires a round tin with diameter 18cm and height 5cm. The recipe says that
the mixture will exactly fill the tin. Renee makes the mixture. Then she realises she only has
this tin available:

2l

%
s

85cm
What height does the mixture come to in this tin? Give your answer to 1 decimal place.
3 The bar chart shows the area taken up by Area of woodland in UK
woodland in the UK from 1965 to 2012. e
What is the percentage increase in area of
woodland covering the UK from 1965 to 20127
Give your answer to 3 significant figures.

Q3 hint Draw a flow diagram. Check when you
increase the area of the woodland in 1965 by your
answer, you get the area of woodland in 2012.

Area (million hectares)

1965 1980  1995-99 2012
Year

4 Finance The diagram shows a tank for storing central
heating oil.
At the end of the summer, the tank is one quarter full.
Work out the cost of filling it for the winter.

Central heating oil
52p per litre + 5% VAT

Delivery charge: up to 1000 litres £25
1000 litres or more £35

5 A cuboid with a square cross-section sits exactly
on top of a regular hexagonal prism to make a
3D solid like this:

H marks the middle of the hexagon. M is the
midpoint of the side of the square and the side
of the hexagonal prism.

Find the volume of the 3D solid.

6  Reflect Did the flow diagrams help you?
Is this a strategy you would use again to solve problems?
What other strategies did you use to solve these problems?



Unit 7 Area and volume

Log how you did on your
Student Progression Chart.

2D shapes 6cm

1 Calculate 45cm
a thearea
b the perimeter of this isosceles trapezium. 10em

2 Reasoning The area of this trapezium is 45cm?. Find x.
11em
x
5cm
3 a Calculate the circumference of this circle.
b Find the area of the circle in terms of .
Give your answers to 1d.p.

4 Work out the perimeter of this semicircle.
Give your answer correct to 1d.p.

5  Caleulate
a thearea
b the arc length of this sector.
Give your answers correct to 1 d.p.

foo)

Accuracy and measures
6  Copy and complete.
a 4mz=["Jcm? b 5600cm?=["]m?
¢ 95 million cm? = Jm? d 3litres = Jml=[Jem?

7 Ball bearings are manufactured with volume 10 cm?, with an error interval of 5%.
Write an inequality to show the possible values.

&  Write an inequality to show the upper and lower bounds of each measurement.
a 36mrounded to the nearest metre.
b 9.2cm rounded to the nearest mm.
¢ 23.6kmrounded to 1d.p.

N
N
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Unit 7 Area and volume

3D solids
9 Work out the volume of this triangular prism.

6em
4cm

10 Calculate the surface area of this cylinder, with radius 5.3 cm and height 9.5cm.

9.5cm

11 A sphere has radius 3cm.
Work out its volume in terms of .
12 Calculate the volume of this cone.
8cm ‘&m
6cm
-1
<
T
&

13 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

* Challenge
14 These two cardboard boxes each hold 4 tennis balls, with diameter 6.5cm.

Q14 hint You could think about:

- stacking and transport

« eye catching design

+ amount of card needed to make the box

- amount of empty space inside, around
the tennis balls.

Which shape would you recommend to the manufacturer and why?



Unit 7 Area and volume

7
2D shapes
1 Find

a thevertical height

b the perimeter of this trapezium. Q1a hint Use a ruler to measure
the lengths you need.

2  Reasoning This trapezium has area 55cm.

b Qza hint Copy the diagram
and label a, b and h.
7cm

a  Substitute the values for A, a and kinto the formula A = 3(a + )k
b Simplify the right hand side of your equation from part a. Multiply out the brackets.
¢ Solve the equation to find b.

3 Work out the circumference of each circle

a b
Q3 hint C==d and C=2mr
If you know the diameter, choose
the formula with d in it.
If you know the radius, choose
‘the formula with r in it.

i intermsof =
i correctto1dp.

4 Here are two expressions used with circles.

Q4 hint Circumference is in cm.
Area is in cmél
2mr wrt w@  2mr
a Match each expression to the correct measurement.
area =34cm? circumference = 19.5cm

b Write the formula for area of a circle.
©  Write the formula for circumference of a circle.

5 Work out the area of each circle in Q3
i intermsof w
i correctto1dp.

Q5i hint Substitute the radius into
the formula for area. Work out r*
but leave as it is.
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Unit 7 Area and volume

6 Here is a semicircle with radius 7 cm.

=l

A

PEE—
7cm

Work out, giving your answers to 1 d.p.

the area of a full circle with radius 7 cm

the area of this semicircle with radius 7cm

the circumference of a full circle with radius 7cm
the arc length AB

the diameter AB

the perimeter of the semicircle.

-moncoco

[E3] 8 Hereisa sector of a circle with radius 8 cm.

} a  What fraction of a circle is this sector? g
b Work out, giving your answers to 1 d.p.

i the area of a full circle with radius 8cm 8em

ii the area of this sector with radius 8cm
i the circumference of a full circle with radius 8cm
the arc length AB o
the total length from A to Oto B
the perimeter of the sector.

S«

Accuracy and measures
1 a Workout the area of each shape in cm?

2m=["Jem

1m = 100ecm 1m=[Jem

1m = 100cm

o

Copy and complete this double number line for

cm? and m2, Q1b hint Use the areas of

cm? 10000 cm? the rectangles from part a.

XD/ > =[] Follow the pattern.
¥ -

1

i 7 What fraction of each circle is shaded?
2



Unit 7 Area and volume

2 a Workout the volume of each
cuboid in em?.
im
1m A 2m=[1]
1im=[]

b Copyand mmplele this double number line for cm? and m?

al” }—0—0—0—| )m

m? 1 4 5 m*
3 Pencils are made 25cm long, with an error interval of 10%. Q3c hint
a  Work out 10% of 25. —10% | +10%

b Work out 25 + 10% and 25 - 10%.
¢ Write an inequality to show the possible values.

4 a Apenis23cm long, to the nearest cm.
The diagram shows the measurements that round to 23 cm,
to the nearest cm.
Write an inequality to show the upper and lower bounds
of this measurement. Use { for the length of the pen.

S

b A pencil sharpener is 32 mm long, to the nearest mm. O=t<]
Write an inequality to show the upper and lower bounds Iower upper
of this measurement. Use { for the length of the pencil bound bound
sharpener.

Q&b hint Draw a diagram, like the one in part a. |

3D solids

g Work O;t the VO:""E of ”"95: ‘;rismi by Q1 hint Sketch the front face
- working out the area of the front face ) R LR e
- multiplying the area by the length of the prism.

a b
3em
Zom / /
5cm 15cm
7om

2 a Sketch the net of this cylinder.

b Work out (giving your answers to 1 d.p)
the area of the circle
i the length of the rectangle h —p
iii the area of the rectangle
iv the total surface area of the cylinder.

Q2bii hint The rectangular face wraps right Qz2biv hint

round the circle. Circumference = 2ar O + O +

=

-




Unit 7 Area and volume

3 Here are two expressions used with spheres.

Ay

s

B

Q3a hint Area is in cm
Volume is in emEl
4urll dnrD

a  Match each expression to the correct measurement.

volume = 340cm? surface area = 746 cm?

b Write the formula for surface area of a sphere.
¢ Write the formula for volume of a sphere.
d For this sphere, work out

i the surface area

i the volume.

Give your answers to 2 d.p.

4 Hereisacone.
a What is its vertical height?
b What s its slant height?
©  Use the formula to work out the volume of the cone.

1 B N - 5cm
V=3mrth, where A is vertical height
d  Use the formula to work out the surface area of the cone.
Surface area = 7r? + mrl, where [ is the slant height.
Give your answer correct to 1d.p.
3cm

t TS ...

" Write down
the formula
for finding its
Diagram NOT area before
accurately drawn substituting
in the

measurements.
Q 10em

Te——1llem———>

RS=10cm
7S=1lcm
Wark out the area of the trapezium TQRS. (2 marks)




Unit 7 Area and volume

Write an expression for
a thearea of the cross section of this prism in mm?2
b the volume of the prism in mm?.

zem
~—jom——

Problem-solving The diagram shows a lawn with a wall along one side.

5m
Q3a hint Split the shape into
arectangle and a right-angled
triangle. Use Pythagoras.
1M1m
8m
x
Wall
a Show clearly that the wallis 4m long.
b A500ml bottle of lawn feed treats 20m? of lawn.

How many bottles are needed to treat this lawn?

STEM The graph shows the velocity of a remote-controlled car during a test.
Work out the distance the car travelled during the test.
Velocity of remote-controlled car

3 Q4 hint Distance = area under
5 velocity-time graph.
Velocity 4 10
(m/s) 3
2 —
1 O

0" 10 20 30 40 50 60
Time (seconds)
Problem-solving / Real A cylindrical water tank has height 1.2m and radius 50cm.
Water flows into the tank at a rate of 300ml per second.
How long will it take for the tank to fill? Give your answer to the nearest minute.
Sketch three copies of this net for a triangular prism.

x

a Onone net, shade an area given by the expression ax.
b On the second net, shade an area given by the expression (a + b)x.
¢ On the third net, shade an area given by the expression Lbc.




Unit 7 Area and volume

T

-
~

"
w

Problem-: snlvmg The diagram shows an isosceles trapezium.

Q7a hint Find x using
sin 60°.

10em
Calculate b [

a the height @

b the area of the trapezium.

Problem-solving The diagram shows a trapezium. All the lengths are in centimetres.

x
Q8 hint Substitute the measurements

3 given into the formula for area of a
trapezium.

x+2

The area of the trapezium is 144cm2
Show that 3x% - 6x = 144

Problem-solving A paintbrush is 30cm long.

It just fits diagonally inside a cylindrical paint tin.
The tin is 24 cm high. What is the capacity of the tin,
to the nearest litre?

Sketch the ti
then the radi

Exam hint
The diagram shows a solid metal cylinder. Wite down
the volume
- Diagram NOT formula before
T accurately drawn you substitute
oy the given
l lengths into it.
- 2>

The cylindet has base radius 2x and height 9.

The cylinder is melted down and made into a sphere of radius 7.

Find an expression for r in terms of x. (3 marks)
June 2012, 025, IMAO/TH

x=156 y=42 z=58
All values have been rounded to 1 d.p.
Work out the upper bounds of

a x+y b yz < ayz d g

d =520 @sf) e=138 (3sf)

Work out the lower bounds of

2 dre b @ < g

STEM The diameter of the moon is 3.5 x 10° metres. Q13 hint Give your answer

Calculate its surface area. Assume the moon is a sphere. in standard form
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Unit 7 Area and volume

Area of a trapezium = 3(a + b)/e a

Mastery lesson 7.2

To convert from ¢cm? to mm2, multiply by 100. To convert from mm? to cm2,
dividechy 100, i%sig Sisviiasbotinfs s b o %

1 hectare (ha) is the area of a square 100m by 100m.
1ha =100m % 100M = 1000012 +vverusrerunarieansessssescssesesesasars Mastery lesson 7.2

. Mastery lesson 7.2

A 10% error interval means that a measurement could be up to 10% larger
or smaller than the one given.
—10% +10%

45kg 50kg 55kg Mastery lesson 7.2

Measurements rounded to the nearest unit could be up to half a unit
smaller or larger than the rounded value. The possible values of x that

round to 3.4 to 1d.p.are 3.35 = x < 3.45 Mastery lesson 7.2

The upper bound is half a unit greater than the rounded measurement.
The lower bound is half a unit less than the rounded measurement. ..
125=x<135
lower bound upper bound

. Mastery lesson 7.2

When giving the answer to a calculation to an appropriate degree of
accuracy, round the upper and lower bounds by the same amount.
If the upper and lower bound give the same value when rounded, then

the answer is to an appropriate degree of accuracy. . ... Mastery lesson 7.2

Volume is measured in mm?, cm? or m?. ....... Mastery lesson 7.3

Capacity is measured in ml and ltres.

l1cm?=1ml, 1000cm? =1 litre ....... cesssenseess Mastery lesson 7.3

The surface area of a 3D solid is the total area of all its faces. .............. Mastery lesson 7.3

Aprism is a 3D solid that has the same cross-section all through its.
length. ... sl

Mastery lesson 7.3

Volume of a prism
= area of cross-section x length.

length
wrsasssesessss Mastery lesson 7.3
The circumference of a circle is its perimeter. For any circle
circumference = 7 x diameter

=l OF G =278 wiavasusnsininis Sessessshsnssansasasssnssassanssasasears Mastery lesson 7.4
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Unit 7 Area and volume

@ The formula for the area, A, of a circle
with radius ris A = mr¢

....................... Mastery lesson 7.4

V=arh Mastery lesson 7.6
© The surface area of a cylinder
of radius rand height & e
is 2mr? + 2mrh
h
Mastery lesson 7.6
© For a sphere of radius r

surface area = 4mr?
volume =

Mastery lesson 7.6

Volumeofpyramidz%area of base x vertical height ........c..ciieiiinnin. Mastery lesson 7.7

®

Volume of cone = L area of base x vertical height =mr2h ......... Mastery lesson 7.7

Mastery lesson 7.7

@ Curved surface area of a cone = mrl, where r is the radius and [ is
the slant height. .....

Mastery lesson 7.7

© Total surface area of a cone =zl + wr? .

Mastery lesson 7.7

Look back at this unit.
Which lesson made you think the hardest? Write a sentence to explain why.
Begin your sentence with, ‘Lesson ____ made me think the hardest because

Reflect

236
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Unit 7 Area and volume

8

Log how you did on your
Student Progression Chart.

A circle has a diameter of 140cm.

Work out the circumference of the circle.

Give your answer correct to 3 significant figures. (2 marks)
Nov 2013, Q12, IMAO2H

Reasoning Work out

a thearea
b the perimeter of this trapezium. (4 marks)
10cm
15cm
18cm

Reasoning A trapezium of area 60cm? has parallel sides of length 12 cm and 8cm.
What is the distance between the two parallel sides? (3 marks)

Reasoning A cylindrical water tank holds 26 litres when full. The water tank is 36 cm tall.
Work out the radius of the tank to 2 d.p. (4 marks)

Reasoning This triangular prism has volume 6720 cm?.

20cm

e /
Work out

a thelength of the prism
b its surface area. (5 marks)

Reasoning a What is the area of a circle with radius 8 cm? Give your answer in terms of 7.
b Dan draws a circle with double the area of the circle in part a.
What radius does he use? Give your answer to a suitable degree of accuracy. (3 marks)

Reasoning Calculate the perimeter of this shape.
Give your answer to 3 sf.

4.5cm (2 marks)

Calculate the surface area of a sphere of radius 5.6 cm. Give your answerto3 sf. (2 marks)

Active Learn  Homework, practice and support: Higher 7 Unit test ‘




Unit 7 Area and volume

9 This solid is made from a cone and a cylinder of radius 4cm.

Bcn/
12cm

Find the total surface area of the solid, including the base, in terms of .

-
53

Find the angle of this sector.

5em

"
n

The lengths of this square-based pyramid are given to 1 d.p.
Calculate the upper and lower bounds for its volume.

6.9cm A

8.4cm

8.4cm

Sample student answer
Why will the student only get 1 mark for this answer?

Diagram NOT
accurately drawn

13em @ 13em

5

The diagram shows a sector of a circle, centre O,

The radius of the circle is 13cm.

The angle of the sector is 150°,

Calculate the area of the sector.

Give your answer correct to 3 significant figures. (2 marks)
June 2008, Q19, 554()/4}9

Student answer

150 .
150 %157 = 221 2om?

(4 marks)
(3 marks)

(3 marks)



Master ; Problem-solve
p.240 p.265

Sy~

Scale drawings and bearings are used
in navigation. Ships and planes use

them to guide their direction of travel.

What is your bearing when travelling

south

west.

oD ano

south-east
north-west
south-west?

Numerical fluency
Copy and complete
a 62x4=] b 8x[]=40
¢ 210:9=[] d 128+[ ]=32

Work out

a 3x30 b $x63
¢ Zx24 d 2x84
Copy and complete

a 36x10=[]

b 482x[]-482

¢ 23-100=]

d 532+[]=532

Fluency with measures

Copy and complete
Im=]Jcm
1km=["]m

1km =[_Jem

5 Which of these shapes are congruent?
b Which of these shapes are similar?




Unit 8 Transformations and constructions

&

a Copy this diagram and draw the
reflection of the triangle in
i they-axis il y=1 il x=-2

u

[

10 Is the enlarged shape in Q9 similar or
congruent to the original?

11 Draw this triangle accurately.

/o)

A\

10cm

o

Translate shape S
3 squares left and 2 squares down.
Rotate shape S

90° anticlockwise about the origin.

n

Copy and rotate this shape 180° about
the centre of rotation.

Copy this shape.
Enlarge it by scale factor 2.

% Chall

12 Draw a grid with x- and y-axes from
-5t05.

o

a

o

Work out the coordinates of points
needed to make

a kite

a trapezium with one line of
symmetry.

Draw the line of symmetry on each
shape.

The line of symmetry cuts each shape
in half. Write down the coordinates of
the vertices of

i one half of the kite

i one half of the trapezium.

Give the coordinates from part ¢ and
the equation of the line of symmetry
to one of your classmates. Can they
use these to reproduce your eriginal
shapes?

1

On an isometric grid, draw
a acube b acuboid

¢ atriangular prism.

‘ Active Learn Homework, practice and support: Higher 8.1




Unit 8 Transformations and constructions

Key point 1
The plan is the view from above the solid.
The front elevation is the view of the front of the solid. Tl
The side elevation is the view of the side of the solid.

«~1— Side

Front

Draw the plan, front elevation and side elevation of this solid on squared paper.

4cm
Eom 2cm
2em Plan Use a ruler.
Tor Front. 4om Side-|4-cm Measure accurately.
Label the lengths.
Hem 2¢m

Questions in this unit are targeted at the steps indicated.

2 Onsquared paper, draw and label the plan, front elevation and side elevation of these solids.
a b c
2em 4om B
6cm

3 Reasoning Sketch the solids represented by these plans and elevations.

a a b H
Plan Side Front Plan Side Front
elevation elevation elevation elevation

Plan

Side Front
elevation elevation



Unit 8 Transformations and constructions

4 Problem-solving Here is the side elevation of a 3D solid.
Sketch three possible 3D solids it could belong to.

5  Problem-solving / Reasoning Here is a cube.
Calculate the surface area of the cube.
The cube is cut in half along the red plane. 4om
Sketch the plan, front elevation and side elevation
of each of the new 3D solids. -
— 4cm
el

Calculate the surface area of each of the new solids.

d Repeat parts b and ¢ for the cube cut along this red plane.

Discussion Why does the surface area of the two parts

oo

n

not equal the surface area of the original cube?

¢ (Eemsyiequestion | D samin

Use a pencil and
i make sure the lines
Diagram NOT are dark enough so
aceurately drawn that an examiner can
see them.

Here is a solid prism.

Jem

On a centimetre-square grid, draw an accurate side elevation

of the solid prism from the direction of the arrow. (2 marks)
March 2013, Q10, SMB2H/01

1 Draw acoordinate grid from -5 to +5 on both axes. Draw these straight lines.
a y=-3 b x=4 ¢ y=x d y=

W
N up

42 ‘ Activel.earn Homework, practice and support: Higher 8.2




Unit 8 Transformations and constructions

Key point 2

Reflections and rotations are types of transformation.
Transformations move a shape to a different position.
To describe a reflection, you need to give the equation of the mirror line.

Key point 3

An original shape is called an object. When the object is transformed, the resulting shape is
called an image.

2 Drawacoordinate grid from -5 to +5 on both axes.

Draw rectangle Q with vertices at coordinates (1, 1), (1, 3), (5,3), (5, 1).
Reflect rectangle Q in the x-axis. Label the image R.
Reflect rectangle R in x = 1. Label the image S.
Reflect rectangle S in the x-axis. Label the image T.
Describe the single reflection that maps rectangle T onto rectangle Q.

o

panco

3 Reasoning Draw a coordinate grid from -3 to +3 on both axes.
a Draw triangle A with coordinates (-1, -1), (-1, 2), (2, -1).
b Reflect triangle A in the line y = 1. Label the image B.
¢ Reflect triangle A in the line i = x. Label the image C.
Discussion What is special for triangle A about the line y = x?
Explain how you could use this in part ¢.

4 Describe the reflection that maps
a PontoQ b PontoR
c Ponto5S d PontoT.

AN O Q-

“6-5-4-3-2-10] 1 T 3/4 5 67

5 Describe the reflection that maps
a AtoB b AtoC

243
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6 Draw a coordinate grid from -5 to +5 on both axes.
a  Draw shape A with vertices at coordinates (-1, 2), (-1, 4), (1, 4), (L, 2).
Reflect shape A in the line y = x. Label the image B
Reflect shape A in the line j = —x. Label the image C.
Reflect shape A in the x-axis. Label the image D.
Describe the reflection that maps shape D to shape B.

nanco

7 Reasoning Draw a coordinate grid from -8 to +8 on both axes.
a Draw triangle A with coordinates (1, 1), (1, 5), (4, 5).
b Rotate triangle A
i 90° clockwise about (1, 1)
ii 180°about (1, 0)
iii 90° anticlockwise about (0, 1)
iv 180°about (-2, 1)
v 90° clockwise about (2, 5)
vi 180° about (2, 3).
Label your results i, ii etc.
Discussion Why don't you need to give the direction for a rotation of 180°?

Key point 4
To describe a rotation you need to give
+ the direction of turn (clockwise or anticlockwise)
« the angle of turn
+ the centre of rotation.

Describe the rotation that takes shape A onto shape B.

Trace the shap: Rotate the tracing paper about a fixed

point with your pencil. Repeat for
different positions until your tracing
ends up on top of the image.

Rotation anticlockwise 80° about (1,~1) ——] Give the direction, angle and centre of rotation.




Unit 8 Transformations and constructions

8  Describe the rotation that takes each T L [
shape to its image.

\
i [ ]
9 lving Draw a coordil grid from 5 to +5 on both axes.
Draw shape A with vertices at coordinates(1, 1), (1,3), (3,3), (4, 1).
Reflect shape A in the line i = x. Label the image B.

Reflect shape B in the y-axis. Label the image C.

Describe the transformation that takes shape A to shape C.

anoo

10 Reasoning A reflection in one axis followed by a reflection in the other axis
is the same as a rotation.
Decide whether this statement is: sometimes true, always true or never true.

Exam hint
The question is worth
3 marks which
means you need to
give 3 pieces of

(3 marks) information about the
June 2012, Q9, IMAO/IH R i

Describe fully the single
transformation that maps
triangle A onto triangle B.
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‘Warm up

Unit 8 Transformations and constructions

1 Copythis diagram and draw
a an enlargement with scale factor 3, centre (0, 0)
b an enlargement with scale factor 1.5, centre (1, 1).

OO S IR T

A

-10 1234562

An enlargement is a transformation where all the side lengths of a shape are multiplied by the
same scale factor.

2 Copythe diagram.
Enlarge the triangle by scale factor 2, with these centres of enlargement.
a (3,5 b (4 3) c @22

Key point 6
To describe an enlargement you need to give the centre of enlargement and the scale factor.

3 Triangle ABC has been enlarged to give
triangle PQR.
a What is the scale factor of the
enlargement?
b Copy the diagram.
Join corresponding vertices on the
object and the image with straight lines.
Extend the lines until they meet at
the centre of enlargement.
Write down the coordinates of the
centre of enlargement.
Copy and complete to describe the
enlargement from A to B.
Enlargement by scale factor ___,centre (__, __).

2 456 7%

n

a



Unit 8 Transformations and constructions

»

Problem-solving Draw a rectangle A, with base 3 cm and height 2cm.

Work out the area of the rectangle.
Shape A is enlarged by scale factor 2 to make shape B. Work out the area of shape B.
Shape A is enlarged by scale factor 3 to make shape C. Work out the area of shape C.
Shape A is enlarged by scale factor 4 to make shape D. Work out the area of shape D.
Copy and complete this table.

o

mano

Area of enlarged shape

Shape Scale factor Risnsiahapsll

B 2
C 3
D 4

Discussion When a shape is enlarged by scale factor k, what happens to its area?

When a shape is enlarged by scale factor k, the area is enlarged by scale factor k2

5 Copy these diagrams. Enlarge each shape by the scale factor given.

a scale factor b scale factor 3

Q5a hint
Multiply all the
1

lengths by 1.

Q5b hint Divide the base and vertical height by 3.

Key point 8

To enlarge a shape by a fractional scale factor, multiply all the side lengths by the scale factor.

When a centre of enlargement is given, multiply the distance from the centre to each point on
the shape by the scale factor.

6

a Copy and enlarge each shape by the given scale factor about the centre of
enlargement shown.

Scale factor % X

Scale factor Scale factor

b Reasunizng When a shape is enlarged by scale factor £, is its area enlarged by scale
factor (3} ? Explain.
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7 Problem-solving
a Describe the enlargement that maps shape A onto shape P.

2 45 67x

b Describe the enlargement that maps shape C onto shape R

1234567391

o g G oy b ot oos

Key point 9
A negative scale factor takes the image to the opposite side of the centre of enlargement.

Enlarge triangle A by scale factor -2 about centre (-1, 2).

g Count the squares from the
7 centre of enlargement.

3 \/ \1 Instead of 1 down, 4 left, g0 2 up, 8 right. |
< 1 Instead of 2 left, go 4 right.

~6-5-4-3-2-101 1 2 3 4 667

Draw a coordinate grid from ~12 to +12 on both axes. Join the points (1, 2), (4, 4) and (4, 1)
to make a triangle. Enlarge the triangle

a by scale factor -2, centre of enlargement (-1, 0)

b by scale factor -2, centre of enlargement (-1, 3)

© by scale factor -2, centre of enlargement (4, 4).

8



Unit 8 Transformations and constructions

9 Problem-solving Describe fully the 7
single transformation that maps
shape S onto shape T.

n

-

Q9 strategy hint Draw lin

it
to find the centre.

|
&)

»
B

10 Reflect Jamie said, An enlargement always makes a shape bigger than the original shape.
Is Jamie correct? Explain your answer.

Exam hint
For 3 marks, give 3 pleces
of information about the
transformation.

-
=
) %‘

Describe fully the single transformation that maps
shape A onto shape B. @ marks) |
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Warm up

Unit 8 Transformations and constructions

1 Describe the translation that moves each
shape to its image.

AN EYEXET

‘ Q1 hint [] squares left,[]squares right. |

Key point 10

In a translation, all the points on the shape move the same distance in the same direction.

Key point 11

You can describe a translation by using a column vector.

The column vector for a translation 2 squares right and 3 squares down is (_2).
The top number gives the movement parallel to the x-axis.

The bottom number gives the movement parallel to the y-axis.

Translate triangle A by the vector (72)

¥

Move each point on the
original shape 3 squares left
A and 2 squares up.

>
] 123472

2 Copythis diagram. Translate shape A
by the vectors

a (%ros

U,
8
=
6
%
4
8
2
1




Unit 8 Transformations and constructions

3 Describe these translations using 7
column vectors. 6
a BtoA s
b AtoC ;
c BtoE k :
d Dok 2 {\
e EtoD c
;;;;;; 0|
Discussion How can you use 65443211, ‘ﬂ 4 908.%
your answer to part d to help you 1o
find the answer to part e? 13
-4
-5
~6

a
4 Reasoning A shapeis translated by vector (b)
What vector would translate the shape back to its original position? Explain your answer.

5 Drawa coordinate grid from -6 to +6 on both axes.
a Plot a triangle with vertices at (1, 1), (3, 1) and (1, -2). Label the triangle P

b i Translate triangle P by vector (} . Label the image Q.
i Translate triangle Q by vector (’i) Label the image R.

¢ Describe the translation of triangle P to triangle R, using a single vector.
Discussion What do you notice about the vectors in parts b and ¢?

The resultant vector is the vector that moves the original shape to its final position after a
number of translations.

6 a Reasoning Ashapelstranslated by vector (2| followed by a translation by vector 1), =
What s the resultant vector? ty
b What is the resultant vector for a translation of (';) followed by a translation

c
- .
of (d) Explain your answer.

7  Copy this diagram and shape A only on a coordinate grid from -6 to +6 on both axes.

65432101234 5%

[N R )

a Translate shape A by vector (;) Label the image B.

b Reflect shape B in the line i = -2. Label the image C.
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8

12

Copy the diagram from Q7 and shape P only on a coordinate grid from -6 to +6 on both axes.
a Reflect shape P in the line y = 1. Label the image Q.
b Rotate shape Q through 180°, about point (1, -1). Label the image R.

¢ Translate shape R by vector (i) Label theimage S.
d Describe the reflection that maps shape P onto shape S.

Copy the diagram from Q7 and shape V only on a coordinate grid from 6 to +6 on both axes.
a Reflect triangle V in the line i = x. Label the image W.

b Translate triangle W by vector (:g) Label the image X.

© Rotate triangle X through 90° anticlockwise about point (-2, 2). Label the image Y.
d Describe the single transformation that maps triangle V onto triangle Y.

Problem-solving / Reasoning A company has based

its logo on a triangle.

Draw a coordinate grid from 6 to +6 on both axes.

a Plot the points (0, 0), (1, 2) and (2, 2) and join them to

make a triangle.

Reflect the triangle in the line y = x.

Draw more reflections to complete the logo.

The company now wants to make a version of the logo 12 units tall, to go on a desk sign.
What transformation will convert the original logo into the larger one?

anco

Exam hint
Make sure

you label each
triangle with the
correct lettern

a Deseribe fully the single transformation that maps triangle P
onto triangle Q. (2 marks)
b Reflect triangle P in the %-axis and label the image S.

Then translate shape S by vector §) and label the image R. (3 marks)

¢ Describe the single transformation that maps triangle Q

onto triangle R. (2 marks)
Reflect Adam says, A shape and its transformed image are BT om0 N
always congruent.’ Do you agree with this statement? A counter example is
If not, give a counter example and explain your answer. an example where the
statement is not true.
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1 a Onascale drawing, 1cm represents 2m. What does 10 cm on the drawing represent?
b Onamap, 1cm represents 10km. What is the length on the map for a real-life
distance of 25km?
2 a
b

Make an accurate scale drawing ~
of this triangular garden.
Use a scale of 1cm to 1.5m.
What is the perimeter of the gsm
real-life garden?
L\
9m

3 Describe the bearing of B from A.
a North

dn waem

T

three digits, for example 090°.
B
f),
B
4 Plota point A. Plot a point B on a bearing of 285° from A.
5 Real/ Problem-solving Here is a map of a town.

e 5 hint Measure the distance
i between the school and the
|:| library.
- D:m)m)D
Church N i
; tem

The real-life distance between the school and the library ‘as the crow flies is 480 m.
What scale has been used on the map?

From the map, estimate the distance as the crow flies between

i the church and the park i the church and the school.

John can walk 100m in 40 seconds.

How long will it take him to walk from the library to the school?

Write your answer in minutes.

i

School
(]

1

n
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Amap hasascale of 1:50000. —— | Map ratios have no units.
What is the real-life distance in kilometres for 6cm on the map? 1:50000 means 1cm
Map Realife represents 50000cm.

6 %6

C@ Z'OOOOO>

Gomrepresents 6 x 50 000 = 300 000cm
300000 crm + 100 = 3000m

2000m- 1000 - 3k ———————| Comenttojm._]

1: 50000

& Paulis using a map with a scale of 1:50000.
He measures these distances.
What are the distances in real life? Write your answers in kilometres,

a 10cm b 6cm ¢ 25cm d 05cm
7 The scale on a map is 1:200000. =

What is the distance on the map, in cm, for a real Q7 hint

distance of Map Reallife

1cm:200000cm =[Jm=["Jkm

a 20km b 10km c 8km

8 Real The scale on a map is 1:25000.
a On the map, the distance between two schools is 10cm. Work out the real distance
between the schools. Give your answer in km.
b The real distance between two farms is 4 km. Work out the distance between the farms on
the map. Give your answer incm.

9 Real
a Calculate the distance inkm between
i GalwayandSligo i Dublin and Belfast
b Which place is 180km from Dublin and 150 km from Belfast?
Omagh & BELFAST
0 25 50 100km (@]
SLIGO © Enniskillen
(@]
Ballina o
Dundalk ©
DUBLIN
‘GALWAY o
(0]




10

1

=

1

~

1

=

14

1

o

16

Unit 8 Transformations and constructions

Modelling The diagram shows two satellites A and B C
detecting an aeroplane (C).

a Make an accurate scale drawing using a scale of 1:2 000000.

b Work out the real distances AC and CB.

£ T00km
Real / Problem-solving The distance between Manchester
Airport and Luton Airport is 215km.
The bearing of Luton Airport from Manchester Airport is 135°.
Make an accurate scale map of the locations of the two airports, using a scale of 1cm to 40km.

Problem-solving A plane is 80km west of an airport.

The plane then flies on a bearing of 050° for 120km.

a Make an accurate scale drawing. Use a scale of 1em to 20 km.
b What is the bearing of the airport from the plane?

Problem-solving A ship sails for 24 km on a bearing of 060°.

It then turns and sails for 18 km on a bearing of 160°.

a Use a scale of 10cm to 30km to draw an accurate scale drawing of the journey of the ship.
b How faris the ship from its starting point to the nearest kilometre?

¢ What is the bearing the ship should sail to return to its starting point?

Real / Problem-solving The bearing of Palermo Airport from Paris Airport is 143°.
Calculate the bearing of Paris Airport from Palermo Airport.

N Q14 strategy hint
N
143%) N 4+ b =[] (conterior angles)
Paris "~
Airport e =[] - b (angles around a point)
Palermo
Airport

Problem-solving a The bearing of B from A is 080°. Work out the
bearing of A from B.
b The bearing of C from D is 230° Work out the bearing of D from C.

) | o16 strategy hint Draw
The diagram shows the N each bearing from the North
position of two boats, B and C. line clockwise. Make sure

the bearing lines are long,
N enough so that they meet.
3
B

Boat T'is on a bearing of 060° from boat B.

Boat T'is on a bearing of 285° from boat C.

Draw an accurate diagram to show the position of boat 7.

Mark the position of boat T with a cross (X).

Label it T. (3 marks)
June 2013, 06, SMB3H/0 |
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1 Make an accurate drawing of this triangle.

/o

2 Reasoning Make an accurate drawing of a triangle with these three angles.

&
2 diih N

Discussion Can you draw a different triangle with the same angles?

8cm

Key point 13

To construct means to draw accurately using a ruler and compasses.

Example 6

Construct a triangle with sides 11cm, 8cm and 6cm.

1 2 3 a 5

J1cm
Bot l6e J1cm

Bem Bem Bcm Bcm Bem

Sketch the triangle first.

Draw the 8¢m line.

Open your compasses to 6cm. Place the point at one end of the 8cm line. Draw an arc.
Open your compasses to 11cm. Draw another arc from the other end of the 8cm line.
Make sure your arcs are long enough to intersect.

Join the intersection of the arcs to each end of the 8cm line.

Don't rub out your construction marks.

ERERNE

w
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3 Construct an accurate drawing of this triangle.

4 Construct each triangle ABC. OF sirategy hint Sicthanch
a AB=5cm,BC= 6cm, AC triangle first and label the lengths.
b AB=10cm, AC=5cm, (B=6cm
¢ AB=85cm, BC=4cm,AC=7.5cm

5 Construct an equilateral triangle with sides 6.5cm.
Check the angles using a protractor.

= e L oA
6 hint Try the construction.
triangle with sides 6¢m, 45cm, 11 cm. Q6 hint Try ucti

7 Real Construct an accurate scale drawing of this skateboard ramp.
Use a scale of 1cm to 20cm.

340¢ih 100cm

AN

300cm

8 Real The diagram shows the end elevation of a house roof.
Using a scale of 1cm to 2m, construct an accurate scale drawing of this elevation.

Mm m

20m

9 Real/ Problem-solving This chocolate box is in the shape of a tetrahedron.
Each face is an equilateral triangle with side length 24cm.
Construct an accurate net for the box.
Use ascale of 1cmto 4cm.

%
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Key point 14

A perpendicular bisector cuts a line in half at right angles.

Draw a line 9 cm long. Construct its perpendicular bisector.

1] 2 3 4

1 Use a ruler to draw the line.
2 Open your compasses to more than half the length of the line.
Place the point an one end of the line and draw an arc above and below.
3 Keeping the compasses open to the same distance, move the point of the compasses to the
other end of the line and draw a similar arc.
4 Join the points where the arcs intersect.
Don’t rub out your construction marks.
This vertical line is the perpendicular bisector.

10 a Drawa line segment AB 7cm long. Construct the perpendicular bisector of AB.
b Use a ruler and protractor to check that it bisects your line at right angles.
© Markany point P on your perpendicular bisector. Measure its distance from A and from B.
Discussion How can you find a point the same distance from A as from B?

11 Problem-solving Two ships, Sand T, are 50m apart.

a Using ascale of 1cm to 5m, draw an accurate scale Q11 communication hint
drawing of the ships. ‘Equidistant’ means ‘at equal
b Alifeboat is equidistant from both ships. distance from’.
Construct a line to show where the lifeboat could be.
12 Follow these instructions to draw the perpendicular P

from point P not on the line to the line AB.
a Draw a line segment AB and point P not on the line.
b Open your compasses and draw an arc with

centre P. Label the two points where it intersects

thelineABSand T. NS Tt
© Construct the perpendicular bisector of the line ST. A B
Discussion What is the shortest distance from P to AB?

13 Follow these instructions to construct the perpendicular at point P on a line.
a Draw a line segment and point P on the line.
b Open your compasses. Put the point on P and draw arcs on the line on either side of point P.

Label the points where they intersect the line X and Y.
¢ Construct the perpendicular bisector. P

X Y
The shortest path from a point to a line is perpendicular to the line.
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14 Problem-solving A swimmer wants to swim Swimmer
the shortest distance to the edge of a swimming pool. .
The scaleis 1cm to 5m.

Trace the diagram and construct the shortest

path for the swimmer to swim to each side of the

swimming pool.

Work out the difference in the distances.

The swimmer swims 2 m every second.

How long would the shortest distance take?

o

no

1 a Construct a triangle with sides 10cm, 8cm, 6cm using a ruler and compasses.
b What type of triangle have you drawn?

2 a Construct an equilateral triangle with side 5cm using a ruler and compasses.
b What is the size of each interior angle in your triangle?

Key point 16
An angle bisector cuts an angle exactly in half.

Example 8

Draw an angle of 80°.
Construct the angle bisector.
1 2 3 ) 5

b o

Draw an angle of 80° using a protractor.

Open your compasses and place the point at the vertex of the angle. Draw an arc that
crosses both arms of the angle.

Keep the compasses open to the same distance. Move them to one of the points where the
arc crosses an arm. Make an arc in the middle of the angle.

Do the same for where the arc crosses the other arm.

Join the vertex of the angle to the point where the two small arcs intersect. Don't rub out

N

w

w s

your construction marks. This line is the angle bisector.

ActiveLearn Homework, practice and support: Higher 8.7
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3

For each angle

i trace the angle

construct the angle bisector using a ruler and compasses.
il check your two smaller angles using a protractor.

a b

Problem-solving Use a ruler and compasses to
construct these angles.
a 90° b 45°

Problem-solving Use a ruler and compasses to construct these angles.
a 60° b 30°

Problem-solving Use a ruler and compasses to construct a 120° angle.

Real / Problem-solving A gardener wants to divide a rectangular garden into two sections.
The triangular section will be decking and the rest of the garden will be grass.

Q7a hint To draw a right angle at a vertex,
you need to extend the line beyond the
vertex. Then mark two points on the line an
equal distance either side of the point and
construct the perpendicular bisector.

P ——
20m

a Make a scale drawing of the rectangular garden. Use a scale of 1cm to 4 m.
b Use a ruler and compasses to construct an angle of 30°.
¢ Calculate the area of the decking.

Real / Problem-solving Four pairs of wires connect a flagpole to the ground. The lower
wire BD bisects angle ABC.

plan

45m 4m

SN

a Construct a scale drawing. Use a scale of 1em to 1m.
b Measure the length of the wire BD.
©  How much wire is used in total?

o



1

1

1

1

0

i

N

o

Unit 8 Transformations and constructions

Problem-solving

6.5cm

B
A 7cm
a Usea ruler, protractor and compasses to construct the triangle ABC.
b Construct a line that is perpendicular to AB and passes through C.
c Calculate the area of the triangle to the nearest cm.

Problem-solving Construct this trapezium made from equilateral triangles
using a ruler and compasses.

<~—6cm—

o

Construct a triangle with sides 5cm, 8cm and 10cm.

Construct the bisector of each angle. 5cm 8cm
The angle bisectors cross at the same point.

Label this point O.

Construct the perpendicular to one of the sides from
the point you found in part . Label the point where
the perpendicular meets the side A.

e Draw a circle with radius OA.

What do you notice about your circle?

n o

10cm

a

Reasoning
Draw a circle with centre O and radius 5cm.

Mark a point A on its circumference.

Keep the compasses the same size as the radius

and draw an arc from point A.

Label the point where the arc cuts the circle B.

Keeping the compasses the same, repeat from point B.
Repeat until you have six points on the circumference.
Join the points and name the shape that you have drawn.
Discussion What is the size of angle AOB?

Explain why.

o

o

n

a

Problem-solving Draw a regular octagon in a circle of radius 5cm.

Q13 hint What angle will you need to construct from the centre to two consecutive points on
the circumference?
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1 Draw asmall cross. Mark ten points which are 4em from it.
What shape do they make?

=

Alocus is the set of all points that obey a certain rule. Often a locus is a continuous path.
Acircle is the locus of a point that moves so that it is always a fixed distance from a fixed point.

2 Real Ateacher asks some children to sit 5m from her while she reads a story.
Sketch the locus of where the children are sitting.

3 Problem-solving Drawa line 6cm long. @3 hint First use compasses to
Draw the locus of all points which are 3cm from the line. draw points 3 cm from each en

4  Real/ Problem-solving The diagram shows a fenced area in a park.
a Drawa plan of the fenced area using a scale of 1 cm to 5m.

40m
H H Q& hint Think carefully
e
= ]

A runner runs round the fenced area, staying exactly 10m from the fence.
b Construct the locus of his path.

5 Reasoning / Problem-solving Q5 communication hint

a  Draw two points 10cm apart and label them A and B. Points that are the same
b i Marka point which is 5cm from A and 5cm from B. distance from points A
i Mark two points which are 6 cm from A and 6cm from B. and B are equi

il Mark two peints which are 7 cm from A and 7.cm from B. from A and B.
© Join the points with a straight line.
Discussion Can you use this line to show all the points that are equidistant from A and B?

Key point 18

Points equidistant from two points lie on the perpendicular bisector of the line joining the two
points.

6 Problem-solving A library is to be built equidistant from two towns, Arton and Borham.
The towns are 2 km apart.
Using a scale of 1cm to 250 m, construct the locus of the places where the library can be
built.
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Key point 19
Points equidistant from two lines lie on the angle bisector.

7 Clare wants to place a lamp in her living room so that it is equidistant from the two.
marked walls.

14m

a Copy the diagram using a scale of 1cmto2m.
b Construct the locus of the places where she can position the lamp.

& Problem-solving This rectangle is rotated about D. Copy the diagram.

Al D

The rectangle is then rotated 90° clockwise about C. Add this to the diagram.
a  Draw the locus of vertex A.
b Draw the locus of vertex B.

Aand B are two points 4 cm apart.
Shade the points that are less than 3cm from A and less than 2cm from B.

Draw a circle at A with radius 3 cm. All the points
p inside this circle are less than 3cm from A.
' V

Draw a circle at B with radius 2 cm. All the points ‘

inside this circle are less than 2cm from B

‘ Shade the region which satisfies both rules,

9 Real / Problem-solving Radio masts A and B are 120 km apart.
The bearing of radio mast B from radio mast A is 120°.
The radio masts each transmit a signal over a distance of 80km.
Draw an accurate scale drawing of the radio masts using a scale of 1cm to 20 km.
Shade the region which can receive signals from both radio masts.
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B

Here is a map.

The map shows two towns,

Burford and Hightown.

A company is going to build

a warehouse.

The warchouse will be less than

30km from Burford and less

than 50km from Hightown.

Shade the region on the map

where the company can build

the warchouse. (3 marks)
Nov 2012, Q10, IMA0/IH

Exam hint Use a pair of compasses and make sure the
pencil lines are dark enough for an examiner to see.

X
Burford

X
Hightown

Scale: 1om represents 10km |
-

11 Real / Problem-solving Make an accurate scale drawing of this garden.

Useascaleof 1cmto 4m.

A B
& O
House Garden 12m
]
D 20m [}

Atree can be planted between 10m and 4m from corner C.
It must be planted at least 14 m from the house.

Accurately shade the region where the tree could be planted.

Problem-solving ABCD is a square of side 8cm.

A B
8cm
D 8cm C

Q11 hint Use the angle bisectol

Copy the diagram. Shade the region that is less than 5cm from A and closer to side BC

than to side CD.

A graph 22 + = 16 shows the boundary of the region covered by a fire engine,

where x and y are inkm.

a Draw a coordinate grid from -5 to +5 on both axes. Plot the graph.
b What area does the fire engine cover?
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Problem-solving: Under construction

Objective G Use a ruler and compasses to construct given figures.

Engineers, architects and designers can use geometric
constructions when manually drafting diagrams.

1 By combining the constructions (o2 hint start by
you have met in this chapter, constructing a
construct a protractor on a piece perpendicular
of plain paper. Your labelled bisector.

angles should go up in multiples
of 15 degrees and range from 0 to
180 degrees,

In lesson 8.7 Q12 you learned how to construct a

)2 You will need to construct
regular hexagon inside a circle. three perpendicular bisectors.
Extend this method to construct a regular dodecagon -

(12 sides).

Follow these instructions to construct a square.

Draw one side of your square, AB. Extend this

line segment through B to help you construct

a perpendicular bisector at B.

Set the width of your compasses to the length

of AB. With the point of your compasses at

B, draw an arc through the perpendicular

bisector to find vertex C.

- Finally, set the point of your compasses at
Aand then C, drawing an arc each time to
locate the final vertex of the square. Label the
intersection of these arcs D and draw in the
remaining lines.

How could you use your square and adapt the
method you used to answer Q2 to
construct a regular octagon?

You might start by constructing a
square with all of its vertices on a circle

Which other regular polygons could you construct by adapting this method?
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Log how you did on your
Student Progression Chart.

Transformations
1 Enlarge this shape by scale factor% with centre of enlargement S.

A
s
B c
U,
2 a Describe the reflection that maps shape P 5
onto shape Q. 4
b Describe the rotation that maps shape Q 3 P
onto shape R. S
©  Use a vector to describe the ion that 1
maps shape R onto S.
x
R
3
3 Describe fully the transformation that maps
a shape Aonto shape B b shape A onto shape C ¢ shape Aonto shape D.
7.
5
3
N,
A\ B
J6-'51a"l3 210 El
2
5 T2
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4 a Copy the diagram on a coordinate grid 7,
from -6 to +6 on both axes. 5
Reflect shape Ain the line y = -1. 4
Label the image B. 3
b Rotate shape B by 180° about point (2, 0). 2
Label the image C. 4
¢ Translate shape C by vector (j)
Label the image D. 654232 111{ 124433 69
d Describe fully the single transformation

that maps shape A onto shape D.

Drawings and bearings
5  Draw the plan, front elevation and side elevation of this shape.

_
I v [m

4em
—
Bcm

6 A map has a scale of 1:100000.
Find incm the distance on the map for a real distance of 4 km.

7 The bearing of a ship from a lighthouse is 110°. What is the bearing of the lighthouse from
the ship?

8  Aplane flies 250 km from an airport on a bearing of 130°. The plane then turns and travels for
200km on a bearing of 050°.
a Using a scale of 1cm to 50 km, draw an accurate scale drawing of the flight of the plane.
b Find the bearing that the plane must travel on to return to the airport.

Constructions and loci
9  Draw aline 10cm long. Construct the perpendicular bisector using a ruler and compasses.

10 Trace this angle. Bisect the angle
using a ruler and compasses.

1

B

Three radio stations can transmit signals up to 100km. B
Using a scale of 1 cm to 20km, construct a triangle

with the radio stations at the corners of the triangle. 120km

Shade the region where someone could hear all

three radio stations.

o

160km

o

180km c
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12 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

Reflect

* Challenge
13 What regular polygons can you construct using only ruler and compasses?

8

Transformations
1 Joanne has started to reflect the
triangle in the line gy = x.
a Copy the diagram.
b Turn the page so the mirror line is
vertical and continue the reflection.
¢ Trace your completed diagram.
Fold your diagram along the
liney =x.
What happens to the image and
the object?

Q1 hint
Reflect each
vertexin
the mirror
line.

2 Drawa coordinate grid from -4 to +4 on both axes.
a Plot and join the points (-1, 1), (-1, 4), (1, 4), (1, 1).
b Draw the line y = -x.
¢ Reflect the shape from part ain the liney =

3 Shape Ais reflected to give image B.
k2

5

3 Q3 hint Join corresponding vertices on the
object and the image and find the midpoints.
A Join the midpoints to find the mirror line.

Copy and complete this sentence.

Shape Ais reflected in the line y = to give image B.

4 Write as a column vector )

4 . (horizontal movement
i 4 hint The vector s(
3 right, 2 up Q5 bin i * | vertical movement

5right, 1up Left « and down § are negative.
2 right, 1 down
3 left, 2up

6 left, 3 down
3 right, 4 down

“nenco
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Describe the translation that takes
a AtoB
b AtoC
c AtoD
d AtoE

G s oo wa

|

1514l JiO 23266 7%

Is A, B or C the centre of rotation?

Describe the rotation that takes shape A to
a shapeB

Rotation of about(__,__) I ) I
b shape C 123436%
c shapeD

2
Q7 hint You need to give angle and direction D 2 1

of rotations and the centre of rotation.
No direction is needed for rotations of 180°.

Fernando has started to enlarge this rectangle by scale factor 3 about the centre of
enlargement P.

B C | PtoA| | Zright.2up

<2 B Q8 hint A" is
I:l S i the position
& P1 pep 2 rlght, 41p of Aafter the
A <2 > <3 enlargement.
P’.‘ . (il rfghl:. up
a Copy the diagram.
Work out the horizontal and vertical distances from P to peints A and B.
Halve them and mark the new points.
b Repeat for points C and D. Q8 hint Check that the lengths on the

enlargement are half as long as the original.

n

Plot the new points and join them up.
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9 Copy this diagram. Q
Complete the workings to enlarge the shape by &
scale factor -2 about centre of enlargement Y.
X
%
2right, 2
=2( . el DERS
—etleft, -4 down
2 right, 4 u
1 s < igr p ) o
—eHefe,[]
10 Copy this diagram in the top right of a 25 x 20 square grid.
Enlarge the shape by scale factor -3 about
centre of enlargement O. |:|
X
o
270

11 Copy and complete the list of information needed to describe:
Reflection line of reflection
Rotation i and
Translation and (or
Enlargement and

Drawings and bearings
1 Thissolid is made from cubes.
Plan

|

Front 7 Ngige

elevation elevation

a Whichis the plan?
b Whichiis the side elevation?
©  Whichis the front elevation?
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2 Simeon started to draw the plan and elevations of this solid.
Copy and complete Simeon's drawings.

Front Side Plan

-

Q2 hint In the question the side
elevation has been shaded.

3 Amap has a scale of 1:50000. Q3 hint
What real distances represent a map distance of 1¢m represents 50000 cm = 0.5km.
a 2cm Map (cm)
b 5cm 1.2 3 4 5 6
c 12cm *ZCAO—O—O—O—O—F> *2
d 85cm? 2SR o ]
Real life (km)

4 Amap has a scale of 1:300000.
What distances on the map represent a real-life distance of
a 9km
b 21km
c 30km
d 22.5km?

Q4 hint 1cm represents 300 000cm = 3 km.
Draw a number line like the one in Q3.

5 Reasoning The bearing of B from Ais 115°. N
Copy and complete the working to find the
bearing of A from B. Give the reason for each step. N

x=]
y=360-1 ( )
=360-[ = P
\B/

Bearing of A from B is[_|°

6 Problem-solving A ship sails 20km from port on a bearing of 050°.
It then turns and sails for 30 km on a bearing of 160°.

a Copy and complete the sketch of the ship’s journey. Q6a communication hint
N A sketch is not an accurate
drawing.
N
50°"20km
. i Qé6c hint Complete
b Make an accurate scale drawing using a scale of 1cm to 5km. the triangle you
c  Use your diagram to work out drew in part b. Use
i how far the ship is from port to the nearest km the third side to
i the bearing the ship needs to sail on to get back to port. find the distance
and bearing.
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Constructions and loci

1 Follow these instructions to accurately construct

atriangle with sides 6ecm, 7cm and 10cm.

aUsearulerto b The 6cm side starts at
drawthe 10cm  the lefthand end of this
side accurately.  line. Open your compasses
to exactly 6cm and draw
an arc from the left-hand
end of the line.

T’\

Q1 hint When you are asked to construct,
use only a ruler and compasses.

 Open your compasses . Use the point
to exactly 7cm h

ere the arcs

10em 10cm

2 Construct this triangle.

s s o Ihs cross to create
other en the finished
triangle.
6em Zom
T0cm Tocm

3 Drawaline 12cm long. Follow these instructions to construct the perpendicular bisector.

a Draw the line. b Draw the
Open your compasses first arc.
to more than half the:

length of the line.
12em

< Draw the d Draw the
second arc. perpendicular
bisector.

P

4 Drawaline 7cm long. Construct the perpendicular bisector,

Use a protractor to draw an angle of 70°.

Follow these instructions to construct the angle bisector.

a Draw the b Draw an arc ¢ Draw another arc
angle. from the vertex between the two
ofthe angle. sides of the angle.

L ~A R &

Q3 strategy hint
Remember this diagram.

03 hint Check by measuring
that the angle is 90° and
that the line is cut in half.

dDrawasecond e Draw the angle

bisector.
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6 Usea protractor to draw an angle of 100°, Construct
the angle bisector using a ruler and compasses.

7 a Drawa dotin the middle of a blank piece of paper.
Draw as many dots as you can exactly 4cm from your dot.
b What shape have you created?
¢ Copyand complete this sentence.
Points that are equidistant from a centre make a

8 Draw two crosses 6¢cm apart. Label them A and B.
a Markall the points which are 4cm from cross A.
Shade lightly the region that is less than 4 cm from A.
b Markall the points which are 4cm from cross B.
Shade lightly the region that is less than 4 cm from B. Qg hint Shade darkly the
¢ Shade darkly the region which is less than 4 cm from feglon that has been lightly,
cross A and less than 4cm from cross B. SRR

1  Problem-solving Draw a coordinate grid from =5 to +5 on both axes.
Join the points (1, 1), (1, 3) and (4, 1) to make triangle M.
a Enlarge triangle M by scale factor -1 about the origin. Label the new triangle N.
b What rotation also maps triangle M onto triangle N?
c  Does this always work? Try other shapes.

2 Problem-solving Triangle P with vertices at (-1, 0), (-1, 3), (1, 0) is transformed to give
triangle Q with vertices at (-1, 0), (-1, -6), (-5, 0).
Describe fully the single transformation that maps triangle P onto triangle Q.

3 Iving Draw a coordinate grid from 4 to +4 on both axes.

Plot the points A(1, 2), B(3, 4), C(2, -1).

Reflect points A, Band C in the x-axis.

What do you notice about the coordinates of A, B and C when they are reflected in
the x-axis?

Repeat parts a and b, reflecting in the y-axis.

What would be the coordinates of the point (p, ¢) if it was reflected in

i the x-axis il the y-axis il the x-axis, then the y-axis?

noo

na

4 Iving Draw a coordinate grid from 4 to +4 on both axes.
Plot the points A(1, 3), B(-4, -2), C(-1, 3), D(1, -2).

Reflect points A, B, Cand Diin the line y = x.

Reflect points A, B, Cand D in the line y = .
What would be the coordinates of the point (p, ¢) if it was reflected in

i theliney=x  ii theliney=-x il theliney =2, then the line g = -x?
Discussion Compare your answer to part d ith your answer to Q3
What do you notice?

anoco

5 Problem-solving Quadrilateral A with vertices at
2,1), (4, 1), 3,5), (5, 5) is reflected in the x-axis to give image B.
Quadrilateral B is reflected in the y-axis to give image C.
Without drawing, work out the vertices of image C.
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6

Problem-solving The point 5 (4, 3) is reflected to give point T.
Point T is reflected to give point U. The coordinates of U are (-3, 4).
Without drawing, find two combinations of reflections that could map
point S onto point U.

Problem-solving Draw a coordinate grid from 4 to +4 on both axes.
a Plot the points A(-1,3) and B(3,-1).

Work out the equation of line AB.

What is the gradient of a line perpendicular to AB?

Construct the perpendicular bisector of line AB.

Check its gradient matches your answer to part c.

anco

Reasoning / Problem-solving The bearing of a ship from
port is a®, where 0 < a < 180.

2 Show that the bearing of the port from the ship is (180 + @)°.
b Work out the bearing of the port from the ship

Q8 hint Draw a

diagram with North
arrows marked from
both port and ship.

when 180 < a < 360.

The diagram shows three sides of a regular hexagon. ABP is a straight line.

The length of each side is 4cm.

A B P

a  Work out the marked exterior angle.
b Draw accurately sides AB and BC.
¢ Continue in the same way to draw the hexagon.

Problem-solving Here s a rectangle.

5cm

Using a ruler and compasses, construct a triangle with the same area as this rectangle.

STEM

a A firework rocket reaches a height of 100 m before exploding in all directions to a distance

of 20m. What 3D shape does the burst form?
b What is the 2D shape of the burst as seen from the ground?
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12 (Bamstylequestion | D) sambin

a Draw an accurate plan, front elevation and A0 cxam guestion lie tis il
ide elevati f thi = 3 ks usually give you centimetre
side elevation of this prism. (3 marks) e
draw your answers to part a.
Be sure to label each diagram.
=l You can use the answers to
part a to work out the total
surface area of the shape.

4cm 4cm

.

b Calculate the surface area of the shape. “ mxrks))

“Zem™

13 Problem-solving Describe a combination of two transformations that map triangle A
onto triangle B.

Y.

5

3

i A Q14 hint Is the shape congruent to

the original? This will help you decide
5 i which transformations to use.
T615-23 ]2 10| x
14 Iving Drawa coordinate grid from -8 to +8 on both axes.

a Plot the points A(-5, 6) and B (3, -2).
b Find where the perpendicular bisector of AB intersects the graph x? + y?= 25.

@ The plan is the view from above an object. The front elevation is the
view of the front of the object. The side elevation is the view of the
side of the object.

@ A transformation moves a shape to a different position.

flecti i ions and are all types
Mastery lessons 8.2 and 8.3

+.. Mastery lesson 8.1

of transformation. .
@ An original shape is called an object. When the object is reflected,

rotated, translated or enlarged, the resulting shape is called an

image.

Mastery lessons 8.2 and 8.3

275
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@ To describe a rotation you need to give the direction of turn
(clockwise or anticlockwise), the angle of turn and the centre
of rotation.

@ An enlargement is a transformation where all the side Lengths
of a shape are multiplied by the same scale factor. .

To describe an enlargement you need to give the centre of
enlargement and the scale factor. To find the centre of enlargement,
join corresponding points of the object and the image.......

@ To enlarge a shape by a fractional scale factor, multiply the distance
from the centre to each point on the shape by the scale factor.

> A negative scale factor takes the image to the opposlte side of the
centre of enlargement.............. ~

@ When a shape is enlarged the area increases by (scale factor)Z
You can describe a translation using a column vector. The column
vector for a translation 2 squares right and 3 squares down is (;)

The top number in the column vector gives the movement parallel to
the x-axis and the bottom number gives the movement parallel to
the Y=axis.......oevunvernennennns

Mastery

@ The resultant vector is the vector that moves the original shape
toits final position after a number of translations or other
transformations. ...

In reflections, rotations and translations, the object and the image are
congruent, as the lengths of the sides and the angles do not change.  Mast

In an enlargement, the object and the image are similar. .........

o Abearing is an angle in degrees, clockwise from north. A bearing is
always written using three digits. .

o To construct means to draw accurately using a ruler and compasses,

> A perpendicular bisector cuts a line in half at right angles. .

@ The shortest distance from a point to a line is perpendicular to the line.

An angle bisector cuts an angle exactly in half.. ..

Alocus is the set of all points that obey a certain rule. Often the locus
isacontinuous path. ...................

@ The locus of a point that moves so it is always a fixed distance from a
fixed point is a circle. ..

Points equidistant from two points lie on the perpend\(utar bisector of
the line joining the two points. ..

Points equidistant from two lines lie on the angle bisector..............

In this unit, you have done a lot of drawing. Write down at least three things to remember
when doing drawings in mathematics. Compare your list with a classmate.
What else can you add to your list?

y lesson

lesson

lesson 8

lesson 8.2

lesson 8.3

lesson 8.4

lesson 8.8

tery lesson 8.8
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Log how you did on your
Student Progression Chart.

1 Sketch the shape represented by these plans and elevations.

Plan
id Front
(3 marks)
2 Construct this triangle using a ruler and compasses.
6cm 8cm
10cm (3 marks)
3 Describe the transformation that maps
a AontoB (2 marks)
b BontoC (3 marks)
c¢ ContoD (2 marks)
d DontoA (2 marks)
.
3
2 D
J6151a"31210] x

Active Learn Homework, practice and support: Higher 8 Unit test 2717




Unit 8 Transformations and constructions

4 Copy this diagram.

O -

J664a-43-217] 1 2 34 567
-2
-3
4
-5
-6
-7
-8
-9
~10

a Enlarge triangle S by scale fac!or% about point (1, 0). Label the image T. (2 marks)
b Enlarge triangle S by scale factor -2 about point (0, 1). Label the image U. (2 marks)

5  Describe the enlargement from shape A to shape B.

¥
6

i

A

5-4-3-2-10 1 2 3 4 5% -

6 Alistair is going build a fence around the outside of his garden.

16m
7

o

Draw an accurate scale drawing of the garden using a ruler and compasses.
Use a scale of 1cm to 2m. (3 marks)
How long will the new fence be? (1 mark)

o



Unit 8 Transformations and constructions

7 Copy this diagram.
Shade the region that is less than 7.cm from D and closer to BC than to AD.

A D
[ O
10cm
ml i
B Toom c (3 marks)

8 A map has a scale of 1: 200000.
The length on the map is 4 cm. What is the real distance inkm? (1 mark)
9 Aship sails 120km from the port on a bearing of 200°.
The ship turns and travels for 160km on a bearing of 040°.
a Using ascale of 1cm to 20 km, draw an accurate scale drawing of the path
of the ship. (2 marks)
b What is the bearing that the ship must travel on to return to the port. (1 mark)

10 Point (2, 3) is reflected in the x-axis and then in the line y = x.
Without drawing, write the coordinates of the image. (2 marks)

Sample student answers
Which student gives the best answer and why?

7

Js Ja I3 2 9] x

Describe fully the single transformation which maps
triangle A onto triangle B. (3 marks)
June 2012, 06, SMB3H/OI |

Student A
Rotation, 90°

Student B
Rotation, 90° about centre of rotation (1, 1), anticlockwise

Student C
Rotation, 90° clockwise , centre (-1, 2), and then translated by the vector ( ?)




Test
p303

Master {  Problem-solve i Check  Strengthen | Extend
p28l p.296 iopaor i p.298 i p3oo

using simultaneous equations.

Jay buys 3 tins of tomatoes and 5 bread
rolls and pays £3.65. At the same time his
friend Adrian buys 5 bread rolls and 4 tins
of tomatoes and pays £4.45. How much
does a bread roll cost?

Numerical fluency 10 Itcosts £53 for 2 adults and 3 children to
goice skating.

Write an equation to show this.

Use x for adult price and ¥ for child price.

1 Which of these values of x satisfy x > 2?
a-3 b4 co0 d2

2 Which of these values of y satisfy y < -47

AU I RE A Graphical fluency

3 Whatis the value of 622 11 Thisis the graph \ ¥ /
4 Write two solutions to x2 = 144 of y=g5=3p-b |
. Use the graph to 2 i
5 Simplify o solve the equation 1
a V12 b 20 %

x2-3x-4=0 10

Algebraic fluency
6 Find the value of 27 + 5x + 6 when x=-3

7 Expand and simplify (x - 4)(x + 3)

8  Solveto find x
a 8xr-6=10 b 9-3r=-6
€ 4x+12=0

=

* Challenge
12 Write down two numbers that have a
product of 16 and a sum of ~10

9 Factorise these expressions.
a x?+8y b x2+4x+3
¢ y-3y-10 d x2-25 e 4b-y

280



Unit9 Equations and inequalities

1 Which factor pairs of -12 have a difference of +87

2 Factorise
a r?-51 b -4 ¢ x2+3x-10

dnwiem

3 Solve to find the value of z.
a 322-108 b 2z2+41=33 ¢ 4z2-100=0

Questions in this unit are targeted at the steps indicated.

Solving a quadratic equation means finding values for the unknown that fit. |

4 Find the solutions to these quadratic equations.

a ba2=64
b 2x2+3=101 Q4 hint Rearrange to make 22 the subject. Square
¢ 7a2-175=0 root both sides to find two possible values of x.

@+ 4)w-2)=0 The product of the factors is 0
Soeitherx+4=0o0rx-2=0 so0 one or both factors equals 0
X=-4orx=2 - -

Solve the linear equations.

5 Solve
a x¥2-10x+24=0 b x2+x-30=0 05 hint Factorise first
d 5-3b-10=0

¢ Pe3y+2=0

The roots of a quadratic function are its solutions when it is equal to zero. |

6  Find the roots of these functions.
a a2-2x b x2-16 ¢ 4-g?

‘ Active Learn Homework, practice and support: Higher 9.1
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7 a Use this graph to solve the '}
equation ¥2 +x - 6=0 6
b Factorise x? + x - 6 =0 to show \ 5
that you get the same solution. 4

\\ = / 2ha-8
1a] \-2 ] 1.0 / 4 El
4
8

6 b x2+x=12 Q8a hint Rearrange into
¢ X+8=6x d w=7x the form 22 +[Jx+[]=0

9 Problem-solving Write any function that will give the roots x = 4 and x = -6.
Discussion Compare your function with other people’s.
What other functions are possible?
What do you notice about them all?

1 Solve
a x2+4x+3=0 b x2+5x+4=0 ¢ x2-x-6=0

2 Expand and simplify

a (r+D@+3) b QBx-Dix+2) ¢ Rr+x-4) d (4x-3)(x+4)
o
= Use your calculator to evaluate
5 -3+/28 5-/12
= ? 7% ® 1o

4 Simplify
a V24 b V28 < V40
-3+3/2 -4+2/3
d =3 & =

282 Activel.earn Homework, practice and support: Higher 9.2 ‘




5 Write and solve an equation to find x.
Discussion Why is only one of the
solutions a value for x?7

Unit9 Equations and inequalities

— x4+ 1 —

0
Area = 30m? |x

6 Problem-solving / Modelling Rugs come in several shapes and sizes.

A small rug has dimensions a x a.

A large one has dimensions 2a x (a + 1).
The area of the large rug is 12 m?.

What are the dimensions of the small rug?

7 Copy and complete to factorise the expression.
3x2 4+ 5 -2= (3% ) )

8  Factorise these expressions.

Q6 hint Draw a diagram.
‘Write an equation for the
large rug. Solve to find a.

Q7 hint Write the factor pairs of -2

Which factor pair fits 3 x[_]+1x[_]=5?
Put the factors in the brackets. Then expand
and simplify to check you get 3x2 + 5x - 2

a 5x2+15x+ 10 b 2x2+3x-5
C bx2-6x-4 d 3r2+5r-12
e 2¢2-Tx-15
9 Solve —
a @a+5a-8=0 b (Rx-9B3x+12)=0 Q9a hint Either2a+5=0
c By-4@y+5=0 d (4b-3)3b-8)=0 =Y
10 Solve
S 22-3x-5-0 b 3Ze5r-12-0 Q10a hint Factorise first by
¢ hx2-6x-18=0 d 6x2+9x-15=0 removing the common factor.
11 Problem-solving Gerri has a patio that is 4m x 5m. She has 10 m? of turf and wants to

use it to make a border round the patio that is the same width all round.

Ia:

5m

Ia:

a Write an equation for the area of the grass border.

b Gerri uses all her turf. Solve to find x.

T —

Solve, by factorising, the equation 822 — 22 — 21

(3 marks)

0

Exam hint

Expand the brackets in your
answer to check you get back
to the original equation.

You can use the quadratic formula

to find the solutions to a quadratic equation ax® + bx +¢ =0

283




Unit9 Equations and inequalities

Solve x? + 4x + 2 = 0. Give your solutions in surd form.
a=1,b=4c=2

Compare with ax? +bx + ¢. Write the values of @, b and c. I

-4x1x2

\<| Substitute a, b and ¢ into the quadratic formula. ‘

You are asked to give your solutions
surd form, so simplify the surd:

4222 _
2

= =-2:2/2 \<| + means ‘plus or minus’.
= + gives one solution and - gives the other.
The solutions are X = -2 +V2 andx=-2 -2 4 C

13 Solve, giving your solutions in surd form
a x2+5:r+5=0 b x?+7x+2=0 € B+2x-2=0
d x?+2x-6=0 e 3x?+9x+5=0

14 Solve, giving your solutions to 2 decimal places Q14 hint Use the quadratic
a x2+6x-10=0 b 2x2-5x-6=0 formula and a calculator to
find the solutions. Round to
§ DEZRC2R0 #' 2xFIRNRR0 2 decimal places.
15 Solve2x? -7x-15

a by finding factors of -15 b by using the quadratic formula.
Discussion Does it matter which method you use? When is it better to use the formula?

Solve 522+ 6x —2=0 instruction to give your
Give your solutions correct to 2 decimal places. (3 marks) ;";‘;‘(‘:‘;‘;:;‘s‘ Y
i is a hi
e 2013, 018, SMBLRRL that you cannot factorise
the equation.
Exam hint

You must know the quadratic formula in the exam. Always make
sure you qive your answer exactly as the exam question asks.

ActiveLearn Homework, practice and support: Higher 9.3
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1 Expand and simplify

a (x+4y b (x-3)2 ¢ Rx+32
d (x+22+4 e (x+1)2+7
2 Simplify these surds.
a V45 b 32 c V48 d V90
3 Solve, giving your answers in surd form
a x-1=473 b x+2=%/2 i
= = Q3ahint x +v3, V3
¢ x-7T=4/5 d x-4=x3+1 ] 0

4 Write a quadratic expression for the area of the large square.
2

Q4 hint Write an expression with two brackets.
Expand to get a quadratic expression.

==

Key point 4
Expressions such as (x + 2)% (x - 1) and (x + %)3 are called perfect squares. |

5  Write these expressions in the form (v + 2)2 + [ Jor (x+2)2 =[] Q5a hint Compare
a aZ+4x+5 b aZ+dx+6 C atrdx-1 the expression with
your answer to Q.
6 Write these as perfect squares.
a x2+6x+9 b aZ+8x+16 ¢ 22+10x+25 d x2+12%+36

Write 2 + 22 + 7 in the form (x + p)? + g

(4 20+ 7 —————] Separate the x terms from the constant.

22a2p=(x+1)2-1 Find the perfect square which will give the correct ¥ and x
terms, then subtract the constant to make the identity true.

So (42 + 22]+ 7= [(x+ 1) - 1]+ 7

\| Substitute the identity into the original expression. |

—(@x+1)2+6

Sop="Tandq=6
\‘\{ Compare (x + 1)? + 6 with (x + p)? + g and write down the values. ‘

Key point 5

T
2 + b +¢ can be written in the form (x*z) = (7) s

i}
This is called completing the square.

7 Write these in the form (x + p)* + ¢
a x2+2x-1 b x%+8x c x2+12x d x2+6x+11 e 22-42+6

285
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8 Copy and complete to solve the quadratic equation, giving your answer in surd form.
a2+4x+1=0

@+[J-[]+1=0
D-o Q8 hint Complete the square first.
U —

9 Solve these quadratic equations, giving your answer in surd form.
a 2+6x+7=0
b wEsrre5=0 Q9 hint Follow the method used in Q8.

€ x2+8x+9=0

10 Copy and complete to write the expression 3x2 - 12x - 1 Q10 hint Factorise the x?
inthe form p(x + )2 + r and x terms. Then complete
]ZZAIZZ‘IZE(D..D) il the square for the expression

S3@-[ -0 -1 inside the brackets,

o e plergper

=3@-[r-12-1 Simplify so that you have
Key point 6

ax’ + b +c can be written as a(x? + U ) + ¢ before completing the square for the expression
inside the brackets.

11 Write these in the form a(x + p)? + ¢
a 2a2+l2x+2 b 3x2-6x+5
€ 522+10x+25 d 4xte12x-7

12 Solve these equations by completing the square.
Give your answer in surd form.
a 2r2-12x+2=0 b 3x24+412x-3=0

13 Copy and complete to solve 4x? - 8x - 12 = 0. Give your answer correct to 2 decimal places.

4o’ -8x-12=0
i z
2-[-[]=0 __/,-I Divide every term by the coefficient of a2, 4 |

-0~ -O=0 \«I Complete the square for the first two terms. |
w-=Cp+O
s
w==Dora -0

x= D orx= D Take the square root of both sides.

14 Solve these quadratic equations, giving your answer correct to Q14 hint
2 decimal places. Follow the
a 21?+4x-8=0 b 6r2-3r-2=0 ¢ 3x2+6r-10=0 ’“e‘dhf’f’
d 5x2-15x-4=0 e 4x?+6r-5=0 oot A

Discussion Which is more accurate, giving an answer as a surd or to 2 decimal places?

B —

When you are told the
method to use, make sure
you use this method.

Solve 622 + 32 — 13 = 0 by completing the square.
Give your answer correct to 2 decimal places. (3 marks)
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1 Rearrange these equations to make b the subject.
a b-12=2a b 2b+6c=10 c 5a-3b=5

2 Write an equation for each of these.
a Thesum of xand yis 12.
b The difference between xand y is 4.

dn wem

3 Which of these have the value 0 for any value of the variable?
a -3y+ 3y b 2y- (-24) ¢ -tr+dx d -3z-(32)

When there are two unknowns, you need two equations to find their values. These are called
simultaneous equations.

4 Solve the simultaneous equations Qé4a hint Substitute the value of y into the

%

a y=3 b y=5 second equation: 2z +[_]=11. Now solve. o
2rey=11 3x-y=4
crme ik Y
3x+2y=30 3x+2y=11 = -
e y=x+2 f y=x+3 Qée hint Substitute the value of y into
x+y=20 x+3y=17 the second equation: x +x +2 = 20
g y-3x=0 h 2x-y=0
2x + 2y =24 5x + 4y = 26 Qé4g hint Rearrange the first equation

to make y the subject.

5 Problem-solving Two mealsanda
bottle of wine cost £36. The bottle of
wine costs £3 more than a meal.

How much is one meal?
How much is a bottle of wine?

Q5 strategy hint Let the cost of a
meal be x and the wine be y. Write an
equation for the first sentence. Write
an equation for the second sentence.

6 Problem-solving / Modelling Jake buys 2 lamb chops and 2 sausages and pays £7 for
them. At the same time Jamie buys 3 lamb chops and 4 sausages and pays £11.
How much does a sausage cost?

Active Learn Homework, practice and support: Higher 9.4 287
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The terms in i have opposite signs, so add
the equations to eliminate the terms in y.

@+@ 4x+0=16 Divide both sides by 4
x=4
44+y=6 Substitute x = 4 into equation @

y=2 = 3
CheckiBx4-2=10 ¢ /I Now check that your solutions work in equation @

7 Solve these simultaneous equations.

a 2x-y=4 b Sx+y=15 ¢ 4x-3y=10
3x+y=11 2x+y=3 Sx-3y=14
8  Antony solves simultaneous equations in this way.
Br-y-8
x+y=4

-x —| Write the second equation with y as the subject. |
8 \-\i Substitute y =

Collect like terms to find
4x=12

Now, substitute x = 3 into the second equation. |

Check that the solutions work by substituting
=8/ them into the first equation.

Solve the simultaneous equations in Q7a using Antony’s method.
Reflect Which method do you prefer?

- x into the first equation. ‘

9  Copy and complete to solve the simultaneous equations.
a 4x-2y=16 @

Jwey=17 ®
Xz(Dx%Zy:DDXZ ®

Add equations ® a"g @.Findz. Q9 hint Add equations ® and ®
;

Q3 hint Multiply every term in equation @ by 2 |

-

n

Substitute your value of x into equation @ to find y.

-
53

Solve these simultaneous equations.

Q10 hint
a r+5y=22 b 3y-2v=16 c 5r+3y=21 d 3y-2« Follow the
hx-y=4 x+by=14 3x+y=11 Sy-x=1 method
Discussion How do you decide what number to multiply by? used in Q9.
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Exam hint
Substitute your values of
xand y back into each

Solve the simultancous equations

4r+3y=>5 equation to check they fit.
2+y=3 (3 marks)
12 Solve the si equations — — -
(oo Q12 hint First solve by multiplying the first equation
¥ by 5. Then solve by multiplying the second equation by 5.
2+59=0
Discussion Does it matter which equation you multiply?
13 Problem-solving The sum of two numbers is 23 and their differenceis 5. Let the two

numbers be x and y. Write two equations and solve them to find the two numbers.

14 Finance / Problem-solving A telephone company charges £x per month for a basic
line rental and then £y per 100 minutes. Justin pays £18 for 200 minutes. Teresa pays £21 for
300 minutes.

a Work out the cost of the monthly rental.
b How much would Caron pay for 400 minutes?

Q15 strategy
The diagram shows a rectangle. All sides are measured in centimetres. hint Set up two
simultaneous
B2 equations and
solve them.

X

Jean says the perimeter of the rectangle is more than 75cm.
Show that Jean is correct. (5 marks)

1 Multiply each equation by 4

a 2x+3y=6 b x-6y=7 =

>

2 Solve these simultaneous equations. 3

a y+2r=8 b 3y+2x=14 5
2y-2x=4 Sy+x=14
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3 a Wr!te the equation ofa I?ne through (2, 5). Q3a hint Substitute x = 2,
b Write the equation of a line through (3, 8). e
c  Solve your simultaneous equations from
parts a and b to find m and c.
d

e 2 £ Q3d hint Substitute your values of
thepoms Gaond .0
the points (2, 5) and (3, 8). mand ¢ from part cinto y =max + ¢

4 Find the equation of the line through the points (6, -3) and (-2, 5).

Sl e Sirlianenis Sauations

5r+2y=16

I Multiply equation ® by 3 and
equation @ by 2 to make the

@5+2§=16 DxZ155+6y=450, coefficients of i equal.

@ 4x-3y=-1 @x2:8x-6y =-2@

@+@23x=4 Add these equations to eliminate y.

x=g

10+2y=16 Substitute x = 2 into equation @
2y=6
y=53

Check:4x2-3x3=8-9=1 / | Check your answers by substituting into equation @

5

Solve these simultaneous equations.
a Sx43y=13 b 3x+2y-13 ¢ dx+Ty=1
4x-2y=6 4x+ by =20 3x+10y=15
d 2x+sy=24 e 4x+15y=T
3x+Ty=34 5x+2y=8

Problem-solving / Modelling A coffee shop menu shows deals of the day as one coffee
and two scones for £3.80, or two coffees and two scones for £5.80.
Work out the cost of a coffee and the cost of a scone.

Problem-solving / Modelling Daniel pays for two children and himself to
go into a sports centre. His friend pays for an adult and three children.

Daniel pays £3.80 for the tickets and his friend pays £4.80.

How much is an adult ticket and how much is a child’s ticket?

Problem-solving / Modelling Amy buys two bananas and three pears in
ashop and pays £1.95.

At the same time Jacob buys three bananas and five pears and pays £3.05.
What is the cost of a pear? What is the cost of a banana?

T Bxambint

Solve the simultancous equations. Humberihe equations
i and show any

3r-4y=8 multiplying, adding or

9x+3y=-L5 (3 marks) subtracting clearly,

June 2012, Q16b, SMB3H/01
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10 Problem-solving A van can carry 300 kg. Two possible maximum loads are 4 bags of
cement and 7 bags of sand, or 6 bags of cement and 3 bags of sand.
What is the mass of a bag of sand? What is the mass of a bag of cement?

1

=

Problem-solving Hire charges for a mini bus consist of £x fixed charge + & pence for each
mile of the journey.

A hire for 20 miles costs £25.

A hire for 30 miles costs £30.

How much would a hire for 50 miles cost?

1

~

The diagram shows a rectangle with all measurements in metres.

2a +1

4b -2 4a

9-b

a  Write down a pair of simultaneous equations in @ and b. Q12a hint Rearrange

b Solve the equations. YU equationsE
foeith d.q L £ th | that they are both

¢ Give the dimensions of the rectangle. Da'fl_jbﬂ:‘

1 Solve these quadratic equations.
a x243x-4=0
b 2x?-x-3=0
c 6x2+10x-4=0

2 Use the quadratic formula to solve these equations, giving your answer to 2 d.p.
a x2+3x-5=0
b 322-x-3=0
€ 2?+51x-3=0

dn wem

3 Find the length of the line joining A(2, 9) to B(~4, 1).
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Example 6

Solve these simultaneous equations.

@ 2rey=3

@x+y= 5/_/‘ Rearrange equation @ to make y the subject. ‘
y=3-2x =
22+ (3-21)= 6’4 Substitute y = 3 - 2x into equation @ ‘

2-2043= 6/4 Expand the bracket and rearrange so the right-hand side is 0.
x2-2x2-3=0

e+ e -9)-0—— N
Soelther (x+ 1) =0 or (X - 3)=0
x=-lTorx=3
2x(=1)+y= 54{ Substitute x = -1 into equation @ to find one value of y. |
-2+Yy=3
y=5
2xB1y= 54{ Substitute x = 3 into_equation @ to find the second value of . |
G+y=3
y=-3
Sothe solutionsarex=-1,y=5andx=3,y=-3

Key point 8

A pair of quadratic and linear simultaneous
equations can have two possible solutions.

solution 1

solution 2

4 Solve these simultaneous equations.

a y-x b 2x-y=7 ¢ y-bx=6
Xay=12 x? - Y=22%+3x+45
d y=5c-3 e xtiy
y=302+6x-7 3x45
5 Solve these simultaneous equations. Give your answers correct to 2 decimal places where
appropriate.
a y+3x=8 b 2y-4x=6
Y=w+2r+4 Y=x2+x-5
Key point 9
To find the coordinates where two graphs intersect, solve their equations simultaneously.
6 Reasoning The diagram shows a sketch of the b

curve y = 4(x? - 2).

The curve crosses the straight line with equation

Y =4 - 4x at two points.

Find the coordinates of the points where they intersect. 0 1

e
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7 Solve these simultaneous equations.

a y=22+x-2 b y=brt-x-6 ¢ y=a2+6x+5
T+y=2 y=2-x y=5+x

d y=3r2-4x-2 e y=2x-1 f 3y=x+6
y=2x-3 W=hr+13 =2+l

& Reasoning The diagram shows a rug laid on a wooden
floor. Its width is 2m less than the width of the room.

Write an equation to represent the width of

the room ().

Write an equation to represent the area of

the rug, which is 3m2.

Use these two equations to find the value of x

and hence the width of the room (y).

o

o

n

v

9 Acurve with equation y = x% - 4x -1 crosses a straight line with equation g = 2xx - 1 in two places.

Find the coordinates of the points where they intersect.

C is the curve with equation i = 2? — 6x + 6

Lis the straight line with equation y = 22 — 9

L intersects (' at two points, A and B.

Calculate the exact length of AB. (6 marks)

1

=

Reasoning The diagram shows a circle of diameter

4cm with centre at the origin.

a Write the equation for the circle.

b Use an algebraic method to find the points where
the line i = 2x - 1 crosses the circle.

Q12b hint Substitute y = 2x - 1 into your equation from part a. ‘

12 Solve these simultaneous equations.
Give your answers correct to 3 significant figures.

Exam hint

There are 2 marks each for
finding A and B, and 2 marks
for finding the length AB.

¥

a x2+y?=28 b x?2+y?=35 ¢ x2+y2=50
y=x+3 y=2+52 y=3+2z
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Unit9 Equations and inequalities

1 Solvetofindx
a 5-4xr=3 b 4-2xr=6-3x

¢ tx=2(2-

2 For each inequality, choose three possible integer values

for x from the cloud.

4

3x+1>4

a x=5 b x<4
¢ x<10 d -2=x<4
3 Write down four integers that satisfy each inequality.
a x+2>3 b x-1<0
e -5<x=3 f o<x=<4

g

3>a=-3

x) d 9-5x=21+x

d 5x-3>2

Key point 10

You can show inequalities on a number line.

An empty circle O shows that the value is not included.
Afilled circle @ shows that the value is included.
An arrow O————— shows that the solution continues towards infinity.

You can rearrange an inequality in the same way as you rearrange an equation.

4 Write the inequalities that these number lines represent for x.
h €————®

*——r
10123 45 «x
c «————0

~Bd-P-2~1 B

12 %

d
~-5-4-3-2-10 1 2 3 ¥

-3-2-10 12 3 4 6 %

*———O
-65-4-3-2-10 1 2 3 *

s (Comseguestion ), [ osbstrateey

—4 < n = 1 where n is an integer.
a Write down all the possible values of 1.

b Write down the inequality represented on the number line.

*e——O

-5-4-3-2-10 1 2 3 4 5n

hint Write your

March 2013, Q4, SMB3H/01

6 Draw number lines to show these inequalities.

a x=1 b 1<x<5

€

-1<x<3

inequality in
(i) terms of x.
(2 marks)

d 0>x=-2

Discussion Are number lines a good way to represent inequalities?

You can write the solution to an inequality using set notation.

oz =7}

thesetof x such that

7 {r:x > 3} means the set of all x values such that x is greater than 3.

Write the meaning of these sets.
a kix<2) b ix=-2)
d {x:x=0) e fix>-1)

4

wix=0
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8  Show the sets in Q7 on number lines. ﬂ

Solve 3x -2 > 6 - x. Show your answer on a number line and write the solution set using
set notation.

B3r>6-x+2 Add 2 to both sides.

4xr>86 Add x to both sides.

=2 Divide both sides by 4.

Inset notation: {x : x > 2} —{ This tells us that there is a set of values of x, not just one value.

9 Solve each inequality and show your answer on a number line.
Write the solution set using set notation.
a hx>12 b 5x<10 ¢ 3x-5>4 d 2x+3<7

3u+5 > 16, where x is an integer. Lz thplnealally symbolen
4 each line of your working.
Find the smallest value of 2. (3 marks)

Nov 2012, O, JMBSH/[J[/\

11 Solve these inequalities and write the solution using set notation.

a 3x-2>6 b 2(x-1)<5r+7
¢ 2Br+d)>hr-3 d 36-21)<2@2x-3)
When inequalities have a lower limit and an upper limit, solve the two sides separately.

el Q12a hint Write the two

a -T<2x+1<5 b 5<2x+1=<g9 inequalities separately:

- L —T<2x+land2x+1<5.

¢ 2= == 6 d. 1< % 2 Solve each one separately.

13 a Multiply both sides of the inequality 5 > 3 by -1.
Is the inequality still true?
b Divide both sides of the inequality 8 < 16 by -2.

Is the inequality still true?
Discussion What happens when you multiply or divide an inequality by a negative
number?

When you multiply or divide an inequality by a negative number, reverse the inequality signs. |

14 Find the possible integer values of x in these inequalities.

a -8<-x<-2 b -4<-2x<10
c -8<4-3xr=10 d -6=4-2r=8
15 Solve these inequalities and write the solution using set notation.
a 3+ =2x+3 b 2-x<2x+5
¢ 3<2x+1=9 d -2>4(1-2)=-8
5

29!
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If a vehicle is accelerating at a constant rate we can use the formula below to find the distance
it has travelled after a certain time.

s=ut+at
s = distance (m)
u = initial velocity (m/s)
a = acceleration (m/s?)
¢ =time (s)

1 Find the distance travelled by a car in 10 seconds if its acceleration is 8 m/s? and it starts at a
speed of 5m/s.

2 Acaris travelling at a constant speed of 3ms"L At time £ = 0 it starts to accelerate at 4m/s2.
At what time will it have travelled 20m?

Q2 hint Substitute into the formula and factorise to solve the quadratic equation.
Which solution would be the correct answer?

3 Acarleaves a set of traffic lights from stationary and accelerates at a constant rate of 6 m/s2.
Alorry passes the traffic lights just as they go green. It is travelling at a constant speed
of 18m/s
How many seconds after it leaves the traffic lights does the car overtake the lorry?

Q3 hint Use s = ut + Jat? to find the equation that models the car leaving the set of traffic lights.
You could answer this problem by drawing distance-time graphs for the car and the lorry on
the same set of axes (time from 05 to 185).

4 Atthe next set of traffic lights the car stops and waits for the lights to go green.
When the lights change, it accelerates at a constant rate and is overtaken by a motorcycle
travelling at a constant speed.
a Find equations for both vehicles so that the car overtakes the motorcycle after 5 seconds.
b Can you find more than one solution to this problem?




Unit9 Equations and inequalities

Log how you did on your
Student Progression Chart.

Quadratic equations
1 Solve

a x2+3x=0

b 2x?+2x-12=0

2 Factorise 3x2- 4x -4=0

3 Write and solve an equation to find x.

4 Usethe quadratic formula to solve x? -2x - 6 =0
Give your answer in surd form.

5 Writea?+6x +3 in the form (x + p) + ¢

6 Solve % + 6x - 3 = 0 by completing the square, giving your answer in surd form.

Simultaneous equations
7 Solve these simultaneous equations.

a y=x+3 b 2x+y=4

x-2y=-1 3x+2y=6

8 Problem-solving Find the equation of the line through the points (4, 5) and (0, -3).
9 Solve these simultaneous equations.

2x+y=5

e2x-y

Inequalities
10 Find the possible integer values for x in -10 < -5x = 25
11 a Solvetheinequality-3 <x-3<6
b Show your answer on a number line.
c  Write the solution using set notati

12 How sure are you of your answers? Were you mostly

Just guessing, @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

ﬂﬂa Em mmm .

* Challenge
13 a My daughter’s age in 3 years' time will be the square of her age 3 years ago.
How old is she now?
b Write a problem like this for a friend.
Check that it works and that you can find the answer.
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0
@

Quadratic equations
1 Solvex(x+7)=0

2 a Factorise 7+ 5¢ Q2a hint Q2b hint Use your answer to part a to help.
b Solvex?+5r=0 -0 || 200D

x(]+[ D=0
Eitherx=0or (]+[)=0

3 & Find two numbers Q3a hint Which two | | Q3b hint Use your answer to part a.
whose product is -12 factors of ~12 have (x + one factor) (x - other factor)
and whose sum is -1

a difference of 17

b Factorise x* - x - 12 The =12 means the
c Solvext-x-12=0 signs are different.
4  Solve

a x2+3x-18=0

Q4a hint Follow the method used in Q3. Begin by finding
b x2-T7x+12=0

two numbers whose product is ~18 and whose sum is +3

c 2*+2x-15=0

5 a Write down the factor pairs of -6.

b Try each factor pair in these brackets. Q5c hint Use
your
(@x+ D_(Jﬂ . ) answer to part b.
Which pair gives 2x2 + x - 6 when you expand? @+ D[ =0

c Solve2x?+x-6=0

6  Solve
a 32%45x-12=0 b 3x?-2vr-8=0 ¢ 4x?-14x+12=0

7 a Arectangle is xcm long and (x - 2) cm wide. Write an expression for its area.
b Asquare has side (x + 4). Write an expression for its area.
& The diagram shows a rectangle. ——2
a  Write an expression for the
area of the rectangle. x +1
b The area of the rectangle is 4 m2. '

Write an equation for this.
Rearrange your equation so you have 0

n

on the right-hand side.

o “Solve this quation to firid & | Q8d hint Follow the method used in Q3.

. ——
9 What are the values of @, b and ¢ in each of these equations? @ hint Write each equation

a 2x2+3x+1=0 below the general equation.
b 2x2-4x-6=0 axt +be+e
€ 3x*+4x-1=0 2x?+3x+1=0

-
°

What is the value of b2 - 4ac

for each equation in Q9? Q10 hint Use the values of @, b and ¢ you found in Q9.

Substitute the values into the expression.

. _=b+Vb?-tac
11 Use the quadratic formula x S QU1 fifiE Useie valles oT e —rag
to solve the equations in Q9. you found in Q10.
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Simultaneous equations

1

Unit9 Equations and inequalities

a Expand i (x+3)? i (x-5)

b Predict what the x term will be when you expand (x + 6)2

¢ Expand to check your prediction.

a Copy and complete Q13b hint Use your answer
@+[e=w2+4x+[] from part a. Rearrange 50 you
PN L R have ()2 =[] .

b Solve xZ+ 4x = 8 by completing the square. ok sopare ¥oots of both sides

a Copy and complete
(-[e=x2-62+[]

@---2-6x
b Solve x?- 6x = 9 by completing the square.

Solve 3x + y = 10 when Q1a hint Substitute Q1b hint Substitute
a y=3 3in place of y and 2x in place of y and
b y-2x rearrange to find & rearrange to find x

Solve the simultaneous equations

4x+y=-12andy=2x Q2 hint Follow the method used in Q1.

a  Check this solution to a pair of simultaneous equations.

@ 22 +3y=-5
@5+ 4y=-6
Rearrange iy to make y the subject: y = % ®

Substitute® into@: 3x + 4(%)
Simplify and solve: 94 + 4(-24 - 5) =-18
9x-8x-20
x-20
x
Substitutex = 2into@: 2x 2+ 3y = -5
Solvefory: 4+ 3y =-5
By=-9
y=-3
b Check the answers by substituting them into 3x + 4y = =6.

Solve the simultaneous equations
3x+2y=-8
3y-2x=14

Q4 hint Write them with ¥ and y terms above
each other. Follow the method used in Q3.

Here are two simultaneous equations.

a2-2x=6+y

Sx+y=4

Rearrange 5 + y = 4 to make y the subject.

Substitute your answer to part a in place of y in the first equation.
Simplify the equation by collecting like terms.

Solve the quadratic equation.

Substitute for x to find y.

o

panco
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6 Solve the simultaneous equations
xrbx=hry

yrx=2
Inequalities
1 Write the inequalities for these number lines. Q1 hint
2 e—e b O—0 . ®e—o0 i
-2 x 1 4 y 10 3 z 8 O <or>
2 a Show these inequalities on number lines.
i x>3 i x<=7 il 3=x<?
b Write two integer values that satisfy each inequality.
3 Draw a number line to show each inequality.
a x=0 b x<Qorx=1 ¢ 2<x<4 d “h=x=4

e Write all the possible integer values for ¢ and d.

Q4 hint Solve using the same method
as for an equation. Remember:
St s

><—1< I>D>x—1

4 Solve these inequalities.
a r-3>5
€ 2<x+1<5

5 a Solve2<3x-1
b Solve3x-1<11 Q5¢ hint Use your answers from
c Find the possible integer values for 2 < 3xr -1 < 11 aand bito write

6  Find the possible integer values for 4 < 2 +5=9 | Q6 hint Follow the method used in Q5. ‘

© =~

Show the solutions to @5 and @6 on number lines.

In set notation, x < 3 is {x : x < 3}.
Write these inequalities in set notation.

| 08 hint Write {x : } around the inequality. ‘

a x>4 b x<7 ¢ x>5d O=<x<3

1 The product of two consecutive numbers is 30.
a Write this using algebra.
b Solve your equation to find the two numbers.

Q1a hint Use x for the first number.
The next consecutive number is 2 + [ ]

2 Alawnis 4m longer than it is wide. The total area of the lawn is 30m2.
What is its perimeter? Give your answer to 2 decimal places.

3 Write 3x? + 2.4x in the form a(x + p)? + g. State the values of @, p and ¢.

4 Reasoning The football pitch in the diagram has +~—ar+5—

area 7140m?.

What are the dimensions of the pitch?

3w -7

5  The diagram shows a 6-sided shape. %
All the corners are right angles and all the x
measurements are in centimetres. 2 + 1 i
The area of the shape is 75 cm?. o
a Show that 2x? + 5x - 75=0 l

b Solve the equation 2x?+ 5x - 75=0

w

o
S
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Problem-solving Gary buys three mobile phone cases and two charging leads and pays
£29.50. At the same time his friend buys two phone cases but takes a charging lead back,
gets a full refund on it and pays £11.50.

What is the cost of a mobile phone case? What is the cost of a charging lead?

Reasoning This trapezium has area 20m?2. —2%+5——

The area of a trapezium is given by the

formula A = H(a + bk

Find the value of x. —r+2—>

i
x
'

The diagram shows a sketch of the curve = 222 + 4x - 2
The line y = 6 - x crosses the curve at points A and B.

Use an algebraic method to find the coordinates of A and B.
Give your answers to 1 decimal place.

Reasoning Jodie and Kate play netball for the same team. Q9 hint Write
In a month they score fewer than 15 goals. Kate scored 4 more goals than | and solve an
Jodie. What is the maximum number of goals Jodie could have scored? inequality.

A ball thrown in the air travels at speed s = (20 - 4%) metres per second, where ¢ is the time
after being thrown. For which values of ¢ is the speed between 5m/s and 15 m/s?

Problem-solving A pond is 8m wide by 10m long.

It has a path around it that is exactly the same width all round.

The area of the path is 80% of the area of the pond. Bm
How wide is the path?

Errr —

i L Write lutic
Solve the simultancous equations e oxccltos

in two pairs:
i g =[ Ly=
y=2x+5 (6 marks) =
Nov 2012, Q21, SMBSH/T)I/‘ = e |
Solvex -4 <3x+6=9.
Show the solutions on a number line and write as a solution set.

Communication a Showthat (x + p)? + g =a%+2px + P2+ q Qi hint
b Jake uses this method to write 7 + 4x + 5 in the form (x + p)? + ¢ Experdand
(X+pP+g=02+2pr+p?+q=2°+4x+5 simplify
Comparing the x terms: 2px=4x 50 2p=4,p=2 the LHS.

Comparing number terms: p?+q=5
4L+q=5
=1
So(x+plReg=(x+22+1
Use Jake's method to write these expressions in the form (x + p)2 + ¢
i x2+6x+15 il x2+48x-3 il x2-dx+2 v x2+3e47

2
o
Tens®

w
5]
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Mastery lesson 9.1

© The roots of a quadratic function are its solutions when it is equal to
zero. . Mastery lesson 9.1

@ You can solve equations of the form ax? + bx + .+« Mastery lesson 9.2

@ You can use the quadratic formula to find the solutions to the
quadratic equation @x? + bx + ¢ =0
_-bs\BP—4ac

- Mastery lesson 9.2

© Expressions such as (x + 2)%, (x - 1)2 and (x+3)? are called

perfect squares. Mastery lesson 9.3

by (b
@ a2+ bx +c can be written in the form (I'E) »(EJ +c

This is called completing the square. .. Mastery lesson 9.3

2
@ ax?+ bx +c can be written as a(x S %x) #6
before completing the square for the expression inside the brackets. ... Mastery esson 9.3

@ When there are two unknowns, you need two equations to find their
values. These are called simultaneous equations. ... .. . Mastery lesson 9.4

@ A pair of quadratic and linear simultaneous equations can have two

possible solutions. Mastery lesson 9.6

& To find the coordinates where two graphs intersect, solve their
equations simultaneously.
Y

Mastery lesson 9.6

© You can show inequalities on a number line. An empty circle O shows
that the value is not included. A filled circle ® shows that the value
is included. An arrow O—————3 shows that the solution continues

towards infinity. ............... Mastery lesson 9.7

© You can rearrange an inequality in the same way as you rearrange an

equation. Mastery lesson .7

© You can write the solution to an inequality using set notation.

1L ] Mastery lesson 9.7

the setof  x such that

@ When inequalities have a lower limit and an upper limit, solve the two
sides separately. .. +ove Mastery lesson 9.7
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© When you multiply or divide an inequ by a negative number,

reverse the inequality signs. . . Mastery lesson 9.7

For this unit, copy and complete these sentences.
I showed I am good at

| found hard 2
| got better at by ?

| was surprised by
I was happy that
I still need help with

Log how you did on your
9 Student Progression Chart.

1 Solve the quadratic equation 15 = 2x% - Tt (3 marks)
2 Factorise 9x2-3x -2 (2 marks)

3 Reasoning a One side of a rectangular room is 2m longer than the other side.
Write the area of the room as an expression in x (the length of the shorter side). (1 mark)
b The area of the room is 15m? What is the value of x? (3 marks)

4 Solve the equation 3% - 2x -2 =0.
Give your solutions to 3 significant figures. (3 marks)

5 Problem-solving A picture frame is designed to take a 6cm x 8 cm picture.
The border is exactly the same width all round and its area is 32 cm?.
How wide is the border?

oam | |

8cm

(4 marks)
6  Solve these simultaneous equations.
a 3x-2y=5
4x + 2y =16 (3 marks)
b 5x+2y=18
2x+3y=5 (4 marks)
7 Problem-solving Jay buys 2 apples and 3 pears in a supermarket and pays £1.90.
He later returns and buys 4 pears and 5 apples and pays £3.35.
What is the cost of one apple? What is the cost of one pear? (5 marks)
8 Solve the inequalities
a yr6<4y+8 (3 marks)
b 3<2-4=6-x (3 marks)
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9 Find the integer x that satisfies both the inequalities x + 4 > 5
and3x-4<5 (3 marks)
10 Reasoning This trapezium has area 3m2

a2z + G~

«—3r+8—->

The area of a trapezium is given by the formula A = (a + bk
Find the value of x. (4 marks)

11 A curve with equation y = x2 — 6x - 2 crosses a straight line with equation
¥y =3x-2in two places. Find the coordinates of the points where they intersect. (4 marks)

Sample student answer

a Whyisita good idea to label each equation with a number?

b What could be the problem with the algebra letters that the student has chosen (s and {)?
¢ Why will the student only get 4 out of the 5 marks?

Paper clips are sold in small boxes and in large boxes.
There is a total of 1115 paper clips in 4 small boxes and
5 large boxes.

There is a total of 530 paper clips in 3 small boxes and

2 large boxes.
Work out the number of paper clips in cach small box
and in cach large box. (5 marks)

June 2014, Q17, SMB3H/01

Student answer
@ 45+5/=1115 Mx 3125+ 15/=3345®
@ Bs+2/=530 @x4:125+8 =2120@

®-@7i=-1225

1225+ 7=175

Put into @

B+ 350 =530
3s="180
==60



PROBABILITY

Abox of chocolates has two white, two dark
and six milk. You take two chocolates at
random. What is the chance you get your
favourite chocolate?

Prior knowledge check

1 Work out

Work out 20% of 340

0.45+0.52 06 +0.25 35% of 234

0.52-017 07-032 82% of 250

7% of 60

Work out

1-022 1-076 Worzk out

-4

100% - 27% 100% - 68% T

Write three equivalent fractions for each

fraction. Copy the probability scale.

F z 2 5 even
mpossible unlikely chance  lkely  certain

2 5 7

Write these fractions in ascending order. ' ; |
B 2

81735 0 7=05 1
0% 50% 100%
Work out & . % .
0.25 x 160 02x120 Write the capital letter of each event
in the correct place on your scale.
0.48 x 55 3x 150 i
T Rolling an even number on a fair
3% 480 5 % 180 six-sided dice.
Convert these fractions to decimals and The probability of ‘a:dT”g @300
percentages. biased spinner is 30%.
1 3 i The probability that two people
;‘ ? 5 will share their birthday from a
8 Ed 0 class of 30 students is 0.7.
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D The probability of an 18-24-year-
old having a car accident within
two years of passing their driving
test is -,

The probability of a 60-year-old
male not surviving to his next
birthday is 1%.

m

The frequency table shows the outcomes
in a study of a new weight-loss regime to
tackle obesity.

a Copy the table.

Outcome Frequency | Relative
frequency

“Healthy’ category 78

“Overweight' 17

category

‘Obese’ category 5

Total frequency

o

Work out the total frequency.
Calculate the relative frequencies.

A further 300 people sign up to the
weight-loss regime.

How many of them would you expect
to fall into the ‘healthy’ category?

an

Reasoning An ordinary six-sided dice is
rolled once.

a List all the possible outcomes.

b What is the probability of each
outcome?

What is the sum of all their
probabilities?

n

Reasoning Inagame,
players spin the
coloured spinner to
move around the
board.

a What is the <
theoretical —
probability of landing on green if the
spinner is fair?

How many times would you expect to
land on each colour in 100 spins?

o

=

In a game there are 100 spins. Here are
the results:

[Cotour | red [ yellow [ blue [ green |
\

‘Frequen:y 25‘ 28 ‘ 24 ‘ 23

¢ What is the experimental probability
of getting yellow?

The table gives the numbers of boys and
girls in a group who wear glasses.

Glasses | Noglasses | Total
Boys 10
Girls 6 18
Total 32

a Copy and complete the table.

A person is picked at random.

What is the probability the person is
b aboy without glasses

c agirl

A bag contains red, blue and yellow
counters. The probability of choosing a
red counter is 0.2 and the probability of
choosing a blue counter is 0.35.

Work out the probability of choosing a red
or blue counter.

* Challenge
s a5

Use the numbers 1, 2 and 3 as many
times as you like on the spinner to make
these statements true.

+ Plodd number) > P(even number)

- P()=2pP(3)

Find a different solution.
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1 Jessis buying a car. She has a choice of four colours, red, blue, silver and white, and a choice
of two models, an estate and saloon.
a How many possible combinations of colour and model are there?
b How many combinations are there for 5 colours and 2 models?
¢ How many combinations are there for 6 colours and 2 models?
d How many combinations are there for 6 colours and 3 models?
e How many combinations are there for m colours and n models?

Questions in this unit are targeted at the steps indicated.

number of successful outcomes
total number of possible outcomes

Probability =

2 a Froma set menu of 5 main courses and 3 desserts, write all the combinations of main
courses and desserts.

b How many possible combinations are there? T frrr
¢ What is the probability that the combination Beef stew Apple pie with
chosen from the menu is lasagne and profiteroles?
ST cnmcressor. | Pl iy
Q2¢ hint Lasagne and profiteroles are 1 o
bination out of a total of [_]combinations so et
coml chesseoake with
a

P (lasagne and profiteroles) = ﬁ L N

d  What is the probability that the combination chosen is haddock and a dessert served

with cream?

3 Highfield Technology School has two students from each year group on the school council.
Amy, Beth, Callum, Dan and Ellie would like to represent Year 11.
a How many combinations of two students are there?
b What is the probability that Amy will represent Year 117
¢ What is the probability that Ellie will represent Year 112
d  What is the probability that Callum and Dan will represent Year 11?

4  Modelling Two fair coins are flipped at the same time.
a Write a list of all the possible outcomes. " —
b How many outcomes are there altogether? Qaci communication hint
c Work out P(two tails) means the
i P(two tails) i P(head and tail). probability of getting two tails.
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Key point 2

A sample space diagram shows all the possible outcomes of two events.

Two fair five-sided spinners are spun and the results
are added together.
a Draw the sample space diagram to show all the
possible outcomes.
b Work out the probability of getting a total of 2.
©  Work out the probability of getting a total of 6.
d Work out the probability of getting a total that is a prime number.
a Red spinner
1|2 |3 ]|4]|5
Sh::ner 1 @sl4]5]6 Add the number on the
P! 2|5 |4|5]6|7 red spinner to the number
3|4|5|6|7]8 on the blue spinner.
4 | 5|6|7]|8]|9
5|16 |7]8&]9]|10
b
c
4

5 Modelling Jake rolls a fair six-sided dice and spins a fair four-sided spinner and adds the
results together.

Dice
12 [3|4|5]s
1 & 3
2 ]
Spinner 5
4

a Copy and complete the sample space diagram to show all the possible outcomes.
b Work out the probability of getting
i atotal of 4
i atotal that is a square number
iii atotal of 12.

Louise spins a four-sided spinner and a five sided spinner.

The four-sided spinner is labelled 1
2,4,6,8. N SN

The five-sided spinner is labelled s VAv
1,3,5,7.9. A

Louise adds the score on the four-sided spinner to the score
on the five-sided spinner.
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She records the possible total scores in a table.
4-sided spinner

+]2]a]6[s
1[3]s][7]9
30s]7]9 1 Q6 strategy hint Use your
Aisidetigpmney BEICIMIE completed table to answer
71911 parts band c.
9 J13
a Complete the table of possible scores. (1 mark)

b Write down all the ways in which Louise can get a total score of 11
One way has been done for you.
2.9 (2 marks)
Both spinners are fair.
¢ Find the probability that Louise’s total score is less than 6 (2 marks)
Nov 2010, 03, 1380/3H |

Modelling
Sasha rolls two fair six-sided dice. Draw a sample space diagram to show
all of the possible outcomes.

o

o

How many possible outcomes are there altogether?
Work out the probability of getting a total of
i3
an even number
iii greater than 8,

n

a

Which total are you most likely to get when rolling two six-sided dice?

Chloe has two bags of sweets, A and B.
In bag A she has a strawberry flavour, an orange flavour, a lime flavour and
a blackcurrant flavour sweet.

In bag B she has a strawberry flavour, a blackcurrant flavour and a
lime flavour sweet.

Chloe takes a sweet at random from each bag.
a Draw a sample space diagram to show all the possible outcomes.
b Work out the probability that the sweets will be
i both strawberry flavour
ii the same flavour
iii different flavours.

Harry flips a fair coin three times. Work out the probability that
the coin lands heads up for all three flips.

Jade, Kyle, Laura, Max and Nicole take part in a chess tournament.
Each player in the tournament plays every other player.

There are 10 matches altogether.

Two players are picked at random to play the first game.

Work out the probability that the first game will be played by a male
player and a female player.

%
Pt
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Boys and girls in a class are in the ratio of 1:

What fraction of the class are boys?

Afair 6-sided dice is rolled once. What is the probability of rolling
a asquare number b amultipleof 2 < amultiple of 37

Here are some lettered tiles.

fEeEEFEES

One of these tiles is selected at random.

Work out the probability of getting an E or an S.

Two events are mutually exclusive if they cannot happen at the same time. For example, when
you roll an ordinary dice, you cannot get a 3 and an even number at the same time.

4

5

Which two events from Q2 are mutually exclusive?

Afair 6-sided dice is rolled once. Work out the probability of rolling

a asquare number or a multiple of 5
b aprime number or an even number
¢ asquare number or a multiple of 2.

Key point 4
When events are mutually exclusive you can add their probabilities.
For mutually exclusive events P(A or B) = P(A) + P(B)

Modelling A standard pack of cards is
shuffled and a card is chosen at random.
Find the probability of choosing

a adiamond or spade

b ablack ace or a heart.

Q6 hint A standard pack of 52 cards is equally
split into four suits; hearts, diamonds, clubs and
spades. For each suit there is an Ace, 2,3, 4,5, 6,
7,8,9, 10, Jack, Queen and King,

The chance of it raining on a day in July in London is 71%.
There is a 6% chance of a dry day with cloud coverage.
What is the probability that on a visit to London in July, you outcomes i

will have a clear blue sunny sky with no rain?

Q7 hint The sum of the
probabilities of all possible
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8  The numbered cards are shuffled. A card is chosen at random.

FEFRSFEEREEE@

Work out the probability of choosing a square number, a prime number or a multiple of 6.

Key point 5

For 3 or more mutually exclusive events, P(A or Bor Cor...) =P(A) + P(B) + P(Q) + ...
The probabilities of an exhaustive set of mutually exclusive events sum to 1.

9 Problem-solving The table gives the probability of getting eachof 1,2,3and 4 on a
biased 4-sided spinner.

[Number [ 1 ]2 3 [4]
Probability | 4r | 3x | 2x | x

Work out the probability of getting
a 2or4 b lor2or3.

Key point 6

For mutually exclusive events A and not A, P(not A) = 1 - P(A). A and not A are always mutually
exclusive.

A bag contains 20 counters. 7 of the counters are red. A counter is taken at random from the
bag. Work out the probability that the counter will be
a red b notred.

number of successful outcomes
total number of possible outcomes

o

Plred) = 2 P =
P(not red) = 1 - P(red)

% P(not A) = 1 - P(A)

-

10 Modelling A fair 6-sided dice is rolled. Work out the probability of rolling
a1 b notl.

1

=

Modelling A standard pack of cards is shuffled and a card is chosen at random.
Find the probability of choosing
a aheart b not a heart.

1

~

The probability that it will rain tomorrow is 0.88.
Work out the probability that it will not rain tomorrow.

T ——————
Josie rolls a biased dice.
The probability that the dice will land on 1 or 2 or 3 or 4 or 5 is given in the table.

[Score [ v [ 2] 3545 s ]
[ Probability | 0.15 | 025 | 020 | 010 | 0.5 | |

Work out the probability that the dice will land on 6. (2 marks)
Nov 2011, 02, 2381/68 |
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In a probability experiment a trial is repeated many times and the outcomes recorded.
The relative frequency of an outcome is called the experimental probability.

Experimental probability of an outcome =

Reasoning Anna has a box of chocolates. In the box
there are milk, plain and white chocolates in the

ratio 4:3:2. Anna doesn’t like white chocolates. l:‘
Work out the probability that she will pick a P(not white) =1 - E
chocolate that is not white.

Q14 hint How many parts are
there in total for the ratio 4:3:2?

Aand B are two mutually exclusive events.
P(A) - 0.25 and P(A or B) - 0.6 Q15 hint For two mutually exclusive

Work out the value of P(B). events, P(A or B) = P(A) + P(8)
Problem-solving Cand D are two mutually exclusive events.

P(D) = 0.4and P(Cor D) =0.78

Work out P(not C).

Work out

a 50x03 b 200 0.7 c 210x% d 150 %%

Write the correct sign, < or >, between each pair of fractions.

a dandZ b Jand % ¢ Zand& d Zand}

Ella dropped a drawing pin on the table lots of times. It landed either point up or point down.
She recorded her results in a frequency table.

Position Frequency
Point up 3 * &
Point down 7

a Workout the total frequency.
b Work out the experimental probability of the drawing pin landing
i pointup i point down.
¢ She drops the drawing pin 100 times. How many times do you expect it to land point up?

Discussion When you repeat an experiment, will you get exactly the same results?
Why is experimental probability only an estimate? How can you improve the accuracy of the
estimate?

frequency of outcome
total number of trials
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¢ (EomSEEsion D xam bint
Abraham and Betty have a biased dice. Iouony aebite mark
They each want to find n estmate fo the ﬁ o e e n
probability that the dice will land on a six. it il
Abraham is going to roll the dice 60 times. G

He will record the number of sixes he gets.

Betty is going to roll the dice 600 times.

She will record the number of sixes she gets.

Who is more likely to get the better estimate?

Give a reason for your answer. (1 mark)

March 2012, Q4, 2381/6B
Q o)

Key point 8

Theoretical probability is calculated without doing an experiment.

Josh uses this spinner for a game.
a Whatis the theoretical probability that the spinner will land on
the letter B?

Josh is going to spin this spinner 300 times.
b Estimate how many times the spinner will land on the letter B.

a PB)=2
g Simplify fractions where possibl
=

2x300 4| Expected number of outcomes = number of trials x probability |
=100 times.

<

5 Modelling Mia makes this 8-sided spinner for an experiment
a Whatis the theoretical probability that the spinner will land on blue?
Mia is going to spin this spinner 400 times.
b Estimate how many times the spinner will land on blue.

6 Modelling There are red, blue and yellow counters in a bag in the ratio of 5:6:1.
a Whatis the probability of choosing a red counter?
A counter is picked at random from the bag and then replaced.
This is done 180 times.
b How many times would you expect a red counter to be picked?

7 The probability of England losing their next football match is 0.28
The probability of England drawing their next football match is 0.36
Work out an estimate for the number of times England will win over their next
50 football matches.

Key point 9

As the number of experiments increases, the experimental probability gets closer and closer to
the theorectical probability.
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8 Modelling The table shows the results of Number | Frequency | Relative
rolling a six-sided dice. frequency
a Copyand complete the table, calculating 1 FE)
the relative frequency for each outcome.
b What is the experimental probability of Z 22
rolling a 62 3 21
¢ When the dice is rolled 500 times, how many 4 18
times would you expect to get a 67 5 9
d s the dice fair? Give a reason for your answer. 6 7

9  Modelling The table shows the results of spinning a five-sided spinner.

[Number  [1 [z [3 [4 |5
|Frequency |46 [39 [37 [40 38 ]

Is the spinner fair? Give a reason for your answer.

10 Medelling Holly flips two coins and records the result. She does this 160 times.
One possible outcome s (tail, tail). Estimate the number of times she will get two tails.
11 Moedelling The probability of winning a prize in a raffle is ﬁ Sarah says that if she buys
200 tickets she will win a prize. Is she right? Give a reason for your answer.
12 Medelling Ben rolls two dice 180 times.
How many times would you expect to get a total
a of12 b of7 c thatis a prime number?
13 A dentist esti that the ility a patient will come to see him needing
afilling is 0.235.
Of the next 160 patlents who come to see him, 25 need a filling.
How good is the dentist’s estimate of this probability? Explain your answer.

1 Work out these calculations; give your answers in their simplest form.

a f5%5 b $xi ¢ Fxz
d 04x02 e 06x07 f 055x08

Key point 10
A frequency tree shows two or more events and the number of times they occurred.
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2 Inafootball tournament 20 matches were played. In 8 of the matches Team A scored the first
goal. In 5 of these matches they also scored the second goal. Team B scored the first two goals
in 3 of the matches. Copy and complete the frequency tree for the 20 matches played.

1st goal 2nd goal

Team A

TeamA 8
Team B

20

Team A

Team B
Team B

3 Agarage records the MOT test results on 40 cars.

Pass
Of the 40 cars tested, 15 of them are less than
5years old. <5 years
11 of the cars under 5 years old passed. 40 Fail
28 cars passed altogether. Pass
a Copy and complete the frequency tree. =5 years
b Work out the probability that a car fails its MOT. Fail

4  STEM 80 people with similar symptoms were tested for a virus using a new trial medical test.
19 of the people tested showed a positive result.
The virus only developed in 11 of the people who tested positive.
A total of 67 people did not develop the virus at all.

developed
virus,

positive
result

no virus

developed
virus

negative

result
no virus

2 Copyand complete the frequency tree.

b Work out the probability that a person develops the virus.

Two events are independent if one event does not affect the probability of the other.

For example, flipping heads with a coin has no effect on rolling an even number with a dice,
so they are independent events.

To find the probability of two independent events, multiply their probabilities.

P(A and B) = P(A) x P(B)

5 Connor and Ryan compete against each other over a 100 metre sprint and over a
100 metre swim.
The probability that Connor will win the sprint is 0.3
The probability that Connor will win the swimming is 0.8
Assuming that the two events are independent, work out the probability that Connor will win
both races.
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6 Reasoning There are two sets of traffic lights on Matthew’s car journey to school.
The probability that he has to stop at the first set of traffic lights is 0.45.
The probability that he has to stop at the second set of traffic lights is 0.35.
Work out the probability that he will
a not stop at the first set of traffic lights
b not stop at the second set of traffic lights
© notstop at either set of traffic lights.
Discussion What assumption did you make?

7 Acard is taken at random from each of two ordinary packs of cards, pack A and pack B.
Work out the probability of getting
a ablack card from pack A and a black card from pack B

a heart from pack A and a spade from pack B

a queen from pack A and an even-numbered card from pack B

an ace from pack A and an ace of clubs from pack B

a queen of hearts from each pack.

-

nan

8 Joe plays a spin-the-wheel game at the fair.
The probability that he wins is 2.
Calculate the probability that he wins three successive games.

Key point 12

Atree diagram shows two or more events and their probabilities.

This fair five-sided spinner is spun twice.

a Draw a tree diagram to show the probabilities.

b What s the probability of both spins landing on red?

¢ What is the probability of landing on one red and one blue?

a st spin 2nd spin

Red
Red <
e Blue

Siiel

Qo

branch of the diagra:

aln
@
£
&
Uﬂ\/\f‘lb' al
@
£z

Go along the branches for Red, Red. The 1st and 2nd
spins are independent, so multiply the probabilities.

w
p
n
)
;
s
X
&5
"
yo

Go along the branches for Red, Blue and Blue, Red. ‘

B \‘ The outcomes Red, Blue and Blue, Red are mutually

exclusive, so add the probabilities of their outcomes.
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On a hook-a-duck game at a fundraising event you win a prize if you pick a duck with an ‘X’ on
its base. Aaron picks a duck at random, replaces it and then picks another one.

OO@OOO®QOO

Copy and complete the tree diagram to 1st game 2nd game

show the probabilities. i} .
b What is the probability of 5 Win
winning two prizes 5 W
b i S Lose
winning nothing
winning one prize
iv winning at least one prize?
Win
Q9b iv hint Winning ‘at least one’ Lose <
means winning one or more. Lose
Megan has two bags of counters, labelled A and B. Bag A BagB
In bag A there are 3 red and 5 green counters. Red

In bag B there are 1 red and 5 green counters. Red
A counter is chosen at random from each bag.
a Copy and complete the tree diagram to
show the probabilities.
b Work out the probability of choosing
two counters the same colour
one red and one green counter
i no red counters
iv at least one red counter.
Discussion How did you calculate P(at least one red)? Is there another way?

Green

A

Rachel and Max each have a box of chocolates. Rachel Max
Rachel has 5 milk and 2 white chocolates in her box.
Max has 7 milk and 3 white chocolates in his box.

THeyBacHesasaisiehaeolate fFam thelr oW Mitk
box at random.
a Copy and complete the tree diagram to
show the probabilities.
b Work out the probability that )
White

i they both choose a milk chocolate
ii one of them chooses a milk chocolate and
one of them chooses a white chocolate.
Discussion What assumptions have you made when calculating the probabilities in part b?

Milk

White

Milk

A A

White

There are only red and yellow marbles in a bag.
There are 5 red marbles and 3 yellow marbles.
Ethan takes at random a marble from the bag,
notes the colour and then puts the marble

5
back in the bag. 3
Ethan then repeats this process.
a Complete the probability tree diagram.
(2 marks)
Yellow

b Work out the probability that Ethan takes
marbles of different colours. (3 marks)

1st marble 2nd marble

4
o/ \o D/\w
g
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13 Reasoning Caitlin spins two spinners.
On spinner 1, P(pink) =0.2
On spinner 2, P(pink) =035
2 Drawa tree diagram to show all the possible outcomes.
b What is the probability of only one spinner landing on pink?
©  What is the probability of both spinners landing on pink?
d If each spinner was spun 500 times, how many times would you expect them both to land
on pink?

s
g
2

1 This spinner is spun twice.

1st spin 2nd spin

vowel
vowel <
consonant

a Copyand complete the tree diagram to 15
show all the probabilities.
b Work out the probability of the spinner
landing on a vowel for both spins.
vowel
consonant <
consonant
2 The two-way table shows the subjects English | Maths | Science | Total
students like best. Male 15 23 22 60
Work out the probability that a student Female 32 7 21 70
picked at random
a likes English best Total 47 40 4 130

b does not like science best.
¢ Work out the probability that a male student picked at random likes maths best.

If one event depends upon the outcome of another event, the two events are dependent
events. For example, removing a red card from a pack of playing cards reduces the chance of
choosing another red card.

Atree diagram can be used to solve problems involving dependent events.
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3 For each of the events, state if the events are independent or dependent.

Randomly choosing a chocolate from a box, eating it, and then choosing another.

Rolling two six-sided dice.

Flipping a coin three times.

Choosing two socks from a drawer.

Randomly choosing a counter from a bag, replacing it and then choosing another counter.

o

mano

Key point 14

A conditional probability is the probability of a dependent event. The probability of the second
outcome depends on what has already happened in the first outcome.

4 Real The two-way table shows the number of deaths and serious injuries caused by road
traffic accidents in Great Britain in 2013.

Speed limit
20 mph 30mph 40 mph Total
Type of | Fatal 6 520 155 681
injury  ['serious 420 11582 1662 13664
Total 426 12102 1817 14345
Work out an estimate for the probabili
a that the accident is fatal given that the speed Qé4a hint
limit is 30mph number of fatal accidents at 30 mph
b that the accident happens at 20 mph given that total number of accidents at 30 mph
the accident is serious
¢ that the accident is serious given that the speed limit is 40 mph.

Give your answers to 2 decimal places.

There are 10 pencils in Toby’s pencil case.

Seven of the pencils are HB pencils.

Toby takes two pencils out of his pencil case.

a Draw a tree diagram to show all the possible outcomes.

b Work out the probability that he picks out at least one HB pencil.

a1t pencil 2nd pencil
4]
9 HB
Z HB
5 < Taking two pencils from the pencil
3 hot HB e
E case at the same time is the same
as taking one pencil, then another
T (without replacement).
5 3 HB
10 not He <
2 not HB
9
b Patleast 1 HB) = 1 - P(no HB) You don't need to simplify probability
PlnotHB, not HB) = & x 2 = & fractions, but sometimes it makes
o ;U calculations easier.

P(atleast 1HB)=1 -+

a
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5

Chris has a bag containing 5 red and 3 orange 1st sweet 2nd sweet
sweets. He chooses a sweet at random and eats it. 4
He then chooses another sweet at random. 7 -

7
a Copyand complete the tree diagram to s red <
show all the probabilities. B orange

Work out the probability that the sweets
will be
i the same colour

i red
ii one of each colour
orange
iii not orange.
orange

-

Problem-solving Ina group of students, - =

559 are girls. 30% of these girls prefer to e R R R

play electronic games on a hand-held (WS e
gaming device. N girls <

75% of the boys prefer to play electronic ot 30% ——hand-held
games on a games console.

One student is chosen at random. 75% eols
Find the probability that this is a [ %R <

boy who prefers to play games on a D% hand-held
hand-held gaming device

Problem-solving Callum either walks to school or travels by car.
The probability that he walks to school is 0.65. If he walks to school, the probability that he
will be late is 0.3

If he travels to school by car, the probability that he will be late is 0.05

Work out the probability that he will not be late.

Emily and Zoe have 5 chocolate biscuits, 3 shortbread biscuits and 2 ginger biscuits in a tub.
Emily picks a biscuit, at random, from the tub. Then Zoe picks a biscuit.
a Copy and complete the diagram to show all the probabilities.
Emily Zoe
4
3 Chocolate

Chocolate Shortbread

|

Ginger

=

Chocolate
Shortbread Shortbread
Ginger

Chocolate
Ginger Shortbread
Ginger
b What is the probability that they both pick the same type of biscuit?

Problem-solving There are 5 boxes of cornflakes and 7 boxes of puffed wheat.
Mike and Reece both choose a box at random.
Work out the probability that they do not choose the same type.
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10 Problem-solving A bag contains 4 red, 3 blue and 2 green marbles.
Jamie chooses two counters, at random, from the bag.
Work out the probability that his two counters are the same colour.

! S | o1 strategy hint
There are 3 orange sweets, 2 red sweets and 5 yellow sweets in a bag. Once a sweet has

been taken, and

eaten, remember

Sarah takes a sweet at random.

She eats the sweet. the total number of

She then takes another sweet at random. sweets inlthe bagis
now one less.

Work out the probability that both

sweets are the same colour. (4 marks)
June 2010, Q26, 1380/3H

1 Amber surveyed Vear 10 students to see how many owned  [o— - ot
a smartphone and tablet.
The Venn diagram shows her results.
a How many students did not own either a smartphone
or tablet?
How many students owned a tablet?
How many students owned both a smartphone and
a tablet?
How many students took part in Amber’s survey?

o

n

a

Communication hint
Curly brackets { } show a set of values. An element is a

€ means 'is an element of". ‘member’ of a set.

2 A= {positive even numbers < 10}
B = {prime numbers < 10}
List the numbers in each set.
A={2..) B={.}
Write ‘true’ or ‘false’ for each statement.

o

o
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3 The Venn diagram shows two sets, P and Q, and the set
of all numbers being considered, £&.
Write all the elements of each set inside curly brackets {}.
a P
Q
£ 2 10

b

c

d Which set is {square numbers < 16}?

e Write descriptions of the other two sets.

Key point 16

AN Bmeans A intersection B' This is all the elements that are in A and in B.

AU Bmeans ‘A union B’ This is all the elements that are in A or B or both.

£ means the universal set - all elements being considered.

4 For the Venn diagram in Q3, write these sets.

a PUQ b PNQ
c P d Q
e P'NQ f QNP

Key point 17

You can calculate probabilities from Venn diagrams.

The Venn diagram shows the number of students studying G
German (G) and Mandarin (M).
Astudent is picked at random. Work out

8

a PGNM
b PG
¢ PGUM)
A 204347 4+8=36 Work out the total
3 number of students.
PG NM) ===

%6 Number of students in G N M
total number of students
7+8_15

v PEy=18.15
36 28 Number of students in G’
total number of students
¢ PGUM)= % - %
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5  The Venn diagram shows two events when a 12-sided dice X Y
is rolled: prime numbers and multiples of 2. 4
X = {number is prime} 6
¥ = {number is a multiple of 2} 8
Work out 12 10/
a P(X) b PY) c PXNY) £ 9
d PXUY) e PX') f P
g PXNY) h PX'UY)

6 Reasoning Charlie asks the 30 students in his class if they passed their English (E) and
maths (M) tests.
21 students passed both their English and maths tests.
2 students didn't pass either test.
25 students passed their maths test.
a Draw a Venn diagram to show Charlie's data.
b Work out
i P(E)Y il PENM) iii PEUM iv PE' N M)
Discussion What does P(E' N M) mean in the context of the question?

7 Lucy carried out a survey of 150 students to find out how many students play an instrument (I)
and how many play for a school sports team (S).
63 students play on a school sports team. Qée hint
27 students play an instrument and play on a school sports team. S
72 students do not either play an instrument or play on a school
sports team.

Draw a Venn diagram to show Lucy's data.

Work out the probability that a student plays an instrument.

Work out the probability that a student plays an instrument

given that they play on a school sports team.

o

£
numberinS N1
total number in S

no

Key point 18
AN BN Cmeans the intersection of A, Band C.

AU B U Cmeans the union of A, Band C.

P(A N B | B) means the probability of A and B given B.

8  Caitlin did a survey of pet owners owning cats (C), dogs (D) Te]
and fish (F). The Venn diagram shows her results.
a How many people took part in the survey?
One of the pet owners is chosen at random.

o

b Work out =
i PO Q8b i hint PCN D | D)
ii PCND|D) means the probability of a

PO NF[F.

cat and dog owner given
that pet owner owns a dog.
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92

The Venn diagram shows people’s choice of chocolate (C), C

strawberry (S) and vanilla (V) ice cream flavours for the

‘three scoops’ dessert.

2 How many people had all three flavours?
b
©  Work out

i PCNSNV)

P(S NV)
i PEAY]S).

How many people chose ice cream for dessert? AvA

There are 80 students at a language school.

All 80 students speak at least one language from French, Halian and Spanish.
7 of the students speak French, Italian and Spanish.

15 of the students speak French and ltalian.
26 of the students speak French and Spanish.
17 of the students speak Halian and Spanish.
41 of the students speak French.

52 of the students speak Spanish.

Q10 strategy hint Once
you have put the number
7 in the overlap of all three
circles, you can work out
another number to fillin
on your diagram for each
sentence in the question.

a Draw a Venn diagram to show this information. (3 marks)

One of the students is chosen at random.

b Work out the probability that this student speaks French but not

Halian. (2 marks)
Given that the student speaks Spanish,
¢ work out the probability that this student also speaks French. (2 marks)
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Drug testing is widely used in sport, to help ensure fair play. These tests aim to identify any

athletes guilty of taking performance-enhancing drugs. However, they are never 100% accurate

and different methods have different success rates.

The table below shows the two different types of drug tests offered by one company.

It is suspected that 5% of athletes at an international athletics event are taking performance-

enhancing drugs.

1 Complete the tree diagram below for test A by filling in the probabilities. What percentage of
people taking the test will test positive, even though they haven't taken any drugs?

Q1 communication hint A ‘positive’ test result means the test shows that drugs have been
taken. A 'negative’ test result means the test shows that drugs have not been taken.

2 Draw a tree diagram for test B. Using your tree diagram, explain why half the people who
tested positive are actually innocent.

Q2 hint Compare the probability of a false positive (a result that incorrectly shows the athlete
has taken drugs) and a genuine positive result.

The organisers of the event must choose to use test A or test B. They need to consider the
overall cost and the reliability of the test results. (Reputations would be damaged if they accused
innocent competitors of using drugs, or if they let guilty competitors get away with drug taking.)
At the event a random sample of 600 participants are tested. To improve accuracy, all positive
results are tested again at the same cost. I the retest shows a positive result the competitor will
be found guilty of using performance-enhancing drugs.
3 By comparing the costs and the overall reliability of the tests, decide which of the two tests
you would recommend to the organisers. Make sure you include calculations to create a
convincing argument.

Q3 hint Start by working out how many tests will need to be taken. This needs to include any
retests.

Positive
Taken
drugs
Negative
Positive

Not
taken
drigs Negative:
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Log how you did on your
Student Progression Chart.

Calculating probability
1 The probability that it will rain today is 0.3.
The probability that it will rain tomorrow is 0.25.
The two probabilities are independent.
a Work out the probability that it will not rain tomorrow.
b Work out the probability that it will rain today and tomorrow.

2 Abag contains toy animals. Emma takes an animal from the
bag at random.
a The probability of choosing a sheep is .
What is the probability of choosing an ammal that is not a sheep?
b The probability of choosing a pig is 5.
What is the probability of choosing a sheep or a pig?

3 Ewan spins the spinner and rolls the 6-sided dice.

He finds the total of the outcomes.

a Draw a sample space diagram to show all the
possible outcomes.

b Work out the probability of scoring a total of

i8

i amultiple of 3
iii more than 9.

4 Jane records the hair colour of students in her class and whether they wear glasses.
The two-way table shows her results.
3

Astudent is chosen at random. Given that a student has dark hair, what is the probability
that they wear glasses?

Hair colour
Fair Dark | Ginger | Total
Wears glasses 0 2 1 2

Does not wear glasses 13 15 1 29
Total 13 17 2 32

5  Aand B are mutually exclusive. P(B) = 0.45, P(A or B) = 0.6. Work out P(A).

Experimental probability
& The table shows the probability of each number on a six-sided spinner.

[vmoer [ 1T 2]3 ][5 [6]
‘Probabll!ty ‘ 02 ‘ 03 ‘ ‘0.15‘ |u.15‘

The spinner is equally as likely to land on 3 as it is to land on 5.
a  Copy and complete the table.

The spinner is spun 300 times.

b How many times would you expect the spinner to land on 4?
¢ s the spinner fair? Explain your answer.

26 Activel.earn Homework, practice and support: Higher 10 Check up
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Tree diagrams and Venn diagrams
7 Grace spins two spinners, A and B.
The probability of getting an even number on spinner A is 0.4.
The probability of getting an even number on spinner B is 0.65.
2 Copyand complete the tree diagram to show all the possible probabilities.
Spinner A Spinner B

O
0 Even < g

O

= U -
Odd
[
b Work out the probability of getting an even number on
i neither spinner i only one spinner.
8 Reasoning Lewis surveyed 140 students in his year group to find out if they sent text

messages or emails last week.
79 students sent text messages and emails.
126 students sent text messages.
a Draw a Venn diagram to show Lewis’s data.
Astudent is chosen at random.
b Work out the probability that the student sent an email last week.
c Given that the student sent a text message, work out the probability that they sent

an email.
9  The Venn diagram shows two sets, Rand S.
Copy and complete R S
a R={ }
b R'={ 3
¢ RNS={ }
d g={ } © 1 6 9 &
e Is4€RUStrue?

10 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

* Challenge

11 a Use the numbers 1 to 6 to fill in the sectors of these
two spinners so that when the results are added \

together the probability of getting a total of 7 is ;T,

Draw a sample space diagram to help you

Both of your spinners are spun once and the results

are added together. This is then repeated.

Draw a tree diagram to show the probability of getting

a total of 7 or not a total of 7 on each spin.

¢ Useyour tree diagram to work out the probability of spinning two 7s.

o
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Calculating probability
1 Below are some lettered tiles.

One of these tiles is selected at random. Work out
a P() b 1-P() ¢ P(notl).

d What do you notice about your answers to parts b and ¢?

e Workout RN T
i PM i PlotT). |Q & hint Use your answer to part d to help you. |

2 Using the tiles in Q1, work out
a P b PO ¢ P(AorS). | 02¢ hint How many letters are A or S? ‘
d  What do you notice about your answers to
partsa,band ¢

e WorkoutP(lorT).

‘ Q2¢ hint Use your answer to part d to help you. ‘

3 The probability of getting a letter ‘S’ on a tile in a word
game is 0.05. The probability of getting tiles S’ or ‘E' is 0.2. Q3 hint P(S or E) = P(S) + P(E}
Work out the probability of getting the tile 'E’.

Leah is playing in two netball matches tomorrow. 15t match

Her team can win, draw or lose their matches. Win Drew Dot
a Copy and complete the sample space Win WW DLW

diagram to show all the possible a7 4 L

outcomes for both matches. match DE

How many possible outcomes are there? Lose DL

What is the probability that Leah's team draw both of their matches?
Write down the outcomes that will give Leah’s team at least one win.

What is th§ probability of the team winning at Qée hint Winning at least once’
least once? means one or more than one win.

5 Brad spins these two fair spinners.

Q5a hint Put spinner A on the
horizontal axis and spinner B
on the vertical axis.

Spinner A Spinner B

o

Draw a sample space diagram to show all the possible outcomes.

How many are there?

Work out the probability of

ia3 i one number being double the other.

Which is more likely: two even numbers or two odd numbers?

Brad spins the two spinners and adds the two numbers together.

DJ'E}N anew s.ample space diagram to show the scores. R e e
Whichscore is most likely? in part a. For the result 1, 2, the
What is the probability of scoring at least 6? scoreis1+2=3,

(]

an

EY

&
nan o
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Mohammed surveyed the students in his year group to see who had school dinners and who
had a packed lunch. The two-way table shows his results.

School dinner Packed lunch Total
Male 27 46 73
Female 36 41 1
Total 63 87 150 Q6b hint What

fraction of
females have
packed lunches?

a How many female students are there?
b Astudent is chosen at random. Given that the student is female,
work out the probability that the student has a packed lunch.

A pack of cards is nurr.vbered from 1 to 20. Q7 hint P(A or B) - P(A) + P(B)
For each of the questions, state if you need to add or P(A and B) - P(A)  P(B)
multiply the probabilities.
a Two cards are chosen at random. Work out the probability of choosing.
an even number and an odd number.
b Acard is chosen at random. Work out the probability of choosing a
multiple of 5 or a multiple of 9.
Two cards are chosen at random. Work out the probability of
choosing two prime numbers.
Two cards are chosen at random. Work out the prabability of choosing
two multiples of 3.

n

a

Experimental probability

1

A machine used to pack crisps had 200 bags tested = PO 7
for weight. 10 of the bags were underweight. FEAML = an estimate beclUeels
= 3 " is not theoretical probability. ‘Estimate”
a Estimate the probability that the next bag of does not mean ‘take a guess’, it means
crisps from the machine is underweight. R il oy
b The machine packs 500 bags.

How many would you expect to be underweight?
The machine packs 720 bags. How many would you
expect to be underweight?

Q1b hint Use your answer
to part a to help you.

n

Dylan makes a six-sided spinner. He spins it 180 times and

gets 15 threes.

a  How many threes would you expect in 180 spins of a fair
spinner?

b Do you think Dylan’s spinner is fair? Explain.

Q2 hint Is the expected
number close to the
actual number?

Megan spun a spinner 80 times. The table shows her results.

Number ql y
T 6 Q3a hint Copy the table
> IR and include an extra
column to work out the
3 14 relative frequency.
4 17
5 2

a Estimate the probabilities for each of the five outcomes.
b Megan spun the spinner another 150 times. How many times would you expect it to land
on 1?7
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Tree diagrams and Venn diagrams
1 Apackof cards is numbered from 1 to 20.

For each question, state if it is with or without replacement.

a Two cards are chosen at random. Work out the probability of choosing an even number
and an odd number.
A card is chosen at random and then shuffled in the pack before another card is chosen.
Work out the probability of choosing a multiple of 5 and a multiple of 9.
Two cards are chosen at random. Work out the probability of choosing two prime numbers.

o

n

2 Apackof cards is numbered from 1 to 20.
For which questions would you draw a tree diagram?
a Two cards are chosen at random. Work out the probability of choosing an even number
and an odd number.
b Two cards are chosen at random. Work out the probability of choosing two prime numbers.
c Acardis chosen at random. Work out the probability of not getting a prime number.

3 The tree diagram shows the probabilities of picking a counter from a bag, replacing the
counter and then choosing another counter.

1st counter 2nd counter
7
0 oy T 49
{Red R‘R’ﬁxﬁ 700
7 Red
¥ [] Blue RB:%X%:%
5 O red B‘R:%x%:%
0 NBle <
-3,3_.9
3 TBle B.B=i5Xi5= 105
a Copy and complete the diagram and calculations to show all the probabilities.
b Work out the probability of getting one red counter.

‘ Q3b hint P(one Red) = P(R, B or B, R) = P(R, B) + P(B, R)

4 Jane has a box of crayons with 3 blue crayons and 5 green crayons. She chooses a crayon at
random, uses it, replaces it and then chooses another crayon at random.

a Copy and complete the tree diagram to show all the probabilities and calculations.

1st crayon 2nd crayon
B % B 3 9
<BBIue B'B’EXE i
3 Blue
g i 1 _ [
O -0 s0-zxF-&
51 [
§ <DD B
k) Green
s 0.0
Oo~0 eO-5*F-&
b Work out the probability of Jane choosing
i ablue and green crayon
ii 2 green crayons
iii at least one green crayon. | Q&b iii hint Which outcomes have one or more green?




Unit 10 Probability

5  Paige shuffles an ordinary pack of cards. She turns a card over, returns it to the pack for
another shuffle and then turns over another card.
a Draw a tree diagram to show all the probabilities and calculations of choosing a heart.
1st card 2nd card

o .0.0.0
= Jog- 0*0-0
> —coo-2.0.0
U —t0r0 o
o _0.0.0
|:|<l:| =
.. o.g
o~ 00-HxH-H
Work out the probability that
b both cards are hearts ¢ one card is a heart.

6  Louis has a box of chocolates. 6 of the chocolates are caramel centres and

4 of them are strawberry centres. Louis picks a chocolate at random and eats it. ;
He then picks another chocolate at random 6k hint
a  What is P(caramel) for the first chocolate? =
b Louis picks and eats a caramel. What is P(caramel) for his second chocolate?
¢ Copy and complete the tree diagram to show all the probabilities and calculations.
1st chocolate 2nd chocolate
s 6 5
<9€aramel CCEAy X =3
[ Caramel
< [] " Strawbeny C.S= g% % = %
O T N
1% 10 D D

Caramel ~ S,C =
Strawberry <
3~ Strawberry
g

d  Work out the probability that Louis picks
i two different chocolates i at least one strawberry.

»
o
I
3l
%
o
I
(|

7 Nathan has 8 cartons of juice in the fridge. 5 of the cartons are apple juice and 3 of the
cartons are orange juice. Louis chooses two cartons at random.
a Copy and complete the tree diagram to show all the probabilities and calculations.
1st carton 2nd carton

7
5 Apple <
> O

O
0 <

O

5 4_0
Apple AA=gx7 =

Orange

1 a0-
o=
o=

Work out the probability of
b both cartons being orange juice ¢ one of each flavour.
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8

°

Shannon has a bag of balloons to blow up for a party. In the bag are 7 red balloons and

5 yellow balloons. Shannon takes a balloon at random, blows it up and then takes another
balloon at random.

a Drawa tree diagram to show all the probabilities and calculations.

Q8a hint
1st balloon 2nd balloon

O _ | _
—oo-H-H-H

o 0.0.0
o—~—no-HxH-H

| g, a_g

O |:|<i:lm'D EiE
o~—oo-H-H-H

Work out the probability of
b the two balloons being the same colour
¢ the first balloon being red and the second yellow.

Reasoning Rachel surveys people swimming at her local swimming pool.
15 people swim front crawl

12 people swim breaststroke. Q9a hint

7 people swim both front crawl and breaststroke. Front crawl Breaststroke
a Draw a Venn diagram.
i Write the number for front crawl and breaststroke
in the section where the circles overlap.
i How many people need to go in the rest

of the front crawl circle? Write your

answer on your Venn diagram.

i How many people need to go in the rest of the
breaststroke circle? Write your answer on your
Venn diagram.

Q92 ii hint The totalin the whole
front crawl circle needs to be 15.

b Work out the total number of people in the Yenn diagram.
© What is the probability that a person chosen at random
i swims front crawl and breaststroke
i swims front crawl only? Q9d hint What fraction
d  Given that a person picked at random swims front crawl, of front crawl’ people
what is the prabability they also swim breaststroke? also swim breaststroke?

Georgia carries out a survey of 50 people.

5 people are married and aged under 25.

27 people are married.

a Draw a Venn diagram to show Georgia’s survey results.

b Work out the probability that a person chosen at random is married.

©  Work out the probability that a person chosen at random is married given that they are
under 25.

Q10 hint Shade all those married on your Venn diagram. How many are under 257
number of people married and under 25

P(married given that they are under 25) =
{narred glien S ereundenzs) total number of people under 25
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11 Look at the Venn diagram. " B
a !Jst the mjl.mhers in 200
i A ii B i AUB
250
| Q11aiii hint AU Bmeans A or B or both. ‘
300
iv ANB
225 125 175 275 %

Q11aiv hint AN B means Aand B
v e Qilavhint % includes A and B.

b Copyand complete
i200e[] i 175€[] i 100€[]A[] | Qb hint50 € Ameans
50 is an element of A,

1 Design a set of counters so that P(red) = P(green) =%and P(blue) = % and there are half as
many yellow counters as red ones.

2 Problem-solving Two players are playing a card game with these sets of cards.
Player B

i ¥ ¥ i)

Both players shuffle their cars and turn over the top card.
Make up a rule for each player to win so that the game is fair. Use probability to show that the

Player A

game s fair.
3 Exam hint
Write down
i i o calculations, even
The spinner is biased. i e
The table shows the probabilities that the spinner will XS your head.
landona lorona3. 3
A
[Number 1 2 3 4
| Probability | 0.2 | [0 | |

The probability that the spinner will land on 2 is the same as the
probability that the spinner will land on 4.

a Work out the probability that the spinner will landon 4. (3 marks)
Shunya is going to spin the spinner 200 times.

b Work out an estimate for the number of times the spinner

will land on 3. (2 marks)

March 2013, 4, IMA 021 |
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4

Finance The number of FTSE 100 company

share prices that went down from the Humbecof share pilces that || Frequency;

previous day were recorded for 50 days. it g
a Estimate the probability that on 1-20 3
the next day 2140 19

i 41-60 share prices will go down

i more than €0 share prices will go down. 41-60 12

Give your answers as percentages. P 3

b The London stock exchange trades for
253 days in a year. On how many days 81-100 7
would you expect fewer than 41 share
prices to fall?

© Estimate the probability that fewer Q4 communication hint The largest 100

companies on the London stock market are
called the FTSE 100. Each day, their share
prices can go up, down or stay the same.

than 41 share prices will fall on each
of two consecutive days.
Give your answer as a percentage.

There are 17 gitls and 14 boys in Mt Taylor’s class.
Mr Taylor is going to choose at random 3 children from his class.

Work out the probability that he will choose exactly 2 girls and 1 boy.
(4 marks)
March 2012, 94, 2381/64

Q5 strategy hint Start by writing down the probability of choosing a girl.
-

Problem-solving Ali has a bag of red, yellow and blue counters in the ratio 2:1:3.

Brad has a bag of red, yellow and blue counters in the ratio 4:3:1.

Aliand Brad have 12 red counters each.

Ali takes a counter out of his bag and puts it into Brad's bag, Brad then takes a counter out of
his bag at random.

Work out the prabability that they both choose a counter of the same colour.

Reasoning Tom has a bag with these shapes in.

OO0ADOM O/

Tom drops the bag and two shapes fall out

Work out the probability that the two shapes are not regular polygons.

Work out the probability that the two shapes have an interior angle sum of 540°.

Work out the probability that the one of the shapes has an interior angle sum of 360° and
the other has an interior angle sum of 540°.

now

Reasoning The fair 12-sided dice is rolled and the fair
eight-sided spinner is spun.

The numbers rolled by the dice are used for the
x-coordinates, and the numbers spun by the spinner are
used for the y-coordinates.

Find the probability that the point generated by the two
numbers lies on each of the following lines.
a x=2 b x+y=9 ¢ y=x+3 d y=tv-1
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10 Reasoning Mikeis a stamp collector. The Venn diagram

Unit 10 Probability

Problem-solving There is an 85% chance that a battery will last longer than the
advertised life of the battery.

The batteries are sold in packets of two.

A shop has 200 packets of the batteries in stock.

Find an estimate for the number of packets that will have exactly one battery that lasts
longer than the advertised life of the battery.

shows information about his stamp collection.
= {Mike’s full collection of 720 stamps}
C= {stamps from the 20th century}
= {British stamps}
Astamp is chosen at random. ']
It is from the 20th century.
Work out the probability that it is British.

11 Use set notation to describe the shaded area in each Venn diagram.

b

@

A B

)

s B €l

o Asample space dlagmm shows all the possible outcomes of two

BVENLS, 4 savvan . Mastery lesson 10.1

© Two events are mutually exclusive if they cannot happen atthe

same time. . Mastery lesson 10.2

© When two events are mutually exclusive you can add their probabilities.
The probabilities of an exhaustive set of mutually excusive events sum
tol v

. Mastery lesson 10.2

@ For mutually exclusive events, P(not A) = 1 - P(A) ..... « Mastery lesson 10.2

@ If there are m outcomes for one event and n outcomes for another
event, the product rule states that the total number of outcomes for

the twoeventsismxn. .......... . Mastery lesson 10.3

© Expected number of outcomes = number of trials x probability. ... Mastery lesson 103
frequency

total number of trials ~~

As the number of experiments increases, the expenmema probablhty

gets closer and closer to the theorectical probability. - A

Relative frequency = . Mastery lesson 10.3

®

. Mastery lesson 10.3

A tree diagram shows two or more events and their probabilities. ..... Mastery lesson 10.4

Two events are independent if one happemng does not affect the

probability of the other. ... . Mastery lesson 10.4
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@ To find the probability of two independent events multiply their
probabilities, P(A and B) = P(A) x P(B) ..
The probability for a repeated independent event is the probability
multiplied by itself, P(A and A) (A) x P(A), P(Aand A and A)

P(A) x P(A)  P(A), etc.
A conditional urobnb 'y is when one outcome affects another

DUBCOMIE, cavopsansosnnnans vereseassescnss Mastery lesson 10.5

Mastery lesson 10.4

]

. Mastery lesson 10.4

© P(AN B) means the pmbabllny of the intersection of Aand B. ... Mastery lesson 106

°

P(A U B) means the probability of the union of Aand B. .............. Mastery lesson 10.6
P(A U B) =P(A) + P(B) - P(A N B)

PANB | B) means the probabﬂl y of the intersection of Aand
BgivenB. ...

... Mastery lesson 10.6

@

... Mastery lesson 10.6

Write down a word that describes how you feel
a before a maths test. Hint Here are some possible words:
b duringa maths test OK, worried, excited, happy, focused,

anicked, calm.
c after a maths test. g

Beside each word, draw a face, () or (33 to show i it a good or a bad feeling.
Discuss with a classmate what you could do to change (72 feelings to () feelings.

Log how you did on your
Student Progression Chart.

! ) - !int

Riki has a packet of flower seeds. hs each part
is worth 2
marks, you will
need to write
[ Colour [ pink | red | blue ] yellow | white | down the

The table shows each of the probabilities that a seed taken at random will grow
into a flower that is pink or red or blue or yellow.

calculations
‘ Probability ‘ 0.15 ‘ 025 ‘ 0.20 ‘ 0.16 ‘ you do before
a Work out the probability that a seed taken at random will grow into a white | writing the
flower. (2 marks) | answer

There are 300 seeds in the packet.
All the seeds grow into flowers.

b Work out an estimate for the number of red flowers. (2 marks)

March 2012, (39, ]380/4[9

2 Acompany launches a new smartphone.
The phone is made in five different colours with three different storage capacities.

a How many combinations are there? (2 marks)
b One of the phones is pink with 16Gb of memory. What is the probability that this
combination is bought? (2 marks)

3 Inafootball tournament at group stage there are five football teams in a group,
Brazil, England, Scotland, Argentina and France. Each team plays every other team
in their group. There are ten matches altogether. Two teams are picked at random
to play the first match. Work out the probability that the first game will be played
by a European team and a South American team. (3 marks)

Activel.earn Homework, practice and support: Higher 10 Unit test
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Unit 10 Probability

Problem-solving A and B are two mutually exclusive events.

P(A) = 0.35 and P(A or B) = 0.8. Work out P(not B). (2 marks)
State whether each pair of events is independent or dependent.
a Randomly taking two sweets from a bag. (1 mark)
b Spinning a five-sided spinner three times. (1 mark)
¢ Randomly taking a marble from a bag and then taking another one. (1 mark)
d Randomly taking a marble from a bag, replacing it, and then taking
another one. (1 mark)
T T |
Tom plants 3 seeds.
The probability that a seed will germinate is 2.
a Calculate the probability that all 3 seeds will germinate. (2 marks)
b Calculate the probability that at least one of the seeds will
germinate. (3 marks)
Mareh 2010, O3, 2381/6B
A
There are 11 small jars on a table.
Three of the jars contain honey.
Eight of the jars contain jam.
Rosie takes, at random, two of the jars for her breakfast.
Work out the probability that she takes at least one jar of honey. (4 marks)
Nov 2010, 05, 2381/631
The Venn diagram shows the numbers of people who chose B s
baguettes (B) and soup (5). (4 marks)
Use the Venn diagram to find
a P(B)
b P(S) 3 €
¢ PBNS)
d PBUS)
The Venn diagram shows customers’ choice of sausages (S), s B
bacon (B) and egg (E) fillings for an all-day-breakfast
sandwich in a cafe.
a How many people chose all three fillings? (1 mark) v
A customer is chosen at random. Work out 6 a
b i PBNE) (1 mark)
i PGNBNE) (2 marks) h. B
i PSNE|S) (2 marks)
Problem-solving A class of 27 students is split between boys and girls
in the ratio of 5:4.
Work out the probability that two students chosen at random are both boys. (4 marks)




Unit 10 Probability

Sample student answer

a  Whatis missing from the tree diagram?

b What is missing from the calculations on the right of the tree diagram?
¢ What else is missing from their response?

Sally has a bag of 9 sweets.
In the bag, there arc
3 orange flavoured sweets
4 strawberry flavoured sweets
and 2 lemon flavoured sweets
Sally takes, at random, two of the sweets.
She eats the sweets.
Work out the probability that the two sweets Sally eats are nor of the same
flavour. (4 marks)
Mock paper, 023, IMA(}/IHJ

Student answer

o

sl Sl
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Master
p-340

Problem-solve Check
p3s51 i opas2

Stiletto heels can damage wooden floors.
The pressure exerted on the floor is worked out

= force

using the equation  pressure =

Because the stiletto heel reduces the area of shoe
in contact with the floor, the pressure on the floor
due to the weight of the person increases. This can
lead to deep dents being made in the floor surface.
Sophie’s weight is 500 N. She wears.

a flat shoes with an area of 130cm? in contact
with the floor

stiletto heels with an area of 1.6cm?in contact
with the floor.

What is the difference in the pressure Sophie
applies to the floor in N/em??

o

Numerical fluency

1 3 metres of material cost £1.56
Work out the cost of 5 metres of the same
material. H

2 Connor is paid £54 for 8 hours work in a
supermarket. :
How much is he paid for 10 hours work?

3 Anorchestra of 10 people takes 5 minutes
to play a song. :
How long will it take 20 people?

4 Arecipe for 6 people uses 750g of mince.
How much mince is needed for 16 people? :

5 Milkis sold in two sizes of bottle.
A 4-pint bottle of milk costs £0.98. :
A 6-pint bottle of milk costs £1.44. :
Which bottle of milk is the best value for
money? :
Show all your working, 5

6 3 men build a wall in 2 days.
How long will it take
a lman
b 2 men?

i Strengthen Extend |  Test
p354 iop3sT 1 p360

Fluency with measures

{7 Theratio 1m:1cm=100:1.

Copy and complete.

a lkg:iig=[:[]
Tem:Imm=[_J:[]
litre:ami=["J:[]

1 minute:1 second =[J:[]
1 hour: 1 minute=["]:["]

8  Copy and complete.
a 180cm=[Jm
b 28000cm = ]m
c 54600m=[_lkm
9 12inches =1 foot, 3 feet = 1 yard.
Use this to work out
a 4 feetin inches
b 5yards in feet
c 58 inchesin feet and inches.

mano

10 20 fluid ounces =1 pint, 8 pints = 1 gallon.
Use this to work out
a 4 pints in fluid ounces
b 5 gallons in pints
© 20 pintsin gallons and pints.
11 5miles = 8 km. Use this to work out
a 40 miles in km b 48km in miles.

339




340

Unit 11 Multiplicative reasoning

1z Copyand complete.
a 13hours =[] minutes
b 50 minutes =[] seconds
© 225 minutes =[] hours[ ] minutes
13 Jess goes on holiday to New York. The
exchange rate of £:US dollars is 1:1.613.
a She changes £500 into US dollars.
How many US dollars should she get?
After her holiday, Jess changes
80 dollars back into pounds.
The exchange rate is the same.
How much money should she get?
Give your answer to the nearest penny.

=

14 Copy and complete.
1em=[Jmm
1m=[Jem
1em?=[Jmm?
1mz=["Jem?
1cm? =[mm?
1m?=["Jem?

Algebraic fluency
15 Change the subject of each formula to the
letter given in brackets.
a v=u+tat (@)
M
b D=2
v (M)

F
[3 P*; (A4)
16 a v=u+at

Work out the value of v when u = 20,
a=10and =3

b s=ut+3a
Work out the value of s when u = 10,
a=8andt=4

* Challenge

17 Do you know on which day of the week
you were born?
You can use Zeller’s algorithm to work it
out from your date of birth.

An algorithm is a sequence of precise
instructions to solve a problem.

Example 15 May 1999
Let:day number=D D=15
month number = M M=5

and year =Y Y=1999
When M is 1 or 2 add
12toM M =5 (no change)

and subtract 1 from Y Y'=1999 (no change)
Let C be the first two

digits of ¥ c-19
and Y” be the last two
digits of Y’ Y'=99

Add together the

integer parts of:

(2.6 x M - 539),

(Y'=d)and (C+4),  T+24+4
thenaddon D and Y'

and subtract 2C. +15+99-38=111
Find the remainder

when this quantityis 111+ 7 = 15 remainder 6
divided by 7. When the

remainder is 0 Sun, 15 May 1999 was a
1Mon, 2 Tue, ... saturday

Q17 hint The integer part of a number is the
whole-number part, e.g. the integer part of
19.75is19

Activel.earn Homework, practice and support: Higher 11.1




Unit 11 Multiplicative reasoning
Work o.ut the multiplier as a decimal for Q12 hint 100% + 30% - 130%
a anincrease of 30% 130% =[] as a decimal number
a decrease of 14%

an increase of 7.2% Q1b hint 100% - 14% = [%
a decrease of 2.5%. [J% =[Jas a decimal number

Questions in this unit are targeted at the steps indicated.

ano

Real Wes bought a car for £6500. It lost 35% of its value in the first year.
It lost 15% of its value in the second year. Work out

a the multiplier to find the value of the car at the end of
the first year

b thevalue of the car at the end of the first year

¢ themultiplier to find the value of the car at the end of Qzc hint Decrease by[ %
the second year

d thevalue of the car at the end of the second year

e the decimal multiplier that the original value of the car can be multiplied by to find its

value at the end of two years.

Qze hint %[ single decimal multiplier
original value at end value at end
value 7| of one year = of two years

Discussion What do you notice about your answers to parts a, ¢ and e?
What is a quick way to find the answer to part d, without steps a to ¢?

Work out the decimal multiplier that represents

a anincrease of 12% for 3 years
b adecrease of 15% for 4 years.

Discussion How could you write these multipliers as a power rather than a decimal
number?

Finance Abdul has a job with an annual [ o4 pine work out the decimal multiplier that
salary of £35000. At the end of the first the original salary can be multiplied by to find
year he is given an increase of 2%. At the the salary at the end of two years.

end of the second year he is given an
increase of 3.5%. Work out Abdul’s salary
at the end of two years.

Reasoning Becky says an increase of 15% followed by @5 hint Show your working.
an increase of 22% is the same as an increase of 37%. Write a sentence to explain.
Is Becky correct? Explain.

Work out the multiplier as a decimal number for

a anincrease of 5% followed by an increase of 3%

b adecrease of 20% followed by a decrease of 15%
¢ anincrease of 9% followed by a decrease of 6%.

Q4 communication hint Annual means yearly' |

Finance Tristan buys a flat for £35000. In the first year, the value of the flat increases by
12%. In the second year, the value of the flat decreases by 3%.
Work out the value of the flat after the 2 years.

dn uem




Unit 11 Multiplicative reasoning

8 Abi buys a motor bike for £8200. In the first year the Q8 communication hint
motorbike depreciates by 25%. In the second year it To depreciate means to
depreciates by 12%. What is the value of the motorbike e
at the end of the two years?

9  Finance £2500 is invested for 2 years at 09 hint Multiplier =[]

4.39% per annum compound interest. Work out Amountin account after 2 years =
the total amount in the account after 2 years. 2000x[ ][]

Q9 communication hint In compound interest the interest earned each year is added to money
in the account and earns interest the next year. Most interest rates are compound interest rates.

10 Finance / Reasoning £3500 is invested for 2 years at 4.1% per annum compound interest.
Work out the total amount in the account after 2 years.

11 Reasoning Anthony says you can work out compound

interest using the formula QI Loy gee the

same answers if you use the
formula for Q9 and Q107

i n
amount after n years = initial amount x (%srsstrate)

Show this formula works for @9 and Q10.

You can calculate an amount after n years’ compound interest using the formula

. 100 + interest rate}\"
amount = initial amount x | ————————

12 Finance £3000 is invested for 2 years at Q12 hint Total interest = amount.
3.8% per annum compound interest. in the account at the end of the
Work out the total interest earned over the 2 years. investment - amount invested

Paul invests £4500 in an account for 2 years. The account pays 3.2% compound interest per

annum. Paul has to pay 20% tax on the interest earned each year. The tax is taken from the

account at the end of each year.

Paul thinks that at the end of the 2 years he will have at least £4700 in this account.

Is Paul correct? Show all your working.

Year 1

Interest = 0032 x 4500 = £144

Tax=0.2x 144=£28.80

Amount in account at end of year 1= 4500 + 144 - 28,80 Amount in account at end
=£4615.20 of year 1: £4500 + interest

- 20% of interest

Year 2

Start with £4615.20

Interest = 0032 x 4615.20 = £147.69

Tax=0.2 % 147.69 = £29.54

Amount in account at end of year 1= 4615.20 + 147.69 - 29,54 | Amount in account at
_£473%%5 — | endofyear 2: £4615.20 +

Faul s correct, £475%.35 is more than £4700. LSS ACIETE
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13 (Bamstylequestion D), Bambint
Katie invests £200 in a savings account for 2 years. Maiosyee)o shiowsl
- your working clearly when
The account pays compound interest at an annual rate of S e,
3.3% for the first year
1.5% for the second year.

a Work out the total amount of money in Katie’s account at Q13a strategy hint
the end of 2 years. (3 marks) What is the multiplier for
Katie travels to work by train. the 2 years?

The cost of her weekly train ticket increases by 12.5% to £225
Katie's weekly pay increases by 5% to £535.50
b Compare the increase in the amount of money Katie has
to pay for her weekly train ticket with the increasc in her
weekly pay. (3 marks)
June 2014, O18, IMAO/ZHJ

14 Problem-solving / Finance Laura invests £3600 in a savings account for 2 years.
The account pays 3.52% compound interest per annum. Laura has to pay 40% tax on the
interest earned each year. The tax is taken from the account at the end of each year.
How much is in the account at the end of 2 years?

Reasoning / Finance Fidel invested £4200 in a savings account. Q15 strategy hint
He s paid 3.25% per annum compound interest. Try different values
How many years before he has £4928.33 in the savings account? of nin the formula.

STEM The level of activity of a radioactive source decreases by 5% per hour.

The activity is 1400 counts per second at one point.

a  What will it be 2 hours later?

b After how many complete hours will the count be less than 500 counts per second?

Real In 2014 a fast-food chain has 180 outlets in the UK. The number of outlets is increasing
at a rate of 9% each year.

a How many outlets will it have in 20207

b Reflect What is an appropriate degree of accuracy to give for this question? Why?

1

®

A population of insects increases by 25% per day.
At the end of one week there are 2145 insects.
How many insects were there at the beginning of
the week?

Q18 hint Use x for the number of
insects at the start of the week.
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1 az%ﬂnd

‘Warm up

w

w

6 Reasoning / Real A car travels 320km and uses 20 litres of petrol.

2l

Key point 2

Example 2

a awhenb=18,¢c=3 b bwhena=15c=-2 < cwhena=-4b=05

2 a Karlcycles 48kmin 3 hours. What was his average speed? dist
Q2 hint Speed cliles
b Andy cycles with an average speed of 15km/h for 2 hours.

What distance did he travel?
©  Shakil cycles 42km at an average speed of 14 km/h. How long does it take him?

Convert these times to hours and minutes.
a 450 minutes b 6.2 hours

4 Problem-solving / Finance George works a 35-hour week and some overtime.

He is paid £8.50 an hour for this work. George is paid time and a half for each hour he works

on a Saturday and double time for each hour he works on a Sunday.

2 How much is George paid for a week
when he works a 35-hour week, plus
4 hours on Saturday and 3 hours on

Q4a hint Rate of pay for Saturday = 1.5 x[_]=["|
Rate of pay for Sunday =2 x[_]=

Sunday?

b In one week George works a 35-hour week and some Q4b hint How much
hours on Saturday. He is paid £335.75 for the week. more is George paid than
How many hours did George work on Saturday? for his 35-hour week?

Real / Problem-solving Water
is leaking from a water butt at a

rate of 4.5 litres per hour. - 45 60X
[ CD ol

Q5aihint lites minutes :
1 hour = 60 minutes
—

a  Work out how much water
leaks from the water butt in

i 20 mins i 50 mins. Q5bhint litres  minutes
b Initially there are 180 litres of water in the water butt. 45 €0

Work out how long it takes for all the water to < x0

leak from the water butt. 180 [}

a  Work out the average rate of petrol usage. State the units with your answer.
b Estimate the amount of petrol that would be used when the car has travelled 65km.
Discussion Why does the question ask for ‘average rate’ rather than ‘exact rate’?

Compound measures combine measures of two different quantities. Speed is a measure of
distance travelled and time taken. It can be measured in metres per second (m/s), kilometres
per hour (km/h) or miles per hour (mph).

Average speed =

A man walks at an average speed of 5.4 km/h. What is his average speed in m/s?

5400m/h

B '

Convert these speeds from m/h to km/h.
a 650m/h b 7800m/h c 256000 m/h d 188000m/h
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8 Reasoning Convert these speeds from metres per

second (m/s) to metres per hour (m/h). Q8 hint

a 1m/s b 12m/s ¢ 8m/s d 45m/s XDC’"EUES pet secand

e Would more or less metres be travelled in <00C LA FEr e
1 hour than in 1 second? metres per hour

9  Copy and complete the table.

metres per second per hour
54
T2
30
45

Real Acommercial aeroplane has a cruising speed of 250m/s.
What is this speed in km/h?

Problem-solving / Reasoning A Formula 1 racing car has a top speed of 350km/h.

A peregrine falcon is the fastest bird with a speed of 108 m/s.
Which is fastest? Explain your answer.

1

~

a  Acartravels at xkm/h. Write an expression for this speed in m/s.
b Acheetah runs at ym/s. Write an expression for this speed in km/h.

13 Q13 strategy hint

Karl travels 35 miles in 45 minutes then 65 km in 13 hours. Average speed for total
5 miles = & kilometres journey = total dis.tance
What is his average speed for the total journey in knvh? total time

(3 marks)

14 STEM A swallow flies for 40 minutes at an average speed of 11m/s. How far does the

swallow fly in kilometres? R
Q15 strategy hint First convert 750 m to km and
15 Paul swims 750 metres in 25 minutes. 25 minutes to hours but leave each as a fraction
What is his average speed in km/h? before finding the average speed in km/h.
Key point 3

These are kinematics formulae:

v=u+at

s=ut+3ar

Vi =+ 2as

where @ is constant acceleration, u is initial velocity, v is final velocity, s is displacement from
the position when ¢ = 0 and ¢ is time taken.

In exam questions you will need to decide which equation to use.

Velocity is speed in a given direction, possible units are m/s.

Initial velocity is speed in a given direction at the start of the motion.

Acceleration is the rate of change of velocity, i.e. a measure of how the velocity changes with
time, possible units are m/sZ.

16 STEM A car starts from rest and accelerates at 5m/s? for 200 m.
Work out the final velocity in m/s.

Q16 strategy hint When the car starts from rest the initial velocity u = 0. You are given a =5,
s =200 and want to find v. Use the equation that contains &, a, s and v but not £.
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Unit 11 Multiplicative reasoning
17 STEM Atram has an initial velocity of 300m/minute. It travels a distance of 0.5km in
20 seconds. What is the acceleration of the tram in m/s2?

18 STEM A bus travels with an acceleration of 2m/s2 and reaches a speed of 45km/h in
5 seconds. What was the initial velocity of the bus in m/s?

1 Convert

s a 15kgtog b 62500cm? to m? ¢ 95000cm’ tom?
£

s 2 Solve

= m

8
==6 b 570.5

Key point 4

Density is the mass of substance in g contained in a certain volume in cm? and is often
measured in grams per cubic centimetre (g/cm?).
mass . M

Lensity =S olume 14
3 Real Asample of brass has a mass of 2kg and a
3 hint First convert mass to
volume of 240cm?. What is its density in g/cm®? g : &
4 Acubic metre of concrete has a mass of 2400 kg.
What is the density of the concrete in g/cm®? Q4 hint 1m = [ e
The diagram shows a block of wood in the shape of a cuboid. L
The density of wood is 0.6 g/cm®, dem _!
Work out the mass of the block of wood. o
. __mass 12em
Density =
volume ~——_|

First write down the formula you are going to use. |
Volume of block = I wx h

—12x 10x 4 = 480cm® You are given the density and are asked for the mass.
So work out the volume in cm?*.
& nass

480 Substitute values into the formula.
06 XMD:%XASD
Mass = 2884 Multiply both sides by 480.
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5 STEM The area of the cross-section of a plastic prism is 35cm? Its length is 15cm.
The plastic has a density of 3.9 g/cm’. What is the mass of the prism?

>

— Q6 hint Substitute into the formula.
15cm O
L5
6 STEM lIron has density 8g/cm3. Solve to find V-
The mass of a piece of iron is 5.4 kg,
What is the volume? hi
Q7 hint 8940 kg/m*

7 STEM The density of copper is 8940kg/m?. |
What is the density of copper in g/m?*? [Je/m

8 STEM The density of aluminium is 2.70g/cm?. =
What is the density of aluminium in kg/m3? 8 o _2rogi
9 Ametal has density xg/cm?. convert to kg D i “
Write an expression for its density in kg/m?. o o ke
wert to m D § Megme
10 STEM/ Reasoning 1cm’of gold has mass 19.32¢g.

lem3 of platinum has mass 21.45g.
Which metal is denser? Explain.
L T Exambint

‘The density of juice is 1.1 grams per cm’. Density - -10tal mass
total volume

The density of water is | gram per cm®.

270 em? of drink is made by mixing 40 cm? of juice

with 230 ¢m of water.

Work out the density of the drink. (3 marks)

Pressure is a compound measure. It is the force in newtons applied over an area in cm? or m?
Itis usually measured in newtons (N) per square metre (N/m?) o per square centimetre (N/cm?).
F

forc
Pressure = area Eor P o

1

N

STEM A force of 45N is applied to an area of ST
26000 cm? Work out the pressure in N/m?,
STEM A force applied to an area of 4.5 m? produces | @13 hint Substitute into the formula
a pressure of 20N/m?2. Work out the force in N. e

1

o

14 STEM Copy and complete the table. Rearrange to find .
Give your answers to 3 significant figures.

Force |Area |Pressure
60N 26m? |[N/m?
[N [48mz [152N/me
100N [[[Jm? [12N/m?

1

n

STEM A cylindrical bottle of water has a flat, circular base with a diameter of 0.1 m.
The bottle is on a table and exerts a force of 12N on the table.
Work out the pressure in N/cm2. Give your answer to 3 significant figures
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16 The pressure between a car tyre and the road is 99 960 N/m? The car tyres have a combined
area of 0.12m? in contact with the road.
What is the force exerted by the car on the road? Give your answer to 3 significant figures.

-
<}

Reasoning Jamie sits on a chair with four identical legs.
Each chair leg has a flat square base measuring 2 cm by 2cm. F o

- ! Weight is a force on an
Jamie has a mass of 75kg and the chair has a mass of 5kg. object due to gravity and
a UseF = mg to work out the combined weight of Jamie is measured in newtons.
and the chair, where g is the acceleration due to gravity.
Use g =9.8m/s.
Work out the pressure on the floor in N/cm?, when only the four chair legs are in contact
with the floor.
The area of Jamie’s trainers is 0.04 m2 Work out the pressure on the floor when Jamie is
standing up. Give your answer in N/m?.
Does Jamie exert a greater pressure on the floor when he is standing up or sitting on
the chair?

Q17 communication hint.

=

n

a

18 a Convert 50N/cm? to N/m?. b Convert xN/m? to N/em?.

1 Match each graph to an equation.
a y-1 b y=x ¢ y=2x+3
Ay B 3

2 What s the gradient of the straight line with equation
a y=2x+5 b y=3x-7 < y=5x d y=9a7

3 a Which of these tables show direct proportion between x and y?
Explain your answer.
AlzTz]«JeTs] B[a[1]2]3T4] €[2[0 10[15] Pla[z]a[os]
‘y‘ 8 ‘15'21“32‘ ‘y‘ 1 |4 ‘ 9 ‘1s| ‘y‘ 2 ‘17‘32‘1.7‘ ‘y‘lo‘zn‘zo‘ao‘
b Plot a line graph for the values in the tables which show direct proportion.
c  What do you notice about these graphs?
d Work out the equations of the graphs.
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4 Copy and complete these.

Qéa it A:B=3:550% -

2
5
Rearrange to find A.

© 5X=9¥VsoX:Y=[]:[] Q&b hint Divide both sides by 4.
5 Modelling The table shows some lengths in both m

O OJ
2 AiB=3:550A==B b P:Q=Ti4soP==0Q
O O

miles and kilometres.

What is the ratio miles:kilometres in the form 1:122 mﬂ

a

b Plota line graph for these values. . Q5b hint Plot miles on the horizontal

¢ Are miles and kilometres in direct proportion? axis and kilometres on the vertical axi
Explain your answer.

d What is the gradient of the line?

e Write a formula that shows the relationship between miles and kilometres.

Discussion What is the connection between your answers to parts a and d?
How can you use them to write to formula in part e?

6 Modelling The table shows the distance
(s) in miles travelled by a car over a period
of time (t) minutes.

a Issindirect proportion to t? Explain.

b What is the relationship between distance (s) and time (z).
©  Work out the distance travelled after 25 minutes.
Discussion Did everyone use the same method?

[Distance, s (miles) | 8 [ 16 | 24 [ 32 | 40 |
| Time, ¢ (minutes) | 10 [ 20 | 30 [ 40 | 50 |

7 Reflect You have drawn graphs and calculated ratios to check that ratios are in direct
proportion. Which method did you like best? Why?

Key point 6
When x and y are in direct proportion
« y = kx, where k is the gradient of the graph of y against x

¥y
5 = k. a constant.

Example 4

Als directly proportional to x. A =5 when x = 10.

a Sketch a graph of A against x.
b Use your graph to work out a formula for A in terms of x.
¢ Use your formula to work out the value of A when x = 100
a A
20
15
A sketch does not have to be drawn on graph
1o paper. Graph of A against x means A is on
» the vertical axis. When A and x are in direct
proportion, the graph must go through the
origin and as A doubles so does x.
b

or0.5 Substitute A =5 and x =10

A=05x100 A=50 /——-I Substitute x = 100 into the formula A = 0.5x ‘

o
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0

8 The cost of buying 20 litres of petrolis £26.
2 Show that the cost, £C, of buying the fuel is directly
proportional to the amount, x litres, of fuel bought.
b What is the relationship between € and x?
¢ Work out the cost of 55 litres of fuel. Plot a graph of C against x.

Q8 hint Draw a table

= 9 Real Ittakes3 typists5 hours to type a report.
EEE How long would it take 7 typists?
Give your answer to the nearest minute.

When x and y are in inverse proportion, ¥ is proportional to % As one doubles (x2) the other
halves (=2).

10 It takes 5 men 8 hours to build a wall. Q10¢ hint Write your answer
How long will it take for the time taken in hours
a 6men in fraction form
b 3 men?
¢ For both parts a and b, multiply the exact answer in
hours (H) by the number of men (V).

Number of hours (H) ,Q
O O
What do you notice? HxN=ix[|:[|

Key point 8

When x and y are in inverse proportion then
+ X x y=aconstant

. xy:k,soy:;

-
~

Do these equations represent direct proportion, inverse proportion or neither?
a y=3x b y==

¢ x+y=0 d xy=-10 Q12c hint Rearrange the equation to y =[] ‘

y_
£ 5=

13 Problem-solving / STEM In a circuit, the resistance, B 1
R ohms, is inversely proportional to the current, f amps. Q13 hint /s proportional to
When the resistance is 12 ohms, the current in the circuit so R x I = constant
is 8 amps.
Find the current when the resistance in the circuit is 6.4 ohms.

-
=

ris inversely proportional to £.
r=15whent=03

a Find aformula for 7in terms of ¢.
b Calculate the value of r when ¢ =4

i 11 A and B are in inverse proportion. Work out the values of W, X, Y and Z.
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15

Copy and complete the table for y = IT?

Use the table to sketch a graph of  against x.
Work out the value of y when x =20

Does it fit the shape of your graph?

Work out the value of y when x = 0.5. Is your answer consistent with your sketch?

o

n

a

The time, T"seconds, it takes a water heater to boil some water is directly
proportional to the mass of water, 72 kg, in the water heater.

When m =250, T'= 600

a Find T when m = 400 (3 marks)

The time, T seconds, it takes a water heater o boil a constant mass of

water is inversely proportional 1o the power, P watts, of the water heater.

When P = 1400, 7= 360

b Find the value of T when P = 900 (3 marks)
June 2006, Q16, 5525/05

In 2012, visitor numbers to an ice rink increased by 20% compared to the previous year.
In 2013, visitor numbers decreased by 10% compared to the previous year.
In 2013, there were 21 762 visitors. How many visitors were there during 2011?

In 2012, visitor

numbers increased by | Year Nurmber of visitors | Use ? to show that you
20%. Draw an arrow 2011 7 —— | don't know the number
and a multiplier of 1.2 of visitors during 2011.
X1 2( )—: 12
T ge— 2012 ( . [ Drow armous o work
, visi - ;
numbers decreased | _— x0s( )ros backwards, using the
inverse operations:
by 10%. Draw an arrow | 2013 21762 P!

=09, then+ 1.2

and a multiplier of 0.9

Use the arrow diagram to
Number ofvisitorsin 2011 = 21762 « 0.9+ 1.2 = 20150 — | G\culate the pumber of

visitors in 2011.
Check:20150x 1.2x0.9=21762
Check your answe

1 Judith bought some shares. In the first year Q1 hint
they went up in value by 9%. In the second
year, they went down in value by 5%. In the %] (
third year, they went down in value again At the end of the first year
by 2.5%. At the end of the third year Judith Continue the arrow diagram
sold the shares for £2423.07. Did Judith e B
profit or lose on the shares? By how much? ¥ q :

Judith bought the shares for ?
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2 The sides of quadrilateral A
are3cm, 4cm, 6¢m and 8cm.
A similar quadrilateral B has
shortest side 22.5 cm. Find shortest side of A ( longest side of A (

Q2 hint There is no correct arrow diagram, and you may use
different arrow diagrams for different parts of a question.

the length of the longest side

x x
of the similar quadrilateral B. shortest side of B longest side of B

3 How many inches per
second is 30 miles
per hour?

Q3 hint Here are arrow Distance Time
diagrams that may
help you: miles hours (

X 5280 C |
feet minutes

x12 +|
inches C seconds

4 Real/STEM Concorde flew at an average of 440 metres per second. The distance between
London and New York is 5600 km. What was the flight time on Concorde in hours and minutes?
5 STEM Vinegar is made of acetic acid and water. A factory fills 200 bottles per minute.
Each bottle holds 475m| of vinegar. There is 4g of acetic acid per 100ml of water.
3

How much acetic acid does the factory use in 24 hours? Give your answer in tonnes.

0

Real / Finance One day in May 2006, the price of copper hit a high at £4463 per tonne.
A 2p coin weighs 7.12g. Those made before 1992 are 97 per cent copper.

How much was a 2p coin, made before 1992, worth in copper on that day in May 20067
Give your answer to the nearest penny.

7  Reflect How did the arrow diagrams help you? Is this a strategy you would use again to
solve problems?

Log how you did on your
Student Progression Chart.

Percentages

[=] 1 Finanece Danny bought a car for £10000

|53 The value of the car depreciated by 20% in the first year.
Its value depreciated by another 10% in the second year.

Work out the value of Danny’s car at the end of two years.

2 Finance £3500is invested for 3 years at 3.4% compound interest.
Work out the total amount in the account after 3 years.

U

3 Real The number of bees in a hive decreases by 3% each year. There are 7500 bees in the
hive at the beginning of 2014. How many bees will there be in the hive at the end of 2020?

Reasoning / Finance Gavin invests £4500 at a compound interest rate of 4.2% per annum.
How many years before the investment has grown to £5527.787

=

Compound measures
5 Reasoning / Finance Scott works a basic 30-hour week. He is paid £8.10 an hour for this.
work. He is paid time and a quarter for each hour he works on a Saturday and time and a half
for each hour he works on a Sunday.
a  Scott works a basic 30-hour week, plus 5 hours on Saturday and 4 hours on Sunday.
How much is Scott paid for the week?
b In one week Scott works a basic 30-hour week and some hours on Saturday.
He is paid £303.75 for the week. How many hours did Scott work on Saturday?

|

\ctive Learn Homework, practice and support: Higher 11 Check up
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There are 40 litres of water in a barrel. The water flows out of the barrel

at a rate of 125 millilitres per second.

1 litre = 1000 millilitres

Work out the time it takes for the barrel to cmpty completely. (3 marks)
May 2009, 010, 1380/3H

7 Reasoning The mass of this plastic cuboid is 2208 g.

Work out the density of the plastic in grams per cm®. 12em
: . 10cm
8 Real Asolid cube of steel has sides of length 5cm. 23cm
The density of steel is 8.05g/cm’.
a Convert 8.05g/cm’ to kg/m?. b Work out the mass of the cube.

9 Real Aforce of 30N is applied to an area of 3.2mz Work out the pressure in N/m2.

10 Communication / Real The greatest recorded speed of Usain Bolt is 12.3m/s.
The greatest speed of a great white shark is 40km/h. Which is faster? Explain your answer.

Ratio and proportion
11 Modelling The table shows a comparison of costs in British pounds (P) and euros (E).

[ Costin British pounds (P) | 1 2 5 [ 10 [ 15 |

| Cost in euros (£) [ 13 [ 26 | 65 [ 40 [ 465

2 Are British pounds and euros in direct proportion? Explain.

What is the relationship between British pounds (P) and euros (E)?
c  Convert £25 to euros.

o

12z C ion / lving The pressure, P, of water on an object (in bars) is
directly proportional to its depth, d (in metres). When the object is at a depth of 8 metres the
pressure on the object is 0.8 bars.
Adiver's watch has been guaranteed to work at a pressure up to 8.5 bars. A diver takes the
watch down to 75 m. Will the watch still work? Give a reasen for your answer.

1

o

Problem-solving / Real In a circuit, the resistance, R ohms, is inversely proportional
to the current, / amps. When the resistance is 14 ohms, the current in the circuit is 9 amps.
Find the current when the resistance is 12 ohms.

14 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @
What next? Use your results to decide whether to strengthen or extend your learning.

* Challenge
15 The times, distances and speeds of athletes in a 5km race and a 10km race have got mixed up.
Sort them into the 5km and 10 km races and then compile a leader board for each race.
Allia: 18 minutes 38 seconds, 5km
Billie: 1364 seconds, 13.2km/h
Chaya: 20 minutes 50 seconds, 4 m/s

Q15 strategy hint Use the
formula connecting distance,

Daisy: 10km, 4.1m/s speed and time to work
Ellie: 10km, 13 km/h out the missing times and
Fion: 2105 seconds, 17.1km/h distances for each person.

Gracie: 45 minutes 3 seconds, 3.7m/s
Hafsa: 5km, 39m/s
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Percentages

1 Write down the multipliers for these percentage Q1a hint Original = 100%
increases as a decimal number. After increase = 100% +[ %6 =[ 1%
a 20% b 9% c 3.71% Write % as a decimal.

2 Write down the mqltiptiers for these percentage Qza hint Original = 100%
decreases as a decimal number. After decrease = 100% - %= [%
a 23% b 6% c 15% Write % as a decimal.

= 3 Wite down the multiplier for

83 a an increase of 20% followed by an increase of 9% Q3a hint Use your answers to
b an increase of 10% followed by an increase of 15% Q1a and b. Multiplier for increase
c adecrease of 23% followed by a decrease of 6% of 20% followed by increase of
d adecrease of 11% followed by a decrease of 9% 9%=["]x[]=[]
e an increase of 12% followed by a decrease of 8%.
4  Finance Penny buys a new TV for £750. In the first year the Q& hint Write down
1388 value depreciates by 15%. In the second year the value the multipliers for
depreciates by 5%. Work out the value of Penny’s TV after 2 years. 15% and 5%.
=5 5 Finance Harry invests £400 at 3% compound interest. Copy and complete the table.
a5 Year | Amount at start of year | Amount plus interest Total amount at end of year
J £400 400 = 1.03 £412
2 £412 412 x 1.03 = 400 x 1.032 £424.36
3 [£42436 42436 < 1.03 = 400 x 1.03* | £437.09
4 £437.09 437.09x1.03 =
5
6
@ 6 Finance / Problem-solving A company bought a Q6 hint Draw a table.
(28 van for £15000. Year | Value of van (£)
Each year the value of the van depreciated by 20%. 5 o
Work out the value of the van at the end of four years. 1 0 =
(o

= 7 Problem-solving A population of ants increases at a T AT

EEH rate of 30% per day. At the end of one week there are
3500 insects. Day | Number of ants
How many insects were there at the beginning of the week?
6 ~+[]
7 3500
.
8 Problem-solving Molly invests £2000 at a compound 08 hint Draw a table.

interest rate of 2.3% per annum.

After how many years will she have more than £2200? vear AIOUE (£)

0 2000

1 < x[]

\ctive Learn Homework, practice and support: Higher 11 Strengthen
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Compound measures

1 Reasoning / Finance Ellie works a basic Q1 hint
35-hour week. Her hourly rate of pay is £6.80. Basic pay = £6.80
Sheis paid time and a quarter for each hour | pou'atime and a quarter = £6.80 x 1.25 =[]
she works on a Saturday and time and a half oy atti d a half = £6.80 _
Fotaach hour sheworks on 4 Sunday. ay attimcandabali= £680<[ [=[ |
How much is Ellie paid for a week when she Total pay = 35 x £6.80 + 4 x [ ]+3x[]=[]
works a basic 35-hour week, plus 4 hours on
Saturday and 3 hours on Sunday?

2 Reasoning A bucket holds 12 litres of water. Q2 hint
Water flows out at a rate of 50ml per second. [titres in 1 minute
Work out <[] ( B . > e
2 The amount of water flowing out per minute. 1= fitresiin|_Jmintes

Give your answer in litres.
b The time it will take the bucket to empty.

3 STEM / Modelling Copy and complete this Q3 hint Mass = density x volume
table of mass, volume and density. i G
Give your answers to 3 sf. Velume= density M= volume
Volume | Density
Metal Mass (g) (@) (g/em?) A
Copper 122 8.96 nr\
2 (S
Lead 450 113 = £
Mercury 110 815 > =
4 STEM / Meodelling Copy and complete this
table of force, area and pressure. Q4 hint
Force (N) Area (cm?) Pressure (N/cm?) A
13 8
65 13 Cover the quantity you want to find.
3 COPE'“‘ ‘1°k'“P*E‘9' Qsb hint Qsc hint
a g=1kg
b Tome=1mt I:‘m ng in w
¢ [em*=1m? q
m Jem im m
m [Jem U
6 a Convert ,
i 12000g to kg Qé6a hint Converting smaller to bigger +
ii 15kgtog Converting bigger to smaller x
b Convert
1 270kg/m? to g/cm? Q6b i hint Qb iii hint
il 45g/em? to kg/m?
iii 50 g/cm? to kg/m® 270 kg per m? ) o 50g per cm? D ]
v 20kg/m’ to gfem’. [gper mz> ke percm3> 0
X -
[Jgperem? [Jkg per m*
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| 7 Copyand complete this table to convert from km/h to m/s.

km/h | m/h | m/min | m/s Q7 hint
18 X e | + 1
10 Ve W e U e
km/h m/h m/min m/s
24
% 5 X[ <]
= Ratio and propvort_lon ) Q1 hint
il 1 Aand Bare in direct proportion. When A and B are in direct proportion,
A | B B constant. This means it always has
5|10 the same value.
2| w A
X | AN By
5y 5 [ 10 [ 05 Whatis W
Z |36 le [FWrlos L By
Find the missing numbers W, X, Y and Z. \j\,_ffﬁMo's

The time, 7' seconds, it takes a kettle to boil some water is
directly proportional to the volume of water, v cm?, in the kettle.
When v =300 cm?, 7'= 120 seconds.

How long will it take to boil 500cm? of water?

Q2 hint Draw a table.

&l

] 3 Mike exchanges 100 British pounds (£) for 80 euros (€). " ircr b o e
Show that the number of pounds exchanged, P, number of euros for a given

is directly proportional to the number of number of pounds.

euros received, £, by drawing a graph.

Find a formula for P in terms of £.

o

-

P Put 2 on the y-axis and £ on the
Q3b hint When P and E are direct proportion, E constant. x-axis.
Rearranpe =] [topet=l | Does the graph pass through (0,0)?
E Do the points lie on a straight line?
4  Fora constant force, pressure, P (in N/m?) is inversely proportional Q4 hint Draw a table.

to the area, A (in md it acts on.
When the area is 2m?, the pressure is 16N/m2
Work out the pressure when the area is 0.5m?2

5 Aand Bare in inverse proportion. - —
Work out the values of W, X, ¥ and Z. Q5 hint When A and Bare in inverse
proportion, A x B = constant

L A B |AxB

6 | 8 ,—|
6 8 48 What is I/?

! Lid 8 W 48

X |16 =l What is X?
X 16 48

12|Y o o i

8W =48
Z |12 w
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1 Real Ina spring, the tension (7 newtons) is directly proportional to its extension (x cm).
When the tension is 150 newtons, the extension is 6 cm.
a  Write a formula for 7'in terms of x.
b Calculate the tension, in newtons, when the extension is 15 cm.
© Calculate the extension, in cm, when the tension is 600 newtons.

2 STEM / Problem-solving The diagram shows a piece of
plastic cut into the shape of a trapezium. A force is exerted evenly
over the trapezium.

Work out the force required to create a pressure of 20N/cm?

on the trapezium. 12cm
3 Use the kinematics formulae in these questions. 03 hint Kinematics formulae:
a Atrain starts from rest and accelerates at 3m/s? for v=u+at
15 seconds. What is its final velocity in km/h? ut + a1
b Rafael hits a tennis ball at 20 m/s. It hits the net, v = + 2as
8m away, at a speed of 12m/s.
What was its deceleration in m/s2? Q3b communication hint
¢ Aball dropped from the top of a 120 m tower takes Deceleration is negative
4.9 seconds to reach the ground. Calculate its acceleration. | acceleration.
d  Acarstarts from rest and accelerates to zm/s in 20 seconds.

Find the acceleration in terms of v.

4 Finance / Reasoning George invests £4500 at a compound interest rate of 5% per annum.
At the end of n complete years the investment has grown to £5469.78
Find the value of n.

5 Finance / Reasoning Gwen boughta new car. >
Each yea th valo of et cor deprciaied oy 5o
a Let £x be the original price of the car.
Write an expression for the value of the car after 1 year.
b After how many years was the car worth less than half of its original price?

6 Finance The value of a car depreciates by 25% each year.
At the end of 2015 the value of the car was £2560.
Work out the value of the car at the end of 2010.

7 Problem-solving Your manager says you can either . .
¥ % & Vs ¥ A Q7 strategy hint Decide on
have a 2.5% pay rise this year and then a 1.5% pay rise next f
: 4 A a salary figure to work with.
year, or a 3.5% pay rise this year and no pay rise next year.

Which would you prefer?

8 Problem-solving Plastic block A has a mass of 1.2 kg. Plastic cube B is made from plastic
with a density 40% greater than the plastic block. Work out the mass of the plastic cube.
Give your answer in grams to three significant figures.

A B

5cm

Groem

b S—
em om
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9  Finance Chloe invests £3000 at 3.2% per annum compound interest.
a Copyand complete this table of values.

Q9a hint Round to
the nearest £10.

[Numberofyears,n [ 0 [ 1 [ 2 [ 3 [ 4 |
| Value, y | 3000 | | | | |

b Plot the graph of  against . Join the points.
©  Estimate when Chloe will have £3350in her account.
10 Problem-solving Carrie buys a motorbike. The value of the motorbike depreciates by

10% each year. Write down the letter of the graph which best shows how the value of Carrie’s
motorbike changes with time.

A Y B ¥ cy

11 Reasoning The size of an exterior angle of a regular polygon is inversely proportional to
the number of sides of the polygon.
a Sam thinks this means that if one polygon has twice the number of sides of another
polygon the size of the exterior angle is half the size of the original exterior angle.
Is Sam correct? Explain.
b The size of an exterior angle of a regular hexagon is 60°.
What is the size of the exterior angle of a 20-sided polygon?

Problem-solving The number of outlets of a coffee shop chain in the UK increases at a
rate of 9% for 10 years. At the end of the 10 years there are 350 coffee shops.
How many were there at the beginning of the 10 years?

Q13 strategy hint First
Sumeet has a pond in the shape of a prism. find the volume of the
pond, and then find the
rate at which the volume

y of water is emptied in m®
0sm

per hour.

13m

Diagram NOT
accurately drawn

The pond is completely full of water.

Sumeet wants to empty the pond so he can clean it.

Sumeet uses a pump to empty the pond.

The volume of water in the pond decreases at a constant rate.

The level of the water in the pond goes down by 20¢m in the

first 30 minutes.

Work out how much more time Sumeet has to wait for the

pump to empty the pond completely. (6 marks)
June 2013, Q17, IMAV/TH
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In compound interest the interest earned each year is added to

money in the account and earns interest the next year.

Most interest rates are compound interest rates. ..... <. Mastery Section 11.1
Total interest = amount in the account at the end of the investment
- amount invested

Mastery Section 11.1

You can calculate an amount after n years’ compound interest using

the formul
iine 100+ interest rate|"

amount = initial amount X( «. Mastery Section 11.1

Compound measures such as speed, density and pressure combine

measures of two different quantities.......................... Mastery Section 11.2 and 11.3

Speed can be measured in metres per second (m/s), kilometres per

hour (km/h) or miles per hour (Mph)......oouieriereiinins «eessss Mastery Section 11.2

d :dwsFance ors= Q“
im T

Average spee: . Mastery Section 11.2

These are three kinematics formulae:

v=u+at

s=ut+sar?

»® =+ 2as

where a is constant acceleration, # is initial velocity, v is final velocity,

s is displacement from the position when ¢ =0 and ¢ is time taken. ... Mastery Section 11.2
Velocity is speed in a given direction, possible units are m/s. .. Mastery Section 11.2
Initial velocity is speed in a given direction at the start of the motion. Mastery Section 11.2
Acceleration is the rate of change of velocity, i.e. a measure of how

the velocity changes with time, possible units are m/s?
Density is the mass of substance in g contained in a certain volnme
incm?and is oﬁen measured in grams per cubic centimetre (g/cm?).

. Mastery Section 11.2

D** . Mastery Section 11.3

Density =

l ume °
Pressure is the forcein newtons applied over an area, in cm? or m?.
It is usually measured in newtons (N) per square metre (N/m? or per
square centimetre (N/cm?).

force

e o Py
When x and y are in direct proportion
y =kx, where kis the gradient of the graph of y against x

Pressure =

. Mastery Section 11.3

g=Ic aconstant . . Mastery Section 11.4

When xand y are in inverse proportion, i is proportional to =
As one doubles (x2) the other halves (+2)
When x and g are in inverse proportion then
2 x y=aconstant

k

. Mastery Section 11.4

xy=ksoy= . Mastery Section 11.4
This unit is called multiplicative C ication hint ‘Multiplicative”
List three ways you have used multiplication or means involving multiplication or division.
division in this unit. Reasoning is being able to explain why

Why is it good to reason in mathematics?

you have done some maths a certain way.

35
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Log how you did on your
Student Progression Chart.

Kinematics formulae
v=u+at  s=ut+iat?  vpl=ul+20s

1 Acarhas aninitial speed of um/s.
The car accelerates to a speed of 4um/s in 20 seconds.

Find the acceleration in terms of . (3 marks)
2 Aleopard travels 100 metres in 7.19 seconds.

What is its average speed

a inm/s (2 marks)

b inkm/h? (2 marks)

Give your answer to 3 significant figures.

3 Reasoning A cylindrical glass has a circular base with radius 4cm.
The glass exerts a force of 7N on the table. Work out the pressure in N/m2. (3 marks)

The diagram shows a solid prism made from metal.
Diagram NOT

12em

The cross-section of the prism is a trapezium.

The parallel sides of the trapezium are Scm and 12cm.

The height of the trapezium is 6cm.

The length of the prism is 20em.

The density of the metal is 5 g/em?.

Calculate the mass of the prism.

Give your answer in kilograms. (5 marks)
Nov 2011, OI6, 13&0/31-1)

5 When travelling at constant speed the distance, D, travelled by a particle is directly
proportional to the time taken, t.
When ¢ =20,D = 45

a Find aformula for D in terms of ¢. (3 marks)
b Calculate the value of D when (1 mark)
© Calculate the value of ¢ when D =12

(2 marks)

Give your answer correct to 3 significant figures.

360 Activel.earn Homework, practice and support: Higher 11 Unit test
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A company bought a van that had a value of £12000.

Each year the value of the van depreciates by 25%.

a Work out the value of the van at the end of three years. (3 marks)

The company bought a new truck.

Each year the value of the truck depreciates by 20%.

The value of the new truck can be multiplied by a single number

to find its value at the end of four years.

b Find this single number as a decimal. (2 marks)
June 2004, 012, 55(/6/(16)

Atelevision loses 4% of its value every month. It was bought for £950 at the
beginning of January. How much will it be worth at the end of June?

When a constant force is applied, the resulting pressure P, is inversely
proportional to the area, A. When A =8, P=5

a Find a formula for P in terms of A.

b Calculate the value of Pwhen A =2

Emma invests £4000 in an account for 2 years. The account pays 3.8%
compound interest. Emma has 1o pay 20% tax on the interest carned each

year. The tax is taken from the account at the end of each year.

How much will Emma have in the account at the end of 2 years? (4 m:rl(su

Nicola invests £8000 for 3 years at 5% per annum compound interest.
a Calculate the value of her investment at the end of the 3 years. (3 marks)
Jim invests a sum of money for 30 years at 4% per annum compound interest.

A B
Value Value
£ £
@ Years o Years
C D
Value Value
£ &
L <
@ Years ¢ Years

b Write down the letter of the graph which best shows how the value of Jim’s
investment changes over the 30 years. (1 mark)

Hannah invested an amount of money in an account paying 5% per annum

compound interest. After | year the value of her investment was £3885

e Work out the amount of money that Hannah invested. (3 marks)

Nov 2004, Q14, 55([4/()4J

(3 marks)

(3 marks)
(1 mark)

Vs
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Sample student answers

Which student gives the better answer?

Explain.

B ——
Viv wants to invest £2000 for 2 years in the same bank.

The International Bank The Friendly Bank

Compound interest Compound interest

4% for the first year 5% for the first year
1% for cach extra year

0.5% for each extra year

At the end of 2 years, Viv wants {0 have as much money as possible.
‘Which bank should she invest her £2000 in? (4 marks)
June 2013, 014, JMAJ)/ZHJ

Student A
2000% 1.04x1.01=21008
2000x1.05x1.005=21105

Student B
International Bank Friendly Bank
Year 1 2000 x 1.04 = 2080 2000 x 1.05 =2100

Year2 2080x1.01=£210080 2100x1005=£2110.50 /
Vivwill get more money if she invests in the Friendly Bank.



SIMILARITY AND CONGRUENCE

Many designs use congruent and similar shapes.
The designer can draw the shape once and then
copy (or enlarge and copy) to complete the design.
What congruent and similar shapes can you see in
this design?

Prior knowledge check

cal fluency What is the scale factor of the
Write as a decimal. enlargement
s from shape X to shape ¥
from shape Y to shape X?

Work out
a 6 square root of 9

50y »
Vis a8
cube root of 64 hed v

Simplify these fractions.
5

5 ) 20
gebraic fluen This shape has perimeter 12cm and
Solve these equations. area 5¢m?,
x_4 3.8
5 15 4 X

Which shapes are congruent?

Itis enlarged by scale factor 2.

Work out
the perimeter of the enlarged shape
the area of the enlarged shape.
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8 Which angles are equal? Give reasons © 9 Construct this triangle.
a

# 8om 6cm

Ty :
VO‘ : 10cm

10 Construct each triangle accurately.

Ny

: % Challenge
ﬂw 11 There are two possible triangles ABC

: where AB = 16cm, BC = 10cm and angle
i CAB = 40°. Construct them accurately.

1 Which triangles are congruent?

=PV

2 Work out the sizes of angles «, b and ¢. ﬂ
Give reasons for your answers. ﬁ

570\

3 Find the length of x.

13cm

x
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Unit 12 Similarity and congruence

Congruent triangles have exactly the same size and shape. Their angles are the same and
corresponding sides are the same length.

Questions in this unit are targeted at the steps indicated.

4 Hereis a pair of congruent triangles. Write down
a thesizeofangle y b the length of side x.

// Q4 hint The angles by the 5cm side
S5em x

Two triangles are congruent when one of these conditions of congruence is true.
555 (all three sides equal)

SAS (two sides and the included angle are equal)

AAS (two angles and a corresponding side are equal)

RHS (right angle, hypotenuse and one other side are equal)

5 Each pair of triangles is congruent. Explain why.

2 B 450m
5om 5cm A 8om
) 74
Gom

4.5cm

4 7.2cm d
AN

9.50m 6em,
7.2cm 95cm

T AN

6om

e 11cm
e b J @5 hint Choose one
of the reasons SSS,
A i SAS, AAS, RHS.
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6 State whether or not each pair of triangles described below is congruent.

If the triangles are congruent, give the reason and write the
corresponding vertices in pairs.
a ABCwhere AB=17cm, B('=5cm, angle B= 42°
PQR where PQ =50mm, QR =7cm, angle Q = 42°
b ABCwhere AB=17cm, angle B = 42°, angle € = 109°
PQR where PQ =7cm, angle Q =109°, angle R = 42°

Q6 hint

Sketch each triangle.
Angle A corresponds
o]

7  Communication Which of these triangles are congruent to triangle ABC?

Give reasons for your answers.

B E §_29cm
2.9cm
5.1
54em 4cm om 4cm
D
c 4em N
A% 2.9ecm G

K
Jem 4.2cm
L
J

8 Communication Are these triangles congruent? Justify your answer.

Q8 hint Find the missing side.

5cm 5cm

9 G© ication Are all right-angled triangles with one side
5cm and one side 12 cm congruent? Explain.
10 Communication ABand CDare 4
parallel lines. AB = CD.
a  Work out the size of all the angles.
b Show that triangle ABE and
triangle CED are congruent.

11
In this arrowhead, J
angle JKL = 26° and
angle KJL = 35°.
‘ '
K M
Work out
a angle JLK (1 mark)
b angle JLM (1 mark)
¢ angle LIM (1 mark)
d

Explain why triangles JKL and JLM are congruent. (2 mark) J

D

Exam hint
Draw the two triangles
separately and label
each point.



Unit 12 Similarity and congruence

1 Sketch each shape. Mark all the equal sides and angles.

rhombus trapezium equilateral triangle isosceles triangle

W AA

2 Mis the midpoint of DE. M is also the midpoint of FG.
a  Which length is the same as DM?
b Which length is the same as GM?
¢ Which angle is the same as angle DMF? G

Example 1

ABCD is a parallelogram. Prove triangle ABC is congruent to ADC.

A B A + B
Mark all
equal angles
and sides.
D (9 e t €

Length AB=length CDb pposite sides Ina parallelogram are equal.—|_State why AB - GD
Length BC = length AD b pposite sides in a p: are equal. State why BC=AD

Length ACis common to both triangles.
So triangle ABCis congruent to triangle ADC ($55).

£

1
=
=

to prove congruence.

3 Commaunication WXYZ is a rectangle.

w, X Q3 hint Draw the triangles separately, showing equal sides
and angles clearly. Give a reason for congruency.
Q3 ication hint Write each of your proof
¥ on a new line. Give a reason for every statement you make.

a Prove that triangle WXY is congruent to triangle XYZ.
b Which angle is the same as angle XIWY?
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4 Communication The diagram shows a rhombus PQRS.
i Q

6.2m Q4 hint What do you know about
opposite sides in a thombus?

s R

6.2m

a Prove that triangle PQS and triangle QRS are congruent.
b Find the size of
i angle QPS i angle RQS.
Reflect Could you use the fact that the angles are the same in the two triangles to prove
that they are congruent?
5 Communication In the diagram, X is the midpoint of JK. X is also the midpoint of LM.
Prove that the triangles JLX and KM.X are congruent.
K

6 (GamsHlEquestion D), Exembine

In the diagram, AB = BC'= CD = AD You need to write

: 2 . 2 series of logical
Prove that triangle ABC is congruent to triangle ACD. (2 marks) et i

é the statement is true.
You must give a
mathematical reason
for each statement.

Y.

7 Iving / C ication FGHis an equilateral triangle. Point £ lies on FH.
KG is perpendicular to FH.

2 Prove that triangle FGE is congruent to triangle GHE. Q7 hint Sketch the triangl

b Hence, prove that FE = 1FH.

s
8 Communication RSTis an isosceles triangle such that RS = ST.
M s the midpoint of line RT.
Use congruent triangles to prove that the line SM which cuts
the base of the triangle at right angles also bisects the base.
Q8 hint Show that RM and MT are the same length.
R T



10

11

1z

13

Unit 12 Similarity and congruence

g / Ci Prove that triangles PQR and RST are congruent.
Hence, prove that R is the midpoint of PT.
T

Q9 hint Show that PR and RT are the same length.

lving / Ci ication CDEF isarhombus. CD=DE =EF=CF.
CD s parallel to EF. DE is parallel to CF.
D, E

Q10 hint Make sure you only use known
facts to justify your argument. Don’t assume
something if it has not been stated to be true.

C F
Prove that
a triangles DEG and CFG are congruent b triangles CDG and EFG are congruent
¢ Gis the midpoint of both €F and DI and hence that the diagonals of a rhombus
intersect at right angles.

Communication ABCDis asquare. ACand BDarethe p i
diagonals of the square, which cross at point
a Draw the square showing both diagonals. 5
b Markon all equal angles.
¢ Which triangles are congruent in your diagram?
d  What can you say about all the angles at point £7
e Using your answers to parts b-d, show that lines AC’ A D
and BD bisect at point £, at right angles.
Probl lving / C i KLMNisa such that KN = LM and

KL = MN.The duagonals intersect at 0. Prove that the point O is the midpoint of each
diagonal in the parallelogram.

Q12 hint Sketch the parallelogram. Use triangles NKO and LMO and show that MO and OK
are the same length. Do the same for the other pair of triangles.

Q13 strategy hint
XYZis an isosceles triangle with XY = XZ. Draw the two
A and B are points on X¥ and XZ such that AX = BX. triangles separately
Prove that triangle YAZ is congruent fo triangle YBY. (2 marks) and label each point.
X Look for a common
angle or side.
B A
z :
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1  Whatis the scale factor of the enlargement from

a AtoB b BtoA.
) L] [
I I P S Ly
Py Q il !
q i
i, ] e
\ S I
R i
z
2 Write the pairs of corresponding sides for triangles Q2 hint Corresponding sides map
Aand BinQ1. on to each other in an enlargemen

3 a Measure the angles and sides in the triangles in Q1.
b Write the ratios of corresponding sides as fractions. Q3b hint 0.2 Q
Discussion What do you notice about the angles?

What do you notice about the ratios?

Shapes are similar when one shape is an enlargement of the other. Corresponding angles are
equaland corresponding sides are all in the same ratio.

4  Communication Here are two parallelograms. Angles SPQ and TUV are the same size.

. sam P 7 12cm v
4cm 9cm
S R w ¥
a Which side in TUVW corresponds to
i PQ i PS?
P
b Work out the ratio % ©  Work out the ratio T—g

d  Use your answers to parts a and b to show that the parallograms are not similar.
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5 Communication The diagram shows parallelograms ABCD and EFGH.
Angles ABC and FGH are the same size.

= 10.5cm F
i N
D o G
a  Write the ratio %
. _— Q5 strategy hint The shapes

b Write the ratios of the ot.her corresponding sides. may not be in the same
¢ Arethe parallelograms similar? orientation. Make one ratio of

Explain your answer. ‘the shorter sides and another

ratio of the longer sides.

6  State which of the pairs of shapes are similar.
a S

{ fﬂ]cm 45cm

75cm Z R 30em 7

b 24cm
N # E 8cm F
. E o
D c & H

M B8.5¢cm

I_5em g
Q Qm

Show that pentagon ABCDE is similar to pentagon VIWXYZ.

=

D

C
X Y
B o 7 hint Show that the
Wi angles are the sam
A E Vv zZ

Discussion Are similar shapes congruent? Are congruent shapes similar?
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These two rectangles are similar. Find the missing length x in the smaller rectangle.
5cm

ratio of lengths: %
2 1 Write the ratio 52U for the lengths and the widths.
ratio of widthe: 2 - 1 large

smal _1_x
large

2x=5 Write an equation to solve for x.

8 These two rectangles are similar.
Find the missing side length L in the larger rectangle.

Lcm
22cm
scm 20em
9 Q9 strategy hint
A small photograph has a length of 4 cm and a width of 3em. Let the length
Shez enlarges the small photograph to make a large photograph. of the large
The large photograph has a width of 15cm. (e
BRI i be x. Write the
Diagram NOT corresponding
4em drawn accurately e
15cm
3em
Small photograph Large photograph

The two photographs are similar rectangles.
Work out the length of the large photograph. (3 marks)
June 2012, 01, SMBJH/(J]/

10 Problem-solving / Real An aerial photograph shows a campsite with an outdoor
swimming pool.
In the photograph, the pool measures 5cm by 2cm.
The real pool is 25 m long. How wide is the pool?
Discussion How did you write your ratio?
Does it matter which value is the numerator?
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11

o

Show that triangles A and B are similar.

10em S0cm x hye opp
5cm
0o 500 50
A B e

o

Work out length x in triangle B
Show that triangle C is similar to A and B. Explain.
opposite

Write down the value of ————— for these triangles.
hypotenuse

n

a

opposite 5

What is another name for the ratio -—————?
hypotenuse

"

1

~

Problem-solving / Real A small can of soup has a height of 10.5cm
and a diameter of 6cm.

Alarge can of soup is similar to the small can. It has a diameter of 8cm.
Find the height of the large can of soup.

- 3

o

Problem-solving / Real The diagram shows one symmetrical panel in a tent. The sizes of
the actual tent panel are shown on diagram B. The sizes of the plan are shown in diagram A.

ym
10.50m
[ 1 B
A o 16m
4.8m

18cm

Work out the value of
azx
by

14 Communication Are the triangles in each pair similar? Explain.

a
8mm 10m
A B
26mm 32.5m
b
1.6m
8.1cm a
P
54 mm 12m
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1

w

Here are two regular hexagons.

a  Are they similar? Explain your answer.
b Areall regular hexagons similar?
Discussion Are all circles similar?

19cm 10cm

-
Y

Triangle CDE is similar to triangle FGH.
<CDE = £FGH
H,

=

4.9cm
26cm 9.4cm B
3.5cm
G

Calculate the length of
a FG b FH

17 Reflect Write some notes to help you remember how to show that two shapes are similar.

1 Whatis the scale factor of the enlargement that maps
a triangle Y onto triangle Z b triangle Z onto triangle Y.

62mm

2 Communication Are triangles ABE and CDE similar?
Explain.

Q2 hint Find the angles in triangle AEB.
Give reasons for your answers.
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Communication
a  Show that triangles PQR and RST are similar.

¢ Tem
b Find the missing length . Q3b hint Mark equal angles.
Communication
2 Explain why triangles FGH and FJK are similar.
K
Qéa hint Draw the triangles
separately.
K
£, 2N\
H,
f‘AG o J
20mm,
F
2mm G 66mm J
b Calculate the length HK.
¢ Calculate the length JK.
Commaunication Q

a Find the sizes of angle PQIV and angle LMN.
Explain why triangle LMN is similar to triangle LPQ.
Find the length of LQ.

Find the length of NQ.

Find the length of MP.

32em

nano

Real Calculate the height of The Shard using similar triangles.

3m 459m
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T

The diagram shows two flower beds made in the shape of similar trapezia.

Q7 strategy hint First work out the
linear scale factor of the enlargement (k).
The area is enlarged by scale factor [ ]

The perimeter of the small flower bed is 36 m.
The area of the small flower bed is 60m?.
Work out the perimeter and area of the large flower bed.

A company makes teddy bears.

I5em

The company makes small bears that are 15cm tall,

A small bear has a surface area of 200cm?.

The same company make giant bears which arc 1.8m tall,

A giant bear is mathematically similar to a small bear.

Work out the surface arca ofa giant bear. (3 marks)

Shape K is similar to shape L.

2.4cm
; PRl
1.6cm é f

The perimeter of shape K is 7.5¢cm and its area is 4.8 cm?.
Find the perimeter and area of shape L.

Q8 strategy hint
First work out

the length ratio.
Remember the
lengths need to be
in the same units.




Unit 12 Similarity and congruence

Example 3

Shape D is similar to shape E.
Calculate the length of shape E.

=
Area 539cm?

D
Area 11cm?

4cm
rea scale FacEor—: 559 GE B In an enlargement by scale factor k,
e the area is enlarged by scale factor k%

Shape E has length 7 x 28cm lr: |s th ear scale fact

10 Shape Ais similar to shape B
The area of shape A is 126cm?, 27cm
The area of shape B is 283.5cm?
Calculate
a lengthx
b length y.

11 Two similar triangles have areas of 36 cm? and 100cm? respectively.
The base of the smaller triangle is 3 cm.
Find the length of the base of the larger triangle.
12 A postage stamp has a surface area of 6 cm?.
What is the area of a similar stamp with lengths that are
a twice the corresponding lengths of the first stamp
b three times the corresponding lengths of the first stamp?
13 Atriangle has sides of 4, 5and 6.4cm. Its area is 10cm?.
How long are the sides of a similar triangle that has an area of 90 cm??
14 Problem-solving A sheet of A2 paper and a sheet of A4 paper are similar.
The area of a sheet of A2 paper is 2500 cm? and the area of a sheet of A4 paper is 625cm?.
The width of a sheet of A2 paper is 42cm.
a Work out the area scale factor.
b Work out the length scale factor.
c Use the length scale factor to work out the width of a sheet of A4 paper.
15 Problem-solving The fronts of two cereal packets are similar. The area of front of the
larger packet is 1035 cm? and the area of the front of the smaller one is 460 cm?.
The height of the larger packet is 45cm. Work out the height of the smaller packet.
16 Reflect Why are volume scale factors important when going from making a scale model to

making the real object?
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1 Workout
a the cube root of 125

&
b i3

Warm up

2 Convert 15 litres tocm?

3 Ineach pair of diagrams, solid A is enlarged to make solid B.
Copy and complete the table.

am & aa A
1 2 3 3k

Linear scale factor Volume A Volume B Volume scale factor

Discussion What do you notice about the scale factors of volume?

Key point 4

When a shape is enlarged by linear scale factor &, the volume of the shape is enlarged by scale
factor k%

4 PrismsAand B are similar.
The volume of prism A is 12ecm?.
Calculate the volume of prism B.
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5  Tetrahedrons Cand D are similar.
The volume of tetrahedron Cis 15cm?.
Calculate the volume of tetrahedron D.

35cm 10.5cm

6  ConesE and Fare similar.
The volume of cone E is 202.5¢cm?.
Calculate the volume of cone F.

Bcm 4cm

Example 4

Cylinders G and H are similar.

The diameter of G is 6cm.

The volume of G is 108 cm?®. The volume of His 256cm’.
Work out the diameter d of cylinder H.

In an enlargement be scale factor k, the
volume is enlarged by scale factor k>

7  Sphere ) is similar to sphere K.
The volume of J is 27 times the volume of K.
Work out the diameter of sphere K.

225cm
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8  PrismsLand M are similar.
The volume of prism M is 343 times the volume of prism L.
Calculate the value of
a length x b lengthy.

When the linear scale factor is k:
- Lengths are multiplied by k

- Area is multiplied by k?

-+ Volume is multiplied by k*

9 Reasoning Pyramid A and pyramid Z are similar.

The volume of pyramid A is 125 times the volume of the volume of pyramid Z.
The surface area of pyramid Z is 60cm?.

Write down the volume scale factor, &°.

Work out the linear scale factor, k.

Work out the area scale factor, k.

Calculate the surface area of pyramid A.

o

anco

For Q10-15, give your answers correct to 3 significant figures.

10 Problem-solving Cylinders B and C are mathematically similar.

G Q10 hint Find
The volume of B is z; of the volume of C. the linear scale
The surface area of B is 35.2cm2. factor first.

Work out the surface area of cylinder C.

11 Problem-solving / Real Acommercial sink has a surface area of 6300cm? and a
capacity of 12.75 litres.

Find the surface area of a similar sink which has a capacity of 7 litres.
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1z Exam hint
The bases of two similar cones, A and B, are 207cm? and 92em? ipdicnc ieeg
i scale factor first.
respectively.
Cone A Cone B
The volume of cone A is 837 cm?.
Show that the volume of cone B is 248 cm. (5 marks) |
13

The diagram shows two similar solids, A and B.
Diagram NOT
accurately drawn

dem 8em

Solid A has a volume of 80cm®.

a Work out the volume of solid B. (2 marks)
Solid B has a total surface area of 160cm?.
b Work out the total surface area of solid A. (2 marks)

Nov 2012, 025, IMAO/1. HJ

14 Real/ Reasoning A can of paint is 18cm tall and holds 2.5 litres of paint.
A similar can is 1.5 times as tall.
How much paint does it hold?

1

7]

Reasoning / Communication

Explain why any two cubes are similar. Q15 strategy hint Sketch
Explain why two cuboids are not necessarily similar. some cubes and cuboid
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12

The vertices of triangle ABC are at (0.5, 0), (3.5,0) and (3.5, 4).
The vertices of triangle DEF are at (-2, -2), (5.5, -2) and (5.5, 8).

Show that the two triangles are similar.

L} Vi

Shapes are similar if corresponding sides are in the same ratio. e
Corresponding sides: AB and DE; BC and EF; ACand DF the c ing sides in
the two triangles.
AB=3 BC=4 AC2 =324 42=25 (Pyth, ' theorem),
s0AC=vV25=5
\ Find the lengths of corresponding sides. ABC and DEF
are right-angled triangles. You can use Pythagoras’

theorem to find the lengths of hypotenuses AC and DF.

DE=7.5 _EF=10 DF*=7.5°+10°= 15625 (Pythagoras theorem),

50 DF=y156.25=125

2 0. A 5 =04

BE_4 o4 =
EF 10 DFT 125

«corresponding sid

All corresponding sides are in the same ratio. 4| TR e |
Therefore, triangles ABC and DEF are similar. Yol fave SO Ll =il

1 Labelthe origin on a grid, O. T‘nenvdraw these line segments: Q1 hint Sketch the
- y=4fromx=0tox=3.Labelit PQ. line segments, Use the
- y=2fromx=0tox=15 Labelit ST. example to help you
. y-lrfomr=Otx=3 show that the resulting
triangles are similar.

Show that triangles OPQ and OST are similar.

Q2 hint Sketch
adiagram. Use
similar triangles
to work out the
height of the tree.

2 Asurveyor estimates the height of a tree. He walks 50 paces in a
straight line from the bottom of the tree, and puts a 1.2m pole
vertically in the ground. Then he walks another 10 paces on the same
straight line. Now when he looks from ground level, the top of the
pole and the top of the tree are exactly in line. How tall is the tree?
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e drame ! Q3 communication hint Q3 hint Sketch
d C::" tlsfsur_;cun Qd KWOO en ‘Uniform width’ means the adiagram
lecking of uniformwidth. width of the decking is the same

The area of the wooden decking is all the way around the well.
5.5m2. What width is the decking?

4 Aparallelogram ABCD has sides 8 cm and
15¢cm. The angles in one pair of angles are
twice the size of the angles in the other pair.
The diagonal, AC, joins the bigger angles.

a What is the size of angle ABC?
b Prove that triangles ABC and ACD are congruent.

Qéa hint Sketch | | Q4b hint Use the
adiagram. Label diagram you sketched for
all angles in part a and the conditions
terms of x. for congruence.

5 Show that a triangle with one interior angle of 84° | Q5 hint Sketch a diagram. How can you
and two exterior angles of 132° is isosceles. show that a triangle is isosceles?

6 Abuilder has an 8m ladder. He needs to reach a gutter that is 7.8 m high.
The building site safety rules state that all workers must obey the 4 in 1 ladder rule (for every
4m in vertical height, the base of the ladder must be 1 m away from the base of the wall).
Show that the builder cannot use his ladder.

7 Reflect How did geometric sketching help you to solve these problems?
For which problems did it help the most? Why?

Log how you did on your
Student Progression Chart.

Congruence
1 Which of these triangles are :ongruenﬂ Give reasons for your answer.

57cm

2 HIJKL is arectangle. |
a Prove that triangle HJK and triangle HKL are congruent.
Explain your answer fully.
b Using a different condition for congruence, prove that
triangles HJK and HKL are congruent. 4

1

Similarity in 2D shapes
3 Show that each pair of triangles is similar.

aNap
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4

Quadrilaterals ABCD and EFGH are similar.

E 22.5cm P
A _12em B
30cm
xem
b 15¢m ¢ H™"yem G
Work out
a length AD b length GH.
Communication
a Prove that triangle ABE is similar to triangle ACD.
D
30cm
B
A 21cm B 35cm o

b Workout length CD.

a Show that PQR and RST are similar triangles.
b Work out the missing lengths in the diagram, x and y.

Shapes D and E are similar.

Shape D has a perimeter of 41.4cm and an
area of 112.5cm?,

Calculate the area and perimeter of shape E.

Gl

8cm
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Similarity in 3D solids

8  Problem-solving Two whole cheeses are mathematically similar in shape.
The smaller cheese has a radius of 8.4cm and a volume of 665 cm’.
The larger cheese has a radius of 13.2cm.
Work out the volume of the larger cheese.

9  Problem-solving Pyramids A and B are similar.
The surface area of pyramid A is 1260 cm?. The surface area of pyramid B is 180cm2.
The volume of pyramid A is 9604 cm?.
Work out the volume of pyramid B.

10 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

T

* Challenge

11 Draw three different right-angled triangles, each with an angle of 45°.
Are they all similar? Explain.
On a calculator, work out the tangent of the 45° angle for each triangle.
What do you notice?
Draw three more right-angled triangles, each with an angle of 60°.
Are they all similar? Explain.
On a calculator, work out the cosine of the 60° angle for each triangle.
What do you notice?

Congruence
1 Reasoning Which of these triangles is not congruent to triangle A?

15cm
557 35,
B c
9cm 9cm
15cm
15cm 15em
[ A
9cm

| Q1 hint If you rotated triangles B, C and D, which one would not fit exactly on A? |

‘ Active Learn Homework, practice and support: Higher 12 Strengthen ‘ 385
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2 Which of these triangles are congruent?

3 Draw two right-angled congruent triangles on
paper and cut them out.
What shapes can you make by putting these
two triangles together?
You must place the triangles with equal sides
touching.

Q2 hint Sketch the
triangles and find
any missing angles.

@

A5 B~

Q3 hint Make sure that sides meet
exactly when you match up the triangles.

%/ X

4 Communication Why are these pairs of triangles congruent?

a
2.8cm Q& hint Choose from
3.5cm these conditions of
2.8cm 1cm congruence: AAS,
SAS, SSS, RHS.
3.5cm
1cm
b
50m 13cm Sem
13cm
(5
.
5 Probl Iving / C ication KLMN is a kite.
L
Q5 hint Do the triangles fi
K M exactly on to each othel
N

a  Explain why triangles KLM and KNM are congruent.
b Explain why triangles KLN and MLN are not congruent.
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Similarity in 2D shapes

1 For each pair of similar triangles: Q1 hint Draw each
i name the three pairs of corresponding sides pair of triangles
ii - state which pairs of angles are equal. facing the same way.
P 5 F b K
: J
c
I E
4
H
G
c M d §
P
Dy
o
L
2 Triangles Cand D are similar.
2 Copyand complete the table showing
the pairs of corresponding sides.
<
€ W D 5cm xem
3 yem 8cm
5
y 3cm
b Use the scale factor to work out Som
xand y.
3 Reasoning Find the missing length x in these similar shapes.
xem
1 ch Q3 strategy hint
Draw a table for
P Som I8 G and H like the
one in Q2.
B orh 7.5cm
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4

Reasoning All these shapes are similar.
Work out the lengths marked with letters.

a
8cm 16¢em 12cm
3cm
5cm
10cm Gom 3
Q4 strategy hint
75cm Sketch the triangles
the same way up.
150m 9om 4.5cm
d
©
Which of these triangles are similar to triangle A?
5em
A 3cm B 2em c
20cm 10em 8cm
8cm 7.5cm
D
24cm 30cm

Reasoning / Communication
The diagram shows two triangles.

2 Explain why
ia=f i b=e i c=d.

b When three pairs of angles are equal, what
does this tell you about the two triangles?

¢ Trace each angle and compare it with
its paired angle.

d  Find the missing lengths.

a Sketch the diagram. A
Mark all the angles that are the same.

44cm
Q7a hint Use the parallel

nes to find equal angles. .

b Prove that triangles ABC and ADE Tem
are similar. &

Q7b hint Show the triangles have the same
angles. For example, angle ACB = angle [_].
Give reasons for your answers.

52cm

c Trace the small and the large triangle. Sketch them beside each other.

Label the lengths of the sides you know.
d Work out the scale factor and missing lengths.
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Draw a rectangle 2 by 5 on squared paper. Label it A.
Draw an enlargement of A with scale factor 2. Label it B.
Work out the perimeter of A and the perimeter of B.
Copy and complete these statements:

lengths on A : lengths on B, scale factor is 2.

perimeter of A : perimeter of B, scale factor is [_].
Enlarge A by scale factor 3. Label it C.

Predict the perimeter of C.

Now work out the perimeter to check your prediction.

anoco

-0

9 Triangle Ais similar to triangle B.
2 Work out the scale factor of A to B by comparing
the given side lengths.
The perimeter of triangle A is 12cm.
b What is the perimeter of triangle B?

25¢cm
5cm

10 Draw alcm by 3 cm rectangle on squared paper. Label it A.
Draw an enlargement of A with scale factor 2. Label the new shape B.
How many times will A fit into B?
Copy and complete
lengths on A lengths on B, scale factor is 2
area of A: area of B, scale factor is[_]= 20

11 The area of triangle Ain Q9 is 6 cm? What is the area of triangle B?

Similarity in 3D solids
1 Thediagram shows two cubes, with side length 1cm and side length 2cm.
a How many times does A fit into B?
b Copy and complete @
lengths on A : lengths on B, scale factor is 2
volume of A: volume of B, scale factor is [ ]= 20 Tem
Cube A is enlarged to make cube C, so the side length is now 3cm.
What is the scale factor of the lengths for this enlargement?
Predict: volume of A : volume of , scale factor is [ ]=[_]0
Draw a sketch to check your prediction

n

o a

2 Cuboid X and cuboid Y are similar.

¥
X
Base area = 8cm? Base area = 72cm?
The area of the base of cuboid X is 8cm?. Qa2d hint

The area of the base of cuboid Y is 72 cm2.

a Work out the area scale factor to change X to Y.
b Find the linear scale factor.

¢ Find the volume scale factor.

The volume of cuboid X is 12.5cm?.

d  Find the volume of cuboid Y.
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1 Triangle PST'is similar to triangle PQR.

p* Q1 strategy hint Multiply
45¢m both sides of the equation
30cm by each denominator.
P Tom T 10em R
a Draw triangles PQR and PST separately, labelling all sides clearly.
b Write an equation —— PT ST and solve to find the value of x.

2 The diagram shows triangle ABC which has a
line JK drawn across it.
angle BCA =angle AKJ.
Prove that triangle AJK is similar to
triangle ABC.
Calculate the length of JK.
Calculate the length of KC.

n e

You could draw the
~but
you dor't need to.

Triangle ABC is drawn on a
centimetre grid.

Ais the point (2, 2).
Bis the point (6, 2).
Cis the pont (5, 5).
Triangle POR is an
enlargement of triangle
ABC with scale factor 5
and centre (0, 0).

—Nowos oo Ny

Q,

X

Work out the area of triangle POR. (3 marks)
June 2012, Q18, IMAVLH |

4 Problem-solving ABCis a triangle.
Calculate the perimeter of the 5cm Bem
trapezium DBCE.

7.5¢cm
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5  The diagram shows a gift box with a surface area of 300cm?.
A piece of ribbon &46cm long is tied in a bow around the box.
A larger gift box has a similar bow tied around it,
using a piece of ribbon 69.cm long.
What is the surface area of the larger box?

6 Problem-solving A statue has a mass of 840 kg. = "
il i o g Q6 hint mass = volume x density,
A similar statue made out of the same material is £ o i e

the height of the first statue. proportion.

What is the mass of the small statue?

7 Cylinders Y and Z are similar.

The volume of Y is 6@ cm?. @
The volume of Z is 93.75mcm?.
Calculate the length of the radius of cylinder Z.

8  Problem-solving D and E are two regular pentagonal prisms that are mathematically similar.
Prism D has cross-sectional area 15.5¢cm?.
The side length of pentagon Dis 3 cm.
The side length of pentagon Eis 10.5¢cm.
The length of prism D is 20 cm.

3cm 10.5cm

2 Work out the volume of prism E.
b How many prisms the same size as prism E could be made from 1m? of plastic?

9 Inthe diagram, AE = BE, AG = HB, and AB is parallel to DC.

A . ¢ H | B

D C

Prove that triangle ACH and triangle BDG are congruent.
Give reasons for your answer.
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10

Problem-solving The diagram

A
shows trapezium ABCD. w
Trapezium ABCD is similar to

trapezium B; Siom W
Lines AD, VW and CB are parallel.
Lines CD and YZ are parallel. 7em
Calculate the perimeter of X 7
trapezium BZXV. Y|
IZ.I cm
"/ 3 9.8cm

Q11 communication hint A frustum is a cone or
pyramid with the point cut off, parallel to the base.

As-o

Reasoning The diagram shows a frustum.

10cm

a Find the height of the whole cone.
b Find the volume of the whole cone.

Q11b hint Leave your answer in terms of .

< Find the volume of the smaller cone

Q11 strategy hint Imagine the whole cone,
before the top was cut off to make the
frustum. Use similar triangles to work out
the heights.

(the bit that is missing).
d Hence, find the volume of the frustum.

Give your answer correct to 3 significant figures.

Problem-solving This is the frustum of a square-based pyramid.
The length of the base is 18cm. The length of the top of the frustum is 7.5 cm.

The vertical height of the frustum is 20.4cm.
Find the volume of the frustum.
Give your answer correct to 3 significant figures.

7.5cm

<y

20.4cm

18cm
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B T ——

F Diagram NOT
accurately drawn

£
D| A
€ B

In the diagram,

ADE is a right-angled triangle

ABCD and AEFG are squares.

Prove that triangle ABE is congruent to triangle ADG. (3 marks)
March 2013, 022, 5MB}H/OIJ

Triangles STU and VIWX are

14 Iving / C
mathematically similar.
The base, SU, of triangle STU has length 2(x - 1)cm
The base, VX, of triangle VIVX has length (x2 - 1)cm
The area of triangle STU is 8cm?2.
The area of triangle VI¥X is A cm?.
Prove that A = 222 + 4x + 2.

Area = Acm?
‘Area = 8cm?®

U 14
20— 1) @ 1)

393
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®

Congruent triangles have exactly the same size and shape.
Their angles are the same and corresponding sides are the
SaMENeNZt S v s s wsaret ey Eoe b 1esss Mastery lesson 12.1

@

Two triangles are congruent when one of these conditions of
congruence is true.

SSS (all three sides equal)

SAS (two sides and the included angle are equal)

AAS (two angles and a corresponding side are equal)

RHS (right angle, hypotenuse and one other side are equal) ... ... Mastery lesson 12.1

@ You can use congruence to solve problems and prove that shapes

are the same. . Mastery lesson 12.2

®

To prove something, you write a series of logical statements that
show the statement is true. Each statement must be supported by

a mathematical reason. . . Mastery lesson 12.2

®

Shapes are similar when one shape is an enlargement of the other.
Corresponding angles are equal and corresponding sides are allin
the same ratio.........

Mastery lesson 12.3

@

When a shape is enlarged by linear scale factor k, the area of the

shape is enlarged by scale factor k2 Mastery lesson 12.4

@ When a shape is enlarged hy linear scale factor £, the volume is

enlarged by scale factor K% ......._....... Mastery lesson 12.5

°

When the linear scale factor is k:
Lengths are multiplied by k&
Area is multiplied by k?

Volume is multiplied by & .. . Mastery lesson 12.5

For each statement A, B and C, choose a score:

1-strongly disagree; 2 - disagree; 3 - agree; 4 - strongly agree

A |l always try hard in mathematics

B Doing mathematics never makes me worried

€ lam good at mathematics

For any statement you scored less than 3, write down two things you could do so that you agree
more strongly in the future.

Reflect
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Log how you did on your
Student Progression Chart.

1 JKL and PQR are triangles.
Show that the triangles are not similar. (4 marks)

- 3
7em, & ’ ﬁ
A Som 9cm
R

2 Identify two triangles that are congruent and give a reason for your answer. (2 marks)

8cm a ol
98’ 8em
6.5cm B’
gem 8cm
B s:5cm 6.50m

3 Mand Nare similar shapes.

Work out the missing lengths, x and . (3 marks)
16.5cm
2.4cm
& -
xom
6.60m yom

4  Problem-solving Work out the lengths x and y.
Explain all the steps in your working. (4 marks)

Active Learn Homework, practice and support: Higher 12 Unit test
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5  BEis parallel to CD. Work out

a the length of BE' (2marks)
b thelength of BC. (2 marks)
D
2cm
5
12cm
6em i
4 5.5cm By

6 ABCDis arectangle. AC and BD are the diagonals of the rectangle, which cross at point .

A B
B
D [od
2 Prove that both diagonals divide the rectangle into two congruent triangles. (4 marks)
b Prove that £ is the midpoint of AC and BD. (2 marks)

7 Shapes B and C are similar.
The area of B is 18cm?. The area of Cis 112.5cm?.
Find the length of side a. (3 marks)

12.5¢cm



Unit 12 Similarity and congruence

8 Problem-solving F and G are mathematically similar greenhouses.

F G

F has a volume of 5.6 m* and a surface area of 15 m?
The volume of G is 189m”>.
What is the surface area of G? (4 marks)

9 Problem-solving A cake tin is in the shape of a frustum.

Work out the volume of a cake which exactly fills the tin.
Give your answer correct to 3 significant figures. (5 marks)

397
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Sample student answer

a How has the student’s diagram helped check similarity?
b How else has the student clearly 'shown’ that the triangles are similar?

A Diagram NOT
aceurately drawn

B D [+

ABC is an equilateral tiangle.

AD s the perpendicular bisector of BC.

BXis the angle bisector of angle 4BC.

Show that triangle BXD is similar to triangle ACD. (2 marks)
2010 Practice Paper Set 4, 023a. IMAO'SH |

Student answer
C
X
A
Triangle ACD

The line ADis perpendicular to CDso £CDA s aright angle.
Angles in an equilateral triangle are 60", so LACD=60°
The last angle must be 180 - 90 - 60 = 30°

Triangle BXD

The line XPis perpendicular to B0 s0 £BDXis a right angle.
BXbisects LABC, 50 £DBXis 30°

The last angle must be 180 - 90 - 30 = 60°

Therefore as all the corresponding angles are equal, the triangles must be similar.



Master §  Problemsolve i Check { Strengthen Test
p400 p.426 : p.421 H p.429 H p437

Builders need to use right angles. The Pharaohs
employed harpedenapts (rope-knotters), who
used a looped rope with 12 equally spaced knots.
Did they seriously think they could use a looped
rope to make a right angle? Clue: An Egyptian is
thought to have taught a Greek who announced
afamous theorem...

Numerical fluency {7 Work out the size of each lettered angle.
1 Workout Give each answer correct to 1 decimal
0.75 B place.
a x

Find the value of g to 3 significant figures. : 15¢cm
z 8.42

5 0.749 8  Work out the length of each lettered side.

Find the value of x to 3 significant figures. Give each answer correct to 3 significant

a=4 b=65 angleC=58° : Delires.

3 4 b 32+442-2x3x4x08 i b QG
Algebraic fluency 17.4cm
2 15-gar i 23.70m

Find the value of absinC. Give your L
answer correct to 3 significant figures.
182+ 122- 242
o8 Tax 12
Find the value of 6 correct to 1 decimal
place. : b

Geometrical fluency
6  Find the exact value of x in each triangle.
a b 3m

xem
VEem

Vitm

1cm

399
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9 Find the area of

this triangle.

: *%Challenge

ABGC ...

Graphical fluency

10 a Copyand complete the table for
y=x2-6x.

% - 6x for

b Draw the graph of
0=x=6.

Use your graph to solve the equation ~ *
a2-6x=-5. i

4

y=36toldp. z=92toldp. x=yz
d the upper bound and the lower bound of .

11 The diagram shows a sequence of
i isosceles right-angled triangles

Continue the sequence and find the
length of the hypotenuse of triangle H.

Mt

Cc

b Find the upper bound and the lower bound of z.
¢ Work out the value of the upper bound of .
d  Work out the value of the lower bound of x.

Q1c hint Which bounds
of y and z give the largest
possible value for yz?

2toldp.  z-Oitoldp  x=%

d the upper bound and the lower bound of #.
d the upper bound and the lower bound of z.
Work out the value of the upper bound of x.
Work out the value of the lower bound of x.

0Q2c hint Checkall possible
calculations to make sure
you have the highest

possible value for 7.

Questions in this unit are targeted at the steps indicated.

In the diagram, the lengths of AC and BC are given correct to 1 d.p.
a Find the upper bound for the length of

i AC ii BC
b Use your answers to part a to work out the upper bound of x.
© Find the lower bound for the length of

i AC i
d Use your answers to part ¢ to work out the lower bound of x.

A
xem,

T.4cm

8.6cm

400 Activel.earn Homework, practice and support: Higher 13.1
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Example 1

In this diagram, the measurements are correct to 3 significant figures.
a Find the upper and lower bounds for the value of x, to 3 decimal places.
b Give the value of x to a suitable level of accuracy.

A

5 Find the upper and lower bounds
W of the lengths of AB and BC.

The upper bound of a fraction
B 536m C __upper bound of the numerator
" lower bound of the denominator
Write down all the figures in your

=

AB: upper bound = 8235 m, lower bound = 8225 m

BC: upper bound = 5.365 m, lower bound = 5.355m calculator display.
5.365 /
Ths Upper bourd for cos % = 2252 Use cos-! on your calculator.
~06522796353

The lower bound of a fraction
S0 x =49.286° (3 dp)

__lower bound of the numerator _
The lower bourid for cos . = 2222 / upper bound of the denominator
8255

=08502732240 You could write the answer
50 1 =49.438° (3 dp) as 49.286° < x < 49.438°

So the upper bound for x is 49.458° and the lower bound is 49.266°
49.438° =494 (1dp) 49.286° =493 (1 dp) —| Round the upper
and lower bounds to
1d.p. Do they both
X =49 (vo the nearest degree) give the same value?

s

= 49" (nearest degree) = 49" (nearest degree)

Round to the nearest degree they both give the same value.

4 The upper bound for cosx is 0.7322834646 and the lower bound

is 0.7054263565. Q&b hint Does the
2 Find the upper and lower bounds for ¥, to 3 decimal places. upper bound for

b What do you notice? cosx give the upper
Discussion Why does this happen? botindfor?

Will it also happen with sine and tangent?

5 Inthis diagram, the measurements are correct to 3 significant figures.
2 Find the upper and lower bounds for the value of , 9.67m
to 3 decimal places. 4.82m
b Write x to a suitable level of accuracy.

6 In this diagram, the measurements are correct to 2 significant figures.

a Find the upper and lower bounds for the value of x,
to 3 decimal places. 9.7cm
b Write x to a suitable level of accuracy. 4.8cm
Discussion Compare your answers with those for Q5.
How have the upper and lower bounds for x been affected by

reducing the accuracy of the measurements to 2 significant figures?
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7 Inthis diagram, the measurements are correct to 2 significant figures.
Find the upper and lower bounds for the value of x.

8 Inthis diagram, the measurements are correct to

2 significant Bures, B3
Find the upper and lower bounds for the value of x. 26m
Discussion Compare your answers with those for Q7.

Why is the level of accuracy worse in this question? am

Dan does an experiment to find the value of m.

He measures the circumference and the diameter of'a circle.

He measures the circumference, C, as 170 mm to the nearest millimetre.

He measures the diameter. d, as 54mm to the nearest millimetre.

Dan uses 7= < 10 find the value of .

Calculate the upper bound and the lower bound for Dan’s value of . (4 marks)
June 2013, 923, IMAO/2H

Q9 strategy hint Upperbound of G ¢ i bound o
G, G lower bound of
The upper bound of a is not Upperboundofd and the lower bound of- 7 is not. e boiRa ol

1 a Find the value of x in this triangle.
b Find the value of sin 6. x

2 Find the value of sin §in this triangle.

</

0.96

0.28 L/

402 Activel.earn Homework, practice and support: Higher 13.2
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Key point
7 The diagram shows a circle of radius 1 unit with
centre at (0, 0).
51!"]0":? =PQ=05
The length of PQ gives the sine of the angle.
This is shown on the vertical axis by the position of
the arrow.

You can find the sine
of any angle using
this method.
1
3 Find the value of sin #in each diagram.
a U b
1
P
1
e 0 1 Tr
et
3 Y, d L
3 1
i P 7
B 0 7% =1 0 12
P
ir] i
4 a Whatis the largest value that sin f can take?
b What is the smallest value that sin 6 can take?

Find two values of 8 so that sin #=0.

Q4 hint Look at the diagrams in Q3.

5 sin30°=05.
Use the diagram to find an obtuse angle 6
such that sin6=0.5.

n

403
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6  As@increases from 0° to 90° sin § increases from O to 1.
Copy and complete these statements in the same way.
a As gincreases from 90° to 180°, sin 6
b As 6 increases from 180° to 270°, sin §
© As gincreases from 270° to 360°, sin 6

7 Hereis the graph of g = sinx for 0° < x = 180°. 12
a Use the graph to find d
i sin90” i sin75°
b Describe the symmetry of the curve. o5
Q7b hint The graph of i = sinx for 0° = x = 180°
is symmetrical about x = [ I°. 4
0 90° 180° %
¢ Use the graph to check your answer to Q6.
o g:;’t:r” !dh;';g'ele' inserting numbers Q7d i hint Draw a horizontal line
e ; = : through sin 60° on the graph.
i sin60°=sin[]° i sin45° =sin[_]° Where else does it cross the graph?
i sin0°=sin[_]° v sin30° =sin[_]°
e

Use the graph to give estimates for the T e
solutions to sinx = 0.25.

8 Here isa sketch of the graph of y = sinx for 0° < x = 360°.

Describe the symmetry of the curve.

9 The graph of y = sinx repeats every 360° in both directions. Q9a hint Include x values
a Sketch the graph of y = sinx for 0° = x = 540°. 0°, 90°, 180°, 270°, 360°,
b Use your sketch to find 450°, 540° and y values
i sin540° il sin450°. 05 0,-05~%
c The exact value of sin 60° is . Write down the exact value of

2
i sin420° i sin480°.
d Explain how you worked out your answers to part €.

[=3] 10 a Write down four values of x such that sinx =-0.5.

b Write down four values of x such that sinx = >
¢ Check each of your answers using your calculator.

Check your answers
by seeingif sinx =

Here is a sketch of y = sinx.

E?

Write down the coordinates of each of the labelled points. (4 marks) |

Y
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Solve the equation 5sinx = 3 for values of x in the interval 0° to 540°.

4‘ Divide both sides of the equation by 5. I
x=369"t0 1dp. ———| Use sin-* to find one value of & from your calculator

12
d y=2=06 Sketch the graph of

Yy =sinx for the interval
0° to 540°. Use the graph

> 7~ o0 5 = 3 =0 X
20 20 W bel to find the other values.
wF

Fromthe graph, the other values of x are:
180°-36.9°=143.1°
360" +36.9°=396.9°
540" - 36.9°=503.1°

Ssinx =3

12 Solve the equation 8sinx = 2.5 for all values of x in the interval 0° to 720°.

13 Solve the equation 6sin 6 = 5 for all values of @in the interval 0° to 720°.

14 Reflect Did you use the worked example to help you answer Q12 and Q13?
How does a worked example help you understand and answer questions like this?

1 Find the value of cos #in each triangle.
a b r

0.96

dn waem

08 0.28

405
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The diagram shows a circle of radius 1 unit with
centre at (0, 0).

P
0s60°=22- 00 -05
04 The length of 0Q gives the cosine of the angle.
02 os 607 This is shown on the horizontal axis by the position
/o) ¥
BB T O]

of the arrow.
R0

> PUANIN P You can find the cosine
of any angle using
this method.

d

2 Find the value of cos 6 in each diagram.

a Y, b
i p
AN
/o
i & e
s
(4 d Y
1
™ | AR
o 1x = @ 13
1
=
o= ¥,
3 cos60°=0.5. 1

Use the diagram to find a reflex angle 8
such that cos 6 =0.5.

V3

L c0s30°= 5 —1
2 Find areflexangle 0 such that cos =2
2 Q4 hint Draw a diagram like the one
b Find an obtuse angle such that cos = 7% in @3 and make use of symmetry.
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5  As@increases from 0° to 90° cos # decreases from 1 to 0.
Copy and complete these statements in the same way.
a As §increases from 90° to 180° cos 6.
b As 6 increases from 180° to 270°, cos ¢
¢ As gincreases from 270° to 360°, cos &

6 Hereis the graph of y = cosx for 0° = x = 360°.
a Use the graph to find
i cos120°
i cos180°.
b Describe the symmetry of the curve.
¢ Copyand complete:
i os60°=cos[ ]°
0590° = cos[_|°
c0s120° = cos[_|°
0s0°=cos[_|°

Qé6¢ i hint Draw a horizontal line through cas 60°
on the graph. Where does it cross the graph?

iv

7  The graph of y = cosa repeats every 360° in both directions.
2 Sketch the graph of y = cosx for 0° < x < 720°.
b Use your graph to find

Q7a hint Include x values 0°, 90°, 180°, 270°,

i €os300° i cos480°.
T 360°, ..., 720° and y values 1,0.5,0,-0.5,-1.
c The exact value of cos30°is >
Write down the exact value of
i €0s390° i cos210°

&  Use your sketch from Q7 to find four values of x such that

3

a cosx=05 b cosx =

Check your answers using a calculator.

¢ T

The diagram shows a sketch of the graph y = cosx®

¥ a3
1

Write down the coordinates of points 4, Band C. (3 marlu))

10 6cosx =4.86
2 Use cos™ on your calculator to find one value of x.
b Sketch the graph of y = cosx for the interval 0° to 720°.
¢ Useyour answers to partsa and b to solve 6 cosa = 4.86 for values of x in the interval
07 to 720°.

11 Solve the equation 15cos # = -6.8 for values of @in the interval 0° to 720°.
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1 a Find the value of x in this triangle.
b Find the value of tan 6. 1.025,

Warm up
S
5
I
5

v, The diagram shows a circle of radius 1 unit with
2 12 centre at (0, 0).
P 4 o
T tang= =i 0.8

6 Extending OP to hit the vertical tangent line
4 0. gives the value of tan 6.
.2 .2 You can find the tangent of any angle using

b\ this method except for angles of the form

ot 055 90°:180n°
'_. i Unlike sine and cosine, the tangent can
i : take any value, positive or negative, not just
'u = values between =1 and 1.

; <

408 Activel.earn Homework, practice and support: Higher 13.4
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Find the value of tan ¢ in each diagram.

a , b ¥
1.0 1.0
p 08 p 108
06 06
04 « 04
02 / 02
0% 1 [
~0.2 ~02
~0.4 ~04
~0.6 -06
-0.8 -08
—1.0 —1.0
c 7 d 7
10 14
08 12
7 06 1.0
= 04 0.8
\ 0.2 0.6
T [ i i
~02 " 0.2
0.4 %
_08 ~02
—0.8 ~04
~1.0 06
~12 -08
£ -1
tan60° =3, V3

Use the diagram to find
areflex angle ¢ such that
tanf=v3.

60}

2 Find a reflex angle 6 such that tan @ one in Q3 and use symmetry.

b Find an obtuse angle such that tan 6 = -1

Reflect The hint suggested drawing a diagram to help you answer this question.

Did it help? How?

As @increases from 0° to 90°, tan #increases from 0 to infinity.

Copy and complete these statements in the same way.

a  As §decreases from 180 to 90°, tan ¢
b As fincreases from 180° to 270°, tan #
© As §decreases from 360 to 270° tan 6.
Discussion tan g is not defined when ¢ is 90° or 180°, for example Why do you think this is?
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6 Here is the graph of y = tanx for 0° = x = 360°

- 90° 180° 270° 360°7

a How often does the graph repeat?
b Use the graph to estimate the value of
i tan60° i tan300°.
© Describe the symmetry of the curve.
Copy and complete, inserting numbers greater than 180.
i tan60° = tan[_J° i tan100° =tan[_]° i tan120°=tan[_]*

a

7 a Sketch the graph of y = tanx for 0° < < 540°.
b Use your sketch to find
i tan540° i tan405°.
© The exact value of tan60° is /3.
Write down the exact value of
i tan240° i tan120°.
d  Explain how you worked out your answers to part €.
8 a Write down four values of x such that tanx =1

b Write down four values of x such that tanx =
¢ Check your answers using a calculator.

L.

9 3tanx=11
a Use tan™ on your calculator to find one value of x.
b Sketch the graph of y = tanx for the interval 0° to 540°.
¢ Use your answers to parts a and b to solve 3 tanx = 11 for values of x in the
interval 0° to 540°.

10 Solve the equation 4tan = 15.7 for values of #in the interval 0° = x = 720°.

1 EEEEHEETn D, exembint

a Sketch the graph of y = tan x in the interval 0° to 720°. You are expected to
s s <l ) . use your sketch from

b Given that tan30° = = solve the cquation 3tanx = 3 Bt

in the interval 0° to 720°. (4 marks) e
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1 Write aformula for calculating the area, 4, of each shape.
@b B
r r

2 Caleulate the perpendicular height, h, of this triangle.

dn wiem

8cm

Write h, the perpendicular height of Q3a You need to use
the triangle, in terms of p and 6. nometry as
I3
q

w
o

o

Write a formula in terms of p and 0
to calculate the area of the triangle.

Key point 4
The area of this triangle = 2absinC. A
ais the side opposite angle A.
bis the side opposite angle B. b
G = B
4 Find th f each triangle.
ind the area of eac| nar\ie T
8 vertex C (the given
8cm 23m 1.8m ang{e),Then label
vertices Aand B,
50° and their opposite
12cm sides a and b.
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) 5 The area of triangle ABC is 38.8<m?. A
ER Work out the length of AC.

A

| 6 a Findthe area of triangle AOB in this circle.

S,

b Find the area of the sector AOB.
© Find the area of the shaded segment of the circle.

¢ 12

A

B

ABC s an arc of a circle centre O with radius 80m.
AC is a chord of the circle.

Angle AOC = 35°.

Calculate the arca of the shaded region.

Give your answer correct to 3 significant figures.

cm

Q6b hint

<€)

Q6¢ hint How can you use
your answers to parts aand b
to find the answer to part ¢?

o 7 (st [o7 strategy hint

Find the area of

Diagram NOT sector OABC and
accurately drawn T
triangle OAC.
(5 marks)

March 2012, 023, 1380/4H

8 Problem-solving

2 Calculate angle AOB. Give your answer correct to 1 decimal place.

Q8a hint Split the triangle into
two right-angled triangles.
o

e

b Work out the area of the shaded segment. Give your answer correct to 3 significant figures.
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9 Problem-solving Inthe diagram,
O is the centre of the circle.
Work out the area of the shaded segment.
Give your answer correct to 3 significant figures.

Key point 5

The sine rule can be used in any triangle. A
L L=vi Use this to calculate an unknown side.
sinA B sinC
- - 13
# LB:% Use this to calculate an unknown angle. §
To use the sine rule you need to know one angle and the
opposite side. Then: c = )

if you know another angle, you can work out the length of its opposite side
if you know another side, you can work out the size of its opposite angle.

a  Find the value of x.
Give your answer to 3 significant figures.

>

16.cm

B
b Find the value of 6. R
Give your answer to 1 decimal place.
156m 18cm
5 T
a % ___ 16
sin4&®  sin70° Use the sine rule -2 - £
G aman SinB  sinC
BE— 2 2650,
sin70°
—12.7cm(Bsf) Multiply both sides by sin 48°.
sinf _sin110° i
b e e, Use the sine rule S0 13-
sing_ 188in110°
e
e 5"‘,1(’155("1 10")
18

=515°(1dp) Use sin't on your calculator.
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Unit 13 More trigonometry

10 Find the length of the side labelled x in each diagram.
Give your answers correct to 3 significant figures.

w
=3
3

a

>
4
LN e!

11 Find the size of angle @ in each diagram.
Give your answers correct to 1 decimal place.

a b V
29cm m

7.2cm

2.95m

12 a Workout the length of AC.
Give your answer correct to 3 significant figures.
Work out the size of angle BAC.

Give your answer correct to 1 decimal place.

-

A
13 In triangle ABC, AB =8 cm, BC = 6 cm and angle BAC = 40°. Work out the size of angle ACB.
B
o Q13 hint Draw a diagram. Use the sine.
o rule to find the value of sinC. Use the sine
6em gem graph to find the two possible values.
40°
A c C

The diagram shows that there are two possible triangles. Hence there are two possible
answers. Give both, correct to 1 decimal place.

=
-

In triangle XYZ, XY = 12cm, YZ = 9.5¢m and angle YXZ = 50°. Work out the size of angle XZY.
There are two possible answers. Give each of them correct to 1 decimal place.
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1 Inthe diagram, what is the bearing of
a BfromA
b Afrom B?

=
2
3
2 Work out the positive value of x when x2=92 472 -2 x 9 x 7 x c0s34°. i
Give your answer correct to 3 significant figures.
3 Find the area of this triangle. Give your answer correct to 3 significant figures.
8cm
Bem
Key point 6
The cosine rule can be used in any triangle. A
« @?=b+c?-2bccosA  Use this to calculate an unknown side.
bivcecat i
+ COSA=——— Use this to calculate an unknown angle. b
2be c
You can use the cosine rule to find:
+ the length of a side if you know two sides and the included angle
+ an unknown angle if you know all three sides. c a B
415
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a  Work out the length of the side labelled x.
Give your answer correct to 3 significant figures.

6em

S\

Q

b Work out the size of angle y.
Give your answer correct to 1 decimal place.
10cm

7cm

Sketch the triangle. Label the missing
g0, & side a,and the others band c.
AR Re

a2 =t +c? - 2bocos A Use the cosine rule to find the side.

22=7246% - 2x7 x 6x c0s58° = 40.486..
2=V40.486 =6.3629..=6.36cm (3 5.£)
b g

e=7cm \

AR g ¢
cosh Pt =8 [ Use the cosine rule to find the angle.
2bc 1
cosy - B 72102
Y= 2xex7
2,72 _
=cos (22 =19 _ 1003 (1 dp:
e (B0 (1ep)
| % Find the length of the sides marked with letters in these diagrams.
828 Give your answers correct to 3 significant figures.
a b <
7em b
& 11.20m
) h6.3
om 11.6cm e 12.85m
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5 Calculate the angles marked with letters in these triangles.
Give your answers correct to 1 decimal place.

© 58cm

a b d
14cm 12.6cm 112em 2.85m
o 5.8cm 4.62m
13.40m

16cm 7.2cm 4.03m
7 Reasoning

6 In the diagram, O is the centre of the circle of radius 5cm.
AB is a chord of length 8cm.
Work out the size of angle AOB,
Q6 hint What ’ B
2 e/
P
15cm
Work out the length of PR. Q
Give your answer correct to 3 significant figures. 8cm
Work out the size of angle QPR. e
Give your answer correct to 1 decimal place. s
Work out the area of quadrilateral PQRS. i 4

Give your answer correct to 3 significant figures.
Reflect In this question you were asked to give answers to 3 significant figures and to
1 decimal place. Explain the difference between giving an answer ‘to significant figures
and 'to decimal places’.

o

o

n

8 Reasoning The diagram shows the N B
positions of three towns, A, Band C.
Calculate the bearing of C from A. 25km
18km
A g e

9 Reasoning A ship leaves its harbour (H) and sails for 10 km
on a bearing of 054°.
It then sails a further 14 km on a bearing of 148° to reach port P.

Q9 hint The north lines are parallel. Use this
to find an angle inside the triangle.

a What is the direct distance between H and P?
b What is the bearing of H from P?

10 Find the size of each lettered angle.

a A b 12.3cm -
Q10 hint For each one,
§om Sem decide whether to use the
sine rule or the cosine rule.
9.6cm
7em
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11 (S queston D), Exam hint

ABC is a triangle. You need to know
4 the sine rule, the
Diagram NOT cosine rule and the
accurately drawn formula for the area
of a triangle. Show
any formulae you
use in your working.

(e}
BC=123cm

Angle ABC =73°
The area of triangle ABC is 50cm?>.

Work out the length of AC.
Give your answer correct to 3 significant figures. (6 marks)
June 2013, 019, SMBJH/U]J

1 Find the size of angle gin each triangle.

a b 9.70m <
5.4cm

12.1em

11.6em

2 Find the value of x in each triangle. Give your answers correct to 3 significant figures.

a b xem

14cm

=
E
&
=
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Unit 13 More trigonometry

Aplane is a flat surface. For example, the surface of

your desk lies in a horizontal plane; the surface

of a wall in your classroom lies in a vertical plane.

In the diagram, BC is perpendicular to the plane WXYZ.
Triangle ABC is in a plane perpendicular to the plane WXYZ.
9is the angle between the line AB and the plane WXYZ.

a Work out the length of the diagonal, AG, 2, B
of this cuboid.
D i 8cm
Communication hint A diagonal is a line
joining one vertex, or corner, to another.
F
b Find the angle that AG makes with the
plane EFGH. - 9em
H 12cm
A B
The base EFGH isina plane D 33 8cm
and triangle AEG is in a vertical plane. xom
The length of the diagonal AG is x. =
The angle that AG makes with EFGH is 6. 7 7
9cm
o 12cm
a EG2=924122=225 E
First look at the
EG=(225=15cm e
2?=874+15%=289 triangle EGH. 9cm
7 Use Pythagoras’ theorem
X=N289217 to find length EG. A
The diagonal AG is 17 cm long. 2=
A
Now look at triangle AEG.
Label the length of EG B xem
you have just found. Use 9™
Pythagoras to work out . H A =
E 15cm

v tang=2 — [ Usethe lengths given in the question when you can. |

6=tan" (%)
=26.1°(1dp)
The angle that AG makes with the plane EFGHis 28.1°to 1 dp

419
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3 Reasoning ABCDEFGH is a cuboid.

PTTT o  — D Q3 hint
i FH i BH Sketch
i FC v CE A - separate
b Find the angle between the diagonal DF triangles
and the plane EFGH. ;’:f'gfmamn
¢ Find the angle between the diagonal GA = i
and the plane ABCD. 9cm e
d Find the angle between the diagonal CE C

and the plane AEHD.

4  Problem-solving In the diagram, ABCDEF is a prism.
The cross-section is a right-angled triangle.
All of the other faces are rectangles.

B

E 12cm
8cm
D

Calculate the angle that the diagonal AC makes with the plane CDEF.

5 Reasoning In the diagram, ABCD is a tetrahedron.

A
anem Q5 hint Sketch each triangle separately. Put as
D many lengths/angles as possible on your sketch
to help you answer the questions.
B
8cm

[

a  Workout the length of AC.
b Work out the length of CD.
¢ Given that BD = 12 cm, calculate angle BCD.

Reasoning ABCDE is a square-based pyramid. A
The base BCDE lies in a horizontal plane.

AB=AC=AD=AE=24cm 24cm
AM is perpendicular to the base.

a Calculate the length of
i CE i M i AM. D
b Calculate the angle that AB makes with the base, B 6 om

correct to the nearest degree.
Calculate the angle between AM and the face ACD,
correct to the nearest degree.

n
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7 (e, [ a7 strategy hint

The diagram shows a square-based pyramid ABCDE. For each part, draw
a right-angled
triangle and label
it with the given
information.

I4en
Taem

Each triangular face is an isosceles triangle.
a Calculate the length of the diagonal BD.
Give your answer correct to 3 significant figures.
b Calculate the area of triangle ABD.
Give your answer correct to 3 significant figures. © nmrks)J

A
8  Problem-solving ABCDE is a pyramid

with a rectangular base.
AB=AC=AD=AE=28cm.

Calculate the size of angle BAD corect to the
nearest degree.

28cm

10cm’ D
c 12em

9 Reflect When you answered the questions in this lesson, did you make any mistakes?
Do you understand where you went wrong? Was there a pattern?

1 Write down the exact value of
a sin60° b tan30° € Cos45°
d sin0® e cos90° f tan60°.
2 Sketch these graphs for values of x from 0” to 360°.
a y=sinx b y=cosx ¢ y=tanx

Active Learn Homework, practice and support: Higher 13.8 421
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3 Hereisthe graph of y = sinx
for-180° < x =< 180°.
Copy the table.
i Write in the values of x and sinx at
points A to H on the graph.
i For each x-value, write in the value
of -sinx.

o

o

Sketch the graph of y = -sinx

for -180° = x = 180°.

Describe how the graph of i = sinx is transformed
to give the graph of y = -sinx.

Key point 8
The graph of y = -f(x) is the reflection of the graph of y = f(x) in the x-axis.

4

x sinx | =sinx

-180° 0 0
-150° | -05 05

n

o

Use your table from Q3. Add a column for sin (-x).

Find the sine values from the graph to fill in the sin (-x) column.
Sketch the graph of y = sin(-z) for -180° < x = 180°.

Describe the transformation that turns the graph of i = sinx into the
graph of y = sin ().

Key point 9
The graph of y = f(-x) is the reflection of the graph of g = f(x) in the y-axis.

n e

5  Hereisthe graph of y = tanx i
for-180° = x =< 180°. 6
Sketch the graph of y = tan(-x) 4
for-180° < x =< 180°. Z
S [ 80> ~T180°*
4
—6
6 a Lookatyourgraph of y =-sinx for -180° < x =< 180°in Q3.
What transformations will turn the graph of y = —sinx into the graph of y = —sin(-x)?
b Sketch the graph of y =-sin(-x). What do you notice?

Key point 10

The graph of y = -f(-x) is a reflection of the graph of y = f(x) in the x-axis and then the y-axis,
or vice versa. These two reflections are equivalent to a rotation of 180° about the origin.

7 Communication Explain why the graph of y ==sin(-x)
is the same as the graph of y = 2

Sketch the graph of y = cos for ~180° = x = 180°. Q8 hint Rotate y = cosx
Sketch the graph of y = ~cos(-x). by 180° about the origin.

Describe the transformation that maps the graph of y = tanx to the graph of y = tan(x).
Sketch the graph of y = tanx and the graph of y =tan () for the interval 0 to 360°.

®
co

©
co
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10 a Describe the transformation that maps the graph of y = cosx to the
graph of y =-cosx.
b Sketch the graphs of i = cosx and y =-cosx for the interval -180° to 180°.
11 a Describe the transformation that maps the graph of y = tanx to the
graph of y =-tan(-2).
b Sketch the graphs of i = tanx and y =-tan(-x) for the interval ~180° to 180°.
Q12 strategy
Here is a sketch of the graph of y = ~sin. hintThi clieve is
a transformation
of the graph of
y =sina.

Write down the coordinates of each of the labelled points. (3 marks)

-
o

The point (30, 0.5) is translated by the vector (g)
What are the coordinates of the new point?
The point (45, 1) is translated by the vector (“15).
What are the coordinates of the new point?

o

Copy the graph of y = sinx for -180° = x = 180° from Q3 in lesson 13.8.

Add 0.5 to the y-coordinate at each of the labelled points.

Draw the sine graph that passes through the new points. Label it = sinx + 0.5.

Describe the transformation from the graph of y = sinx to this graph.

Now subtract 0.5 from the y-coordinate at each of the labelled points on the original graph.
Draw the sine graph that passes through the new points.

Describe the transformation from the graph of y = sinx to this graph.

Write down the equation of the graph.

a
b
€
d
e
[
g
h

The graph of y = f(x) + @ is the translation of the graph of y = f(x) by (
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3

4

Write down the equation of each graph.

a ¥ b Qy c
180° g0’ *
-1 1
-z
g 180° 360"

[ Q3 hint First decide whether it is a sin, cos or tan graph. |

Here is the graph of i = cosx for 0° < x =< 360°. y HR
a Copyand complete this table of values for cos(x + 30%). 1 i

[« S 30° [ 600 [ 000 |

[ o] s
i ]
‘:ns(x+}o°) c0530°:D| ‘ ‘ ‘ 360
=1

b Sketch the graph of y = cos(x +30°).

c Describe the transformation that takes the graph [:|
of y = cosx to the graph of y = cos(x + 30°). S:\Z:::: P;ra:: :n‘: b;e

The graph of y = f(x + @) is the translation of the graph of y = f(x) by (70'1). ‘

5

6

| 4

Describe the transformation of the graph of y = cosx to make the graph with equation
a y=cos(x+60°) b y=cos(x+20° c y=cos(x-30°.

Describe the transformation of the graph of i =tanx to make the graph with equation
a y=tan(x+40° b y=tan(x+309 c y=tan(x-60°)

Match each graph below with one of these equations.
A y-tan(x-30°) B y=sin(x+45°) C y=coslx+45°)

a ¥

o | 1807 360° ¥

o 180° 360° %
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©
o

Sketch the graph of y = sinx for 0° = x = 360°.
Copy and complete the table of values for = 2sin.

o

x 0° | 30° | 60° | 90° | 120°
sinx 0 0.5
2sinx 0
On the same axes, sketch the graph of y = 2sinx.

n

The graph of y = a f(x) is a vertical stretch of the graph of i = f(x), with scale factor a, parallel
to the y-axis.

9 Sketch the graphs of these functions for 0° < x = 360°.
a y=3cosx b y=2tanx ¢ y=-2sinx
10 a Copyyour sketch graph of y = sinx for 0° = x = 360° from Q8.
b Copy and complete the table of values for y = sin (2x).
[« [ 0o ] 30° ] 60° [ 90° [ 120°]
res | | [ | [ |
¢ Sketch the graph of y = sin2x on the same axes.

Key point 14

The graph of y = f(ax) is a horizontal stretch of the graph of y = f(x), with scale fattor%,
parallel to the x-axis.

11 Sketch the graphs of these functions for 0° < x < 360°,
a y=sin3x b y=cos2c ¢ y=-tan2x

12

The diagram shows part of a sketch of the curve = sinx®

»

P
0| \/ X
Q
a Write down the coordinates of the point P (1 marky
b Write down the coordinates of the point Q. (1 mark)
Here is a sketch of the curve y = acosbx® + ¢, 0 < x = 360
»
= Q12 strategy hint
2 ais related to the
! vertical stretch
ol ] factor, b is related
-1 to the horizontal
stretch factor and
¢ Find the values of ¢, b and €. (3 marks) cis related to the
June 2014, 026, IMA0/1H vertical translation.
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An expedition needs to cross over the square piece of land X (below) as quickly as possible,
moving from A to B. They can walk at 5 km/h in the field, but slow down to a speed of 2km/h
when walking through the wood.

One approach would be to walk in a straight line from A to B.

Q1 hint You will need to use
1 Show that it would take the expedition 9 hours and

= . distance
288 54 minutes to travel by this route. the formula, time e
3 2 Find a route which would be at least 30 minutes quicker
888 to travel

Land Y (below) has a different layout. Q3 hint Use trigonometry.

You might choose to use
a trial and improvement
approach.

| 3 Find the quickest possible route over this piece of land.
Give your answer to an appropriate degree of accuracy.

Wood 20km
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Log how you did on your
Student Progression Chart.

Accuracy and 2D problem-solving
1 Work out the area of this triangle.

53m

Calculate the length of the side labelled x in each diagram.

.

& N 10.8cm

14cm

Find the size of the acute angle #in these triangles.

a 17cm b
12km «
15cm
14cm

Find the upper and lower bounds o
for the value of x in the diagram.
Write x to a suitable level of accuracy.

8.5m

Trigonometric graphs
5 Sketch the graph of y = tan 6 for -360° < § < 360°.

6  Hereis the graph of y = cosx for 0° = x = 360°.

Y,
1

0.5

Use the graph to solve cosx = 0.4.
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7 Match each graph below with one of these equations.
A y=2sinx+1 B y=3cosx € y=cos3x
a 7.
7
1
10 180° 360°F
+2
=3
b 7.
C
R U
c
180° 360°%
=i 8 Solvethe equation3sinx =1 for 0° < x < 720°
g
g
&

S wa

=+

3D Problem-solving p__16cm
| 9 ABCDEFGHisa cuboid. A
B Calculate the length of the diagonal AG. B |15cm

10 ABCDis a tetrahedron.
Calculate the length of
& aC 14cm

b (D >0
49

12em

11 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @

What next? Use your results to decide whether to strengthen or extend your learning.

* Challenge
12 The angles that satisfy an equation in the interval 0° = x = 720° are 30°, 210°, 390° and 570°.
Write down a possible equation.
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Accuracy and 2D problem-solving
1 a Copy this triangle. Label the vertex at the given angle C, and the other two
vertices A and B. Label the sides: a is opposite A and b is opposite B.

12¢em . 18cm

b Use Area = 2absinC to find the area of the triangle.

/

2 Find the areas of these triangles.

a b
11om
27m
3 a Copythe triangle. Label the vertices A, B and € and the sides a, b and c.
16om Q3a hint
vom A
¢
b B
b Substitute the values from the diagram into the sine rule: G i
e _ b _ ¢
sinA sinB  sinC £
¢ Use two parts of the sine rule with values in them to find x. Qe h.mE

Give your answer correct to 3 significant figures.

4 Find the value of x in each triangle. Give your answers correct to 3 significant figures.

i

5 a Copy the triangle.
Label the vertices A, B and Cand the sides a, & and c.

Substitute the values from the
diagram into the sine rule:
si

sinB _sinC
@~ ¢

o

n

Use two parts of the sine rule
with values in them to find 6.
Give your answer correct to

1 decimal place.
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6 Find the size of the acute angle @ in each triangle.
Give your answers correct to 1 decimal place.

e
21m
46m
A 27cm

a Copy the triangle. Label the x side @, and the others

band c.Label the vertices A, B and C. 23em xem
Substitute the values from the triangle into the cosine rule:
a?=b2+ 2 - 2bccos A

Solve the equation to find ¥, correct to 3 significant figures. 37¢cm

0

I

-

n

= 8 Calculate the value of x in each triangle.
88 Give your answers correct to 3 significant figures.

: frenz5m n xm
21.6m m
63m

43.8m
xm
9 a Copythe triangle. Label the vertex and angle 6, A. a
Label the other vertices and the other sides. 25¢0m
b Substitute the values from the triangle into the cosine rule: 32em

24 2— g2

cosa=bire-a
2be 41cm

n

Calculate the value of  correct to 1 decimal place.

0

Calculate the size of angle 4 in each triangle.
Give your answers correct to 1 decimal place.

a b
19.8m (
52cm
38cm 17.5m
ﬂ 9.2m

21em
= 11 All the measures in this equation are given to 2 significant figures.
tH _ 5.1
T Sinzse
a Copy and complete the table for the upper and lower bounds.
Upper bound value | Lower bound value
5.7 565 = =
Q11c hint Which
2 2.5 values - one from
b Find sin(upper bound for 23) and sin (lower bound for 23). each row of the table
¢ Which upper and lower bound values give the lower bound forz? | ~ E"’i:"e 3;“3“9‘5‘,
d Which upper and lower bound values give the upper bound for x? possible value of 27
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12 Allthe measures in this equation are given to 2 significant figures.
x=14tan36°
Find the upper and lower bounds for the value of x.

Trigonometric graphs

1 a Copyandcomplete the table for y = sinz.
[« [ o0 0o [ 20° [ 30° [ 40> | 50° | 60° [ 70° [ 80° [ 90° |
e | [ | [ | [ ]

b Draw the graph of y = sinx for 0° = x = 90°.

The sine graph is symmetrical about the line x = 90°.

¢ sketch the graph of y = sinx for 0° < x = 180°.

The graph of y = sinx has rotational symmetry about the point (180°, 0).

d Extend your sketch from part ¢ to cover the interval 0° < x < 360°.

2 a Copyandcomplete the table for y = tanx.

[« [ 0o J10° [ 20° [ 30° [ 40° | 50° [ 60° [ 70° | 80° |
[tans | LT ]

b Draw the graph of y = tanx for 0° = x = 80°.

c What happens to the value of tanx as x increases from 80° towards 90°?
d Sketch the graph of y = tanx for 0° =< x =< 90°.

The graph of y = tanx has rotational symmetry about the point (90°, 0).

e Extend your sketch from part d to cover the interval 0° = x = 180°

The graph of y = tanx repeats every 180°.

f  Extend your sketch from part e to cover the interval 0° < x = 360°.

3 Hereisthe graph of y = cosx for 0° = x = 360°.

Y.
i
Q3 hint Find -0.6 on the vertical
axis and read off the corresponding
0 values from the curve.

180° 360°% There are two values in the interval
0° = x = 360°.

-1

Use the graph to estimate a solution to cosx =-0.6.
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4 a Copyandcomplete x 00 30° 90°
this table of values.
sinx 0
sin2x-1 sing0°-1-2 -1
2sing -1 | 2%0-1=-1
b Match each equation to a transformation of the sine or casine graph.
i y=2sinx-1 il y=2cosx iii y=sin2x-1
c Match each equation from part b to one of these graphs.
A 7
1
‘? 180° 360"+
~2
B ¥,
1
0 0 36p7F
/A;/
(4 iz
0
By
2
5 a Rearrange the equation 4cosx =3 to make cos x the subject.
b Sketch the graph of y = cosx for 0° = x = 720°.
© Use your calculator to find one value of x that satisfies the equation.
d  Use your sketch to solve the equation 4 cosx = 3 for 0° = x = 720°.

3D Problem-solving
1 Reasoning The diagram shows a cuboid ABCDEFGH.

E ¥

A
]
5cm

B 2fem  C

a Sketch triangle CDG.

Label the triangle with the information shown on the diagram.

b Calculate the length of DG.

Give your answer correct to 3 significant figures.

c Sketch triangle DFG. Q1d hint The angle between
Label the triangle with the information shown on the the disgonal DF and the plane
st e S AR, OCGH s angle FOG on your

% p your

d (al(ulatg the angle that the diagonal DF unrounded answer to part b.

makes with the plane DCGH.




Reasoning In the diagram, ABCD is a tetrahedron. A
AB=AC=11cm.

o

o

A

a

o

oo

n

The diagram shows a cuboid.
The diagonal of the cuboid has length d.

Unit 13 More trigonometry

Sketch triangle ABC. Label the triangle with the o A

information shown on the diagram.

Calculate the length of BC. D
Give your answer correct to 3 significant figures. B

Sketch triangle BCD. 10em
Label the triangle with the information shown on the

diagram and your answer to part b.
Calculate angle BCD. Q2d hint Use your unrounded answer to part b.

Use the cosine rule to find the length of BC.
B

6cm

o
A 100m <

What do you notice about the cosine rule when A = 90°7

Write an expression for the area of this triangle using angle C. A

Write two more expressions for the area of the triangle

using angles B and A. S

Using your answers to parts a and b, show that ¢
e b _ ¢

sinA~ sinB sinC’ c N 8

Write d?in terms of a, b and c.

o

no

a

In triangle BCD, write a2 in terms of

h,band x and expand the brackets.

In triangle ABD, write ¢? in terms of A and x. c a

Use your answers to parts a and b to write a? in

terms of b, cand x.

Show that a2 = b2 + ¢2 - 2bccos A. A B c

433
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5

°

Problem-solving The area of triangle ABCis 21 cm?2
Calculate the size of the obtuse angle ABC.

The measurements are rounded to 1 d.p. 4.6cm
Give your answer to a suitable level of accuracy.

Communication a Sketch the graph of y = sinx.
b From your graph, find
i sin45° i sin{180° - 45°).
¢ What do you notice?
d  Explain why sin 6= sin (180° - 6) for values between 0 and 180°.

Problem-solving Find the area of the shaded segment in terms of r.

Here are two triangles T, and T,.

Diagram NOT
accurately drawn

x+1

30°

E3

x-2
The lengths of the sides are in centimetres.

The area of triangle T, is equal to the area of triangle T,.

Work out the value of x, giving your answer in the form a +v'

where & and b are integers. (5 marks)
March 2013, 025, IMA ()/ZH/

a Sketch the graph of g = sinz.
b Copy and complete this table of values for y = sin(

£ 0 60° 90° 120° |
sin(%) Loo ‘

i)

10.2cm

Q8 strategy hint
Write an equation
using the area
formulae Labsin ¢
for T, and
Lxbase x height
for T,

¢ Sketch the graph of y = s\'n(z) on the same axes as your graph of y = sinx.

Modelling The depth, d metres, of water in a harbour at a time ¢ hours after midnight is

d =12 +5sin(30¢), where 0 < ¢ < 24.
Sketch the graph of d against ¢.
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Unit 13 More trigonometry

lving ABCDE is a sq based pyramid. A
Calculate the volume of the pyramid.
Give your answer correct to 3 significant figures. 25¢m
B
12
N em

Modelling The horizontal distance travelled by a ball in the time, ¢ seconds from when it is
kicked, is x metres, where x = 20£cos 6.
Find the value of 6 given that x =25when ¢ = 1.5.

Problem-solving
Find the value of x in triangle ABC.

b The exact value of the area of triangle ABC is V3 k cm?.
Find the value of k.

o

Mastery lesson 13.2

Mastery lesson 13.3

© The tangent graph repeats every 180° in both directions.

0° 270° 360°%

Mastery lesson 13.4

®

. Mastery lesson 13.4

435
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© The area of this triangle = 3absinC

o

[ B

L4 ssnanaesssnsessesseruassessronssesassssansares MASIETYIESSON 135

@ The sine rule can be used in any triangle.

O == Use this to calculate an unknown side.
sinA sinB  sinC
o M;%;& Use this to calculate an unknown angle. ... Mastery lesson 13.5
a e

@ The cosine rule can be used in any triangle.
© @?=b+c?-2bccosA Use this to calculate an unknown side.
b+ c?-a? .
o (csA:T Use this to calculate an unknown angle. ... Mastery lesson 13.6
¢

@ A planeis a flat surface. In the diagram
o BCis perpendicular to the plane WXYZ
o triangle ABC s in a plane perpendicular to the plane WXYZ
© @is the angle between the line AB and the plane WXYZ.

. Mastery lesson 13.7

. Mastery lesson 13.8

. Mastery lesson 13.8

@ The graph of y =-f(-x) is a reflection of the graph of y = f(x) in the
x-axis and then the y-axis, or vice versa. These two reflections are
equivalent to a rotation of 180° about the origin....................... Mastery lesson 13.8

o The graph of y = f(x) + @ is the translation of the graph of y = f(x)

by(a .... Mastery lesson 13.9
o The graph of g = F(x + a) is the translation of the graph of y - f(x)
by (o) . Mastery lesson 13.9

@ The graph of y = af(x) is a vertical stretch of the graph of y = f(x),

with scale factor a, parallel to the y-axis. ... Mastery lesson 13.9

@ The graph of = (ua) is a horizontal stretc ofthe graph of = o)

with scale factor— parallel toithe £-aXIS, ruaivssismsrinvirussdivess Mastery lesson 13.9
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For each statement A, B and €, choose a score:

1 - strongly disagree; 2 - disagree; 3 - agree; 4 - strongly agree
A lalways try hard in mathematics

B Doing mathematics never makes me worried

C lam good at mathematics

For any statement you scored less than 3, write down two things you could do so that you agree
more strongly in the future.

Student Progression Chart.

7
-
?
Log how you did on your -

The diagram shows the triangle PQR.
®r Diagram NOT
accurately drawn

2vem

P

PQ-xem

PR=2xcm

Angle QPR = 30°

The area of triangle POR = Acem?

Show that x =24 (4 marks)
Nov 2012, 025, IMAO/IH

o
2  Problem-solving The diagram shows a A
circle with centre O and radius 8cm.
The chord AB has length 14cm.
Calculate the area of the shaded segment. B (3 marks)

rem Q

3
PQR is a triangle. 4
QR =7.6cm.
Angle PQR =47°. ¢
Angle PRQ = 64°.
Caleulate the area of triangle PQR. 7.6em
Give your answer correct to ’ Q
1 decimal place. (5 marks) Diagram NOT
4 accurately drawn

Active Learn Homework, practice and support: Higher 13 Unit test




Unit 13 More trigonometry

4 The diagram shows a prism with a triangular cross-section. B
The base CDEF lies in a horizontal plane. 40m
The angle between AD and the horizontal is 20°. A
The angle between AC and the horizontal is 16°. c
Calculate the length of AC.
Give your answer correct to 3 significant figures. ~ E D (5 marks)

5 Intriangle ABC, AB =8 cm, BC = 6 cm and angle BAC = 35°.
Find the two possible sizes of angle BCA.
Give your answers correct to 1 decimal place. (6 marks)
6 Reasoning The diagram shows the positions
of towns A, Band C.
a Calculate the direct distance from A to C.
b Calculate the bearing of C from A,

(7 marks)
Sketch the graph of = -2 sin x for 0° < x < 360°. (3 marks)
5 The graph of y = cos is reflected in the x-axis.
What is the equation of the new graph?
b The graph of i = sin is reflected in the y-axis.
What is the equation of the new graph? (4 marks)
9 Sketch the graph of y = 1 + cos36for 0" < 6= 360°. (3 marks)
10 a Show that one solution to 5tan 6=7 is 54.5° correct to 1 decimal place.
b Solve the equation 5tan 6= 7 for all values of @ in the interval 0° to 720°. (5 marks)

Sample student answer
What mistake has this student made?

ABCis a triangle. 4

AB=87cm. 87em

Angle ABC = 49°,

Angle ACB = 64°. [~

Calculate the area of triangle ABC. ﬁ

Give your answer correct to c

3 significant figures. (5 marks)
June 2012, 024, IMAO/2H

Diagram NOT
accurately drawn

Student answer
tang= 2P Area=1bh
ad] ’
=2x87x10.0
tan49°= A€ -
87 =435cm?

AC=8.7 x tan49°
=100082...
=100em (14p)



between data.

Statistical diagrams help us to visualise relationships

This table shows the number of vehicles passing

through a toll booth in one hour.

‘Typeofvehi(le ‘ Car ‘ Van ‘Lnrry‘ Bus ‘

| Frequency [ 32 15 | 6 |

7

Draw a pie chart to represent this data.

Prior knowledge check

Numerical flue

cy
1 & Write 32 as a percentage of 640.
b Work out 10% of 1120.
¢ Work out 20% of 250.
2 Divide 30 people in the ratio 1:5.
Agroup of people is divided in the
ratio 2:7. There are 18 people in the

smaller group. How many people are
there altogether?

-

Fluency with data

4 Classify each of these as categorical,
discrete or continuous.

The time taken to run 100m

The number of peas in a pod

The colour of cars passing the school

gates

The masses of chicks in a nest

The number of days that it rains in a

month

™

Work out the mean, median, mode and
range for these data sets.

3,64,6,7,7
b 4,55,56,67,809 10

6

c 21,183245,13,185.1,43
¢ [Numberofeggs [ 4 [ 5 [ 6 | 7 |
| Frequency [3]e]s5]2]

The masses of 20 badgers are recorded in
this table.

Mass, m (kg) Frequency
9<m=10 5
0<m=11 Z
N<m=12 6

12<m=13 2

Write down the modal class.

Work out an estimate for the mean
mass.

Write down the interval that contains
the median,

c

* Challenge

7

The mean of six numbers is 7.

The numbers are 3, 5,5, 10, xand x - 1
Work out

a thevalueof x

b the median value

c therange.

439



Unit 14 Further statistics

1 The table shows the members of a leisure centre Age | Number of members
by age group. 10-19 120
a How many members are there? 2039 T30
b What fraction of the members are in the 3039 125
20-29 age group? 5 50
c© What percentage of the members are in the -
50+ 125

40-49 age group? Give your answer correct to 1 d.p.
Dee asks 10% of the members in the 20~29 age group a question. How many members is this?
Filipe asks 20 members in the 4049 age group a question.
What fraction of the members is this?

na

A population is the set of items that you are interested in.

Acensus is a survey of the whole population.

A sample is a smaller number of items from the population. A sample of at least 10% is
considered to be a good-sized sample.

Questions in this unit are targeted at the steps indicated.

2 Reasoning John wants to find out about the shopping habits of people in his local town.

He wonders whether to ask the first 30 people he sees in the street outside the supermarket.

a s this sample likely to be representative of the population?
Explain.

b Janna suggests that he pick 30 people at random from the
Electoral Roll. Is this sample likely to be representative of the
population? Explain.

Discussion Why do surveys often use a sample instead of the whole population?

What factors must researchers consider when deciding on the size of the sample?

In order to reduce bias, a sample must - as far as possible - represent the whole population.

3 Reasoning Explain whether each of these samples is biased.
2 Amedical practice wants to find out patients’ opinions of its service. They ask all the
people in the waiting reom one Friday morning.
You ask 50 peaple who use a bottle bank what they think of recycling.
A head-teacher asks the first 5 people on the register in each tutor group what they think
of the new school logo.
A market research company wants to find out views on a new advertising campaign.
It conducts a telephone survey of 2 people in each of 20 towns.

Q2a hint Is every
member of the
population equally
likely to be chosen?

Ao

a
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Unit 14 Further statistics

Key point 3

In a random sample each item has the same chance of being chosen.
To select a simple random sample, draw names from a hat or use a table of random numbers.

4 Hereis a display of random numbers. | B63607818 11198135097905131992.
a Follow these steps to get seven random numbers between 0 and 50.
Start with 86 and write the digits in pairs: 86, 13, ..
Cross out any over 50 and any repeats.
Continue until you have seven numbers.
b Use the display to give six random numbers between 0 and 99.

Describe how you could select a random sample of size 15 from a population of 90 people.

List them in alphabetical order of their last R
names. Number the list from 1 to 90. 2P el populztl

Use a calculator to generate 15 random o o b o
numbers betwesn 1 and 90. Ignore any — B e
repeated numbers or numbers greater than 90. AR e

Choose these people from the list.

5 Real/ Communication A company with 60 employees needs to try out a new flexi-time
scheme. It decides on a random sample of 8 employees.
Explain how it could use this table of random B2 2 B0832 3183165 13350,
numbers to select a sample.
Write down the numbers of the employees who will be in the sample.

6 Reasoning Jasmine wants to collect some data on the sports enjoyed by members of her
local leisure centre. There are 1000 members, 400 of whom are male.

Jasmine wants a sample of 10% of the members. How many members should she ask?

Describe how Jasmine could select a simple random sample.

She decides to ask 50 males picked at random and 50 females picked at randem.

What percentage of the males are selected?

What percentage of the females are selected?

Discussion Is she right to ask the same number of males and females? Explain your answer.

oo

an

Key point 4

A population may divide into groups such as age range or gender. These groups are called strata.
In a stratified sample, the number of people taken from each group is proportional to the
group size.

Strata is the plural of stratum (meaning ‘layer’).

7 The table shows the number of students in each school year. [“year | Number of students
a Alfie chooses a sample of 100 students. 7 210
Show that this is 10% of the total number of students. 5 B
Q7a hint Work out the total number of students. 9 180
b Work out 10% of each year group. 10 200
¢ Show that taking 10% of each year group gives a 11 220

sample of 100 students in total.
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3| 8 Communication A sportsclub manager wants to find out
888 what the members think of the new changing room facilities.
There are 350 women and 450 men in the club.
a Explain why a stratified sample should be used. Q8¢ hint Work out the
b The manager wants to survey 10% of the members. semple size asa percentage
How many women and how many men should be asked? | ©f the total pumber of
¢ The club decides to ask 48 members. members. i’D%
How many of each gender should it ask?

Exam hint
Show all your
calculations clearly:

A school has 450 students.

Each student studies one of Greek or Spanish or German or French. e
The table shows the number of students who study each of these columns to the table.
languages.
Language | Number of students

Greek 45

Spanish 121

German 98

French 186

An inspector wants to look at the work of a stratified sample of 70 of
these students.
Find the number of students studying each of these languages that
should be in the sample. (3 marks)
Nov 2006, Q15, 5525/06 |

4 ot
10 STEM / Problem-solving A scientist wishes to find out how

many fish are in a lake.

He catches 40 fish and marks them with a small tag.

Two weeks later, he returns to the lake and catches another 40 fish.

Five of the fish he catches have been marked with his tag. Q10b hint Let f be

a What fraction of the fish he catches in the second sample the number of fish
are tagged? in the lake. Write an

b Assume the fraction tagged in the sample is the same as the expression for the
fraction tagged in the lake. fraction of tagged
Estimate how many fish are in the lake. fish in the lake.

To estimate the size of the population V of an animal species:
- Capture and mark a sample size 7.
+ Recapture another sample of size M. Count the number marked (m).

nxM
m

So,N=

This is the capture-recapture method.

11 STEM / Problem-solving A naturalist captures 30 bats in a cave and tags them.
There are approximately 600 bats in the colony.
The naturalist returns a month later and captures 40 bats. How many would she expect
to find tagged?
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O I)

1 For1l, 14,15, 16,18, 21, 22, 25, 26, 27, 30 =
a  write down the median 2
b which value is 3
i 1of the way into the list i 2of the way into the list? =
Key point 6
A cumulative frequency table shows how many data values are less than or equal to the
upper class boundary of each data class.
The upper class boundary is the highest possible value in each class.
2 The frequency table shows the masses of 50 cats. Q2 hint The cumula:
Copy and complete the cumulative frequency table. s like a Tunning tot;
Mass, m (kg) Frequency Mass, m (kg) Cumulative frequency
I<m=4 4 3J<m=4 4
4<m=5 12 3<mss5 4+12=[]
5<m=6 17 3<m=s6
6<m=7 10 3<m=17
7T<m=8 7 3<m=38
3 STEM This frequency table gives the heights of 70 giraffes.
Draw a cumulative frequency table for this data.
Height, h (m) | Frequency Q3 hint Start every height group
40<h=42 2 with the shortest height given in
42<h<=ik 3 the table:
- - 40<h=42,40<h=44etc
4b<h=46 5
46<h=48 8
48 < h=50 12
50<h=52 18
52<h=54 15
5.4 <h=56 v
443
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Key point 7

A cumulative frequency diagram has data values on the x-axis and cumulative frequency on
the y-axis.

The cumulative frequency table shows the Pocket money, x (£) | Cumulative frequency
amount of pocket money for 40 teenagers. O<x=1 2
a Drawa cumulative frequency diagram. ox=z s
b Usethe cum\{la!ive frequency d.'\agram O<z=<3 19
to find an estimate for the median
amount of pocket money. o<z<4 o2
0<x=5 39

Estimate the range.

Plot (0, 0). There are no people DEKE 40
h less than £0 pocket money.
Plot each frequency at the upper
a Yacketmongy class boundary: (1, 2), (2, 8), etc.
! i .| Draw a smooth curve through the

points.

IS
)

]
o

4 To find the median, draw a line
from the halfway cumulative
frequency value.

N
o

5}

Draw a line down to the -
and read off the value.

Cumulative frequency

T2 3 4 5 6
Focket money (£)

The lowest possible value is the lower

b Anestimate for the median is £3.10. class bourdaryof the lowest class.
¢ Lowest possible value = £0
Highest possible value = £6 The highest possible value is the upper
A sSrinEts R the RGeS B = 046 class boundary of the highest class.
4 ‘Exam hint

Remember to label
both axes and plot

This table gives the times taken by 50 students to solve a maths puzzle.

Time, ¢ (minutes) | Frequency your points at the
o<t 3 top of the interval.
2<t=4 12
4<t=6 19
6<t=8 10
8<r=10 6

a Draw a cumulative frequency diagram. (2 marks)
b Use the diagram to find an estimate for the median time

taken. (1 mark)
¢ Estimate the range. @ mﬂrks)'/

Discussion Why are your values for the median and range estimates?
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5 STEM
2 Draw a cumulative frequency diagram for the giraffe data in Q3.
b Find an estimate for the median height of the giraffes.

Key point 8

For a set of n data values on a cumulative frequency diagram
the estimate for the lower quartile (LQ) is the %th value

the estimate for the upper quartile (UQ) is !heBT”(h value
the interquartile range (IQR) = UQ - LQ

6 The time taken for 80 runners to complete a Time, ¢ (minutes) Frequency
10-kilometre fun run is shown in the table. 0<t=45 3
Z Izvavwa (ur:ulatl\;g freqvuentykd\agram 45<1=50 7
stimate the median time taken. P 25
¢ Estimate the lower quartile of the time taken.

55<1=60 26
Q6c hint Draw a line across to the curve from 60<t=65 8

the cumulative frequency value one quarter =
of the way up, then down to the x-axis. EERE=T0 1

d Estimate the upper quartile.
e Use your answers to partsc and d to work out an estimate for the interquartile range.

7 STEM/ Reasoning The table shows the masses Mass, m (tonnes) | Frequency
of 60 hippos. 13<m=14 4
2 Drawa cumulative frequency diagram. e e -
b Estimate the median, quartiles and interquartile 15<m=16 21
ko 16<m=17 18
¢ Estimate how many hippos weigh less than - =
1.55 tonnes. 17<m=18 10

Q7¢ hint Draw a line to the curve from 1.55 on the x-axis. Read off the cumulative frequency axis.

d  Copy and complete:
40 hippos are estimated to weigh less than tonnes.
Discussion What assumption have you made that could affect your answers to parts cand d?

Exam hint
For parts ¢ and

Charlie dri\{cs l(‘) work. . Time, 7 (minutes) Frequency d draw lines on
The table gives information 0<t=10 16 the diagram with
about the time (¢ minutes) it a ruler to show
took him to get to work on 100=¢ =20 34 how you got your
each of 100 days. 20<t=30 32 answers.
30<1=40 14
40 < 1 =50 4
a Draw a cumulative frequency table. (1 mark)
b Draw a cumulative frequency diagram. (2 marks)
¢ Use your diagram to find an estimate of the median time. (1 mark)
d Use your diagram to find an estimate for the number of days

it took Charlie more than 18 minutes to drive o work. (2 marks)
J
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1 The stem-and-leaf diagram gives the ages of the members of a judo club.

EIE T CUN
~o-sow
o~ =

Key: 3| 7 represents 37 years

a Find the median age. b Work out the range.

A box plot, sometimes called a box-and-whisker diagram, displays a data set to show the
median and quartiles.

Lower Upper

quartile quartile

Minimum Median Maximum

Summary statistics for a set of data are the averages, ranges and quartiles.

The table shows summary statistics from a data set of the lengths of ladybirds.
‘ Minimum ‘ Lower quartile ‘ Median ‘ Upper quartile ‘ Maximum
| 3mm [ smm | 8mm | 9mm | 11mm
Draw a box plot for the data.
Lengths of ladybirds

Length (mm) Draw a continuous scale.

2 Draw a box plot for this data on the masses of tomatoes.

‘ Minimum ‘ LQ ‘ Median ‘ ug | Maximum ‘
| 120 [135g | 140g | 150g | 1548 |

The median and quartiles form the
| box. The minimum and maximum
r“’ values form the ‘whiskers”.

Q2 hint LQ = lower quartile
UQ = upper quartile

46 ‘ Activel.earn Homework, practice and support: Higher 14.3 ‘




Key point 10

For a set of n data values

Unit 14 Further statistics

n+1

thvalue

3(n+1)
4

the lower quartile (LQ) is the

th value.

the upper quartile (UQ) is the

Reasoning This data shows the length of time, in minutes, it took 11 students to
complete an essay.

15,18, 19, 21, 22, 25, 26, 26, 28, 30, 31

a  Write down the median time taken. b Find the upper and lower quartiles.

c Draw a box plot for the data.

Discussion Why do you use the nT”lh data value for the lower quartile in a data set but
the %th value in a cumulative frequency diagram?
This data shows the heights, in metres, of 15 trees.
45,53,11,48,6.1,102,58,73,8,96,6.3,88,49,6,8
Draw a box plot for the data.

Reasoning This stem-and-leaf diagram shows

L
the ages of 37 people on a bus. 2
What age was the youngest passenger? 3
4
5

o

What is the median age?

Find the lower and upper quartiles of the ages.
Work out the interquartile range.

Draw a box plot. Key: 3 | 6 represents 36 years

9

cow-o
~ocoN~
N )
oo
rro o
a oo~
o o©on

8 9
T9

mano

Comparative box plots are box plots for two different sets of data drawn in the same diagram.

6

7

The ages of children in two different after-school clubs are shown in the comparative box plots.
Ages of children in after-school clubs

ows [T F—

0 5 10 15
Age (years)

2 Which club had the higher median age? b Work out the interquartile range for each club.
¢ Work out the range for each club.

Reasoning Summary statistics on the masses, in grams, of two

different species of birds are given in this table. Q74 hint Use the same
Minimum | LQ | Median | UQ | Maximum | | scdleand draw one box
plot above the other.
[ Species A 45 52 60 65 69
‘ Species B 33 4h 65 7 90 Q7b hint Compare the

medians, interquartile

a Draw comparative box plots for the two species.
ranges and ranges.

b Compare the two species.

&L&T




Unit 14 Further statistics

8 STEM/ Reasoning The cumulative ~ Gibbon masses

frequency graph gives information about 20
the masses, in kilograms, of 36 male and é‘
36 female gibbons. ]
a Use the graph to find the median and -4 30
quartiles for each gender. ':f
b Draw comparative box plots for the 220
two genders. z
c Compare the two genders. E 109
o

0 123456728910
Mass (kg)
° ) s tint

40 boys cach completed a puzzle. G
: - , ) and a measure
The cumulative frequency graph gives information about the times

: spread.
it took them to complete the puzzle. Be sure to put your
a Use the graph to find an estimate for the median time. (I mark) | comparisons in
the context of the
question

Cumulative frequency

Time in seconds
For the boys the minimum time to complete the puzzle was 9 seconds
and the maximum time to complete the puzzle was 57 seconds.
b Use this information and the cumulative frequency graph to draw
a box plot showing information about the boys’ times.
Use a scale like this

o 10 20 30 40 50 60
‘Time in seconds (3 marks)

The box plot below shows information about the times taken
by 40 girls to complete the same puzzle.

0 10 20 30 40 50 60
Time in seconds
¢ Make fwo comparisons between the boys’ times and the
gils” times. (2 marks)
June 2004, Q13, 5505/05
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1 The masses of 101 birds are recorded in a table.

[Mass, m (grams) [10<m=12]12<m=14|14<m=16]16<m=18|18<m=20]
| Frequency | 1 23 | 31 | 20 | 16 |
a Drawa frequency diagram for the data, b Write down the modal class.

¢ Calculate an estimate of the mean mass.

In a histogram the area of the bar represents the frequency. The height of each bar is the
frequency density.

& densit frequency
requency censity = Hass width
2 The heights of 70 trees Height,
are recorded in this table. | h (metres) | Freauency | Class width | Frequency density
a Work out each 20<h=25 8 5 516
b ;(;Siw'dt‘; 25<h=30 12
jork out the
frequency density <=0 35
for each class. 40<h=50 15

3 Work out the frequency density for each class in Q1.

The lengths of 48 [ength, x (mm) | 15 <+ =20[20<x=30[30<x =40 40 < x = 60|
worms are recorded

in this table. [Frequeny [ 6 | 1w [ 2 [ 2 |
Draw a histogram to display this data.
6+5-12,14+10=14, 26+10-26,2+20=01 — |

o
Label the y-axis Frequency density’.

Frequency density

Length (mm)

Active Learn Homework, practice and support: Higher 14.4 ‘

469

dn waem




Unit 14 Further statistics

4 This table shows the times taken for 55 runners to complete a fun run.

[Time, ¢ (minutes) | 40 < (=45 |
| Frequency | 4 | w [ 2 R

45<1=50 [ 50<1=60 | 60<(=80 |

Draw a histogram for this data.
5 This table contains data on the heights of 76 students.

Height,

(m) 150 <h =152 ‘ 152 < h=155 ‘ 155 < h = 1.60 ‘ 160 <h=165 ‘ 1.65 < h=180 ‘

| Frequency | 4 | 18 25 | 15 | 14 |

Draw a histogram for this data.

Area, A (em?) | Frequency
0<4=10 38
10<4=<25 36

25 <A =40 30
40 <4 =60 46

Work out an estimate for the mean area of a picture. (4 marks)
Draw a histogram for the information given in the table. (3 marks)
Nov 2005, Q10, 5525/06

L]

6 Exam hint
. N . Use the midpoint
Fred did a survey on the areas of pictures in a newspaper. el
The table gives information about the areas. el

1 The masses of 80 apples are recorded in a table.
[Mass, m (grams) | 100<m =110 [ 110<m =120 | 120<m =130 | 130<m = 140
| Frequency | 16 | 22 | 2 [ 13
a  Work out an estimate for the mean mass.
b Find the class interval that contains the median. Squirrel masses

m
¢ How many squirrels are there in total? HEl | [
Discussion What does the area of the bar 00 200 300 400 500
on the histogram tell you? Mass (g)

Warm up

2 STEM / Reasoning The histogram shows
the masses of a number of squirrels.
a How many squirrels weigh between
150grams and 200 grams?
b How many squirrels weigh between
200grams and 400 grams?

0.6
0.5
0.4
0.3
0.2
0.1
0

1

Frequency density

450 Activel.earn Homework, practice and support: Higher 14.5 ‘
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3 Reasoning The histogram shows the distance Distance to football match
a group of football fans have to travel FHEEEE R FETEETE
to a match,
a How many fans travelled less than 5km?
b Estimate how many fans travelled less
than 15km.

Q3b hint How many fans travelled between
10and 15km?

Frequency density

c Estimate how many fans travelled between 0 10 20 30 40 50
25 and 32km. Distance (km)

¢ (Eamsyeguetn D) Bambint

Draw the bars on
the histogram neatly
wiith 2 ruler

Show your working
to calcvlate the

The incomplete table and histogram give some information about
the ages of the people who five in a village.

frequencies.
z
]
>
g
g
g
&
0 10 20 30 40 50 60 70
Age in years
a Use the information in the histogram to complete the
frequency table below. (2 marks)
0<x=10 160
10 <x=25
25<x=30
30 <x=40 100
0 <x=70 120
b Complete the histogram. (2 marks)
June 2003, 019, 5505/05

5 Problem-solving The histogram shows the Times to complete test
times taken for a number of students to e i e

complete an arithmetic test. % 12 T
a Draw a grouped frequency table for the data. 8 il
b Work out an estimate for the mean time taken. 5 ©
¢ How many students took longer than E 5:
19 minutes to complete the test? z 4
E 2
0;

15 20 25 30
Time (mins)
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The histogram shows the masses of pumpkins in a farm shop.
Pumpkin masses
.x

‘Work out the areas of
all the bars to find the

Frequency density
O M w oD~

| total frequency.
B
9 5 Mass (kg) 10 15 Work out which class
AR EE PRy contains the median.
Work out an estimate for the median mass. Use frequency density
Totalr —1x2+2x7+2x6+3x4+5x2-50 UL
otalfrequency=1x2+2x7+2x6+3x4+5x2= o
The median is the 25.5th value and lies inthe class 5 <m < 7. class width of class

from 5 to median.

Frequency = area = 9, frequency density = 6.Class width =9 + 6= 1.5
Anestimate for the medianie.5 + 1.5 = 6.5k [ Add the class width to the lower class boundary:

6 Work out an estimate for the median of the data in Q4.

7 Reasoning The histogram shows the heights of Year 7 students.
Heights of Y7 students
T

14 15 1.6 1.7
Height (m)

Five Year 7 students are between 1.4 metres and 1.45 metres tall.

Work out the frequency density for that class.

How many Year 7 students are there in total?
Work out an estimate for the median height. frequency density scale.
Draw a frequency table for the data in the histogram.

Work out an estimate for the mean height from your frequency table.
How many of the students are taller than the mean height?

o

-0 anc
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8 Problem-solving The histogram shows the masses of some elephants.
Elephant mass

w
8

Q8 hint To estimate

the median, first find
the class containing.

the median mass.

»
3

>

Frequency density

o

Mass (tonnes)
a How many elephants are there in total?

b Work out an estimate of the median mass.

¢ Estimate how many elephants weigh more than 5.2 tonnes.

1 Work out the mean, median, mode and range for these sets of data.

a 12,13,14,1515 b 4564367833

2 STEM The table gives the masses, in kilograms, of male and female giant tortoises.
[Male [ 280 | 283 [ 288 | 290 [ 202 | 299 [ 300 | 305 | 310 |
[Female | 260 | 261 | 263 | 265 | 269 | 270 | 211 | 273 | 214 |

a  Work out the mean mass for each gender.
b Write down the range of masses for each gender.

The interquartile range measures the spread of the middle 50% of the data.
To describe a data set (or population) give a measure of average and a measure of spread.
To compare data sets, compare a measure of average and a measure of spread.

3 STEM Compare the masses of the two genders of tortoise in Q2.

4 STEM The heights, in centimetres, of female African and Asian elephants are shown in
the table.
[African [ 270 [ 275 [ 281 [ 286 | 290 | 292 | 295 |
[Asian | 220 | 221 | 223 | 224 | 226 | 221 | 229 | Qaa hint Use the

median and the
interquartile range.

a Describe the heights of these two populations of elephants.
b Compare the heights of the two species.

‘ Active Learn Homework, practice and support: Higher 14.6 453
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5

0

Real The lengths, in minutes, of telephone calls to a helpline are recorded:
10,11, 13, 15,17,18, 18,19, 21, 22, 95

a Work out the mean call length.

b Work out the median call length.

¢ Work out the range and interquartile range.

Discussion Which measures of average and spread best represent this data?

Key point 14
The median and interquartile range are not affected by extreme values or outliers.

6

Reasoning Ten male and ten female cyclists compete in a road race.

The times, in minutes, to complete the course are recorded.

Males: 68,70,75,76, 77,79, 81, 83,90, 120

Females: 71,75,76, 78, 83, 86, 89, 90,91, 92

a Explain which of the median and interquartile range or mean and range should be used
to describe each set of data.

b Compare the times for males and females.

Real / Problem-solving The table shows the lengths of delays to trains at Stratfield station.

Length of delay, x (minutes) | Frequency
0=x=5 3
5<x=10 7

w<r=15 12
B<x=20 6
20<x=25 2

a Drawa cumulative frequency diagram.

b Find the median and interquartile range.

The box plot shows the delays to trains at Westford station.
Train delays at Westford station

b ER A e

10 20 30
Length of delays (minutes)

¢ Compare the lengths of delays at the two stations.

Real / Problem-solving This back-to-back stem-and-leaf diagram shows the average
speeds, in miles per hour, of cars passing two checkpoints.

Checkpoint A Checkpoint B
11 21 85 8.(4
1245(2(3 468
122456(3|3145667939
2 3454|1222 3 4678
1.2:|8
Key: 5 | 2 | 3 represents 26 mph and 23 mph Q8 strategy hint

Compare the medians

a Describe the speeds at the two check points. ik
and interquartile ranges.

b Compare the speeds at the two checkpoints.
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9 Problem-solving The cumulative frequency graph shows the ages of male and female
members of a health club.

Ages of health club members

Males
Females

Cumulative frequency
Py
2

0 10 20 30 40 50 60 70
Age (years)

Compare the two sets of data.

N — R

" Di lati
Chloe did a survey on the amount of money that men spent shopping i vt

= frequency diagram
iihisek Wisalulive Dneusnon tatils shows s monlt, ebern

Amount spent,x (£) | Cumulative frequency glven inthe table
0<x=10 9
0<x<20 20
0<x=30 34
0<x=40 51
0<x=50 68
0<x=60 80

A similar survey of women gave a median of £42 and an
interquartile range of £12.

Compare the amounts of money spent by women with the amounts
spent by men. (5 marks)

455



Unit 14 Further statistics

Problem-solving: Brain training

Objectives + Produce and interpret box plots from lists of data and grouped data.
+ Compare distributions and make inferences.

Acompany wishes to investigate the effectiveness of their brain training software. They test how
long it takes a group of teenagers to solve a logical puzzle, allow them to use the software for a
week, and then test them again. Below are the results (A), giving the times in seconds.

1 Draw a pair of parallel box plots to display these

Parallel box plots are
results.

drawn using the same axis.
2 Compare the two distributions, Did the brain 4

training work? Did it have the same effect on )2 hint Look at how the median,
everyone? the quartiles and the minimum and
The company decides to repeat the investigation with the maximum have each changed.
adults, using a larger sample size. a
Their results (B) are given in the table below. t You might find it useful to

draw another type of graph first to
help you estimate the median and
quartiles from grouped data

3 Use an appropriate method to estimate the
maximum, minimum, median and quartiles of these
data sets.

4 Draw another pair of parallel box plots to display these two new sets of results.
Comment on the two ‘adult’ distributions.

5  Compare and contrast all four sets of data. Does the company’s brain training software work?

Results A

BEFORE
11,12, 12,16, 16,11, 19, 22, 22,23,
24, 25,27, 29, 29,30, 32, 35,36

AFTER
11, 11,12, 14, 15, 16, 19, 20, 20, 20,
21,23 24,24, 24, 25,27, 29, 30

Time taken (seconds) | Frequency (before) | Frequency (after)
12st<15
15=t<18
18 <21
21 =1 <24
2b=1<21
21 =1<30
30=¢=33
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14 Log how you did on your
Student Progression Chart.
Sampling
1 Jaden wants to take a stratified sample of size 80 from the students in his school.
[ Year, [ 7 [ & [ 9 [ u]
[students | 320 | 360 | 280 | 340 | 300 |

a How many of each year group should he ask?
b He has a numbered list of all the students in Year 7. Use the display of random numbers
to write down the numbers of the first five students that he should ask.

‘ N85 : 6L |
Graphs and charts
2 This table shows the masses of 90 emperor penguins. Mass, m (kg) Frequency
a Draw a cumulative frequency table. 20<m=23 1
b Draw a cumulative frequency graph. B<m=26 &

¢ Use your graph to estimate the median mass of

% 26<m=29 8

the penguins.
d Find the lower quartile, upper quartile and H=m=32 2l
interquartile range. 32<m=35 32
e Estimate how many penguins weigh 35<m=38 18
i less than 36 kg i more than 30kg. B<m=41 6

3 The heights of 100 pine trees are given in this table.

Height, h (m) Frequency
0<h=10 3
10<h=15 7
15<h =20 14
20<h=22 31
22<h=25 27
25<h=30 16
30<h=40 2
a Draw a histogram for this data.
b Estimate how many trees are taller than 23 m.

Comparing data
4 The box plots show the times for 15 boys and 15 girls to run 100m.

Times to run 100m

0 11 12 13 14 15 16
Time (seconds)

Compare the two distributions.

Active Learn Homework, practice and support: Higher 14 Check up 457
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5 The stem-and-leaf diagram shows the ages of people attending a birthday party at a hotel.

03586 819

112 25889
213667828939
3(2 445667
4114558
5(4 7

Key: 1| 2 represents 12 years
a What is the median age?
b Work out the interquartile range.

© Ata second party, the median age was 22 and the interquartile range was 10.
Compare the two distributions.

6  How sure are you of your answers? Were you mostly
Just guessing @ Feeling doubtful @ Confident
What next? Use your results to decide whether to strengthen or extend your learning.

3
[~
]
&

* Challenge
7 The histogram shows the masses of a group of porcupines.
Porcupine masses

T
i i

Frequency density

o i
2 3 4567 8 91011 121314151617 18 192021
Mass (kg)

Estimate how many porcupines weigh between 8.5kg and 16.5kg.

Sampling
1 The membership of a hockey club is 75 men and 40 women.

The club manager wants to know members’ views - -

on the proposed new kit. Should she ask
of men and women in the club.

A the same number of men and women

B more men than women

C more women than men?

She wants to survey 20% of the members, Work out

i 20% of 75 i 20% of 40.

There are 115 club members. Work out 20% of 115.

What do you notice about your answers to parts band c?

o

o

n

a

Activel.earn Homework, practice and support: Higher 14 Strengthen ‘
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2 Ellen wants to take a stratified sample of the people at her youth club.
The table shows the ages of the members.
[Age [13 ] 141516 17 ]
‘ Number of people ‘ 16 ‘ 28 ‘ 32 ‘ 24 ‘ 20 ‘
a Shewants to ask a sample of 24 people.

What is the total number of people?

b What percentage sample is 24 people?
c  Work out this percentage of each age group.

Q2zc hint Check that your
answers add up to 24.

02792151210801510187133

Q3a hint The list starts 02, 79, ..

Q3d hint 01 represents the
first person on the list.
Q5 hint Write the random
numbers as 3-digit numbers.

3 Use this random number display to select
five people from a list of 30 people.
5 Write the list as a sequence of two-digit numbers.
b Cross out the numbers over 30.
c  Cross out any repeats.
d Write down, in order, the numbers of the people
who are chosen.

13171018402 124206662. .

4 Use the random number table from Q3 to select a random
sample of eight peaple from a list of 70 people.

5 Use the random number table from Q3 to select a random
sample of five people from a list of 130 people.

Graphs and charts
1 The table shows the masses of 60 sheep.

Mass, m (kg) Frequency
0=m=75 1
75<<m =80 8
80<m=85 19
85<m =90 15
90 <m=95 10
95 < m = 100 7
a Copy and complete this cumulative frequency table.

Mass, m (kg) Cumulative frequency Q1a hint For the class
0=m=15 1 70 < m < 85, add the
10<m=80 1r8-[ ] g:i"ie;;” slihe
70<m=385
70<m =9
0<m=95
70<m =100

b Copy and complete the cumulative frequency graph.

Cumulative
frequency
N ow
S8

3

80
Mass (kg)

Q1b hint Plot the top value in each

smooth curve through the points.

class against frequency. Draw a
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2

The cumulative frequency graph shows information about the amount of pocket money

40

Cumulative frequency

o

o

children receive.

Pocket money
40
30
20
10+
0 1 2 3 4 5 6 7
Pocket money (£)

Q2a hint The median is halfway
up the cumulative frequency
axis. The lower quartile is ; of
the way up. The upper quartile
is 2 of the way up.

Read off the values for the median, lower quartile and
upper quartile.
Work out the interquartile range for the pocket money.

The cumulative frequency graph shows the lengths of sticks gathered to make a camp fire.

Lengths of sticks

Q3c hint Draw a line across to the
curve from the value you worked out

rt b. Then go down to the x-axis.

g
£ 60
2 50
o
40
2w
]
2 2
E 10
& t
0 10 20 30 40 50 60 70 80
Length (cm)
a  How many sticks were gathered?
b What value is halfway up the y-axis?
© Work out the median length.
d  Work out the lower and upper quartiles. in pat
e Work out the interquartile range.
The table shows the half-marathon times for 50 elite runners.
Time, ¢ (mins) Frequency
65=1=68 4
68 <t=T1 7
T1<i=<T4 17
T4<t=T1 13
17T <t=80 9

pancoco

Draw a cumulative frequency table.

Draw a cumulative frequency graph

Work out estimates for the median and quartiles.
Estimate how many runners took less than 72 minutes.
Estimate how many runners took more than 72 minutes.

Q&d hint Draw a line up to the
curve from 72 on the x-axis.
Read across to the y-axis.

Qée hint Total
frequency — the number
less than 72 minutes
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5 Draw a box plot for the datain Q4.

0 Q5 hint
a Copy the x-axis scale from Q4. s Utter
b Mark on the median, lower and quartile quartile
upper quartiles with vertical lines.
¢ Complete the box with ends at Minimum Median Wit
the lower and upper quartiles.

o

Mark on the lowest possible and highest possible values from the frequency table and
join with lines.

6  The lengths of some caterpillars are shown in the table.

Length, / (mm) Frequency Class width Frequency density
1W0=[=<15 2 15-10=5 2+5=04
1B<l=20 8 20-15=] s+ 1=
20<1<30 15
30<l=40 12
40 < <60 5

a Forthe class 15 < I < 20, work out
i theclass width i the frequency density.
b Copy and complete the table.

| Q6b hint Divide the frequency by the class width. |

n

Copy and complete the histogram.

14 | s hint Plot frequency density on the y-axis. |

Frequency density
o
o

o 10 20
Length (mm)

7 This histogram shows how long it took 44 students to complete a test.

Time to complete test

£
5
c
s
‘g. Q7a hint Multiply the class
) width by the frequency
S density for that bar.
g
w s
Q7b hint Add the frequency
} L for the 20 < ¢ < 25 bar to
20, 52580 735" 140" "5 a0 your answer to part a.
Time (minutes)
a How many students took between 25 and 30 minutes? Q7c hint Look at the
b How many students took less than 30 minutes? class33 <t =35,
¢ Estimate how many students took between 33 and 35 minutes. formed by the red
£ dashed line.
d Estimate how many students took less than 33 minutes.
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Comparing data
1 The box plots show the scores achieved by boys and girls in a test.
Scores in arithmetic test

Score

2 Copyand complete this table.

Lower quartile Median Upper quartile | Interquartile range

[Boys

[Gints
b Copy and complete

i The median for boys is than the median for girls.

ii have a smaller interquartile range than

2 STEM The stem-and-leaf diagram shows the masses, in kilograms,
of female wild boars.

®~ o
cwwn
NERETEY
o~ &
o~
o~ o

o

©

1
0
2
0

Key: 6 | O represents 60kg

2 How many boars are recorded in the stem-and-leaf diagram? [ Gzc hint n is the value

b Workout #,”—“and 3(7[: ]). you worked out in part a.
¢ Find these data values by counting from the first one. Q2d hint The median

d Write down the median value. Gllale the ™ Lo valae)
e Work out the interquartile range of the masses. 2

3 STEM The stem-and-leaf diagram shows the masses,
in kilograms, of male wild boars.

5(7 899
61 56 8 8 9 Q3b hint n = 21. The lower quartile
7|2 457 is the ZL =L th - 5.5¢h value.
8(1 578
5th 5.5th 6th
Key: 6| 0 represents 60kg ot [ ] e
a Find the median mass. 2=z
b Find the lower and upper quartiles. 21

¢ Find the interquartile range.

d Compare the data in Q2 and Q3. Q3d hint Write sentences like the ones in Q1b.
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STEM / Reasoning The speeds of 75 cheetahs Speed, s (mph) Frequency
are recorded in this table. —— 3
a Draw an appropriate graph for the data. -
¢ i 25 <5 =30 8
b Find an estimate for
i the median W <g5 19
i the interquartile range. 35<s=40 21
40 < s =45 15
45 < § =50 9
The ratio of over-20s to under-20s in a snooker club is 5:3. Q2 hint Divide 120 in the

Asample of 120 members is to be used in a survey.
How many of each age group should be selected?

same ratio as the populati
Reasoning In a building company there are 450 workers who operate cranes, 620 workers
who operate forklift trucks and 130 workers who operate dump trucks

Explain how you would select a sample of 60 workers.

Real / Problem-solving A construction company owner wants to find out what his
employees think of the new car park.

Builders Electricians Plumbers
[ Male 120 40 20
| Female 70 36 34

Explain how he could select a sample of 80 people.

Exam hint
Work out the total

A veterinary surgery has 130 clients who have pet rabbits, 150 who o

have guinea pigs, 75 who have hamsters and 60 who have gerbils.
One of the vets carries out a survey using a stratified sample of size 50,
a How many clients should she sample from cach group? (3 marks)
b Describe how she might choose the clients from within

each group. (2 marks)
Real / Problem-solving The lengths Lengths of calls to call centre
of calls received by a call centre are HEHESHEISUI R

recorded and shown on this graph. 100
a Copyand complete:
10% of the calls were less than
[ minutes.

Qé6a hint Draw a line from 10% of
the cumulative frequency across to
the graph and down to the x-axis.

50

Cumulative frequency

b Work out the limits between
which the middle 80% of the
data lies.

o 2 a4 6 8 10 12
Length of call (minutes)

463
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7

Real / Reasoning These box plots show the
average daily temperature in March and June
at a holiday resort.

a  Give a reason why a holiday-maker might March }_D:'_|
prefer to go to the resort in March. i : i :
s

b Give areason why they might prefer to go
19 29

in June.
Temperature (°C)

Average daily temperature
at holiday resorts

Reasoning This table records the results of a survey into Peas | Number of pods
how many peas there are in a pod. % 7
a Isthe data discrete or continuous? % i
b Copy and complete this cumulative frequency table. : =
Peas | Ci qf s N
= ! 7 20
=4 18 3 10
<5
=6
<7
=38
¢ Draw a set of axes with x going from 0 to 8 and y going from Qge hint
0 to 100. 20
d  Plot the coordinate points (peas, cumulative frequency). 10
e Join the points in a ‘staircase’ pattern going across and then
up from each coordinate point to the next. 0 1234

£ This diagram is called a cumulative frequency step polygon.
Discussion Why is it not appropriate to draw a smooth curve through the points for this data?
g Find the median number of peas in a pod.

The number of rabbits born in each of 120 litters is Rabbits | Number of litters
recorded in this table. 2 8
a Draw a cumulative frequency table for this data. 3 15
b Draw a cumulative frequency step polygon. n B
©  Write down the median number of rabbits in a litter. o 7ol
o Work out the interquartile range for number of
rabbits in a litter. L] 25
7 3

Reasoning The time, in seconds, for 15 runners to complete a hurdles race is recorded:
135,14.1,14.2,143,145,14.7,14.7, 149, 15.0,15.1, 15.2, 15,5, 15.7, 15.8, 28.6
a  Work out the median time taken.
b Work out the lower quartile, upper quartile and interquartile range.
©  Workout 1.5 x interquartile range.
d We can define an outlier as a data value which lies more than 1.5 x the interquartile range
below the lower quartile or above the upper quartile.
Use this definition to decide if any of the data points are outliers.
Discussion Assuming all of the runners are of a similar standard, what might account for
the extreme value(s)?
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11 Reasoning This box plot shows the ages of people at a birthday party.
Ages of people at party
L ]
! e \

0 5 10 15 20 25
Age (years)

o

Write down the interquartile range.

Using the definition in Q10d, work out the range of ages that would not be considered
outliers.

The second youngest person at the party was 9 years old and the second oldest person
was 21. Write down the values of any outliers,

A box plot can be redrawn to show outliers. Outliers are marked with a cross and the ends of
the whiskers are now drawn at the first value not considered an outlier.

d Redraw the box plot above to show the outlier(s).

o

n

Q11d hint X

Minimum LQ Median uQ New max Outlier

12 Problem-solving The table shows the times taken Time, ¢ (hours)

for players to complete a round of golf.

Draw a histogram for this data.

b Players who took longer than 4 hours 20 minutes
were given a two-shot penalty. 38<t=<40 18
Estimate the number of players who were given a 40<t=45 24
penalty. 50<(=60 15

Frequency
3<t=35 P
35<t=38 12

o

1

=

STEM / Reasoning The masses of 100 camels are given in this table.

Mass, m (kg) Frequency
300 = m = 500 8
500 < m = 600 10
600 < m = 700 15
700 < m =750 18

750 < m = 800 36
800 < m = 900 11

900 < m = 1100 2 v
Draw a histogram for this data. ‘

Work out an estimate for the mean mass.

Work out an estimate for the median mass.

Write down the modal class.

An estimate for the modal value can be worked out

from the histogram using the method shown in this

extract from another histogram.

What is the modal value shown in the extract?

Work out an estimate for the modal mass of the camels. 50 60

nonoco

Q13 hint Your value for the mode is only an estimate, as the histogram does not show
individual data values.

465
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14 STEM / Reasoning The lengths of 50 Barbour's Length, x (cm) Frequency

seahorses are recorded in this table.
Draw a histogram for this data o=x=12 =

" 2 i} R<x=13 8

b Work out an estimate for the mean length of

B<x=1 12

the seahorses.

© Work out an estimate for the median length of b o) 10
the seahorses. l<x=15 9

d Work out an estimate for the mode. Bb<x=17 8

®

®

@

°

A population is the set of items that you are interested in. ...

A census is a survey of the whole population. ..........

A sample is a smaller number of items from the population.
A sample of at least 10% is considered to be a good-sized sample.

In order to reduce bias, the sample must represen! the whole
population. ...

In a random sample each item has the same chance of being
chosen....

To select a simple random sample draw names from a hat, generate
random numbers on a calculator or use a table of random numbers.

A population may divide into groups such as age range or gender.
These groups are called strata (singular stratum). 4

In a stratified sample, the number of people taken from each group
is proportional to the group size.

To estimate the size of the population N of an animal species:
Capture and mark a sample size n.

Recapture another sample of size M.

Count the number marked (m).

n_m

NM

So,N—M

This i the capture-recapture method.

A cumulative frequency table shows how many data values are less
than or equal to the upper class boundary of each data class. .. .....

A cumulative frequency diagram has data values on the x-axis and
cumulative frequency on the y-axis......................

. Mastery lesson 14.1

. Mastery lesson 14.1

Mastery lesson 14.1

. Mastery lesson 14.1

. Mastery lesson 14.1

Mastery lesson 14.1

. Mastery lesson 14.1
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Mastery lesson 14.2




Unit 14 Further statistics

The median and quartiles can be estimated from the cumulative
frequency diagram. For a set of n data values

© the estimate for the median is the % th value

© the estimate for the lower quartile (LQ) is the %lh value

o the estimate for the upper quartile (UQ) is the 2 th value.

0 theinterquartile range (IQR)=UQ=1Q...........ccceeuveenn..n. Mastery I

on 142

» Fora set of n data values

2D th value.

o the lower quartile (LO) is the

thvalue

o the upper quartile (UQ) is the y

= Abox plot, sometimes called a box-and-whisker dlagram dlsplays
a data set to show the median and quartiles.

Comparative box plots are box plots for two different sets of data
drawn on the same scale.................. "

Mastery lesson 14.3

A histogram is similar to a bar chart but is used to represent
continuous data...

@ In a histogram the area of the bar represents the frequency.
The height of each bar is the frequency density.

frequency

© Frequency density =

> The interquartile range measures the spread of the middle 50% of
the data. To describe a data set (or population) give a measure of
average and a measure of spread. To compare data sets, compare
a measure of average and a measure of spread. ....................... Mastery

© The median and interquartile range are not affected by extreme
values or outliers. When there are extreme values, the median and
interquartile range should be used rather than the mean and range. ~ Mastery lessc

14.6
14.6

Choose A, Bor C to complete each statement about statistics,

In this unit, | did. .. A well B 0K C not very well
I think Kioe A easy B 0K C hard

When | think about doing | feel.. A confident B 0K C unsure

Did you answer mostly As and Bs? Are you surprised by how you feel about 2 Why?

Did you answer mostly Cs? Find the three questions in this unit that you found the hardest.
Ask someone to explain them to you. Then complete the statements above again.
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Unit 14 Further statistics

Log how you did on your
Student Progression Chart.

1 Reasoning A market research company wants to get the views of members of the
public on new chocolate bars.

a Give two reasons why a sample should be taken rather than a census. (2 marks)
b They propose to take their sample from the school nearest to the company
headquarters. Explain whether this will be a good sample. (1 mark)

2 The masses of 100 octopuses are shown in this table.

Mass, m (kg) Frequency

3=m=4 4

4<m=5 11

5<m=é 15

6<m=17 18

7<m=38 23

8<m=9 1

9<m=10 12
a Drawa cumulative frequency diagram. (3 marks)
b Estimate the median mass. (1 mark)
c Find the interquartile range. (2 marks)
d  Estimate how many octopuses weigh more than 6.5 kg, (2marks)

3 Problem-solving The times taken by a group of men and a group of women to complete
an obstacle course are shown in the box plots.
Time to complete obstacle course

0 25
Time (minutes)
Compare the two data sets. (3 marks)

| & The president of a dining society wants to get the opinions of the members on new menu
choices. He decides to take a sample of 50 members. The age and gender profile of the
society is given in this table.

18-25 26-35 36-45 45+ ‘
[Mate 19 25 54 30 |
| Female 12 30 45 35|
Explain why a stratified sample should be taken. (1 mark)
How many males under 25 should be in the sample? (1 mark)
How many females aged between 26 and 35 should be in the sample? (1 mark)
The president lists each group of members alphabetically and numbers them

He uses a random number table to work out whom to ask.

Use the table below to write down the numbers of the females aged between

26 and 35 that will be surveyed. (2 marks)

‘ 048913746625311151164023402125561306...

o

anco
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Unit 14 Further statistics

Reasoning The ages of 15 people in the cast for a show are
6,15,23,18,17,9,11,32, 31, 14, 45, 25, 26, 26, 15

a Draw a box plot.

b Outliers are defined as being data points at least 1.5 x interquartile range
above the upper quartile or below the lower quartile.

Use this definition to work out if the data set contains outliers.

Explain, with a reason, whether these data points should be excluded

n

Problem-solving The lengths of 150 dolphins are recorded in this table.

Length, [ (m) Frequency
15=1=20 7
20=l=<25 19
25<1=28 31
28<1<30 52
30<1<35 34
35<1=50 7

Draw a histogram.

Estimate the mean length of the dolphins.
Estimate the median length of the dolphins.
Estimate how many dolphins are over 3.25m long.
Estimate the modal length.

panoco

(3 marks)

(1 mark)
(1 mark)

(3 marks)
(4 marks)
(3 marks)
(3 marks)
(3 marks)
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Unit 14 Further statistics

Sample student answer

a What is good about the presentation of this graph?

b Which of the values (upper/lower quartile, median) is incorrect, and how has this
mistake happened?

The cumulative frequency graphs give information about the heights
of two groups of children, group A and group B.

o
145 150 155 160 165 170
Height (in cm)
Compare the heights of the children in group A and the heights of
the children in group B. (2 marks)
Nov 2013, Q11 SMBIF/I )

Student answer
100
A B
Upper 1595 1645
Median 1565 1625
Lower 154.5 160

Frequency

On average group B are taller, as shown by their
median 162.5 compared to 156.5 for group A.
Group A has a larger interquartile range

(5 compared to 4.5 for B) showing that their
heights are more spread out.

145 150 155 160 165 170
Height (in cm)



EQUATIONS AND GRAPHS

250000
245000
240000
235000
230000
225000
220000+

Moon—Earth
distance (miles)

January February” March ' April
Month

Astronomers use graphs to visualise the motions of heavenly
badies. In the four months shown here, for how long was the
Moon less than 230 000 miles away from the Earth?

Prior knowledge check

Solve these inequalities and write the

simplify these surds. solutions using set notation.
. x

rag /200 ¢ V20 =4 3ep=1)>33

: : ==5 10-2x=4@x-1)
Decide if these functions are Find all the integer values of x which

linear quadratic cubic. satisfy these inequalities.

y=3x2+2x-5 y=x

y=10-22 y=2x-5

2y=10x-7 4y =2x% + x>

0=y-x

Work out the value of y when x =0 for

each of the equations. Epand andisimplfy

y=2x-17 (x+3)(x +7) (x=5)(x+8)
2-3x=12 (x=3)(x-2) (x -4
FERELPE T (2x +3)(x+5) (Bx-5)w-2)
= @x-Mx+1) (Bx+DEx-1)
y=Tx?-4r+12 Factorise
2 2 -
Solve these inequalities and show the xz o r[ 2%
answers on a number line. it 2x-15 v -6x-7
12<31+6 -1 3x2+ 150 +12
2x%+x - 10




Unit 15 Equations and graphs

9 Solve the equation by factorising. £
3x2+x=10 L

Write in the form a(x + p)* + ¢ ;
a x?-6x+12 b x?2-8xr+11
€ 322-6x+9

I
°

11 Solve by completing the square. Put your
answers in surd form where necessary. |
a x?+4x=5 b a?+2x=0 |
¢ x24+3x-5=0 d 2r2+4x-6=0

12 Solve the simultaneous equations.

a x+y=6 b 2x-3y=-9
y-x=8 x+y=8 :
¢ a+y=1 £
xty=4 :

13 Use the quadratic formula to find the
solutions to the equations to one decimal
place.

a 0=a%+50+2 b 6x?=5r+12
Graphical fluency £
14 a Drawa coordinate grid with -10t0+10

on both axes.

b Plot and label the graphs of these
functions by using the gradient and
y-intercept.

I y=2x+3 i
i 2y=dw+7

y-x=4

1 Draw the graph of 2% + y? =25

15 Which of the graphs shown is

a linear b quadratic ¢ cubic?
i v ii )
VAN
0

{16 a Drawthe graph of y = x2+ 3x - & for

x values from -5 to 2.
b Use your graph to solve

i x2+3x-4=0 i x®+3x-4=2

: % Challenge
: 17 a The solution to a quadratic equation is

x=-2orx=7

Write in the form ax? + bx + ¢ three
different quadratic equations with this
solution.

You can solve a pair of simultaneous equations by plotting the graph of both equations and

finding the point(s) of intersection.
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Unit 15 Equations and graphs

Questions in this unit are targeted at the steps indicated.

a Draw a coordinate grid with -10 to 10 on both axes.
Draw the graphs of
i 2y-4x=8 i y-x=6

Write down the coordinates of the point of intersection.
Check your answer to b by substituting the x- and y-coordinates into both equations.

n

Reasoning a Match the equations to the three lines A, B and C shown.
i x+y=5 i y=2x+2 i 8=4y+x

LI NS

b Hence write down the solutions to these simultaneous equations.
i x+y=5 Qi x+y=5 i 8=4y+zx
y=2x+2 8=4y+x y=2x+2
Solve the pairs of simultaneous equations by drawing the graphs.
a y=2r+4 y=-2x+8
b 2y=7x-3 xr+2y=21
¢ 0=y+2x-5 y=2x+9
d 2x+3y=-13 T+y=-5
e Show that solving the equations algebraically gives the same solutions to the
equations in part d.

Sara buys 4 bananas and 2 apples for £2.58

In the same shop, Alex buys 3 bananas and 3 apples for £2.49.

Write a pair of simultaneous equations and solve them graphically to find the cost of
a oneapple b onebanana

Real / Reasoning Two broadband providers offer the following prices:

ONline Stream Speed
No monthly cost Monthly tariff £20
£2 per GB of data. £1.50 per GB of data
a Foreach company form an equation to calculate the monthly cost,
with g = total monthly cost and x = GBs of data used.
b Use a graphical method to work out how many GBs of data are used if the cost for both

companies is the same.
Discussion When is Stream Speed cheaper than ONline?
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Unit 15 Equations and graphs

Example 1

Solve the simultaneous equations graphically.

y=wt+r-4

y-2x+2=0

Y=2*+1-4

‘ T ‘,5 |,4‘,5‘,2‘,1 ‘ 0 ‘ 1 ‘ 2 ‘ E) ‘ 4 | (olnstruc(latlalzle(ﬁf
values, calculate the

[ylre]efz]z[4]-4[-2[2]5 [16] points and plot the graph.

Yy-2x+2=0

y=2x-2 ,//{ Rearrange the equation to make y the subject.

y=2r—2

Plot the linear graph on the same grid
using the y-intercept and gradient.

The solutions are

x=2.y=2andx=-1y =4

7 Use a graphical method to find an approximate solution to the pair of simultaneous equations
z xz: : Q7 hint Start by rearranging the
Jei=g equations, then plot the graph:

8 Reasoning
Solve this pair of simultaneous equations
2 graphically
b algebraically to 2 decimal places.

3x+2y=5
xay=1
Discussion Which method gives the more accurate solution? Explain.

9 a Onasuitable grid draw the graph of 22+ y? = 25
b On the same grid draw the graph of y =x + 1
©  What are the coordinates of the points at which the graphs intersect?

10 Use a graphical method to find an estimate for the solution to the simultaneous equations
ryr=9  xey=1
Discussion How could you check your solution?

11 Reflect InUnit 9 you solved simultaneous equations using algebra. In this lesson, you
solved simultaneous equations using graphs. Which method do you prefer? Why?



Unit 15 Equations and graphs

1 Solve the inequalities and represent the solutions using set notation.
a ws12 b 3x-5>-11 ¢ -5 =x-7

Key point 2

The points that satisfy an inequality such as y =< 3 can be represented on a graph.

dn
em

Thelineisy =3
A solid line means that the shaded
area includes the points on the line.

The regiony <3

Thelineis x=-2
A dotted line means that the shaded area
does not include the points on the line.

The region x > -2

Write down the inequalities represented by the shaded regions.
i i

N
o

b On asuitable coordinate grid, shade the region of points whose coordinates satisfy
r=-2 i y>0

4>x v y-2<x<i
2<y<35 vi 55<=x<-3
~h=y<-35

Active Learn Homework, practice and support: Higher 15.2 475




Unit 15 Equations and graphs

3
Draw the graph of y = 2 + 1

noo

a

Draw a coordinate grid with -5 to 5 on both axes.

Does the point (2, 3) satisfy the inequality y < 2x + 17 3?'5?”?2[;9}12"52‘ 3
Shade the region of points that satisfy iy < 2x + 1

Q3d hint If (2, 3) satisfies the inequality, then all points in that region will also satisfy the inequality. ‘

4 Drawa coordinate grid with -6 to 6 on both axes.
Shade the region that satisfies each inequality.

Q4 hint Test a point to see which
region satisfies the inequality.

a y>z-3 b y=2v-2 ¢ y=3x-3 d y<-z+1

On a coordinate grid, shade the region that satisfies
r<Sy=22r+b4y=landy>-2

the inequalities

Draw dotted lines x = 5 and
Draw solid lines y =2x + 4, y =

Test a point. For (2, -1)
y=1landy > -2:the y-coordinate is -1
x < 5:the x-coordinate is 2
2x + 4= 8: y-coordinate = 8

Shade the required region.

5 Reasoning x and y are integers.
On a coordinate grid with -5 to 5 on both axes, mark on all the include the coordinates

coordinates with integer coordinates which satisfy
y>x+1  x=-3  y<3

On the grid, mark with a cross (X) each of the points with integer coordinates

that are in the region defined by y > x = 2,x+y <

Q5 hint Make sure you

the inequalities on the solid lines.

6 ‘Exam hint
The lines y = x —2 and x +y = 10 are drawn on the grid. Sl
your valves
» of x and y
10 JER= in the given
9 cquations to
: check your
- answers.
6
¥
4
3
2 +|y = 10]
1 IV
3 4 6 10 11 12 %

10andx>3 (3 marks)
Nov 2012, 917, lMA()/JH)
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Unit 15 Equations and graphs

Reasoning The diagrams show a shaded region bounded by three lines. For each diagram
i write down the equations of the lines
write down the three i ties satisfied by the coordinates of the points in this region.
~ -

Problem-solving How many points with integer
coordinates satisfy these inequalities?

y>2x-3 y>-x y<2

2 Draw the graph of y = +2 for values of x from -3 to +3.

b Draw the line iy = 7 on the same axes.

¢ Shade the region that satisfies y > x?and y <7

This is the graph of y = 2x? = 2x - 4.

Q10 hint Write your answer as two
inequalities: ¥ <[ Jand 2 =[]

a Forwhat integer values of x is the graph above the x-axis?
b For what integer values of x is 0 < 2x? - 2x - 47
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Unit 15 Equations and graphs

You can write solution sets using set notation.

The inequality x2 - 9 = 0/s satisfied when -3 = x =3

This is written: {x : -3 = x =< 3}

The inequality 0 < x? - 4 s satisfied when x < -2 or x > 2

Thisiswritten: {x :x < -2} U {x: > 2}

The symbol U means that the solution includes all the values satisfied by either inequality.

~ 32 - i

11 R[“T":‘ing a Sker::h Eh‘f graphhafy =327+ ?‘z 6, rparkmg Q11b hint When is
clearly the points where the graph intersects the ¥-axis. the graph below the
b From the graph identify the values of x forwhich0 =3x%+3¥ -6 | y_auis?[ |=x= |

Give your answer using set notation.
Problem-solving By sketching the graph of ¥ = 2x% + 4x - 6, | Q12 hint Rearrange the
find the values of x which satisfy 0 < 2x? + 5x - 3 lrjEQUalitv to make one
Give your answer using set notation. side equal to 2¢° + 4x - 6
Reasoning a Sketch the graphof y=22-x -6
b Hence find the values of x which satisfy the inequality 6 < x? - x

Give your answer using set notation.
Reasoning Sketch graphs to find the values of x which satisfy these inequalities.
Give your answers using set notation.
a p+x<12 b 2x2=2x+4 c x?2=9

"
~

-
w

-
K

1 By factorising, solve the equations
a 0=x*+3x+2 b 0=22%+5x-12
2 Writein the forma(x + p)* + ¢
a x2+2x-5 b 2x2+8x+4
3  Hereisthe graphof y=-x2+2x+6
a What are the coordinates of the maximum point?
b What is its line of symmetry?

4 Sketch a y=2* b y=-2*

Key point 4
The lowest or highest point of the parabola, where the graph turns, is called the turning point.

The turning point is either a minimum or maximum point.
The x-values where the graph intersects the x-axis are the solutions, or reets, of the equation y =0.

isa minimum, is a maximum
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Unit 15 Equations and graphs

Here is the graph of y = 2+ 43 + 3 7
Use the graph to find the roots of the isida
equation 22 + 4% +3 = 0.

Where does the graph intersect the y-axis?
Is the turning point a maximum or a
minimum?

What are the coordinates of the turning
point?

Discussion How can you tell from the
equation whether a quadratic graph will

have a maximum or minimum point?

Y= +4x+3

o

n o

o

o

o

Plot the graph of y =% + 8x + 15

Use your graph to find the solutions to the
equation x2 + 81 + 15 = 0.

Where does the graph intersect the y-axis? ‘ x ‘ -6 ‘ -5 ‘ =4 ‘ =3 ‘ -2 ‘ =1 | o ‘
Does the graph have a maximumorminimum | [y | | [ [ [ |

point?

What are the coordinates of the turning point?

L]

Q62 hint Copy and complete this table.

n

a

o

o

Solve the equations

i 0=x2+4x+3 ii 0=x2+8x+15

Find the value of y when x = 0 for the equations

i y=x2+4x+3 Qi y=22+8x+15

Discussion How can you find the roots of an equation and where a graph crosses the
y-axis without drawing an accurate graph? (Compare your graphs in Q5 and Q6 with your
calculations in Q7))

o

Reasoning / Communication Match the graphs to their equations, explaining your

reasoning.

a y=a2+5¢+6 b y=x'+50-6 C y--22+2x+8 d y--2x7+6x-8
i 2 i
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To find the coordinate of the turning point, write the equation in completed square form:
y=a@+by+c
(x + b)2 = 0, 50 the minimum for g is when x + b =0 and y = ¢

Does the graph of =2+ 8x + 15 have a maximum or a minimum point?
Find the coordinates of the turning point,

Minimum —| The coefficient of 22 is positive, so the turning point is a minimum. |

Y=124+8r415
y=(x+42- WW{ Write the quadratic function in completed square form. |
y=(x+42-1

The smallest value that y can take is ~1. This occurs
X+ 4=020x=-4—__ | when (x+4)?2=0.(x +4)cannot be less than 0
Minimum at (-4, -1) because a square is always positive.

Solve the equation to find the x-coordinate.

o

»

<

9 Reasoning For each quadratic function, work out the coordinates of the turning point and
state whether it is a maximum or a minimum.

a y=x2-2r+4 2 - 6r-11 Q9b hint y = —(a% + 6x +11)
¢ y=a2-10x+23 2%+ 12x 4 13 re32=2)
e y=3w-12v+13 foy=-2n-lbr+2 MR e
Discussion What do you notice about the completed | ¥-coordinate of the turning point

square form and the coordinates of the turning point?

Key point §

When a quadratic is written in completed square form y = a(x + b’ + ¢
the coordinate of the turning point is (<b, ¢)

a Factorise the expression 22 - 2x - 8

b Hence write down the coordinates of the roots of i = x? - 2x - 8
©  Where does the graph of y =22 - 2x - 8 cross the y-axis?

d  Write x? - 2x - 8 in completed square form.
e
f

Hence write down the coordinate of the turning point of iy = 12 - 2x - 8
Is the turning point a maximum or a minimum?
Explain your answer.

g Using your answers to parts a to f, sketch the graph of y =2° - 2x - 8

To sketch a quadratic function

- Calculate the solutions to the equation ‘y = 0' (points of intersection with the x-axis).
- Calculate the point at which the graph crosses the y-axis.

+ Find the coordinates of the turning point and whether it is a maximum or a minimum.

11 Use the method in Q10 to sketch these graphs.
a y=x2-2x-3
c y=2¢2-4x-6
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Unit 15 Equations and graphs

Eamstylequestion. D) [ 12 seraegy it
a Solve the equation x? — 4y + 3 = (2 marks) You can use your
b Onacopy of the grid, sketch the graph of y =x* — 4x +3, answer to parta

marking clearly the coordinates of the points of intersection to help you draw

with the axes and the coordinates of the turning point. (4 marks) the graph.

/

Write down the coordinates of the turning point of the graph
of y=(x+3)2-5

Substitute i = 0 into the equation i = (x + 3)? = 5 and hence
find the coordinates of the roots.

o

o

Find the roots of these equations given in completed square form, giving your answers in
surd form.
a (x+12-3=0 b 2(x-1)2-18=0 c 3(x+2?-4=0

By writing the equations in completed square form, calculate the roots of the equations.
Give your answers in surd form.

a x2+4x-3=0 b 2x2-8x-1=0 € 3x2+18x-12=0
Reasoning / Communication

Give three reasons why the graph
shown is not y = -2 + 4x + 6

Q17 hint Substitute the value of the turning
point and the y-interceptinto iy = (x + b)? + ¢




Unit 15 Equations and graphs

1  Find the roots of the equation by writing these equations in Q1 hint Give your
completed square form. answer in surd form
a x'+6x+5=0 b 2¥2+4x-1=0 ¢ 3¥2+6x-1=0 where necessary.

2 Use the quadratic formula to calculate the roots of each equation.
Give your answers to 1 decimal place.
a x*-4x-7=0 b 2r°-3x-4=0 ¢ -3xr’+2r+5=0

3 Reasoning Match each graph to its equation. TRt
Hence estimate the solutions to the equations. graph crosses the
a x2-4x-7=0 b 32?-x-5=0
€ -a%+2x+4=0 d -2¢2-2x+1
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Unit 15 Equations and graphs
4 a Copyandcomplete the table of values for y = 2x2 - 8x + 7
[#]-2[aTelaT5T5]
72 I T A I

b Plot the graph of y = 24 - 8x + 7 on a suitable grid.
¢ From the graph estimate the roots to the equation 232 - 8x + 7 =0.
5 a Plot the graphs of the following functions.
i oy=x+hr-T Qi y=-12-3x+2 i y=2x2-4r-2 v y=-302+6x+4
b Hence estimate the solutions to the equations
i x2+4x-T=0 i -22-3x+2=0 i 2¢2-4x-2=0 v -3x246x+4=0
¢ Use the quadratic formula to find the roots of the equations in part a to 3 significant figures.

Check your answers to part a.

¢ CEEEETT) ot

a Complete the table of values for y = 2x2 + 4x — 2 (2 marks) For greater acouracy
use a ruler and draw
[+ [3]=2]1]o]1]2] lines on the graph
7 O o e i e

b Plot the graph of y = 22 + 4x — 2
© Use your graph to estimate the roots of the cquation

2 +dr-2=0 (3 marks)
d Write the expression 2x + 4x ~2 in the form
alx+bR+e (2 marks) |
-

7 Reasoning For each graph
i find the coordinates of the turning point
i find the y-intercept
iii sketch the graph.
a y=x'+2x+2 b y=-22-bx-T c y=222-4x+3
Discussion Do all these equations have solutions when y = 0?
8  Reasoning Aliis sketching the graph of y = 2(x ~3)2+ 5
She s finding it difficult to identify the roots of the equation 2(x = 3)2+5=0.
Explain why.

Key point 8

The quadratic equation ax? + b + ¢ = 0 is said to have no real roots if its graph does not cross
the zx-axis. If its graph just touches the x-axis, the equation has one repeated root.

9 Reasoning By completing the square, decide whether these quadratic equations have

no roots

two roots

one repeated root

22+6x+11=0 b x2+4x-3=0 ¢ 22-6x-12=0 d 3x2+12¢+12=0
e -12+2x-5=0 f 2x?-8r+5=0 g -2¢?-12x-18=0 h -3x2-2x+1=0

1 CEEEET. | oo

Write down all your
working. Even if

o

a By completing the square, find the roots of the equation
x* = 4x —3 =0, giving your answer in surd form. (3 marks)
i your final answer is
b Show algebraically that x* — 7x + 13 = 0 has no e b
real roots. (3 marks) | still get some marks.
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11 Write the equation for each quadratic graph. | 411 hint Write y = (x - @)(x - b) and expand.

a b

-\

x

Key point 9

To find an accurate root of a quadratic equation you can use an iterative process.
Iterative means carrying out a repeated action.

Use an iterative formula to find the positive root of the
equation y = x% + x - 5 to 5 decimal places.

Rearrange the equation to make
. N
O=aig=5 the highest power of x the subject.
=5-1

Take the square root of each

z=vB-x side towritex= ...

2=y3=1.73200808

Starting with initial value x, on the RHS gives
a new value x,. Repeating over and over
again gives a sequence. So value x, on the
RHS gives the new value %,,; on the LHS.

6~ x,=V5 - ANG = 1.807746993

1.766687719

x4=1.792571416
“ From the graph you can see that the positive root

Xy =1.790929531 is approximately 2. Use this as the value of x,

2s=1.791387861 Find the value of x, by substituting x; into
the iterative formula.

2,=1.791259931
Use the ANS key on your calculator so that the

Xp=1.79129564 EXACT value is used.

%g=1.791285672 = 1.79129 (5 dp) | You can use the =" key to produce the next iteration.

Round all the answers to 5 d.p. until you get the same

value twice. The answer is converging to x = 1.79129

Zip= 1791288455 = 1.79129 (5 dp)
x=1.79129 \|

12 Use the iterative equation and the starting point given to find one root for each quadratic
equation. Give your answers correct to 5 decimal places.
a y=x-2x-4 x=Vh+2x x%=3
b y=x-5c-4 x=JBx+4  x,=55

3
c y=w-x-3 w=s x=-15




13

Key point 10

oo

Sketch the graph of y = x? + x -2

n

(where the curve is below the x-axis)

a

(where the curve is above the x-axis)

Solve the quadratic equation x? +x-2=0.
Write the set of values of x that satisfy x2+x -2 <0

Write the set of values of x that satisfy 1% + x -2 > 0

Unit 15 Equations and graphs

Qu3chint[ J<x<[]
Q13d hintx <[ Jand x> [ ]

To solve a quadratic inequality:

Solve as a quadratic equation
Sketch the graph

Use the graph to find the values that satisfy the inequality.

14 Find the set of values that satisfy each inequality.

a a?2-2x-3<0
d a2+72+10<0

b x?+3x-10<0
e aZ-6x+8>0

15.5

Expand and simplify

a (x+2)x+3) b (x-3)x+4)

C 22+5x+4>0
f az-6x+5<0

¢ (a+1)(x-5 d Ga-4@x-2)

Find the roots of each quadratic equation by factorising

a x*-3x-10=0 b x*-1=0

Expand the expression (x2+ 4x + 1)(x + 2)

Copy and complete to expand the expression

2+ +3) =@+ Jre[Pa+3)
=e [+ [x=[]

Expand the expressions

a (k+2x+5)x+1)

c (x+2(x=1)(x+3)

e (e+1P@-1

C 2¢2-4x-6=0 d 6x?+10x-4=0

Q3 hint Multiply each term in the
first bracket by each termin the
second bracket. Then simplify.

b -3+ B -2)
d x(x+5)(x-4)
o3y

Active Learn Homework, practice and support: Higher 155
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Key point 10

A cubic function is one whose highest power of x is 2.
Itis written in the form y = ax®+ bx? + cx + d

When a > 0 the function looks like When a < 0 the function looks like
/ or /\/ \ or

The graph intersects the y-axis at the point y = d

The graph's roots can be found by finding the values of x for which y = 0.

6 Hereisthe graph of y = x* + 322 - 6x - 8
a What are the roots of the equation
2%+ 3x%- 62 - §=07
b Where does the graph cross the y-axis?

Sketch the graph of y = (¥ - 1) (x - 2)(w + 2)

Whenx =0, (x = 1)(x -2)(x +2)=-1x-2x2=4 4‘ The graph crosses the y-axis when x = 0

The graph crosses the y-axis at 4.

@ -NE-2)x +2)=2°-22-4x+ 4 Expand the expression.

The coefficient of x%is 1,80 2="1

Since 2> 1 the graph has the shape

Find the roots of the equation.
O=(x-1)x -2)x+2)

x-1=0 or x-2=0 or x+2=0 If the product of any expressions is
z=1 x=2 x=-2 zero, one of them must itself be zero.

Sketch the graph, marking on the points
of intersection with the x- and y-axes.
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7 a Whatare the roots of the equation y = (x + 1) (x + 2) (x + 5)?
b Where does the graph of y = (x + 1)(x + 2)(x + 5) cross the y-axis?
c Sketch the graph of y = (x + 1)(x + 2)(x + 5)

Q7b hint You could multiply the constant terms to find where it crosses the y-axis.

8 Reasoning Match the equation of each graph to its image.
a y=@+l+2)x+3) b y=(x+2)x+5)

X -2)(x+2)(x + &) d y=-x(x+1)x-3)

e y=(1-VE+D@E+4) f y=-22(x+3)
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Key point 11

When the graph of a cubic function ¥ crosses the x-axis three times, the equation y = 0 has
three solutions.
For example g = (x + 2) (x - 1)(x - 3)

Y.

When the graph of a cubic function g crosses the x-axis once and touches the x-axis once, the
equation ¥ = 0 has three solutions but one of them is repeated.
For example y = (x - 1) (x + 2)%.

L7

When the graph of a cubic function y crosses the x-axis once, the equation i = 0 can have

- one distinct, repeated solution, - or only one real solution,
for example = (x - 1)* for example (x + 2)(x2 + x + 1)
v, The quadratic (x2 + x + 1) has no real solutions.
Y.
ra) x
= 0 x

9 How many solutions does each cubic equation have?

a (x+1)(x-3)(x+4)=0 b (x+3)=0
¢ —x(x+1)(x-3)=0 d x(x+8)=0
e (@+2x+5)(x-2)=0 f o10-2)(x+4)(x-1)=0
10 Sketch the graphs, marking clearly the points of intersection with the x- and y-axes.
a y=@-3)x+J-1) b y=x@+1x-4
¢ y=(x+x+I(x-1) d oy=(x+12x+3)
e y=(x+2?
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11 (EemsyiguEston ), Eambint

Sketch the graph of 3= ~x(x + 2)? marking clearly the points of

intersection with the axes.

Work out the
coordinates of

the points of
intersection of the
axes before you plot
them.

(3 marks)

l

1z Problem-solving The graph has equation y =

Work out the values of @, b and ¢.

1

=

It crosses the x-axisatx =1, x=4and x =-2.

Braxt+bx+c

Problem-solving A graph has equation y = -x* + ax? + bx + ¢

Without drawing the graph, work out the values of @, b and c.

14 Use aniterative formula to find the one
rootof a3 + 202 —6=01to 4 d.p.
The first steps have been done for you:

1

7]

Use an iterative formula to find the negative root
of the equation 23 - x2 —4x+3=0to 5 dp.

# Q14 hint Estimate
the root from the
x-intercept on the
graph.

g 3 %
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15

Example 6

The table shows data from a science experiment. The experiment measured the time in seconds
it takes a steel sphere to fall from different heights.

o ‘ 025 ‘ 0.5 ‘ 075 ‘ 1 |_| Lookat the table. Is there a

o | o023 ] 032|039 [ o045 pattern in the numbers in both
= -

Estimate the time it would take the steel sphere to fall el iy LN s e

e good problem-solving strategy.

Tine ::;c‘n:::;:ﬂ l:i;::;ﬁ;phem !Z)raw the axes for your graph. Th.e first row
in the table is usually on the horizontal axes.
Decide on a scale for each axis by looking at
the smallest and largest number in each row.
Give your graph a title.

Time (seconds)

Carefully plot the points from the table.

o
0 025 05 075

The points lie on a curve, 5o join the points
Height (metres)

with a smooth curve.

The question asks for the time to fall when the steel sphere is dropped from 60cm, i.e.0.6m.
Draw a line from 0.6m on the height axis to your graph.
Draw a line across to the time axis and read the time in seconds.

szl‘zrm\ﬂ::jt;r?;m Check your answer against the table. Where would 0.6m
7 its li 2
B0cm = 0.35 seconds appear in the table? Would its likely time be 0.35 seconds?

1 The table shows the temperature in degrees Celsius at altitudes in 1000s of feet.

15 [ 20 [ 25 [ 30 [ 35 [ 40 |
Temperatur Isius) | 45 | 59 |-161 | -276 | -398 | -502 |
Estimate the temperature at an altitude of 28000 feet.

2 Modelling The shape of a bridge is modelled by the equation Q2 hint When drawing
Y =-1a2+x+ 2 where x and y are measured in metres. a graph of an equation,
How high is the highest point of the bridge? sketch the shape first.

Finance A British businessman in Abu Dhabi records distances (in kilometres) and fares in
the local currency (Arab Emirate Dirhams) for three taxi rides in the city:

a His fourth taxi ride is 13 km. What is the taxi fare for this trip?
b The exchange rate for converting British pounds to Arab Emirate Dirhams is £1:5.80 AED.
How much British money can the businessman claim for the four taxi rides?
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4 Reasoning The table shows the ratio of median house price to median earnings for a
London borough.

2005 | 2006 | 2007 | 2008 | 2009 | 2010 | 2011

1031 | 10.83 | 12.15 | 12.06 | 10.82 | 11.89 | 12.17

a Explain what the increasing ratio shows about house prices in relation to people’s earnings.
b Use the- d.ata to estimate the likely ratio in 2012. Q&b hint Draw a graph.
¢ The ratio in 2012 was 13.87. What does this tell you about the
median house price or the median earnings in this borough?
Q5 hint What is

5 Modelling A boy throws a football upwards out of an upstairs. time, ¢, when the
window. The height, A, of the football, in metres, is modelled by boy throws the
the equation /i =412+ 7L + 6.5 football? What
At the same time, his brother fires a toy paintball gun upwards at the is the height at
football on a trajectory that can be modelled by the equation 2 =3t +2 | this time?

a How high is the upstairs window?
b Show that the paint from the paintball gun hits the football
At what height does this happen?

6 Reflect What clues could you look for in a question to tell you that a graph may be a good
problem-solving strategy? What types of graphs could you draw?

Log how you did on your
Student Progression Chart.
Simultaneous equations and inequalities

1 Reasoning A mobile phone company offers two different packages.

Package A Package B
No monthly line rental. Monthly line rental £20.
10p per minute calls. 5p per minute calls.
a For each package, form an equation to calculate the monthly cost with i = monthly cost
and x = total minutes of calls.
b Use a graphical method to work out how many minutes of calls are used if the two

packages cost the same.

2 Draw a coordinate grid with x-axis from -5 to 5 and y-axis from -5 to 11.
Draw graphs to solve the simultaneous equations
y=xt-2x-4
y=-x-2

3 Reasoning Write down the three inequalities satisfied
by the coordinates of all the points in the shaded region
of the graph.

Graphs of quadratic functions

4 Sketch the graph of y =22 + x - 12 i
Showing all your workings, mark clearly the points of intersection with the y-axis, the
solutions to the equation ? + x - 12 = 0 and the turning point.

Find the set of values that satisfy x2+ x - 12 < 0

oo

n
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5 a Hereisthegraphofy=a?-2r-2

Showing all your workings, mark clearly the
point of intersection with the y-axis and

the turning point.

Estimate the roots of the equation
x2-2x-2=0

Use an iterative equation to find the positive
solution correct to 5 d.p.

o

n

Graphs of cubic functions

& Showing all your working, sketch the graph of
Y = (x - 2)*(x + 5), marking clearly the x- and y-intercepts.

T How sure are you of your answers? Were you mostly
Just guessing @ Feeling doubtful @ Confident @
What next? Use your results to decide whether to strengthen or extend your learning.

Reflect @

* Challenge
8  Afunction has roots -1 and 3. List as many possible Q8 hint The func
equations of the function as possible. be quadratic OR cu

n could

15

Simultaneous equations and inequalities

1 a Copyandcomplete the table of values for = x? - 3x + 1
[f T2[aoT1T2]sTa5]
7200 I I Y I O A
On suitable axes plot the graphof y = x? - 3x + 1

On the same axes draw the graph of y =-x + 4

Where do the graphs intersect one another?

Write down the solutions to the simultaneous equations
y=22-3x+1

Y=-x+4

mancoc

2 Solve the simultaneous equations graphically. | G2a hint Plot bath graphs on the same grid. |
a y=2x+bandy=-x+7

b y=-a?+3x+4andy=x+1 Q2b hint Use the method in Q1.

3 The sum of two numbers is 12. :
2 : Q3 hint You can always check
The difference between them is 6. your answer to problems like
Let the numbers be represented by x and y. this by checking the numbers
a Write an equation to show their sum is 12. work. Do they sum to 12?7
b Write an equation to show their difference is 6. Is the difference 62

n

On the same grid, plot the graphs of the i -
you have given for parts a and b. Q3d hint Where do the graphs
Find xand y. intersect one another?

492 Activel.earn Homework, practice and support: Higher 15 Strengthen
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Q4 hint Choose a coordinate in the
space, for example (-3, -2)
Which of the inequalities does it satisfy?

Choose one inequality from each row to
describe the shaded area.

Q4 hint If the symbol is = or = a solid
line is drawn, meaning that the points

on the line itself are included.

If the symbol is < or > a dotted line is
drawn, meaning that the points on the

line itself are not included.

y<x+2 y<x+2 y=x+2
r=-2 x=-2
y<-3 y>-3 y=-3

Write down the three inequalities that describe the shaded area;

describe the shaded area.

Q5 hint Write down the equation of the three lin
Use the method in Q4 to work out which inequalities

Draw a coordinate grid with -5 to 5 on both axes. Draw the line = .
Mark on the coordinate (3, 5).

For this coordinate is i = x?

Mark on the coordinate (4, 3).

For this coordinate is iy = x?

Use this information to shade the area that represents y = x.

-0 anoo

Use the method in Q6 to draw a

Q6e hint
= means.
greater than

OR equal to.

graph and shade the area that

represents each inequality. | Q7a hint Should you make the line y = x solid or dotted? |

ay==x
b y>2x
¢ y=2x+2

Q7b hint Choose a coordinate to test whether y > 2x.
This will show you whether to shade that side of the line.

d y>10-2¢
2 T &/
The diagram shows the lines i o
y=x,y=-2xandy=5 7
On a copy of this diagram, shade the EEE i
area represented by i H £

Q8 hint For each line, decide if the
area to shade is above or below it.
To do this, choose a coordinate pair

6
y=-25,y>%y<5 : B
3
2

and test it.

5432 0N
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9 Ona sui‘table mord\'na[e ‘gvr'\d, shade the region Q9 hint Draw the four graphs on a
that satisfies the inequalities suitable coordinate grid.
TS5822y<3y>-x+3 Decide which area satisfies all four

inequalities by testing coordinates.

Graphs of quadratic functions
1 For each of these graphs write down the

i solutionstoy =0 il intercept with the y-axis
a b [
c d
=T - 4)
Q1a hint v, Q1b hint v
LIVANE 0 T
e

Find the x values when y = 0. Find the y-value when x

2 Acurve has the equation y = x2 + 2x - 8. Copy and complete

a Wheny=0 b Whenx=0
y=x2+25-8
So (e-[te+[] y=0-[]-[]
There are two possible solutions: y=]
z-[]=0 hencex =[] So the intercept with the y-axisisaty =[]
x+[]=0 hencex =[]
Sotherootsarex=[Jandx =[]
3 Find the roots and y-intercept of
a r’=2r-15=0 b -x?-6x+16=0
€ 2x°-4x-6=0 d 3x2+12x-15=0
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4 Copy and complete to find the turning point of Qéa hint To find the missing
S =
yeaee=g = term in the bracket divide the
a y=w@+[2-[]-8 coefficient of the x term by 2.
y=G+[De-1]
b Write down the turning point of the graph Q&b hint The turning point is the
y=x2+2x-8 value of y when (x+[]) =0
¢ Decide if the turning point is a maximum
or minimum. Qé4c hint
minimum  maximum
5 a Find the coordinates of the turning point
of the graphs in Q3 5a hint Use the method in Q4.
b Decide whether each turning point is a

maximum or minimum. ‘ Q5b hint Look at the coefficient of a2. |
6  Sketch quadratic graphs for
a y=x2-2x-15
b y=-x2-65+16
¢ y=222-4x-6
d y=3r2+120-15

Q6 hint Use your answers from Q3
and Q5 to work out these points:
Y

yrintercept —|

turning
point

7 Useyour sketch graph from Qéa to

7a hint
find the values of x that satisfy Sy
a ¥2-2x-15<0 3
b #-2x-15>0 f=e=tr =1
Z277J715>0 -2x-15>0
2 S

22 -SEEE- 0

di<zr<ii

8  Sketch the graphs of Q3 hint Find the solutions to = 0
a y=x2+8x+15 and the y-intercept, as in Q3.

b y=-2x2+12x-10

Q9b hint Read the values of

S
9 For the graph of y = x% + 4x - 3 copy and complete the roots from your graph.

the table of values.

[#[s]4]aT2]afof1Tz]
el T T T T T 1]
a Plot the graph.

b Find the approximate roots of the equation
22+4x-3=0

10 Plot the graphs and hence estimate the roots of

a a2-4x+1=0 b 2x2-8x+2=0 Q10 hint Use the method in Q9.

¢ -2afrx+h=0

o <
B
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11 a Copyand complete to find an iterative formula to Q11b hint 25=3.5

find the roots of the equation g = x2 - 4x + 1
& 2 2=V4x3.5-[]=[]

0=x2-4x+1
wetr-[]

— Q11c hint Carry on repeating the

=Vax- D iterative process until the first four
decimal places do not change.

£p=liz, -] £ 2

Use the starting point of xo=3.5. Work out the values of x; to xs.
Work out the root to 3 decimal places.

n o

12 a ;m';l 'ahn |tera't1\;e {zm’\ula t?at ycij c(:fl: uielto Q12a hint Start with 0 = 22— 8z + 1
e Rearrange togive a2=[_|-[ ]

Using the starting point of xo = 7.5, find the root Then x

to 3 decimal places.

o

Graphs of cubic functions

1 For each of these graphs write down the
i solutions of the equation y = 0 i y-i 3
T IS
i \ E
L\
e : I 1z
2 Acurve has the equation y = 43 - 13x + 12. Copy and complele
a Wheny=0 b Whenx=0
y=(x-NE+4x-1)
(x-D)(I+D) -O y=0-30+a]-)
So there are three possible solutions: g =[]
x-[]=0 hencex= D
x+[ ]=0 hencex=
x-[]=0 hencex= D
4

3 Find the roots and y-intercept of
a y=@@+3)@-7Nx+2) b
¢ y=Q@x-5E+E-1) d

Y=(10-2)(x+2)(x+1)
y=-32Cx-6)

1 a Shade the region that satisfies the inequalities
y=2x+5 x=y+1 y=-2
b Calculate the area of the shaded triangle.

2 Reasoning
2 What shape is made by the region that satisfies
ysx y=-2-6 y>iz-4 x<2 ys=1
b What is the sum of the interior angles of this shape?
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3 Reasoning Calculate the exact area of the region satisfied by the inequalities
a2+ y2 <30 =0 y=0

4 Reasoning Work out how many real roots each equation has.

Show your workings.
a ¥?+2x+1=0 b x*+2r+3=0 c 2-1=0
d x245x+7=0 e 10+3x-22=0 f -x2-2x-3=-0

5 Reasoning a Write down a quadratic function with
i amaximum at (-3, 4) i aminimum at (4, -3)
b Write down a quadratic equation with roots atx =-3 and =0

¢ ST o
" 2 . Read the question
N
A isacurve ‘wuh equation y x2+dx -3 carefully. What do you
B is aline with equation y = 2v +5 b e
A intersects B at the points P and Q.
Waork out the exact length of the straight line PQ. 13 mnrlsb

7 a Expand the expression x(x +4)(x + 2)(x - 1)
b How many roots does the equation x(x + 4)(x +2) (x - 1) = 0 have?

B —

Show that *Show that' means you must write down
B dr=xx—2)x+2) (2 marks) each stage of your working clearly.
2 tying /G et Q9 strategy hint
The general term of a sequence is —n2 + 4n + 20 Consider the graph
Explain why the largest term in the sequence occurs at =2 of y =—n?+4n + 20

10 Problem-solving Where do the graphs of
y=lx+1)x-3)x-5andy-x=15
intersect each other?

Q11 hint Multiply each term in the

11 Expand the expression (¥2+ 2x + 1)(x2 + x + 2) second bracket by 42 then 2x, then 1.
12 Reasoning Use a graphical method to find approximate solutions to each pair of

simultaneous equations.

a xey?=18 y=a2+3x+2

A —dx—

by o Yy=4x-1

C y=a2-x-6 y=-x2+16
13 Reasoning How many whole number pairs of coordinates satisfy the inequalities

y=2x2-tx-16and y < -15?
14 Use a graphical method to find approximate solutions to each pair of simultaneous

equations. Give all the solutions for values of x between 0 and 360°.

a y=sinx y=06

b y=tanx y=02 Q15b hint

Discussion How could you check your answers to Q14?

1

n

Find the set of values of x that satisfy
a a?-x-3<0
b -x2+3x+10>0
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You can solve a pair of simultaneous equations by plotting the
graphs and finding where they intersect one another. ... ... Mastery lesson 15.1

®

The points that satisfy an inequality can be represented on a graph

by shading the area to one side of the line.

Adotted line is used to indicate < or >

Asolid line is used to indicate = or =< .. ... ..., yerasss Mastery lesson 15.2

A set of values that satisfy an inequality can o uslng set
notation, forexample {x:x >3)ufr <-2}or{x:-2 <z <3}.
@ The graph of a quadratic function is a smooth curve called a parabola.

The lowest or highest point of the parabola, where the graph turns,

is called the turning point. The turning point is either a minimum or

maximum point. The x-values where the graph intersects the x-axis

are the solutions, or roots, of the equation y =0. ......... ... Mastery lesson 15.3

Mastery lesson 15.2

@

To find the coordinate of the turning point, write the equation in

completed square form: i = a(x + b)> + . Mastery lesson 15.3
When a quadratic is written in completed square form y = a(x + b)? + ¢

the coordinate of the turning point is (-0, ¢) . ... Mastery lesson 15.3
To sketch a quadratic function

Calculate the solutions to the equation y = O (points of intersection

with the x-axis). Calculate the point at which the graph crosses the

y-axis. Find the coordinates of the turning point and whether it is a

maximum or a minimum. ... ... Mastery lesson 15.3
The quadratic equation ax? + bx + ¢ = 0 is said to have no real roots

if its graph does not cross the x-axis. If its graph just touches the

x-axis, the equation has one repeated root. .

®

. Mastery lesson 15.4

°

To find an accurate root of a quadratic or cubic equation you can use

an iterative process. Iterative means carrying out a repeated action. .. Mastery lesson 15.4
To solve a quadratic inequality, solve as a quadratic equation then

sketch the graph Use the graph to find the values that satisfy the

inequality. .. .

. Mastery lesson 15.5

®

To expand !hree pairs. of hracksts first expand two oF the brackets.
A cubic function is one whose highest power of x is 2%

Itis written in the form y = ax® + ba? + cx +d

The graph intersects the y-axis at the point y = d. The graph’s roots

can be found by finding the values of x for whichy = 0................ Mastery lesson 155
When the graph of a cubic function y crosses the x-axis three times,

the equation i =0 has three solutions. When it crosses once and

touches once it has three solutions but one is repeated. When it

crosses once it can have one distinct, repeated solution or only one

real solution.

Mastery lesson 15.5

. Mastery lesson 15.5

In this unit, which was easiest, and which was hardest, to work with:

« Graphs for solving simultaneous equations? « Graphs of inequalities?
g - Graphs of quadratic functions? - Graphs of cubic functions?
S Copy and complete these sentences.
= | find graphs. easiest, because

I find graphs hardest, because
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Log how you did on your
Student Progression Chart.

1 Usea graphical method to solve the simultaneous equations
2y=x-8
y=8-x (4 marks)

2 Reasoning / Communication Match the equations to their graphs.
Explain your reasoning.
b oy=@-3)@+1)
d y=@-x2-3 (4 marks)

3 Draw a coordinate grid with 10 to +10 on both axes.
Shade the area that satisfies the inequalities

y-2x<Tandy>4 (3 marks)
4 a Expand the expression (x - 3)(x + 4)(x - 2)

b What type of graphis y = (x - 3) (x + 4)(x - 2)?

¢ Write down the solutions to the equation (x - 3)(x + 4)(x - 2) = 0.

d Where does the graph intersect the y-axis? (5 marks)
5  Sketchthe graph of y = x? - 4x - 1. (3 marks)

6 Reasoning Write down the equation of a graph with a maximum
point at (3, -4). (3 marks)

7 Reasoning Calculate the exact area satisfied by the inequalities
H+yr=25x=5andy =5 (4 marks)
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8 Problem-solving Aisthe graphof y=a2-3x+5
B is the graph of y - x = 5. The graphs intersect at points P and Q.
Find the length of PQ. Give your answer as a surd.

9 Find the values of x that satisfy x? + x - 6 >0

10 Reasoning Which of these equations has real roots?

a x2-6x+13=0
b 2x2+4x-5=0
€ -22-4x+9=0

11 Use aniterative formula to find the only real solutionto x* - x +8=0to 5 d.p.
Y.

Sample student answers

Which student gives the best answer and why?

The graph of

2+ bx + ¢ is shown on the grid.

-7-6-5-4-3-2-110

X

Work out the value of b and the value of ¢. “ mnrks))
Student A answer Student B answer
Whenx=0,y=13 The turning point is at (-3, 4)
13=0%4+0+¢ Y=(x+3)7+4
c=13 Y=22+0x+9+4

b=-3since the smallest value
of yiswhenx = -3

Y=22+6x+13

(6 marks)
(5 marks)

(5 marks)
(5 marks)

Student C answer

The turning point is at. (-3, 4).
y=(x+3)(x-4)
Y=a2+2x-4x-12
y=a2-x-12
b=-1¢=-12




Master
p.502

The Ancient Greeks considered a circle
to be the perfect shape - a symbol

of symmetry and balance in nature.
Many civilisations have built circular
structures. Stonehenge is the largest
and most famous stone circle in
Britain. Archaeologists believe it was
built between 3000 BC and 2000 BC,
and its diameter is around 90 metres.
How do you think our ancestors
marked out the circle for Stonehenge
before positioning the stones?

Problem-solve
p515

Numerical fluency

1

Work out the value of ¢.
a 5=ix2+c

b 12=-%x6+c
x-b+C

Algebraic fluency

2
3

Factorise: 4x + 4y.

Work out the value of ¢.

a y=2r+cwhenx=2andy=4
b y=%r+cwhenx=3andy=-2

Geometrical fluency

4

5

a Draw a circle with radius 6cm.

b On your circle, draw and label
aradius, an arc, a sector and a
segment.

Find the size of angle x.

AN

Check

6

7

Strengthen Extend |  Test
p.519 : p523 p.527

Work out the lengths of AC and PQ in
these right-angled triangles. Give your
answers correct to 1 d.p.

A P__ 8cm

2cm

B 5cm C Q
Prove that these two
right-angled
triangles are  13cm
congruent.

13cm

12cm Scm

i * Challenge
3 3

Draw a circle with radius B

5cm. Then drawin a

diameter and label it AC. g c
Choose any point on the

circumference and label

it B. Now draw a triangle between this
point and the two ends of the diameter by
drawing in lines AB and BC.

Measure angle B.

Repeat for other points on the
circumference. What do you notice?




Unit 16 Circle theorems

1 Workout the size of each angle marked with a letter.
Give reasons for your answers.

A

2 Prove that triangles ABD and ACD are congruent.
A
B D [
3 Reasoning Each diagram shows a circle

with centre O. Work out the size of each
angle marked with a letter.

5
£
E]

Questions in this unit are targeted at the steps indicated. ‘

Q3a hint Two sides of this triangle are radii
of the circle. What sort of triangle is it?

‘ ‘
A c

B

4 Reasoning Bill says that P is the centre of this circle.
Explain how you know Bill must be wrong.

Nz

502 ‘ Activel.earn Homework, practice and support: Higher 16.1




Unit 16 Circle theorems

w

Reasoning / Communication O is the centre of a circle.
OA and OB are radii. OM is perpendicular to AB.
a Prove that triangles OAM and OBM are congruent.

b Show that M is the midpoint of AB.
Q5b hint Show that AM = M| ‘h
o
Discussion When you draw a line from the centre of a circle
to the midpoint of a chord, at what angle does it meet the chord?

Key point 1

A chord is a straight line connecting two points on a circle.

The perpendicular from the centre of a circle to a chord

bisects the chord and the line drawn from the centre of a circle to the

midpoint of a chord is at right angles to the chord. A B

Qs the centre of a circle.

The length of chord AB is 18cm.

OM is perpendicular to AB. B
Work out the length of AM. A8
State any circle theorems that you use.

AB=18cm You know that the perpendicular from the centre of a
circle to a chord bisects the chord.
So the length of AM will be exactly half the length of AB.

AM = Gcm The perpendicular from the centre of a circle to a chord bisects the chord.

The question asks you to state any circle theorems that you use.

6 Reasoning Ois the centre of a circle.

Mis a point on chord AB. Q6a hint Start by drawing a diagram and
The length of chord ABis 12cm. mark on all the information you are given
OM is perpendicular to AB. OM is 8 cm. in the question. Your diagram should look
a  Work out the length of AM. like the one in Example 1.

State any circle theorems that you use.
b What is the length of the radius of the circle?
7 Reasoning Ois the centre of a circle.
OA=17cmand AB= 16cm.
Mis the midpoint of AB.
Work out the length of OM.

AN

AN M =~B

8 Reasoning Ois the centre of a circle. The radius of
the circle is 26cm. The distance fram O to the midpoint
of chord AB is 24 cm. Work out the length of chord AB.
Reflect The hints for @6 and Q8 suggested drawing
a diagram to help with your answer. Did the diagram help you?
Write a sentence explaining how.

08 hint Draw a diagram
and mark on all of the
information that you know.
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Unit 16 Circle theorems

9 Reasoning O is the centre of a circle.
M is the midpoint of chord AB.
Angle OAB = 25°.

a  What is angle AMO?
b Work out angle AOM. ‘k
ad)

¢ Work out angle AOB. X 5

16.2

1 a Find the missing angle in this triangle. b Find the missing length in this triangle.

A\ x
e W
Atangent is a straight line that touches a circle at one point only.
The angle between a tangent and the radius is 90°.

tangent

Warm up

2 lving / C

PA and PB are two tangents to a circle with centre O.
Prove that triangles APO and BPO are congruent.
Discussion What can you say about the lengths
PAand PB?

Tangents drawn to a circle from a point outside the circle
are equal in length.
S0 AB =AC.

(2.)
o o>
Y

504 Activel.earn Homework, practice and support: Higher 16.2




In the diagram, O is the centre of the circle. Angle POQ s 130°.

P
PQis a chord. PR and QR are tangents to the circle.
Work out the size of
angle OPQ b angle QPR c angle PRQ. R
Give reasons for your answers.
OP =0Q (radi of same circle) Y
P

a

a

-

o

Unit 16 Circle theorems

Angle OFQ = angle OGF (trianle OFQ s Isoscles)

=(180°- 130 + 2 =25°

Angle OPR = angle OQR = 90° ﬁ?

(angles between tangent and radius = 90°) 130" \

Angle QPR = angle OPR — angle OPQ o >R
-90°- 25°-65° %

RPOQIs 2 quadrilateral.

Angle PRQ = 360° - 90° - 90° - 130° = 50°

(angles ina quadrilateral add up to 360°)

Reasoning The diagrams all show circles, centre O.
Work out the size of each angle marked with a letter. Give reasons for your answers.

a A b A P c P
A,
A\
(> =
B B
d P 340 e c A

Sand Tare points on the circumference of a circle, centre O. Exam hint
Mark the angles in
the correct places.
on the diagram as

you work them out.

Diagram NOT
accurately drawn

w

L AN g
PTis a tangent to the circle.
SOP s a straight line.
Angle OPT = 32°.
Work out the size of the angle marked x.
Give reasons for your answer. (5 marks)
June 2013, Q16, 1MA WZHJ
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Unit 16 Circle theorems

5 lving / C¢ ‘Aand B are points on the circumference
of acircle, centre O. TA and TB are tangents to the circle.

A @5 hint Use congruence.
%‘EL .
B
Show that angles x and y are equal, and that angles a and b are equal.
6 lhasenlyg OAis the radius-of acircle w[Fh diameter Q6 strategy hint Draw a diagram
18cm. AT is a tangent to the circle from point T. S wiak e sl e it
AT =12¢m.
Calculate the distance from T to the centre of the circle. State any circle theorems that you use.

1 Copy each diagram and colour the arc that the marked angle stands on.

a /o\ b

2 Work out the size of angle x in this diagram. g

Give reasons for your answer. l

Key point 4

Communication hint
Circle theorem: The angle at the centre of a C Subtended means that
circle is twice the angle at the circumference the arms of the angle
when both are subtended by the same arc. start and finish at the
ends of the arc. So angles
ACB and AOB are both

A B subtended by arc AB.
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Unit 16 Circle theorems

Prove that the angle at the centre of a circle is twice the angle at the
circumference when both are subtended by the same arc.

AO = OC (radil of same circle) Draw the USELCO andl extend
_ s it to point D. Let angle —

e Fponcoowimgey | ACOSH Sl D 2y

Similarly, angle BCO = angle OBC =y

Angle AOD = 2:x (exterior angle equals the sum of the two interior opposite angles)

Similarly, angle BOD = 2y

Angle ACB=x+y

Angle AOB = 2 + 2y = 2(x + 4} = 2(angle ACB)

%n
o

3 Reasoning The diagrams show circles, centre O.
Work out the size of each angle marked with a letter. Give reasons for your answers.

) h ? P TS
4 Reasoning / Communication

c = -

; f Q4 hint AOB is a straight

Pr:\; that the angle in a semicircle / \ T oWt dc i soele

L A A B AOB? Angle ACB is half of
v angle AOB.

A

The angle in a semicircle is a right angle.
So angle ABC = 90°.

5 Reasoning The diagrams show circles, centre O.
Work out the size of each angle marked with a letter. Give reasons for your answers.

Q5d hint The
reflex angle at
point © and

)’ angle g are
subtended by
the same arc

/ \ (AQ). So the

& reflex angle

Q50> AOC must be
twice the size

ofangle g.
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Unit 16 Circle theorems

6

Communication Mario says the size of angle a is 65°.
Andy says the size of angle a is 115°.

/0 Q6 hint Copy the diagram and colour
the arc subtending angle a and the

arc subtending the 230° angle.

Show that Andy is correct.
Discussion What mistake has Mario made?

Find the size of each angle marked with a letter. The centres of the circles are marked O.

@ ©
7> %

Communication Lucy says the size of angle a is 15°.
Sue says the size of angle @ is 60°.

>

Show that Sue is correct.
Discussion What mistake has Lucy made?

B, Cand D are points on the circumference of a circle, centre 0.

Diagram NOT
accurately drawn

A B
AB and AD are tangents (o the circle.
Angle DAB = 50°.
Work out the size of angle BCD.
Give a reason for each stage in your working. (4 marks)
June 2012, Q21, IMAO/IH

Q7a hint Look at the
23° angle and angle j.
Are they subtended by
the same arc?

Exam hint

Each reason given must be a
statement of a mathematical
rule and not just the
calculations you have done.



Unit 16 Circle theorems

Write an expression in terms of x for angle BAC. A

B [9
In each diagram, O is the centre of the circle.
a Workout the size of eachangle b Work out the size of angle d
marked with a letter. in terms of x.

Discussion What do you notice about all the angles at the circumference in the same

segment?

Key point 6
Angles subtended at the circumference by the same arc are equal. Another form of the same
theorem is that angles in the same segment are equal.

Iving / C =
i Q3 strategy hint Copy
a Prove that angle ACB = angle ADB. c D the diagram and draw
b Reflect Why does your answer to 4/ in angle AOB. Angle
part a prove that all angles in the \“ AOB =2 x angle ACB.
same segment are equal? A B

4 Reasoning Ineach diagram, O is the centre of the circle.
a
(7
B\VENY
~— J

Y
B
\%;

Work out the size of each angle

ket it aletter Cire rasons Q2a hint Which angle is subtended by the same arc

as the 42° angle? Look for an angle in a semicircle.

for each step in your working.

‘ ActiveLearn Homework, practice and support: Higher 16.4
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Unit 16 Circle theorems

Acyeclic quadrilateral is a quadrilateral with all four vertices A
on the circumference of a circle. D

5 Reasoning Ineach diagram, O is the centre of the circle.
Work out the sizes of angles @, b and ¢ in each diagram.

a A b \

2 @Y
O ey

Discussion Work out angle @ + angle ¢ for each diagram. What do you notice?

Key point 8

Opposite angles of a cyclic quadrilateral add up to 180°%: b\q
So,x +y=180°and p+ ¢ = 180°. Q"

6 Reasoning ABCD is a cyclic quadrilateral. B

O is the centre of the circle. b

a  What is the obtuse angle AOC in terms of x?

b What is the reflex angle AOC in terms of y?

¢ Copy and complete: A

Obtuse angle AOC + reflex angle AOC = 360° Q
O . [ 4

Factorise your expression from part ¢ and show that
x+y=180°
Discussion How does this prove the theorem about opposite angles in a cyclic
quadrilateral?

a

7 Reasoning In each diagram, O is the centre of the circle.

N S
— e

Work out the size of each angle marked with a letter.

Give reasons for each step in your working.

Discussion What do you notice about the exterior angle of a cyclic quadrilateral and the
opposite interior angle?



Unit 16 Circle theorems

8 Communication Prove thatan exterior angle of a cyclic quadrilateral is equal to the
opposite interior angle.

a Copy the diagram.
b Copy the working and complete the reasons. /

Angle x +angle y = 180° because

Angle x + angle z = 180° because GA
So angle y = angle z.

Exam hint

You need to be able to prove this theorem.

Key point 9
An exterior angle of a cyclic quadrilateral is equal to the opposite interior angle. |

Reasoning Work out the size of each angle marked with a letter. O is the centre of the
circle. Give reasons for each step in your working.

> B :

o l a‘g ( N

4l B
;
s =
1

&%

10 Reasoning Ois the centre of a circle. AT is a tangent to the circle.

Copy the diagram.

Copy the working and complete the reasons.

Angle OAT = 90° because the angle between the tangent

and the .. 90°.

Angle OA -58°=32°, A e

OA = OB because radii .........

Angle OAB = angle OBA because the base angles of .......... triangle are equal.

Angle AOB = 180° - 32° - 32° = 116° because anglesin a . S
ngle ACB = 116° + 2 = 58° because the angle at the ...

C

oo

\D!

...add up to
is twice the ...

3

=

Reasoning Repeat Q10 but this time with angle BAT = 72°.
What is the size of angle ACB?
Discussion What do you notice about angle BAT and angle ACB?

1

~

Reasoning / Communication Prove that angle BAT = angle ACB.

L N\p

‘ Q12 hint Repeat the steps in Q10 but with angle BAT = x.
F

L
A

51
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Unit 16 Circle theorems

Key point 10
AT is a tangent to the circle. AB s a chord.

Angle BAT is the angle between the tangent and the chord in one segment.
The other segment made by the chord AB contains angle ACB. c,
This is called the alternate segment.

The angle between the tangent and the chord is equal to the angle

in the alternate segment. T
So angle BAT = angle ACB. A
13
‘M and N are two points on the circumference of a circle, centre O. Exam hint

4 M B

Q)

Diagram NOT
accurately drawn

The straight line AMB is the tangent to the circle at M.

Angle MON=y.

Prove that angle BMN = 1y. (5 marks)
Nov 2012, 015, SMB2HY! |

Work out the size of each angle marked with a letter.
Which angle is alternate to the angle marked 136°?
Which angle is vertically opposite to the

angle marked 136°7

-
Ao

2 ABisatangent. A

What s the size of angle BAO?

3 Find the equation of the line that is
perpendicular to y = 2x - 3 and passes
through the point (-1, 2).

Draw on the diagram
the acute angle MPN,
where P is a point on
the circumference of
the circle.

Activel.earn Homework, practice and support: Higher 16.5




Unit 16 Circle theorems

Reasoning In each diagram, O is the centre of the circle.
b (4

3>
o ’
X%
& &
m
o @/
e

Work out the size of each angle marked with a letter. Give reasons for each step in your working.

Reasoning In each diagram, AT is a tangent to the circle.

Work out the size of each angle marked with a letter. Give reasons for each step in your working.
Discussion s there more than one way to get the answers?

Reasoning Work out the size of each angle marked with a letter.
Give reasons for each step in your working,

a A c

chr B WA

e} T ‘ S
i '
B
(8]

Reasoning O is the centre of the circle. D
DAT and BT are tangents to the circle. 502 A

Angle CAD = 50° and angle ATB = 48°. ”
Work out the size of c ‘
a angle CAO b angle AOB 48>T
c angle AOC d angle COB \

e angle CBO.

Give reasons for each step in your working.

B, Cand D are points on the circumference F Diagram NOT
of a circle, centre 0. accurately drawn
ABE and ADF are tangents to the circle.
Angle DAB = 40°
Angle CBE =75°
Work out the size of angle ODC.
Exam hint
Remember that reasons are always
words and rot caleulations,

(3 marks)
June 2014, Q21, IMAO/IH
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Unit 16 Circle theorems

Example 4

Find the equation of the tangent to the circle % + y? = 25 at the point A (3, -4).

changeiny _4
changeinx

Gradient of ling AT =2
- Tangent is perpendicular to radius.
Equationof line ATis y =30 + ¢

Gradient of line OA

-4 g
5 Gradient

=4 (§x5)+;\| Line passes through (3, ~4) so substitute x =3 |
5:747% andy=-4iny=mx+c.

__z

=iy
y=3x-%

Equation of ine AT is 4y - 3x = ~25.

9  Problem-solving Find the equation of the tangent to the - -
& 2 e - 3 Q9 hint Draw the diagram
circle a% + y* = 169 at the point B (5, ~12). S o
Reflect Did you follow the steps in Example 47 in Example 4.

If so, how did it help you?

10 Problem-solving Find the equation of the tangent to the
circle % + y = 225 at the point C (9, 12).

11 Problem-solving Find the equation of the tangent to the
circle &7 + y* = 100 at the point D (-8, 6),

1z Problem-solving Find the equation of the tangent to the
circle 4% + ¢ = 289 at the point E (-8, -15).



Unit 16 Circle theorems

16

AC and BD are chords of a circle. They intersect at point E. D
a Prove that triangles AED and BEC are similar.

A,
b AE=3cm, DE = 6cm and BE = 4cm. Show that CE =8cm.
‘ State how you can show two triangles are similar.
I
4 Shapes are similar if corresponding angles are aqual, 8
Corresponding argles: Triangle AED Triangle BEC C
Use the diagram to identify pRE. prd geE
the corresponding angles ADE ard  BCE
in the two triangles.
AED and BEC
Angle DAE = angle CBE (angles at circumference subtendeet P
by the same arc) ———— What reasons can
Angle ADE = angle BCE (angles at circumference subtended you give for each pair
by the same arc) of corresponding
Angle AED = angle BEC (vertically opposite angles) anglesbelnE gl

Al corresponding angles are equal. Therefore, triangles AED and BEC are similar.

b Insimilar shapes, all corresponding sides are in the same ratio.

c s THansls AED T 1o Bl State what you know
orresponding sides: riangle AE riangle BEC™\{ 20t the sides of
Use the diagram to identify AE: and BE aImilor shapes:
which sides in the question DE and CE
are corresponding sides.

C pondi d Triangle AED ~ Triangle BEC ~ Ratios Find the

State the lengths youknow for | AE—Zeom  BE=4cm B o] Z‘r'r”:s;g nding
the corresponding sides. Do not 4 e
write the length for CE, because [ oo o = 6 ’
you want to show that itis 8 cm. - CE
£ " . 3_6
Asall i id th, AP )
5 all pairs of ponding sides are in the e

Therefore, CE = 8cm

-

A, Band Care points on the circumference of a circle with centre O.
ACis the diameter of the circle.

A
AB=4cmand BC=8cm. \

Show that the area of the circle is 20mem?.

Q1 hint What do you know about the
angle in a semicircle? What theorem
can you use to find AC?
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Unit 16 Circle theorems

2 Youcan write two consecutive numbers asn and n + 1.
Prove that if you add the squares of two consecutive
numbers and then add 1, the answer is an even number.
Prove that if you add the squares of three consecutive

o

o

Q2a hint Square nand
n+1.Add them, then add
i show the
ble by 2.

numbers and then add 1, the answer is a multiple of 3.

3r+12_x2-16
3 x-4

w
o

Show that

Q3a hint Look at each side separately. Factorise
the numerator. Then divide by the denominator.

-

Prove that these triangles are similar.

A
D
25 £ 12 r2 - 16
ﬁi
C
g E * F

2?4 4x

4V, W, Xand Y are points on the circumference of a circle.
WXZ and VYZ are straight lines.
Angle WYX = 30° and angle YXZ = 65°.
a  Show that XWY =35°.

Q4a hint Don't forget to give reasons to accompany your working. ‘

b Show that XVY = 35°.
© Given that VXY = 55°, show that VWX is a right angle.

Q3b hint Use your
answer to parta to
show that all pairs
4 of corresponding
sides are in the
same ratio.

z

65°
X

&

5 a Show that this triangle PQR, with an interior angle of 44° and an

exterior angle of 112°, is isosceles.
Q R

b Prove that this triangle XYZ, with an interior angle of 2x and an
exterior angle of x + 90°, is isosceles.

v, z
x +90°



Unit 16 Circle theorems

6  The formula for converting from degrees AT TS
: 3 5 Q6a communication hint Verify means
Eahrenhe\l (F) to degrees Celsius (C) is substitute to show a statement is true.
Ww-32)-C
a  Verify that 40 °F = -40°C
b Prove that the temperature -40° has the same value in both Fahrenheit and Celsius.
Q6b hint If Fand € have the same value, then F = C. Therefore, substitute /= C into the
formula, and then selve to find C.

7 Reflect
Choose A, B or C.
Solving problems by logical reasoning s:
A always easy B sometimes easy, sometimes hard C always hard
Discuss with a classmate or your teacher what you find easy or hard.

Log how you did on your
Student Progression Chart.

Chords, radii and tangents
1 Draw acircle with radius 6cm. Draw and label clearly a chord, a tangent and a segment.

2 Reasoning In the diagrams, O is the centre of the circle.
a b < A
130°
V! > B
AN__—8B s
BB
517

Work out the size of each angle marked with a letter.
Give reasons for each step in your working.

3 Reasoning Ois the centre of a circle with radius 8.5cm.
AB is a chord with length 15cm. Angle OMB = 90°.
Work out the length of OM. m
AM B

Circle theorems

4 Reasoning In the diagrams, O is the centre of each circle.
A, B, Cand D are all points on the circumference of the circles.

Work out the size of each angle marked with a letter.
Give reasons for each step in your working,

Active Learn Homework, practice and support: Higher 16 Check up




Unit 16 Circle theorems

5 Reasoning Work out the size of

a anglea
b angle b. d

Give reasons for each step in your working.

Proofs and equation of tangent to a circle at a given point

6 Problem-solving Find the equation of the tangent to the circle x* + y* = 676
at the point A (10, ~24).

y.

30

20

10
”
it
&

7 Reasoning / Communication Prove that the angle at the centre of a circle is equal
to twice the angle at the circumference when both are subtended by the same arc.

C

)«l

Al B

8 How sure are you of your answers? Were you mostly

Just guessing () Feeling doubtful () Confident ()

What next? Use your results to decide whether to strengthen or extend your learning.
* Challenge
9 Copy this diagram of a circle, with centre O.

Choose a value for x and write in the size of as many A

angles as you can.

Repeat with a different value for x, if you have time. ‘



Unit 16 Circle theorems

16

Chords, radii and tangents
1 Copy the diagram.
Use these words to label it.

‘ chord tangent segment

Q1 hint A chord joins two points on the
circumference. A tangent touches the circle.

N

2 Oisthe centre of a circle. ABC is a straight line. Angle OBC = 160°.

o
. 60°)
e o ‘
a Copy the diagram. Which two lines are equal length? Mark them.
b What type of triangle is OAB?
© Work out the sizes of angle OBA, angle OAB and angle AOB.
3 Drawacircle.
a Label the centre, O.

b Draw in aradius.
Label the point where it

meets the circumference A. A
c Draw a line at 90° to your radius, through point A. Q3d hint At how
d  Draw lines that meet your radius and the many points
circumference at other angles. A does “Fm“‘h ‘hi
Are they tangents? ;‘";“(‘I"r‘( I’;e" (€56
e What is the angle between a tangent and a radius? 2

4 Reasoning Ois the centre of a circle. AT and BT are tangents. AB is a chord. Angle ATB = 34°.

A
w T Q4a hint Tangents to a circle from the
same external point are 7
The angle between a radius and a tangent
B

is LS

a Copy the diagram. Mark on any angles you know and any lines of equal length.
b What type of triangle is ABT?
¢ Work out the sizes of angle ABT, angle OBT and angle OBA.
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5 Reasoning Ois the centre of a circle with radius 6.5cm.
AB s a chord with length 12em. Angle OMB = 90°.

B [ 54 nint Copy the diagram and draw the radius OA. |

A
a  Write down the length of OA.
b What is the length of AM?

© Workout the length of OM. Q5¢ hint Use Pythagoras’ thearem

Circle theorems
1 Qisthe centre of a circle.
P, Q and R are points on the circumference of the circle.
Angle QOR =130°.
a Copy the diagram.
b Colour the arc that subtends angle QOR at the centre.
© What angle at the circumference is subtended by the same arc? o R
d  Work out the size of angle QPR.

AB. Mark the lengths you know on the diagram.

Q5b hint M is the midpoint of AB, so AM = half of ‘

‘ Q1d hint The angle at the centre of a circle is twice the angle at the circumference. |

2 Work out the size of the angle marked with a letter in each of these diagrams.

3 Draw acircle. Mark four points on the circumference and join them to make a cyclic quadrilateral.
Measure all of the angles in your cyclic quadrilateral
Add the opposite angles. What do you notice?

4 P,Q Rand S are points on the
circumference of a circle. 96°
Angle QPS = 96° and angle PQR = 78°. A
a What type of quadrilateral is PQRS? aze s Qéc hint Opposite
b Which angle in the quadrilateral is / angles in a cyclic
opposite angle QPS? quadrilateral add
©  Work out the size of angle QRS. i Upsto s

5 Which of these are cyclic quadrilaterals?

A B B c
QRPN
A
C we Y
o~ &8 v
R
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Reasoning O s the centre of a circle. A
A, B, Cand D are points on the circumference.

Angle BOD =114°.

2 Write down the vertices of the cyclic quadrilateral

b Work out the size of angle BAD. B

¢ What is the size of angle BCD? \ /
B

O is the centre of a circle.

A, Band Care points on the circumference.

Angle BAC = 36°.

Copy the diagram.

Then copy the working and complete the reasons. A

[
ACisa...
Angle AB % (angleina.
Angle AC °(anglesina
addupto.

Draw a circle with diameter of at least 5cm. Mark two points, A and B, on the circumference.
Draw four different triangles with base AB and the third vertex on the circumference.

A B

Measure each of the four angles at the circumference. What do you notice?

For each diagram, write down the pairs of equal angles.
g 2 K 9 hint
'4 Turning the
diagram
A round can

\WQ/ often help.

Qs the centre of a circle. A, B and C are points on the circumference of the circle.
TBD is a tangent to the circle at point B.

Q10 hint Angle between a
tangent and a chord equals the
angle in the alternate segment.

A

N\

—
B D

Angle ABT= 49°. What other angle is also 49°7




Unit 16 Circle theorems

11 Qs the centre of a circle. c
A, B and Care points on the circumference.
TBD is a tangent to the circle at point B.
Angle ABC = 75° and angle ABT = 37°. Al <
Work out the sizes of angle ACB and angle CAB. g

Give reasons for each step in your working.
Py & T B b

Proofs and equation of tangent to a circle at a given point

1 Problem-solving The diagram shows the tangent to the circle &% + y* =25
at the point A (3, 4).

Q1b hint Gradient of perpendicular is

a What is the gradient of the radius? m

b What is the gradient of the tangent AT?

c  Complete for the equation of the tangent: y=["Jx+c. Q1d hint Substitute x =3

d Work out the value of c. and y = 4into your answer
. . " toparte.

e Write the equation of line AT.

2 Reasoning Ois the centre of a circle. AOC s a straight line.

What size is angle AOC?

What arc subtends angle ABC?

Work out the size of angle ABC.

Which circle theorem have you proved?

anoco

3 Problem-solving Use other circle theorems to prove that an exterior angle
of a cyclic quadrilateral is equal to the interior epposite angle.

A £
N

Q3 hint Angles on a straight line add to. B

F—U

C T



Unit 16 Circle theorems

16

1 Reasoning Ois the centre of a circle.
OBC is an equilateral triangle.
Angle ABC = 130°.
Work out the sizes of angle @, angle b and angle ¢.
Give reasons for your answers.

2 Reasoning Ois the centre of a circle with radius 15.4cm. PQ =21.6cm.

o

P
How far is the midpoint of PQ from the centre of the circle?
Give your answer correct to 1d.p.
3 Reasoning Ois the centre of a circle. Angle BAC = 3x and angle ACB = 2x.
B

)

Q Q3 strategy hint Work out angle ABC first.

5

Work out the actual size of each angle in triangle ABC.

4 Exam hint
A, B, Cand D are points on the circumference of a circle, centre O. Start by
_ expressing
Angle AOC =. angle ABC in
D terms of y.

Diagram NOT
accurately drawn

[T o

a8

Find the size of angle ABC in terms of y.

Give a reason for cach stage of your working. (4 marks)
Nov 2013, 022, IMAO/IH

-’
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Unit 16 Circle theorems

5 Reasoning Ois the centre of a circle.
A, B and Care points on the circumference.
Angle BOC = 40° and angle AOB = 70°.
Prove that AC bisects angle OCB.

6 Reasoning O is the centre of a circle.
A, B, C and D are points on the circumference.
Angle ABC = 114°.

A
Work out the size of angle COD. (
Give a reason for each step of your working. B \ ’
/ °
7 Problem-solving O is the centre of a circle.

Cc
A
A, B, Cand D are points on the circumference. \
Angle BAD = 150°. B 5]

Prove that triangle OBD is equilateral.

Reasoning Ois the centre of a circle with radius 25 cm. AB and CD are parallel chords.
AB=14cm and CD = 40cm. MON is a straight line.

I

c D
B Q8 strategy hint First work ou
lengths OM and ON separately.
I\ B
Work out the length of MN.
9 Problem-solving Ois the centre of a circle.
Diameter ACis 40mm. A

:

Angle OMB = 90°, and OM = AM.
Work out the length of chord AB.
Give your answer correct to a suitable degree (o
of accuracy.

10 Probl lving / Cq icati (D is parallel to BT. BT is a tangent to the circle.

T
B A

Prove that triangle ACD is isosceles.
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Unit 16 Circle theorems

AB and BC are tangents to a circle, centre O.

Q11 hint Prove that triangles
ABO and OBC are congruer

Prove that AB =BC.

Problem-solving Ois the centre of a circle.
P, Qand S are points on the circumference.
RST is a tangent touching the circle at point S.
Angle RSP = 62°. Reflex angle QOS = 220°.

Q

)

%

S

Ed

Work out the size of angle PQO.
Give a reason for each step of your working

1vi c

iyt Q13 strategy hint Draw a diagram.
Prove that the line drawn from the centre of a You can use SS5 to prove two
circle to the midpoint of a chord is perpendicular triangles are congruent.

to the chord.

Exam hint

Start by drawing triangles
ABD and DBA separately,
marking on the diagrams.
which sides and angles are
equal. You must give a reason
at each stage of your proof
and a reason for congruence.

AOC and BOD are diameters of a circle, centre O.

Diagram NOT

$ accurately drawn

]

Prove that triangle 4BD and triangle DCA
are congruent. (3 marks)
Nov 2013, Q28, 1MAO/2H
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Unit 16 Circle theorems

@ The angle between a tangent and the radius is 90°.

©

tangent Mastery lesson 16.2

© Tangents drawn to a circle from a point outside the circle are equal
in length.
So AB =AC.

B - . Mastery lesson 16.2

@

You must learn all the circle theorems.
You could be asked to prove any of the facts below.

@ Achord is a straight line connecting two points on a circle.
The perpendicular from the centre of a circle to a chord bisects the
chord and the line drawn from the centre of a circle to the midpoint
of a chord is at right angles to the chord.

Mastery lesson 16.1

°

The angle at the centre of a circle is twice the angle at the
circumference when both are subtended by the same arc.

>,
Q
@

... Mastery lesson 16.3

°

The angle in a semicircle is a right angle.
So angle ABC = 90°.

Mastery lesson 16.3

®

Angles subtended at the circumference by the same arc are equal;

orangles in the same segment are equal. ..... Mastery lesson 16.4




Unit 16 Circle theorems

© A cyclic quadrilateral is a quadrilateral with all four vertices on the
circumference of a circle.

A

@
Gl

cieeees Mastery lesson 16.4

& Opposite angles of a cyclic quadrilateral add up to 180°:

So, ¥ +y=180°and p+ ¢ = 180°.

’D

\q Mastery lesson 16.4
@ An exterior angle of a cyclic quadrilateral is equal to the opposite

interior angle. ........ Mastery lesson 16.4
© ATis atangent to the circle. AB is a chord.

Angle BAT is the angle between the tangent and the chord in one segment.
The other segment made by the chord AB contains angle ACB.
This is called the alternate segment.

c B

A

The angle between the tangent and the chord is equal to the angle
in the alternate SEEMENL. vviuviessnisrresressreassosssrassessossssscess  Mastery lesson 16.4

Look back at this unit.

Which lesson did you like most? Write a sentence to explain why.
Which lesson did you like least? Write a sentence to explain why.

Begin your sentence with: | liked lesson ____ most/least because ____

Log how you did on your
Student Progression Chart.

Work out the size of angle AOB. Give reasons for each step in your working. (4 marks)

Active Learn Homework, practice and support: Higher 16 Unit test
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Unit 16 Circle theorems

2

Reasoning Ois the centre of a circle.
AT is a tangent and AB is a chord.
Angle AOB = 124°.

A

Work out the size of angle BAT.
Give reasons for each step in your working.

Qs the centre of a circle with radius 8cm.
ABis a chord with length 10cm.

M is the midpoint of AB.

2 Write down the size of angle OMB.

b Work out the length of OM (to 1 d.p)

AR W78
Reasoning O s the centre of a circle

A, B, Cand D are points on the circumference of the circle.
Angle BCD = 110°.

o

Cc

Work out the size of angle BOD.
Give reasons for each step in your working.

Reasoning O is the centre of a circle.

A, B, Cand D are points on the circumference
of the circle.

Angle ADB = 19°.

Work out the size of

a angle ABD

b angle ACB.

Give reasons for each step in your working.

Reasoning O is the centre of a circle.
ACis a diameter.
Work out the actual size of angle BAC.

(4 marks)

(2 marks)

(3 marks)

(4 marks)

(3 marks)
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Unit 16 Circle theorems

A and B are points on the circumference of a circle, centre O.
AC and BC are tangents to the circle.
Angle ACB = 36°.
B Diagram NOT
accurately drawn

Find the size of angle OBA.
Give reasons for your answer. (4 marks)
June 2013, Q13, SMB2H/01

A

Reasoning O is the centre of a circle. i

A, Band Care points on the circumference

of the circle. A N

DCT is a tangent to the circle at w

point C.

Angle BAC = 53° and angle ACB = 62°.

Work out the size of angle ACT. D
Give reasons for each step in your working.

C ication / lving Prove that triangle PQR is isosceles.

Problem-solving A circle has equation x? + % = 25.
P is the point (-4, 3) on its circumference.

Find the equation of the tangent to the circle at P.

(3 marks)

(3 marks)

(5 marks)

529




Unit 16 Circle theorems

Sample student answers
Which student gave the best answer and why?

Diagram NOT
accurately drawn

T

A and B are points on the circumference of a circle, centre O.

ATis a tangent to the circle.

Angle T4B = 58°.

Angle BTA = 41°,

Caleulate the size of angle OBT.

You must give reasons at each stage of your working. (5 marks)
Nov 2013, Q14, SMB2H/01

Student A

Angle TAQ = 90" (angle between tangent and radius = 90%)

Angle OAB = angle OBA = 52° (base angles of isosceles triangle are equal)
Angle ABT = 81° (angles in a triangle add up to 180°)

Angle OBT =32°+81°="113°"

Student B

Angle OAB=32° because 90° - 58°=32°

Angle ABT=81°  because 1860°-58°- 41°=81°
Angle OBT = 113° because 81°+32°=113°



Master i  Problem-solve i Check } Strengthen

i Extend | Test
p53z2 @ : H p.550

By finding a counter-example, you can disprove statements
such as ‘All families in the UK spend less than an hour a day
together’.

Which person provides a counter-example to each statement?
‘All people wear a hat.

‘None of the people wear glasses.

Give a counter-example to show that this statement is false.
‘All square numbers are even.

17

: 9 Solve these equations by factorising.

Numerical fluency
1 Find the LCM of 21 and 28.

: a a2+110430=0
: b a?-12a+11=0

2 Workout
N ETC I T ¢ 222+9x+7=0
n3 R 510 5710 .
T — " : 10 Solvea? +5x +2 =0 by using the
2 S'mfﬂy SIS = : quadratic formula.

LI b V8o B Leave your answer in surd form.
Algebraic fluency 11 Solve x*+8x + 10 = 0 by completing the
4 Expand and simplify. square.

a 7(2-5%) b (x+4)@x-3) $ Leave your answer in surd form.

1y :

£ et : % Challenge

5 Solve lhiie equations. 112 a Write down any five consecutive
B Dos b wpoamapan integers.
B b Work out their sum.

ENldss)stial) ¢ Repeat parts a and b for four more
6 Make x the subject of each formula. 2 sets of consecutive integers.

a y=4r+7 b W=h+3hx : What do you notice?

(6x+1) i d Predict the missing number in this

e dl P i sentence.

7 Simplify : The sum of five consecutive numbers is

2 gy b by xTy & multiple of .

[l d 10y +25y% : e Usealgebra to show why this

. happens.
8  Factorise B
a x2+6x+5 b a?-7x-30 H Qi2e hint Let the numbers be
c 2-51+6 d a?2-36 : L




Warm up

Unit 17 More algebra

1 Ineach formula change the subject to the letter given in brackets.
a veu+at (@) b C=2nr () ¢ A=lbh ()
d A=w2 () e x={t O f r=3s

2 Factorise
a xy+2y b pg-q ¢ ak-4k
Questions in this unit are targeted at the steps indicated. ‘
§ gakf’;’u';‘e subjectof the formula [ 3 hint First muttiply both sides by 2. |
=

4 zare:_tr;/e subject of the formula Q4 hint First square both sides.

Make x the subject of the formula P = dg

L; - ‘E Divide both sides by d.

P P2

w

Make x the subject of each formula.

Q5d hint First divide both sides by 3. ‘

d L=3(1+xp Then square root both sides.

Q6a hint First make r* the subject. Finally

letter given in brackets.
take the cube root to give r as the subject.

a Veipr @ b Veir' @

@ Q6¢ hint First cube both sides.

6 In each formula change the subject to the |

¢ y=\5t (@

Activel.earn Homework, practice and support: Higher 17.1




Unit 17 More algebra

Key point 1

When the letter to be made the subject appears twice in the formula you will need to factorise.

Example 2

Make w the subject of the formula A = wh + ih + lw

w appears twice in this formula.
A=th=wh+lw — 1 subtract th from both sides to get the terms
in w together on one side of the equals sign.

A=Th=w(h+1) —| Factorise the right-hand side, so w appears only once.
—Ih
h+!

Divide both

es by (2 +1).

7 Make y the subject of the formula & = 3y + xy
8 Make d the subject of the formula H = ad - ac - bd
9 Reasoning 51y +2=w+3xy
a Make y the subject.
b Make x the subject.
Discussion What do you notice about your answers?
10 Reasoning H=xy+25+7
Zoe rearranges the formula to make x the subject.
(H xy)

Her answer is x = A
a  Explain why this cannot be the correct answer.
b What mistake has Zoe made?
c  Work out the correct answer.

1+7x

11 Make  the subject of the formula V'=="2= Q11 hint First multiply both sides by x.
Exam hint

- " first multiply both sides
Make k the subject of the formula ¢ = Ty (4marks) by (k— 2).

Then expand the bracket
on the left-hand side.

June 2011, Q23, 1380/3H

ActiveLearn Homework, practice and support: Higher 17.2
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‘Warm up

Unit 17 More algebra

1 Work out
5 4
a ﬁ + ﬁ b € 5=5
2 Work out
5 6.5
a ixf b 7+3 ¢
3 Write as a single fraction in its simplest form. The first one has been started for you.
Lor x_xxx_
273 2x3°
3,
p 22,39 ¢ Hg3 Q3b hint First cancel any common factors.
57 oy "By

4 Write as a single fraction in its simplest form. The first one has been started for you.
Gy 3y PAxEx3y
Y e ek

3 25y 12y? 5
p, 14x2 o2l % Ay Ut

1092 21x° Tx 16yt

& e 3
5 Write as a single fraction in its simplest form. Q5a hint Dividing by & is

4.3 S T equivalent to multiplying by £.
a 2.2 b XYy =

20 8yl -1

3 150 10

Simplify§+§

LCMof5and 3is 15 Find the LCM of the denominators.

x5 x5
x_3x x_b5x Write both fractions with the same denominator.
5 15 b I
~ .
x5 x5

a E +X b o b x
102 7%
7 Write down the LCM of
TE W e
¢ 4xand7x d 4xand3x o

8 a Wrte l and ;_x as equivalent fractions with denominator the LCM of 4x and 3x.

1
b S\mphny *ag
9 Write as a single fraction in its simplest form.
1 5
ox "2 4x 5x 6x ' ox

o

Copy and complete.

x+7_[Ja+7 _ DI+D
5 2x5
T4 x+7

2 5

10 a Copyand complete.

c  Use your answers to parts a and b to work out



Unit 17 More algebra

11 Write as a single fraction in its simplest form.

242 241 p EE5 =3 o AT 2pey
2 3 2 7 4 9
Q12 strategy hint Start by
Write as a single fraction in its simplest form rewriting each fraction so
el ey that the denominator of
e (3 marks) each s the same.
13 Make a the subject of the formula % +

b
Theworking hasiheen started for you: Q13 hint Write the right-hand side as a single

fraction using the common denominator of
1and b: b. Then find the reciprocal to find a.

14 STEM Scientists use the lens formula to solve problems involving light.

L+1 where = focal length, = object distance and v = image distance.

Make u the subject of the formula.

The lens formula is

1 Simplify
x 5x3 10x*
LI b = €
2 Fully factorise
a 2?-9x+18 b a?-81 c 5x?+2lx+4
3 Simplity V6 03 hint You can simplify an algebraic fraction in
a X [ the same way as simplifying a normal fraction.
xy 3(x+6) £
Cancel any common factors in the numerator
x-7 g Era-1) and denominator.
(-1 (x-1)(x-5)
o -3y § -y Q3e hint You can only cancel whole brackets.
2 +9) 2(x-1)?

You may need to factorise before simplifying an algebraic fraction:
(1) Factorise the numerator and denominator.
(2) Divide the numerator and denominator by any common factors.

Active Learn Homework, practice and support: Higher 17.3
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Unit 17 More algebra

4 a Factorise x% - 6x
b Use your answer to part a to simplify

- Q4b hint Replace the numerator
= with your factorisation from part a.

x
5 Simplify fully Cancel common factors.
x2+8x p lex?+ 5y
3 4x+5
10x -25 = -
C 4x2 - 10% Q5c hint Factorise the numerator and denominator.

x2+2x

2242

Sally says, “(x + 2) is a factor of the numerator and the denominator.
a s Sally correct? Explain.

b Can the fraction be simplified? Explain your answer.

6 Reasoning Simplify

7 Simplify fully

s
2e+3) ot o8 Q7a hint Do not expand the numerator.

Ti8r+15 5(x+2)

— 12450 +4
Simplify fully —————-
MR VY 22 3x 28
245xe4 (@ NE+4) ’_/—I Factorise the numerator and denominator. |
X -3x-28 (@-7)(K+4)
_x+1 Divide the numerator and denominator
x-7 by the common factor (x + 4).
8 Simplify fully Q8¢ hint Factorise (x? - 25)
x2+8x+15 22-11x+30 x2-25 using the difference of two
x2+2x-15 x2rx-42 (x+5) squares.

¢ Exam hint
Simplify fully First factorise the numerator
and denominator.

= zl redy (3 marks) Use the fact that
E v 22—t =(a+ Ba—b)
10 Simplify fully
2x2-x-3 Sx?+ldx-3 2502 -1
3x2+x-2 6x?+23r+15 2502 +10x+ 1
1 T combi

s | mark is awarded for correctly
S","P]‘fy fully factorising the numerator;
% (3 marks) L mark for Factorf\‘ng th:F
June 2012, Q23a, IMAO/IH ehrminaton and Liwalk for
), the correct final answer

1z a Copyand complete.

6-»=-C1-]
b Simplify
i 6-2) i (36-x3)
x-6) (c2-3x-18)



Unit 17 More algebra

13 Simplify fully
5 16 - x? b x2-12x+36 & 612 - 10x
x2-bx 2%~ T2 6x2-19x + 15
5 g 2 = 2
14 © Showthat(x +x - 12)(x2 + 2 - 3) (10 +1Lr]=_zj
(0-x9) (5x?+ 262 + 24)(1x - 7) 7

Q14 hint Start with the numerator and then the denominator. Use factorising and simplifying
to work towards. _27::

1 Write as a single fraction.

32, %Y 2 ¢ T E2
y: bx 215 412
2 Write as a single fraction in its simplest form.
A =X &1 ¢
35 3x 8&x
3 Write as a single fraction in its simplest form.

2 z+2 x-1 g
2wy P aitwes ¢ TE mem
Gy 15 o 2X6 3, o AR e

x+2 Bx+16 x+7 x-1 x-2 %

You may need to factorise the numerator and/or denominator before you multiply or divide
algebraic fractions.

4 a Factorise ¥ -9
b Factorise ¥? +5x + 6

¢ write™ 2

8 7 ot
3 NpasaieTe single fraction in its simplest form.

5 Write as a single fraction in its simplest form.

xz—7z+10x x5 i lax+21 2-10x +21
x?2+4x+3  22-2-20 2x2+7x+6 x2+9x+14
6  Write down the LCM of
a xandx+2 b x+2andr+3 ¢ x+bandx+5

d x+landx-1 e 2x-3and2r-4

n m m -

Active Learn Homework, practice and support: Higher 17.4 ‘ 537




Unit 17 More algebra

" 7
Write —— -
x+2 x+3

Common denominator = (x + 2)(x + 3) Find a common denominator.

as a single fraction in its simplest form.

7(x +3) 3(x+2)
@+2)@+3) @+2)E+3)
7@ +3)- 3@ +2)
T
7x+21-32-6

4%+ 15 Expand the brackets in the
@+ 2w+ 3) m numerator, then simplify.

Convert each fraction to an
equivalent fraction with the
common denominator (x +2) (x + 3).

7 Simplify fully
1 3, 4
2 weatues B eT et
71 1 1
€ %5 13 Y m3 @

R oo Exam hint
Take care when multiplying
out a bracket which has a

Write as a single fraction in its simplest form
2 (3 marks) negative sign in front of it

x—4 x+3
Nov 2011, Q23c, 1380/4H

9 a Factorise Q9b hint Look at the

i 3x+9 factorised fcrm .cf

i dre12 [e;;h ex)pressnun.

+
b White down the LCM of 37+ 9 and .+ 12 R
i ion in its si LCM = ab(x + i)
c  Write =—— 3“ 5+ u e single fraction in its simplest form. (2 + Y
10 a Factorise x? - 16
1 _1 F g i e

Write —— T e as a single fraction in its simplest form.

11 Write as a single fraction in its simplest form.
1 1 b 1 1 Q11b hint
33248145 3x+5 Peix+6 12 Factorise
1 3 4 3 (22 +7x +6)
prr— d ——-— and (2x +12).
zhsna'xhzx_zs B-x7 5-% (B
S 1 . &
12 Write o - —as a single fraction i
5x S@- 1) 0 gl Q12 hint Work out the lowest common

. denominator of 5z, 5(x - 1) and 10.
in its simplest form.

13 Communication Show that
_ 1 1 _  x+8
A2+55+6 5x+10 A@x+3)(+2)

and find the value of A.



Unit 17 More algebra

Work out
a 5x5 b 7/3-43 ¢ 32+5/72

Copy and complete.

e
a Erx\r[l Q2a hint Use Vit x V7 = Vi
b ((I=v5x/6

. /E 5
0~ 77
Find the value of the integer k.

a vso-\Oxv2-k2 b Vig-kZ ¢ VAE-R/3

Rationalise the denominators. Simplify your answers if possible.
1 8

3
= b =2 € =5
V10 V15 V32

Simplify

a i V45 i v20

b Use your answers to part a to simplify 3V45 + 7/20

Simplify

a 2/75-3J27

6a hint First simplify h surd.
b 30,332 P
c 5/18-V128+4/8
Factorise these expressions. The first one has been started for you.

a vizs2=alds2-20+[)

b 9+54 c 18-V45 d V75-v50

Expand and simplify

a V5l +vs5) b 67+16+VT) Q8d hint (2-v2): = (2 - V2 )2 - v2)
c 6-v2la+v2) d @-/2)2 Your answer should be in the

e (4-V10)2 £ o7+43) form a - by2.

Exam hint
Make sure your answer is

Expand (5 — /5)% Write your answer in the form e

a+byc, where @, b and ¢ are integers. (2 marks)

Active Learn Homework, practice and support: Higher 17.5 539




Unit 17 More algebra

10 a Workout the area of each shape.
Write your answers in the form a + bJ/2.

i 1+v2 B 3 + V8
= O IR

5-v2 T g
| I 0, O

b Reasoning Would the perimeter of each shape be rational or irrational? Explain.

11 Rationalise the denominators. The first one has been started for you.
BXV-? Vz 3><»Z+»,ZX»/?
vz oz V2 xv2

Exam hint
Make sure you multiply both

Given that

- /ﬁ parts of the expression in
= a+ b2, where @ and b are integers, the numerator by /2.

find lhe value of @ and the value of b. (3 marks)

June 2011, Q22b, 1380/3H

13 Reasoning
a  Expand and simplify (3+/5)(3 - /5

b Isyour answer rational or irrational?
© How can you tell if your answer will be rational or irrational?
d Which of these will have rational answers when expanded?

i rev2ie-v2) i WevZNTev2) il Tev2)7-v2)

Check by expanding the brackets.

o ) 1 Q13e hint Multiply the n
e Rationalise the denominator ofm and denominator by [
Key point 4

To rationalise the fraction —b multiply by 717
ay

ax\b
Vb

To rationalise the fraction multlply by

14 Rationalise the denominators. Give your answers in the form @ /b or @ + b/ where
a, band ¢ are rational.

1 7
Sz G 4-5 Q14a hint Multiply
— the numerator and
a5 & § 622 denominator by (1-+2).
1+76 8-/2

15 a Solve #%- 6x + 1 =0 by using the quadratic formula.

Solve the equation x2 + 10x + 13 = 0 by completing the square.
Solve the equation x? - 16x + 8= 0.

Write all your answers in surd form.

=

n



Unit 17 More algebra

1 Simplify 5 7
a (;r-ﬁ])(x-Z)xﬁ b (x+6](x+4)xm
2 Write as a single fraction in its simplest form.
. 6.1 p L-3 ¢ B .. 2
xr x 2x 2% x-6 x-6

3 Solve by factorising.
a x*+6x+8=0 b 2x*-13x+11=0 ¢ 5cf-25x+20=0

Solve 3a2 + 8x - 17 = 0 by using the quadratic formula.

Give your answers correct to 2 decimal places.
Q5a hint
5 Solve these equations. Give your answer as a simplified fraction. First simplify.
4.2 6 2 3 & the LHS of
Z4Ealk b i 8
itz x-1 z=-1 4 THE B the equation.
6  Solve these quadratic equations.
o A 3x-1 p 2x+l 2 Q6a hint First multiply both sides by the
A 3 % LCM (52) and simplify. Then multiply out
o o5e-3 7 4 10_2x+3 the bracket and solve by factorising.
2 x x 2
Example 6
3 4 _
Sclvebc_1 b e
3(x+2) 4(2x-1) > Rewrite the LHS using the common

Cr-Tw+2) @rDEz-1) denominator (2x — 1) (x + 2).

2)+4(2x-1
@x-)x+2) A
A I Expand the brackets in the
SxneHBE-A  AEED numerator and simplify.
(2x-1)(x+2) (2%- 1) +2)
11x+2=2(2x=1)x+2) —' Multiply both sides by (2x - 1) (x + 2). I
1My +2=4x*+63-4 Multiply out the brackets and
simplify the right-hand side.
4x%-5%-6=0
\' Rearrange into the form ax? + bx + ¢ = 0. I
(4% +3)(x-2)=0,s0either 4% + 5=0orx-2=0
The solutions are x = -2 and x = 2. Solveibfactodsing

Active Learn Homework, practice and support: Higher 17.6
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7 Copyand complete Sioned’s working to solve

B(r+1)(20-2) 2+ 1)@2x-5)

x+1 2x-3

B(2x -3) + 2(x+ 1) = (¥ + 1)(2% - 3)

6x-9+2x+2= —{

1@+ 1)(2x - 3)

3
x+1

Multiply all the terms by the
«common denominator
(x+1)(2x - 3) and simplify.

Rearrange into the form ax? + bx + €= 0.
Solve by factorisation.

Reflect Sioned has used a different method to the example.

Which method do you prefer? Why?
8 Communication

a Show that the equation

b Solvex2-10x+9=0

2x

4
x+

1

=1 can be rearranged to give x2 - 10x +9=0

Discussion How can you check your solution is correct?

9 Solve these quadratic equations.
1 1
b
5 N 3
x+2 x-2

b

1

IS

a1t
3 2
x+1 x+3
43 _
X 2x+3

Solve these quadratic equations.

a

b

Find the exact solutions of x +3 = 12

Give your answers correct to 2 decimal places.

Q10 communication hint ‘Give your answers
correct to 2 decimal places’ shows that you
will need to use the quadratic formula.

Exam hint

*Find the exact solutions’
means that you should not
use a calculator

(3 marks)

You should give your answers
using simplified surds.
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1 Write each expression using function machines.

a 2a+5 b 3-6 ¢ 3@+D
2 Find the value of x when
a 5x-3=4 b 7x-8=8
3 a H=d4xandx =3t Write H interms of . Q3a hint Substitute x = 3¢into H = 4x.

b P=% andx = ;y. Write P in terms of .

¢ y=a*andx=h+3. Write y in terms of /.

Afunction s a rule for working out values of y for given values of x.
For example, i = 3x and y = x? are functions. The notation f(x) is read as ‘f of ”. f is the function.
f(x) = 32 means the function of x is 3x.

240

4 fx) =22 work out
c f® d f(-20)

5 Reasoning h(x) = 522 Alice says that h(2) = 100.
a Explain what Alice did wrong. b Workout h(2).

6 g(x)=2x% Work out
= g0) b g1 [ 8 hint Use the prioriy of operations. |
< 86 d g5

7 flx)=x+ 2% gx) = 3% Work out -

Q7e hint First work out.
9 f(g)* gm b e~y € HoyE £(10) and then multiply
%(_3] e 2g010) fo3f-1-g0) the answer by 2.

8  g(x)=5x-3.Work out the value of @ when Q8ahintgla)=5a-3=12

a gl@=-12 b g@=0 ¢ gla)=-1 Solve for a.

9 f(a)=a®- 8. Work out the values of @ when
a fla)=17 b fla)=-4 Q9¢ hint Write your answer
¢ f@=0 d fa)=12 as a surd in its simplest form.

Active Learn Homework, practice and support: Higher 17.7
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10 f(x) =x{x +3), g(x) = (¥ - (¥ + 5). Work out the values of a when

a fla)=0 b gl@=0
c fla)y=-2 d gla)=-8
11 f(x) = 5x - 4. Write out in full
a f(x)+5 b f(x)-9
c 2f(x) d @)
e f2x) f flax)
12 h(x) = 322 4. Write out in full
a h@+7 b 2h(x) ¢

‘ Q10a hint (@) = a{a + 3) = 0. Solve for a. ‘

‘ Q11a hint f(x) +5=5¢—4+5=

Q11c hint 2(x) = 252 - 4) =

Q11e hint Replace x by 2x.

h(2x) d h(-x)

Discussion What do you notice about your answer to part d? Explain why this happens.

Key point 6

answer into f(x).

fg is a composite function. To work out fg(x), first work out g(x) and then substitute your

13 Reasoning f(r) = 6 - 2x, g(x) = ¥? + 7. Work out

Q13a hint First work out f(2) and

a gf@ b gf(7) then substitute your answer into g(x).
c fgl) d fg(5)
14 Reasonming f(¥) = 42 - 3, g(x) = 10-x, h(x) = 42 + 7. Work out.
a %:(x) : ’:gf(x) Q14a hint gf(x) means substitute f(x) for x in g(x).
¢ fh) (&2} gf(x) = g(4x —3) = 10— (4 - 3) =
e gh(x) f hg@
Key point 7

The inverse function reverses the effect of the original function.

The inverse function of & — 5 - 15X — %

Commui ion hint x - 5x

n
another way of showing f(x) = 5~ 1

—5x—1
\| Viite the function as a function machine. |

Reverse the function machine
to find the inverse function.
Start with x as the input.

15 Find the inverse of each function.
a x—24x+9

X
b xs%-4
3

Q15 hint You can check your answer by
substituting e.g. & = 2 into the original
function and then the answer into the inverse.

€ x-2+6)
d x-T-4-1

Q15d hint Simplify the function first.
x - 7(x—-4)-1is the same as x - Tx - 29

16 Reasoning f(x) = 4(x— 1), g(x) = 4(x + 1)
a Find f(x). b Find g-(x).
d Iff'(a) +g(a) = 1 work out the value of a.

Work out f~(x) + g (x).
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1 Which sequences contain
i only even numbers i only odd numbers iii even and odd numbers?
a n+2 b 2n c 5n d 2n-1 e n?

2 Expand and simplify.
a x(x-1) b (x+3)?
3 Are these equations or identities?
a 2m+3)=2n+6 b 51-7=8 c in+10)=2n+5 d 2Bn-5=4

a

232z + 1)

Key point 9

To show a statement is an identity, expand and simplify the expressions on one or both sides of
the equals sign, until the two expressions are the same.

Example 8
Show that (¥ +4)2-7 =22+ 8x +9

LHS = (X +4)2 -7 = (X +A)x +4) -7 =22+ 82+ 16-7 Expand the brackets on the
X e x4+ left-hand side (LHS).

RHS =22+ 82+9

SoLHS =RHS and (X + 4)2 - 7 =22 + 8%+ 9 Aim to show that LHS = RHS.

4 Communication Show that a :
a (x-3)2+6x 2,9 Q4b hint Start with the RHS.

2 - 2
b+ 2’; +4g=(x *37) f’,‘ Qéc hint First expand and simplify
c (x-52- (e -3)-7) the LHS. Then factorise.

d 16-(x+22=(6+12=-1%)

Reflect For part ¢ can you think of a different method than the one given in the hint?

5 Communication / Reasoning a Showthat (x -1)(x+1) =x2-1
b Use your rule to work out

i 99x101 ii 199 x201
x+5

6 Reasoning The blue card is a rectangle of lengthx + 5
and width x + 2.

a  Write an expression for the area of the blue card. l:lﬁ x+
A rectangle of length x + 1 and width x is cut out
and removed.

b Write an expression for the area of the rectangle cut out.
c  Show that the area of the remaining card is 6x + 10.

x+1

N

| Q6¢ hint Subtract your expression from part b from your expression from part a. |

‘ Active Learn Homework, practice and support: Higher 17.8
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L4 Exam hint
The diagram shows a large rectangle of length (3% + 4)em and width xem. mf::i‘; ;:fu‘
A smaller rectangle of length x¢m and width 5em is cut out and removed. teei e
The area of the shape that is left is 70cm?. [rmencal
Show that 332 = x =70 = 0. (3 marks) stage of your

Hrodad working,.
x
5
x

8  Give a counter-example to prove that these statements are not true.
a All prime numbers are odd.
b The cube of a number is always greater than its square.
¢ The difference between two numbers is always less than their sum.
d The difference between two square numbers is always odd.

Key point 10
Aproof is a logical argument for a mathematical statement. To prove a statement is true, you
must show that it will be true in all cases.

To prove a statement is not true you can find a counter-example - an example that does not
fit the statement.

9 a Communication/ Reasoning Prove that

the sum of any odd number and any even KO0 M L8 2 be o) cin kot

Let 27 + 1 be any odd number.

number s always odd.
Reasoning Explain why any odd number can be
writtenas2n+1or2n-1.

o

10 Communication / Reasoning
a The nth even number is 2n. Explain why the next even number is 212 + 2.
b Prove that the product of two consecutive even numbers is a multiple of 4.

11 Communication / Reasoning Prove that the product of any two odd numbers is odd.

12 Communication / Reasoning Given that 2(x - a) = x + 5, where a is an integer,
show that x must be an odd number.

13 Communication / Reasoning

a Workout
joabedl i deds faded
56 3 4 78
b Use your answers to part a to write down the answer to é ’%‘
& " i 1 1
¢ Reasoning Explain how you can quickly calculate 95" 106"

1
r+1
ii Reasoning Explain how this proves your answer from part ¢.

a

i Simplify £~
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Unit 17 More algebra
Comlmmicalion / Reasoning

1 A
Show that x T+ 3n x@- D@3 and find the value of A.

teadl & el
Con_umuucatmn / Reasoning Prove that n¢ +nisa Q15 hint Factorise first,
multiple of 2 for all values of n.

Communication

a Write an expression for the product of three consecutive =
integers,n-1,nandn + 1. Q16b hint Consider when 2
b Hence show that * - 1 is @ multiple of 2. Sl W it

ST | o1 strategy hintstart

Prove algebraically that the difference between the squares of by using algebra to write
any two consecutive integers is equal to the sum of these two down expressions for the
integers. (4 marks) squares of two numbers

that are consecutive.

February 2013, 021, IMA(}/IHJ
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Problem-solving: Surface gravity

Objectives - Beable to rearrange equations that involve powers.
+ Beable to use standard form in calculations.

Big objects, like planets, create gravity that pull objects towards them. This is strongest on the
surface of the planet.
To find the surface gravity of a planet we can use the formula:

where M = mass of the planet (kg),
r =radius of planet (m),
G = gravitational constant

The formula uses a gravitational constant. This is a number that was calculated many years after
the formula was constructed. G = 6.67 x 10°#

1 Earth's surface gravity is approximately 9.81m/s2 The mass of Earth is 597 x 102 kg.
Find the radius of the Earth in kilometres (to 3 significant figures).

t Rearrange the equation to make r the subject.

~

To find the volume of a planet we can assume that it is spherical and use the formula V'
The volume of Mars is 1.63 x 102 m*.
a  Find the radius of Mars (to 3 significant figures).

Rearrange the equation for the volume of the sphere to make r the subject.
Given that the mass of Mars is 6.42 x 10 kg, calculate the gravity on the surface of Mars.
3 Thedensity of Saturn is 687 kg/m”. Its mass is 5.68 x 102°kg. Calculate the gravity at the surface.
I t Remember that Density = mass + volume l
4 Imagine that the Earth starts growing. Assuming that the Earth’s density remained constant,
what radius would it need to grow to in order to have the same surface gravity as on Saturn?

t Start by combining the equation for the volume of a sphere, the equation for gravity
and the equation for density. Remember that as the radius increases so will the mass.
Your equation will only involve values that will remain constant (G, D, g and r)




Unit 17 More algebra

Log how you did on your
Student Progression Chart.

Surds

1 Simplify
a V200 +2/50 b (4-vT)2
2 Rationalise the denominators.
3-v2 g 3
V5 2-
Formulae and functions
3 Find f-(x) for each function.

pel

a f(x):Lf b flw)=3x+4
4 fla)=9-2x,g(x) = 42 + 4x. Work out o6
a f(2)+gB) b f(2)-g@B) c f(3) xg(4) ﬁ
5 Make y the subject of the formula z:i ; i
6  Make y the subject of 5xy + 3x =9 - 2y
7 Make k the subject of the formula 7'= Zpﬁ
8 flx)=4x*-7
a Workoutf(3). b Find the value of @ where f(a) = 0.
Algebraic fractions
9 Simplify fully
x2-4 a2+ 4x-32
3x+6 22491 +8
10 Write as a single fraction in its simplest form.
5_1 3 1 4 2
T P ¥t E5 ¢ Poazee x-1
11 Write as a single fraction in its simplest form.
1623 14y* L A249%-10 4v-4
210 12 x25x+h  3x+12
@ 2 1
1z Solve the equation T 1

Proof
13 Communication Show that 23 - (x + 1)2= (6 + 2)(4 - x)

14 Communication / Reasoning Prove that this statement is not true:
The sum of two cubed numbers is always odd.

15 How sure are you of your answers? Were you mostly
Just guessing (3) Feeling doubtful (2) Confident ()
What next? Use your results to decide whether ta strengthen or extend your learning.
* Challenge
16 Prove that Q16 hint Let 2 be

a the sum of two consecutive odd numbers is a multiple of 4 any even number
b the sum of three consecutive even numbers is a multiple of 6 Zrd“; i"r;;el:e 20
¢ the sum of four consecutive odd numbers is a multiple of 8. umber

Active Learn Homework, practice and support: Higher 17 Check up 549




Unit 17 More algebra

Surds

1 Copyand complete.
Ix3=[] Q1d hint /5 x6=6x5 = 6/5
VT x vﬁ =7 Always write the whole number

22 xv2=] before the surd.

V516 -5) = /5 x 6 - /5 x /5 =645 - prm——
180+ /45 ! = ‘Qleh»nlm=\/_9x4x53ndfz§=‘/l:‘)‘i:|‘

nanoc

~
o

ationalise the denominators. Q2a hint V3 <3 =3
A2 _12 43 @z s To get rid of V3 in the denominator,
. 3
multiply the fraction by *=.
ply Vﬁ

Q2b hint Multiply both parts of the
expression in the numerator by /1.

the * means get rid of any surds in the
denominator, so it is a rational number.

¥ Expandand stmplify Q3 hint Multiply each term in the
The first one has been started for you. second bracket by each term in the
a a-VDe+N=8+4T-[}7-[] first bracket.
b (5-v22=]+[}7 FOIL: Firsts, Outers, Inners, Lasts.

¢ B-v5)B+y5l=9+35-5-[]
N
e (6-VT)a+VT)
f Reasoning Look at your answers to parts ¢ to e. What do you notice?
Why does this happen?
g What would you mulnply these expressions by to get an integer answer?
i l6+v8) i (-V11)

4 Rationalise the denominators.

Q4a hint To get rid of (5 - v2) in the

54 \F
denominator, multiply the fraction by

Formulae and functions
1 a (opyand complete.

3, soy =0
2soy’ =[]

i y=VBx-1,s0y°=[]

D e e e
1b hint Yc b
subject of the formula y = Bz — 1) bl AR
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v

Here are all the steps to make i the subject of x = ;y
Match each step to one of these rearrangements.
‘ Rewrite the formula so there is no fraction. ‘ ‘ Yyx-1)=7 ‘
Get all the terms containing  on the left-hand e
side and all other terms on the right-hand side. LTl

B 1
Factorise so that i appears only once. ‘ ‘ o= ‘
‘Getyoni(s own on the left-hand side. ‘ ‘ xy-y=T ‘

Make y the subject of the formula F T]/ Q3 hint Follow the steps in Q2.

Y =5x-9. Work out the value of y whenx = 2.
f(x) = 5x - 9. Work out f(2).

o

-

| Q4b hint f(2) means substitute ¥ = 2 in 5x - 9. |

c Work out

i f(5) i f(-3) i f(0)
a Solve these equations.

i 8x-1=0 ii 2-7x=0
b f(r)=8x-landg(x)=2-Tx.

Use your answers to part a to find the value of @ where Q5b i hint f(x) =8x - 1
i =0 i gla)=0 f() =0 means that 8a - 1= 0
p(x) = 9x - 4. Find the value of a where p(a) = 0.

. 0 5 Qéc hint Multiply your value
Reasoning f(x) = 5. g(¢) = 4° - 1. hiz) = 2(x - 5). for f(5) by your value for g(6).
Work out
2 1) b g ¢ f5) <80 [ qsd hint 41(5) means 4 x f(5).
d 4 e 2g6) )

El

g i g
i hg)
i f2)
v b Q6g i hint Substitute your value for g(3) into h(x). |

n

Jake draws a function machine to illustrate y = 5x - 4.
To find the inverse function he reverses the machine and replaces the functions with
their inverse.

Find f-(x) for each function.
a flx)=2x-9 b fl)=3-5)

Q8 hint Use the same method as Q7.

¢ flx)=

W+ 4 2+l
2 difia) ===
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Algebraic fractions

1 Simplify
2x15 b x? Q1 hint Cancel common factor:
5x12 T
(x+10)(x - 8) 4@ xS Q1a hint Look to group
winE10) o common factors.
(2 +7)(x +10) x-2 2415 15 2
(xw)x(x-})x(z-z) f (a\c+5)X 10 x(;ul) 12
@-3) (+8) (x-4) B @-1 @+5)
2 a Copyandcomplete.
15 .9 [ Q2b hint Regroup the terms
da bl omda L
20 6 and cancel common factors.
g U By 9x 15 9 x ¥
O . » 0O x i e e
W 2.l ¥ L 60 20y2 6 20 a7 yf
L v 0
15y¢
b Use your answers from part a to fully simplify (uy! P 22;2
3 Write each of these as a single fraction in its simplest form. @ bt T
2 s strategy hint Use the
Lt 20y lap Sy same strategy as in Qi
1592 12x° 21x% 143

Q3b hint Multiply the first fraction by the reciprocal

3
of the second fraction: % ‘

4 a Factorise
i 3x+18

i 2%+ 6x
b Use your answers from part a to
3x+18

o

Q4b hint Rewrite the numerator and

Cancel common factors.

lenominator in factorised form.

simplify fully.

24 6.
B s Quc hin
< Simplifyfullygxﬁ

x%2-25=(x+5)(x-5)

t Use the difference of two squares.

5 Simplify fully.

3x+9

sx+32 __ 81+ [
xrel2x+32 e+ P+ ) [

b x2+6x-16 x%-3x-40
LKOBSD, o
x?-11x+18 x2+8x+15

6 a Factorise
i 3x+9
2% +9x+18
x2+8x+15
iv 2r+10

b Use your answers to part a to write as a single fraction.
i 3x+9 X13+8x~15 i 2x+10 %

x2+9x+18 2x+10 x2+8r+15 x2+9x+18

7 Solve these quadratic equations.
a (x-8@+7)=0 b x2-2x-63=0
2x+3 1

€ X2+3x+3=47+9 S e
AR XTI

Q7b hint Factorise the equation.

Q7c hint Rearrange the equation
into the form a2 + bx + ¢ = 0.
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8 a WritedownthelCMofxand x - 1.
b Copyand complete.
3220
X xx-1)

2x
' e-vO
¢ Copy and complete, using your answers to part b.

3,2 [O.00.0

a1 xx-1 [

3 2 Q8d hint First set your fraction
d Useyour answer to part ¢ to solve  + == =1 answer from part c equal to 1.

9 Write as a single fraction in its simplest form.
2 Q9 hint First factorise x? - 5x + 4.

X2-5x+4 x-4

Proof

1 a Expand (x-4)?

Expand and simplify (x - 4)2 -9

Expand (x - 7){x - 1)

Use your answers to parts b and ¢ to show that
(x-42-9=(x-Nx-1)

ano

Q1d hint = means 'identical to”.

2 Communication Show that (x - 1) - 16 = (x - 5)(x +3)

3 a LI.St the first five cube InumbersA ) ) @3 hint Look for a palr of
b Giveac 3 ple to prove this is numbers in your list from part a
not true: The difference between two cube numbers whose difference is even,
is always odd.

1 Communication / Reasoning Both Jack and Ruth make y the subject of the
formula 1 -2y = x

g
2

Jack's answer is y ==
Ruth's answer is = 171
a  Show that both answers are correct.

b Explain why Ruth's answer might be considered a better answer.

o
¢ Make x the subject of the formula 2= 2

2 STEM The total resistance of a set of resistors in a parallel circuit is given by the formula
i v
RR 'R,
Make R, the subject of the formula.

1,11
b ¢ d
a  Write down an expression for i

3 Communication %

abe
b Showthatd =—————
oWt o ab - bo
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4 Solve these equations.
=2
2x-3 5 2-x ¥

5 Communication

¢ GRS | o5 stratcey hin:

The functions fand g are such that f{x) = 3 - 4x, g(x) = 3 + 4z i) is the
a Find (6) inverse of f(x).
b Find gf(x)
¢ Find
i £
i g2y
d Show that £'(x) + g~'(x) = 0. for all values of x. (7 marks) |
BT T T — :
QT strategy hint
fx)=2+T,8(x) =2+ 6 Remember that fg
a Work out means do g first
i fy(x) and then f.
i gfx)
b Solve fig(x) = gf(x) (6 marks) |
8 Communication / Reasoning f(x) =% - o) =2r+7
a Workout Q8b hint Functions fand
i fglo) g are inverses of each
i gftx) otherif fg(x) = gflx) = x

b Are f(x) and g(x) inverse functions? Explain your answer.
¢ Checkwhether f(x) = 2x - 1and g(x) = 4(x + 1) are inverse functions.
49 -x% _

=1
x?-49

9 Communication / Reasoning Show that

10 Communication / Reasoning Show that (3n + 1)> - (3n - 1)?is a multiple of 12,
for all positive values of n.

11 Communication / Reasoning Show that

1t o A% B and find the value of A and B.
5136 ¥-9 (x-D+3)Gre2)

STEM Newton's Law of Universal Gravitation can be used to calculate the force () between

two different objects.

Fe Gm,zm2
r

masses of the two abjects (kg) and r is the distance between them (km).

a Rearrange the formula to make r the subject.

The gravitational force between the Earth and the Sun is 3.52 x 102N.

The mass of the Sun is 1.99 x 10°°kg and the mass of the Earth is 5.97 x 10%kg.

b Work out the distance between the Sun and the Earth.

, where G is the gravitational constant (6.67 x 10! Nmkg2), m, and m, are the
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17

@ You can change the subject of a formula by isolating the terms
involving the new subject. ...

When the letter to be made the subject appears twice in the formula
you will need to factorise.

®

To add or subtract algebraic fractions, write each fraction as an
equivalent fraction with a common denominator.

You may need to factorise before simplifying an algebraic fraction:
© Factorise the numerator and denominator.
© Divide the numerator and denominator by any common factors. ...

To find the lowest common denominator of algebralc fractions, you
may need to factorise the denominators first. .

You may need to factorise the numerator and/or denominator before
you multiply or divide algebraic fractions.

:rvb

®

i multiply by

To rationalise the fraction —
aty

A function is a rule for working out values ofy when given values of x
egy-dvandy=22 .

The notation f(x) is read as 'f of ',

3

fg is the composition of the function f with the function g.
To work out fg(x), first work out g(x) and then substitute your
BNSWENTNEDIFE) s srensvavsrvaramemssmmevssrsnespons

The inverse function reverses the effect of the original function.
f-1(x) is the inverse of f(x). ..

To show a statement is an \'denmy, expand and simplify the
expressions on one or both sides of the equals sign, until the
two expressions are the same.

@ A proofis a logical argument for a mathematical statement.
To prove a statement is true, you must show that it will be true in
all cases. .

To prove a statement is not true you can find a counter-example
- an example that does not fit the statement.

For an algebraic proof, use 7 to represent any integer.

Mastery lesson 17.1

Mastery lesson 17.1

Mastery lesson 17.2

Mastery lesson 17.3

Mastery lesson 17.4

Mastery lesson 17.4

. Mastery lesson 17.5

. Mastery lesson 17.7

. Mastery lesson 17.7

Mastery lesson 17.7

Mastery lesson 17.7

. Mastery lesson 17.8

Mastery lesson 17.8

. Mastery lesson 17.8

Even number 2n

Odd number 2n+lor2n-1
Consecutive numbers nn+ln+2,
Consecutive even numbers 2n,2n+2,2n+4, ...
Consecutive odd numbers 2n+1,2n+3,2n+5,...

Look back at this unit.
Which lesson made you think the hardest? Write a sentence to explain why.

Begin your sentence with: Lesson made me think the hardest because

55!

1294

«



Unit 17 More algebra

1  Find the inverse of the function f(x) = 5(x + 4)
2 Showthat (x + 4)% - (2x + T) = (x + 3)* for all values of x.
3 Make x the subject of the formula y = %(x +3)2
T 9-x?
4 Simplify full
implify fully =255
5 Write as a single fraction in its simplest form.
L2 i oSl a2
8y 15x° Gx s5x
. 1+5x
6 Make x the subject of the formula V:T
7 Expand and simplify.
a (+V2)4-v2) b (3+/5)
8  Write as a single fraction in its simplest form.
x2+x-30  a2-12x+35 54:2—41—12)( 5x+5
x2+10x+24  xF+3x—4 4x-8 5x%+11x+6
9  Rationalise the denominator.
=,
1-/3
10 Solve these quadratic equations.
% 5x b 5
2 -1
. 1 1
11 Solve the equation 5 - =

Give your answers correct to 2 decimal places.
12 f@)=a2-9,g@) =2x+1
a Workout
i f(4)+g@2) i f2) xg(-1
b Find the value of a where f(g) = 0.
¢ Show that fg(x) = 4x2+ 4x -8

Sample student answer

Log how you did on your
Student Progression Chart.

(3 marks)
(2 marks)
(2 marks)
(2 marks)

(4 marks)

(2 marks)

(4 marks)

(4 marks)

(2 marks)

(6 marks)

(3 marks)

(5 marks)

Explain what common mistake the student has made right at the very start of the answer.

Suggest a way to avoid making this mistake.

Nk e o bt b i % (4 marks)
May 2008, Q22, 5540/3H

Student answer
ab-5=2-7b
ab+ 7b=2+5
Ha+7)=7
v
b=
a+7

Activel.earn Homework, practice and support: Higher 17 Unit test




Master ;  Problemsolve i Check  Strengthen
p.558 i ps72 i pst4 i p.576

Vectors can be used to work out the adjustment in direction
for a pilot landing a plane when there is a cross wind.

An airline pilot compensates for a cross wind by pointing her
plane away from the runway. What angle did she make with
the runway in order to make a perfect landing?

direction of runway

cross wind
20mph _T_
cross wind
20meh plane resultant
120mph (safe landing
on runway)

Numerical fluency + Algebraic fluency
1 PQ=%R P 5 4 Simplify
Work out : a hx+3y-x42y b 32x-3)
a PQ:PR b RQ:PR ¢ PQ:QR $ c 2(3a-Db)+5(6a + 9b)
2 The point M divides the line LX in the i Geometrical fluency
iR 5  Sketch these shapes,
L X g

isosceles triangle
isosceles trapezium

Copy and complete

monoco

; square
a LM:Q LX b MX:QLX rgambus
[ U i parallelogram
¢ w=-Emx : Mark any
O i equal sides il parallel sides.
3 Write each surd in its simplest form. : 6  Find x.Give your answer
a V21 b V80 to 3 significant N
¢ VT8 d /112 : figures (3 s.

3
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Unit 18 Vectors and geometric proof

7 Copy the diagram. : % Challenge
7 18  Work out the bearing for the approach of
i each plane.
5 E a N
" i _T_
: AN
P £
£ - plane speed
i direction 220 mph
of runway
L cross wind
E 20mph
: b N
Translate shape 1t S
5 5
a Pby (_3) :
s direction ‘plane speed
b Qby ( 3) of runway 120mph
»5) i
< roy(3 :

1 Write the column vector for the translation of shape

a AtoB b CtoD ¢ EtoF

2 Find x in this right angled triangle.
Give your answers in surd form.

6
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Unit 18 Vectors and geometric proof

Avector is a quantity that has magnitude and direction.
The magnitude of a vector is its size. a4
Displacement is change in position. A displacement can be written as (3) where
T . 4,
3 is the x component and 4 is the iy component.
Examples of vectors are farce (5N acting vertically upwards) and velocity (15 km/h due north).

‘ Questions in this unit are targeted at the steps indicated.

3 Onsquared paper draw and label these vectors.

el W) el WD)

Key point 2
The displacement vector from A to B is written B.
Vectors are written as bold lower case letters: a, b, €
When handwriting, underline the letter:a, b, ¢

a Point A has coordinates (3, 5) and point B has coordinates (5, 1).
Write AB as a column vector,
b The point C s such that BC = (’;) Find the coordinates of C.

Y
5 Ay First mark the points Aand B on a grid.
4 To move from Ato B go 2 to the right and 4 down.
C.
3
2 E" From B go 1 to the left and 2 up to find point C. |
1 B
o]
012345%
s (3

=

The coordinates of C are (4, 3)

4  The pointAis (1, 2), the point B is (3, 4) and the point Cis (5, -1).
Write as column vectors
a B b BC ¢ AC
Discussion What do you notice about your answers?

Equal vectors have the same magnitude and the same direction.

5 Which of these vectors are equal?

L

Discussion Are parallel vectors always equal?

559
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Key point 4
The magnitude of the vector G) is its length, i.e. /x? + yZ
|a| means the magnitude of vector a. |OA| means the magnitude of vector OA.

Find the magnitude of the vector AB = (_;) Give your answer to 3 significant figures.

Work out the magnitude of each vector. Where necessary, leave your answer as a surd.
_(6 _(-5 o a8 o &
a a=(3) bbs(3)  ce=(3) @ M-(5) e T-(g)
i . e | 20 2T
8 Reasoning / Communication In triangle ABC, AB = (_15) and AC= (24)‘
a Work out the length of the side AB of the triangle.

b Show that triangle ABC is isosceles. Q8 hint Sketch A Band C.
» Exam hint

; ; ; : Weite vectors in

4 ]sv;hi p%ll (3.4 ]and Bis |!he point (-3, 0). anl <ot seior o

a Write 4B as a column vector. mar]
el

b Find the length of vector 45. (2 marks) )

10 Reasoning AB= (i) Biis the point (2, 3). Work out the coordinates of A.

-

Copy shape A on a coordinate grid.

Translate shape A by the vector (g) Label this new shape B.

Translate shape B by the vector (j) Label this new shape C.

o N w A

What single translation maps
a shape Aonto shape C b shape C onto shape A?

1 z

02 hint Translate shape A
g
from Q1 by (72}

~

The vector (_g) transforms shape A to shape B.

What vector transforms shape B to shape A?

3 Reasoning The points A, B, Cand D are the vertices of a quadrilateral
where A has coordinates (1, 1).

B (1) RE (4 o3

A8 - (5). BC~ () and T ( 3).

a Draw quadrilateral ABCD on squared paper. b Write AB as a column ve(toL' .
©  What type of quadrilateral is ABCD? d What do you notice about BC and AD?

560 ‘ Activel.earn Homework, practice and support: Higher 18.2




Unit 18 Vectors and geometric proof

4 Reasoning The points A, B, Cand D are the vertices of a parallelogram.
A has coordinates (1, 1), ﬁ = G) and ﬁ: (A?)

a Draw parallelogram ABCD on squgd paper. .
b Write as a column vector i B ii BC
What do you notice?
— = P
¢ What do you notice about i ABandDC i ADand CB?

c. A
1f AB = CD then the line segments AB and CD
are equal in length and are parallel.
B B
et / / D 8
A q A -a

5 Inquadrilateral ABCD, AB = (i],Ec’
What type of quadrilateral is ABCD?

@-(2)andBA- (7). Q5 hint Lookat
4 0 the vectors for
opposite sides.

6
: : =5_ (2 Exam hint
H i the peieni®, ). O (3) Sketch a dliagram.
a Find the coordinates of 0. (1 mark)
R is the point (2, 4). OS is a diagonal of the parallelogram PQORS.
b Express PR as a column vector. (3 marks)
w0
-3
¢ Calculate the length of PT (3 marks) |

Key point 6

2a is twice as long as a and in the same direction. 5
—a is the same length as a but in the opposite direction. 2 by
7 Onsquared paper draw vectors to represent

a 2a b -a I
< b d 3b T b
e -

8  The vectors p and q are shown on an isometric grid.

Draw these vectors on an isometric grid. q
[

a 2p b iq x \

c P d -q

When a vector ais multiplied by a scalar & then the vector ka is parallel to a
and is equal to k times a.

Ascalar isa number eg.3,2,3,-1...




Unit 18 Vectors and geometric proof

2

-
o

Key point 8

Triangle law for vector addition
LetAB-a,BC=band AC - c.
Then a + b= c forms a triangle.

Reasoning ﬁ: G)

Copy and complete to find the column vector for 2AB.

a
(2 (272

282 (1) (Zx 1)
b Write down the column vector for

LR N T

i 3AB il -4AB i 3AB
Reasoning AB = (1) and BC (3) c

2 1 B
write down the vector AC. _
Discussion How can you find AC from AB and BC?
A

The two-stage journey from A to B and then from B to C has the same starting point and
the same finishing point as the single journey from A to C. So A to B followed by B to C is
equivalentto A to C.

— = —
AB+BC=AC

11

12z

13

a Find, by drawing, the sum of the vectors aand b.

a that the lines follow on.

Draw and label the
b vectora + b to complete

the triangle.

Q11a hint Use the triangle law of addition.
Move vector b to the end of vector a so

b Copy and complete this vector addition.
a + b = a+b

B-0-8
a AB (g) and BC = (7;) Find AC.

b a:(’;)andb:(ii

3 5 2

Pz a=()emer-(§)
a Workout

i prq i qp
Discussion What do you notice about your answers to parts aiand ii?
b Work out

i (prq+r i prig+n
Discussion What do you notice about your answers to parts b i and ii?

). Finda+b.



Unit 18 Vectors and geometric proof

Key point 9
a b+a |
14 P’(g)a"dq=(_§)~ Q14 hintp-gq=p+(-g)
Work out p-q e (D)
15 a:(i),bs(_;)andcz(_g). O

Write down the column vector for
a -a b a+b c a+b+c d a-b e b-c

16 Reflect Write examples to help you remember how to
a add two column vectors
b subtract one column vector from another
¢ multiply a column vector by a scalar, k.

Q16 hint Use the column
a ¢
vectors (b)and (d)

1 ABs the column vector _5).BCis the column vector (2).

a Find the column vector AC. Draw a diagram to show your answer.
b Work out the magnitude of AC.
-2 o
<, —p?
2 p ( 6).What is -p?
3 Reasoning / Gommunication AB = G) BC= (_1) and @B = (_g)

a Find the column vector for AD,
Draw a diagram to show this.

b Show that AC = DB.
5 3 ’
4 a—(g)andbf(z).Workoutthemagmtudeof
a a b 2b c a+b d a-b

— —
5 Inthe quadrilateral ABCD, AB=a,BC=band (D=c.
Find in terms of a, band ¢

B b c
—
. N Qsa hint A= AL+ [Jc=[1+[]
& 5 o ‘Qshhinlﬁ=ﬁ+DD+E§=D+D+D|
a C b AD

Active Learn Homework, practice and support: Higher 183 ‘ 563
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—
6 OA=a o m
Mis the midpoint of OA.
e
a Write down OM in terms of a. a
X
4,
b Express as a column vector
idis =
i AO i OM

7 Inthe diagram BA =a and AP = b. P is the midpoint of AC.

8 C icati PQRSis a L
PG -aand PS = b,
a Explain why SR=a.
b Find
— —
i QR ii PR

Key point 10

Write down in terms of a and/or b
a aC b BP ¢ BC

In parallelogram PQRS where ﬁi is aand PS is b, the diagonal PR of the parallelogram is a + b.

This is called the parallelogram law for vector addition.

When ¢ =a + b the vector ¢ s called the resultant vector of the two vectors aand b.

T

A B B
q Diagram NOT
accurately drawn.
D Lot

ABCD is a parallelogram.
AB s parallel to DC.
AD s parallel to BC.

AB=p AD-q
a Express, in terms of pand q
i AC i BD (2 marks)

A r B
q Diagram NOT
accurately drawn.
D @

AC and BD are diagonals of parallelogram ABCD.

AC and BD intersect at T.

b Express A7 in terms of pand q. (1 mark)
June 2006, Q13, 5525/06 |

Q9 strategy hint
Use the parallelogram
law for vector addition.




10

1

s

1

N

1

=

14

1

o]

— —
Reasoning PQ=aand PR=b.

2 Write QR in terms of aand b. .

b Where is the point S such that PS = 1b?

Reasoning ABCDEF is a regular hexagon.

— —
BC=mand D= p.

b Find i FE i AF
c Find i AC ii AD

iy
d  What is FD?

Reasoning ABCD is a square.
M is the midpoint of AB.
DC=rand DA-=s.

Write in terms of rand s

EF-8a-4b

Unit 18 Vectors and geometric proof

>

A

SD
D r

GH

— —
a AB b BC
c M d DM
Reasoning Here are five vectors.
— —
AB=4a-2b (D=8a+12b
a Three of these vectors are parallel. Which three?
b Simplify
i 4p+3q-p-6q

M is the midpoint of QR.

Q
% M
R
- b
Write in terms of aand b
= — —
b QM

a QR

¢ PM
Complete the ,

i 2(2a-3b)+3(éa-b)
Reasoning In triangle PQR, PG-aand PR=-b.

How can you use the parallelogram law to find PM?

In triangle ABC, A = a and AC = b
P is the midpoint of AB.
Qis the midpoint of AC.

A

Q

bl

B C

Write in terms of aand b

— — —
a BC b AP ¢ AQ

d

A
F<:>
&
M

%)

Q
B
D
B
[

2a+b  Tj-12a-8b

Q14c hint Make use of the
vectors you already know.
B =P J+[M

Simplify the expression by
adding like vectors.

—
PQ

Discussion What do your answers show about the lines PQ and BC?
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1 Hereare vectors aand b.
On squared paper draw the vectors
a -a =
b a+b
c 2a-3b
2 Workout
» (00 ¢ -0 < G0
3 )be(F)andaresn. Q3 hint Lete - (;)
Calculate ¢. (_;) G (;) = (7,2‘)
o g (-3
find (;).
s en(anat-(1).

Calculate g given that 2e - g = .

6  Oisthe origin (0, 0).
A has coordinates (1, 5) and B has coordinates (2, 4).
Find as column vectors
— — —
a OA b AO c OB d

&l

With the origin O, the vectors OA and OB are called the position vectors of the points A and B.

In general, a point with coordinates (p, g) has position vector (Z)

7 Oh-aandOB-b. Q7 hint A
Express ABinterms of aand b. a
g e °

Activel.earn Homework, practice and support: Higher 18.4
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Key point 12

When OA =a and OB=b, AB=AG + OB = b-a. Em
L) B

o b

The points A, B, Cand D have coordinates (1, 3), (2, 7), (-6, ~10) and (-1, 10) respectively.
Ois the origin.
Write down the position vectors OA and OB.
b Work out as column vectors
— —
i AB i
What do these results show about AB and CD?

o

o

DA = (1 ) OB - (2) Position vector of (1, 3) is (;)

b AB-AO+0B--0A+0B-0B-0A&
_(2\_(m\_(1 Use the triangle law:
-(7)-6)-() 5
— — —
B - €0 + 0D~ -0 + 0B -0D - 0C
_(-1\_( -8\ _(5
-a)- (59 /
2B aj’ _({ 5\_ o
< (2) (20)
eB-5rB
The lines CD and AB are parallel and the length This means CD is a multiple of AB.
of theline CD is 5 times the length of the line AB. Explain clearly what CD = 5AE means.

8 Reasoning The points P, Q, R and S have coordinates (-2, 5), (3, 1), (-6, =9) and (14, -25)
respectively. O is the origin.
a  Write down the position vectors OPand 4.
b Work out as a column vector
— —
i PQ ii RS
©  What do these results show about the lines PQ and RS?

9 Exam hint
5 B B TR In this type of
Pis the point (7. 5) and Q s the paint (-3, 1), e
a Find P asa column vector. (1 mark) can be helpful to

Ris the point such that 0% - () e

b Write down the co-ordinates of the point R. (2 marks)
X s the midpoint of PQ. O the origin.
¢ Find OX as a column vector. (2 marks) |

10 Reasoning The point A has coordinates (1, 3), the point B
has (oordﬂa!es (4,5 and the point C has coordinates (-2, —4).

—

2 Write AB as a column vector. QIbehint 2100 o
e T asa ol

b TD =6AB. Find CD. (S) ) (S)

¢ Find the coordinates of D.

567
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_(b _(2
Problem-solving a= (1) — ’( 3)‘ Q11 hint Find a - b first.

Find a vector ¢ such thata + cis parallel to a - b.

1

n

12 Reasoning OABCis a quadrilateral in which ﬁ:a, OB-a+2band OC=2b.
a Find ABin terms of aand b. .
What does this tell you about AB and OC?
b Find BCintermsofaandb. _
What does this tell you about OA and BC?
What type of quadrilateral is OABC?

n

lﬁﬂc@ shows that the lines PQ and QR are parallel. Also they both R
pass through point Q so PQ and QR are part of the same straight line. =
P.Q and R are said to be collinear (they all lie on the same straight line).

13 Problem-solving The points A, Band C have coordinates (2, 13), (5, 22) and (11, 40)
respectively.
a Find as column vectors
i BB i AC
b What do these results show you about the points A, Band C?
Discussion How can you show that three points A, B, C are collinear?
14 lving / C The point P has coordinates (1, 3).
The point Q has coordinates (4, 6). The point R has coordinates (10, 12).
Show that points P, Q and R are collinear.

15 Reflect Explain in your own words what ‘Points X, Y and Z are collinear’ means.

1 Find three pairs of parallel vectors.

&G =
[Ap—Sq] [«-ﬁn] fﬁp*ﬁ} [W-!]

2 PG-3a-2bandPR=9a- 6b.
What does this tell you about
a PQand PR b the points P, Qand R?
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Reasoning / Communication In triangle OAB, 26 B
the point M is the midpoint of OA and the point N N
is the midpoint of OB.
OX=2aand OB = 2b. A

Express in terms of a and/or b _N_
31 2ab o B e s ek 2a
i OM ii ON i MO iv. NO
Expressﬁ'm terms of aand b. - %\4 BT T
Express MN in terms of a and b. of OAso oM - []

Explain what the answers to parts b and € show about AB and MN.

o

an o

P . = = A

Reasoning Intriangle ABO, OA=a, and OB =h.
The point X divides AB in the ratio 1:2. X a
Express in terms of aand b

— pury
a AX b OX

— —
Problem-solving In triangle OAB,OA=aand OB =h.
A

o B
b

a Findin terms of a and b the vector AB.
P is the midpoint of AB.
b Find in terms of a and b the vector AP.

¢ Find in terms of a and b the vector OP.

— —_
OX=2a+band OY=4a+3b
a + 3b ¥
o

)

2a+b X

a Express the vector ¥¥ in terms of a and b.
Give your answer in its simplest form. (2 marks)

Diagram NOT
accurately drawn

2a+b
XYZis a staight line.
XY:YZ=2:3. Q6b strategy hint.
b Express the vector OZ in terms of a and b. XY:¥Z=2:3
Give your answer in its simplest form. (3 marks) 5 O ks
Nov 2008, 026, 5540H/4H | O
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— —
OABC is a quadrilateral in which OA=a, OB = a + 2band OC = 4b.
Dis the point such that BD = OC and X is the midpoint of BC.

A B D

o C

Find in terms of aand b
— =
i oD i ox
Explain what your answers to parts a i and a ii mean.
a A B 4ab D

a ’X Copy the diagram and mark on all the vectors.
BD =0C so BD and OC are parallel and have the same length.

4b=a+6b = =
| RTRTR N To find CX you first need to find CE.
CB=CO+0B=0B-0C=a+2b-4b=a-2b
e
Ck=Ya-2b)=la-b
.
OX=4b+la-b=2a+3b

—
B _ 201, Compare OD and OX to see if
P-arbtloarh) one is a multiple of the other.

— =
0D = 20X

@

o

-

500D and OX are parallel with a point in commen. This means that O, X and D lie on the same
straight line. The length o OD is 2 times the length of OX. So X is the midpoint of OD.

The diagram shows a regular hexagon ABCDEF with centre O.

Od=6a  OB=6b
a Express in terms of a and/or b

i 4B it EF (2 marks)
s the midpoint of BC.
b Express £Y in terms of a and/or b, (2 marks)
¥is the point on AB extended, such that AB:BY = 3:2
¢ Prove that £, X and ¥ lic on the same straight line. (3 marks)

June 2003, 023, 5505/{)5J
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lving / Ci ication QOACBisa am with OA = a and OB = b.
Eiis the point on AC such that AE = 1AC.
Fis the point on BC such that BF = 1BC.

A E [o]

o] b B
a Find in terms of a and/or b
— — — —
i AB il AE iii OE iv OF
b Show that EF is parallel to AB.

lving / Ci icati IntriangleOMN,W:mandm:n.
The point P is the midpoint of MN and Q is the point such that OAQ‘ =
M
Q
m P
o 7 N

a Find in terms of m and n
i OF i 08 i MO
—
The point R is such that OR = 30N.
b Find in terms of m and n the vector MR,
¢ Explain why MQR is a straight line and give the value of m—g

lving / C: ication In the diagram, OR = 6a, O = 2b and PG = 3a.
Q

3a
P

26, R
6a
o

The point M is on PQ such that PM= Za
The point N is on OR such that ON- 3 OR.
The midpoint of MN is the point S.
Find in terms of a and/or b the vector NM.
Find in terms of a and/or b the vector 05.
Tis the point such that a =a.Find in terms of aand b the vector OT.
Show that 5 lies on the line OT.
When a= (S) andb= ( 3) find the length of QR.
2, 15,

m

ano

o
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Key point 14

There are many different problem-solving strategies. Here are some you can use:

- pictures « x for the unknown - graphs

+ lists + flow diagrams + logical reasoning
- smaller numbers - arrow diagrams

+ bar models -+ geometric sketches

Example 4

The diagram shows triangle OPQ.
P

s the midpoint of OP and N is the midpoint of 0Q.
OM =pand oN q.

— —
a i Find OP and hence PO.

i Find 0Q and hence Q0.
b Find PN and QM.

X lies on PN such that PX = 2PN.
¥ lies on QM such that QY = QM.

=
Find OX and OY.
Explain what your answer means. Mis the midpoint of OP. This means OP = 2 x OM.
i i O‘P‘: 2p hence PAO': -2p ﬁis in the opposite direction and so is equal to 707.

i OG- 2qhence@0=-2
SRR e N is the midpoint of OQ. This means 0Q =2 x ON.
b @Ts inthe opposite direction and so is equal to <0_d

Sketch the diagram. Write on your diagram
all the vectors you know. Join PN. Join QM.

Look at the diagram. Move from P to N
AM=Q0+0M=-2q+p=p-2q and from Q to M along vectors you know.
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Write on your diagram all the vectors you
found in part b. Mark X and Y.

Look at your diagram. Move from O to X along.
vectors you know.

OX=0P + PK=0P + 2PN =2p+ 2(2p +q)
—2p-tp42
:Z;é: = Simplify,
OV=00+ 0 =00+ 20M = 2q.+ 2 _2q) Look at your diagram. Move from
B Bt 23 0'toY along vectors you know.
=2a+%p-tq

[ =3Ptz
OX=0Y=2p+Zq

This means that X and Y are the same point. —| Write a sentence to explain what this means. |

. — —
In triangle OAB, OA=a and OB = b. Q1 hint Sketch a diagram of the
X lies on OA such that OX = 10A triangle. Write on your diagram all
Y lies on OB such that OY = :QB. Find the vectors you know. Mark X and Y.
a AB
b i 0% i oy i XY Q1b hint Write on your diagram all
Z the vectors you have found so far.
c  Explain what your answers to parts a and

show about AB and XY.

Anna, Beth, Cara and Dana are in the final of a solo singing competition.

Anna says, There are twelve possible results for first and second place’

Dana says, ‘There are four of us in the competition and two places for first and second,
so there are only eight possible results.

Who is correct? Explain.

Q2 hint You could list all possible results to help you solve the problem.
Work logically so you don't miss any.

An aircraft pilot records the air temperature, in °C, at different heights
(in metres) above sea level. The table shows three of his results.

[Height above sea level (m) | 500 | 1400 | 2000 | Q3 hint You could
| Temperature (°C) T e | =2 ] use a graph to

. - help you solve
The pilot predicts that the temperature at 2500 m above sea level the problem.

will be ~7°C. Explain.

Two dog walkers meet at the corner of a park, 350m x 235m. They are
both heading to the opposite corner. They set off at the same time.

The spaniel walker takes a path along two adjacent sides of the =
park, and walks at an average pace of 5.2km/h Q4 hint You could
The labrador walker takes a different path across the diagonal of use a geometric

the park and walks at an average pace of 43 km/h. 5“?“2;0 hﬁ"f)ly"“
Which dog walker gets to the opposite corner first? Explain. SRS
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| 5 These urns of sunflower oil are mathematically
th similar.

|
&

Q5 hint.
Volume scale factor = (linear scale factor)*
You could use an arrow diagram to help
you solve the problem.

Height Volume

>0

Small bottle
x

Large bottle

Maria says, ‘The large urn holds 1 litre 290 millilitres (to the nearest millilitre)".
Alexandra says, ‘The large urn holds 8 litres 718 millilitres (to the nearest millilitre)".

Who is correct? Explain.

I

Finance Ross earns a bonus. It is 15% of his annual salary.
He spends 40% of his bonus on a holiday and § of the
remainder on a laptop. £1890 of his bonus is left.

Q6 hint You could use bar
models (one for Ross and
one for Antony) to help you

Antony also earns a bonus. It is 12.5% of his annual salary. solve the problem.

He spends 45% of his bonus on a holiday and 1 of the

remainder on a lawnmower. £1650 of his bonus is left.

Who earns the bigger annual salary? Explain.

packed into trays that, on average, contain 620g of apples.
One orchard owner’s target is to have 10800 trays of apples at the end of every day.
He says that to achieve this he must employ at least 25 apple pickers. Explain.

Q7 hint You could use x for the unknown. Read each sentence, one at a time, to build an
equation that you can solve for x. Beware of different units.

8  Reflect What clues are there in a question that help you decide which problem-solving
strategy to use?

1

Write a and b as column vectors.

2 a Aisthe point (1, 4) and AB = (i)
Find the coordinates of B.

Log how you did on your
Student Progression Chart.

b Cisthe point (4,3) and Dis the point (7, ~2). Express CD as a column vector.

3 Find the magnitude of the vector (“;) Give your answer in surd form.

7 Every autumn, orchard owners employ apple pickers. Each day, an apple picker picks, on
average, 15 bags of apples. Each bag of apples weighs, on average, 18 kg. The apples are
5
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Vector arithmetic

&

Geometrical problems

8

10

1

1

The diagram shows two vectors p and q.
On squared paper draw vectors to represent
a g b piq ¢ p-q

AB= (j) and BC= (“i) Find AC.

a-(_3)andb-(5)Find

a a+b b b-a ¢ 3a
(et 3.
p+2r=q

Find r as a column vector.

Which of these vectors are parallel to [3.4,35] [ 2a-b ] [3&-35] [;1-;4’]
a a-b b a+b

P is the point (4, -3) and Q is the point (-2, 7).

a  Write down the position vector, p, of the point P.
b Write down the position vector, g, of the point Q.
¢ Workout PG,

Reasoning The points A, B and C have coordinates (2, 13), (5, 22) and (11, 40) respectively.
a Find as column vectors
— s
i AB i AC
b What do these results show about the points A, Band C?

OABC is a parallelogram, 4 N B
M is the midpoint of CB.
N is the midpoint of AB. Diagram NOT
— accurately drawn
Od-a i
oC=ec M
a Find, in terms of a and/or ¢, the vectors
=

1 ot ¢

i MV (2 marks)
b Show that C4 is parallel to MN. (2 marks)

May 2008, Q25, 5540H/3H |

12 How sure are you of your answers? Were you mostly

F
Just guessing @ Feeling doubtful @ Confident @ %
What next? Use your results to decide whether to strengthen or extend your learning. &

* Challenge

13 pand q are two vectors such that

©P=q
- magnitude of p + q = magnitude of p - q
Show that p and q are perpendicular vectors.
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Vector notation
1 Write down the column vector that describes each transformation.

a AtoB b BtoA ¢ AtoC d AtoD
1z
6
b B
2
fal bl
D [
~6-5-4-3-2-1 1 2 4 z
2 Write these as column vectors.
— —
a OA b OB
7
8
E
6 A
5
4
: B
2 =
1 =
(o) £l

Q3 hint Plot the point P on a grid. From P move 1 unit

3 Pisthe point (2,3) and ﬁﬁ (;)
across and 5 units up to find the position of Q.

Find the coordinates of Q.

4 Ais the point (4, 2).
Bis the point (7, 1).
EXDYQSS ﬁ as a column vector.

Q4 hint Plot the points A and B on a grid.
Write the column vector that translates A to B.

5 a Copyand complete the diagram to show the vector (_i)

d

O

b Use Pythagoras’ theorem to work out the magnitude of the vector (_g)
(the length of the hypotenuse of the triangle).
Give your answer in surd form.
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Find the magnitude of each vector, giving your answers in surd form.

S v R

Vector arithmetic

1

The diagram shows the vector a.

/
On squared paper draw vectors to represent
a 2a b 3a

1
cla d -a

Qla hint Draw vector
atwice end toend.

Q1d hint -ais in the opposite direction to a.

The diagram shows the vectors b and c.

/ \e Q2a hint

b
start c

On squared paper draw vectors to represent
a b+c b b-¢

2= 2)snan- (1),

finish

a On squared paper draw the vectors

ia iib i a+b iv a-b v 2a+b
b Use your answers to part a to write as column vectors

i ath i a-b i 2a+b
c  Work out

+il

(@) (@-(5R)

= 3\

i asb=()-()

B} 1

it za+b-2(})+(3)
d  What do you notice about your answers to parts b and ¢?

Qe ()

Calculate
a 2a+h b a-3b ¢ sas2b d 3a-b
I
A8 - (2),8¢-(_§)ana B - (3)
Work out

ud g g e
a AB+BC b BC- ¢ 2AB+CD

(’l)anda»xfb Q6 hinta-x=b

_(2
a= (2= (5 =k o
Find x as a column vector. o [ ;r) [@)
y
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Geometrical problems
Draw two parallel lines of the same length on a squared grid. Write their column vectors.

1

3

5

What do you notice about the vectors of parallel lines?

Draw some more pairs of parallel lines to check your findings.

Which vectors are parallel?

(o) (aw) (o) (B8]

Which vectors are parallel?

G666 6 6 6

ABCD is a trapezium. [+
AB=aand AB=b.
a (Dis parallel to AB.
What does this tell you about
the vectors AB and %)’.7

CD=2AB el
Copy and complete
w@=#e-] A b D
Copy and complete
& Vnlnl
=-a+[ ]+
Simplify your answer by collecting like vectors.
- 48 oo ]
On squared paper draw a diagram to show ABCD.
Find the column vector for AD.
Show that AC = DE.
What does this tell you about the vectors AC and DB?

B

o

n

noo

Problem-solving A, B and C are collinear.
C

A,

a  Write down the column vectors
i B i B¢

b How do these vectors show that AB and BC are collinear?

P is the point with coordinates (3, -2).

Qis the point with coordinates (5, -1).

a  Write down the position vector, p, of the point P.
b Write down the position vector, g, of the point Q.
¢ Work out PG

Q2 hint For any number ,

—aand ka are parallel to a.
Q3 hint For any number k,
—AB and KAB are parallel to AB.

Qé4c hint Trace around
the diagram.
G

@

Q5a hint

Q7 hint Plot 0(0, 0), Pand Q
on a coordinate grid. OP is the
vector that translates O to P.
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8  Alsthe point (4, 1), Bis the point (8, 4) and Cis the point (20, 13).
a Find ABand BC.
b Show that AB and BC are parallel.

c Copy and complete:
AB and BC are and both pass through the point
So, ABCiis a line and A, B, C are collinear.

9  OABis atriangle. Cis the midpoint of OA. D is the midpoint of AB.

B
D
A
b
a
C Q9b hint Trace
around the diagram.
o
OA-aand OB=b. A

a2 Write OC in terms of a.

b Find BA in terms of aand b.
¢ Find BD in terms of a and b.
d Find OB in terms of a and b.
e
f

Find CB in terms of a and b.
Show that CD is parallel to OB.

—
10 Reasoning OA=a OB=band AP:PB=3:2.
a Copyand complete

Q10a hint
we e
U 2
sp-Eea & FB
|

b Expressin terms of aand b

i AE i AP Qi BA i PB v OP

18

1 The diagram shows vectors a and b.

X ¥ gl A,
On isometric paper draw the vectors a 1<) Bl
a a+b b b-a ¢ 2b+a | l
d la e lavop P
2 Onth\'sgrid,ﬁ&’:aand&l> A A
Wite in terms of aand b VA AAA A"
a oM b OH ¢ MN [ NN
— 2 - — a
e AB f oM g DI ME
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3

" . 2B (3
Reasoning a Aisthe point (1, 3) and AB (2)
Find the coordinates of B.

b Cis the point (4, 3). BD is a diagonal of the parallelogram ABCD.
Express BD as a column vector.

¢ T~ () Find the coordinates of £

P s the point (2, 2) and Q is the paint (6, 1).

a2 Write down the vector PQ as a column vector.

PQRS is a parallelogram. PR = (g)

b Find the vector QS as a column vector.

¢ Find the magnitude of vector Q5.

R

ORS is a triangle.
ST=4sR T
0S=aand OR = b. b
a  Write down an expression for S_F; interms of aand b.
b Express OF in terms of aand b.

Give your answer in its simplest form. o] a
Reasoning OABC is a trapezium. o 8

— iy
OA=aandOC=c
CBis parallel to OA and B = 20A.

M is the midpoint of AB and X divides CB in the ratio 2:3. € X B
Write in terms of aand €
= — — —
a (B b OM ¢ AB d 0x
Probl lving JKLM s a paral
L
K
Q8 strategy hint To do this question you need
to remember the properties of a parallelogram,
i.e. the diagonals bisect each other.
M
J

The diagonals of the parallelogram intersect at 0.
0j=jand 0K =k.
a Write an expression, in terms of j and k, for
= — —

0 K i KL
Xis the point such that OX = 2j - k. R
b i Write down an expression, in terms of j and k, for JX.
i Explain why J, K and X lie on the same straight line,



1

1

0

=

Diagram NOT
accurately drawn

APB is a triangle. N'is a point on AP,
s =

AB=a AN=2b NP=b

a Find the vector PB, in terms of'a and b.
Bis the midpoint of AC.

M s the midpoint of PB.

b Show that NMC is a straight line.

(4 marks)
Nov 2012, Q28, IMAV/IH |
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(1 mark)

Q9b strategy hint
Show that N, M and €
are collinear.

Problem-solving OPQ is a triangle.

0G=3q__
a Find PQin terms of pand q. Q
Ris the point on PQ such that PR:RQ =2:3.
b Show that OR s parallel to the vector p + q.
Reasoning PQR is a triangle.

R

2 a Q

Sis the point on RQ such that RS:5Q = 3:2.

= =

PQ=aand PR=b. .

a  Write down an expression for RQ in terms of aand b.
b Express SP interms of a and b.

3q S

= = =
Q11b hint SP=5Q + QP
Work out what 5Q is as a
fraction of RQ.

Problem-solving OPQ s a triangle. B is the midpoint of PQ.

O 29 Qq¢C
— - — —
OA=3p,AP=p,0Q=2qandQC=q.
2 Find, in terms of p and q, the vectors
— — —
i PQ it AC i BC
b Hence explain why ABC is a straight line.
The length of AB is 3cm.
¢ Find the length of AC.

Q12b Communication hint
‘Hence” means you should
Use your answers to part a
to help you answer part b.
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Diagram NOT
accurately drawn

ABCDEF is a regular hexagon, with centre 0.

GA =m OB b.

a Write the vector AB in terms of a and b. (1 mark)

The line 4B is extended to the point K so that AB:BK = 1:2

b Write the vector CK in terms of a and b. Q12b strategy hint
Give your answer in its simplest form. (3 marks) Copyithe diagram:

Extend AB to K.

March 2012, 023, 1380/3H Draw the line DK.

B )

Sa=h Diagram NOT
accuntely drawn
6b
A 33 O
0AYBiis a quadrilateral.
OA=3a
OB = 6b
=
a Express 4B in terms of a and b, (1 mark) -
Xis the point on AB such that AX:XB=1:2and BY = 5a— b Q13bstrategy hint
= = i Find expressions
(4 marks) for OX and OV i
Mareh 2013, Q26, IMAU/]I{J terms of aand b.

& Avector is a quantity that has magnitude and direction. For example,
velocity is a vector because it describes how fast something is
moving and in which direction. The magnitude of a vector is its size.
Displacement is change in position. ... .. snsssensesasansnsse Masterylesson 18.1

®

A displacement can be written as (3> where 3 is the x component
and 4 is the y component.

The displacement vector from A to B is written 7. . Mastery lesson 18.1

® Vectors are written as bold lower case letters: a, b, . When handwriting,
underline the letter: a, b, ¢ . Mastery lesson 18.1

®

Equal vectors have the same magnitude and the same direction. ... Mastery lesson 18.1



© The magnitude of the vector (;) is its length, i.e. V"x? FY S ratetea s

> Parallelogram law for vector addition: In parallelogram PQRS where

Unit 18 Vectors and geometric proof

If AB = CD then the line segments AB and CD are equal in length
and are parallel. AB=-BA

RN

2ais twice as long as a and in the same direction.
-a is the same length as a but in the opposite direction.

NESEY

When a vector a is multiplied by a scalar & then the vector ka is
parallel to aand is equal to & times a
Ascalaris a number, e.g. 3, 2 i (TR —— Master

1y lessor

The two-stage journey from A to B and then from B to C has the same
starting point and the same finishing point as the single journey
from A to ( So A to B followed by B to Cis equivalent to Ato C.
AB+BC=AC.c0iivuririns

Triangle law for vector addition: Let AB= a,BC=band Ac
Thena + b = ¢ forms a triangle.

PQisaand PS is b, the diagonal PR of the parallelogram isa+b..... Master

© When c¢=a+ b the vector cis called the resultant vector of the

two vectorsaand b. . SR

With the origin O, the vectors OA and OB are called the position
vectors of the points A and B. In general, a point with coordinates

1y lesson 18.4

(p. q) has position vector (5) R RO

© When OA=aand OB =b,AB=A0 + OB=b-a

© PQ = KQR shows that the lines PQ and QR are parallel. Also they both

pass through point Q so PQ and QR are part of the same straight line.
P, Qand R are said to be collinear (they all lie on the same
straight line).
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Think back to all units where you have been asked te prove things.

Choose A B or C to complete each statement:

lam A good at proof B OK at proof € not very good at proof

I think proof is ... A easy B OK € hard

When | think about doing a proof,

| feel A confident B OK € unsure

Did you answer mostly As and Bs?

Are you surprised by how you feel about proof?

Why?

Did you answer mostly Cs? Find the three guestions

about proof that you found the hardest. Hint VC'E‘ may choose proof questions

Ask someone to explain them to you. from this unit or another unit. You could
z look back at Units 12 and 16 too.

Then complete the statements above again.

Reflect

Log how you did on your
Student Progression Chart.

18

N

Write as a column vector

a sa (1 mark)
b a+b (1 mark)
¢ 2a-3b (2 marks)

2 The diagram shows two vectors aand b.

P
i

PG-a+2b _

Draw the vector PQ on squared paper. (3 marks)

3 ABCDis a parallelogram. D is the midpoint of AE.
A P B

E

— —

AB=pand AD=q.

Write down in terms of p and/or q

=
a AE (1 mark)
b AC (1 mark)
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The diagram is a sketch.
Pis the point (1, 4). Q is the point (3, 6).
Y

xQ

9 =
2 Find the vector PG,

Give your answer as a column vector. (2 marks)
e[ 4
O (—z)
M is the midpoint of PQ.

N is the midpoint of QR.
—
b Find the vector MN.

Give your answer as a column vector, (3 marks)

Reasoning ABCDEF is a regular hexagon.

A a B

|

=
,BC=band FC=2a.
Find in terms of aand b
— —

i FE i CE (2 marks)
=ply
CE=EX
b Prove that FXis parallel to CD. (3 marks)
Reasoning a Ais the point (2, 5) and 18- (_s)

Find the coordinates of B. (1 mark)
b Cis the point (5, 1).

BD is a diagonal of the parallelogram ABCD.

Express BD as a column vector. (2 marks)
Reasoning OPQR is a trapezium.
o r R

P X Q

OR is parallel to PQ.

— —

OP=pandOR=r.

PQ=20R

Xis the point on PQ such that PX:XQ = 3:1.

Express OX in terms of pand q. (3 marks)
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8
OACB is a parallelogram.
i c D
a Diagram NOT
aceurately dravn
o B
Od=aand OB=b
Dis apoint such that AC = CD
The point N divides 4 in the ratio 2 1
a Write an expression for ON in termsofaand b. (3 marks)
b Prove that OND is a straight line. (3 marks)
Nov 2013, 024, IMAV/IH
v
9 Aisthe point (3, 4) and B is the point (-1, 0).

LY
a  Express AB as a column vector.
%-()

5,
b Write down the coordinates of point C.
Xis the midpoint of AB. O is the origin.

-

c Find OX as a column vector.
d  What is the magnitude of AB?

Sample student answer
a What mistake has the student made?
b How could you improve this answer?

4

Diagram NOT
M aceurately drawn

O n N B

O4B s a riangle.

M is the midpoint of O4.

Nis the midpoint of OB.

=5

OM=m

ON=n

Show that 4B is parallel to M. (3 marks)
June 2014, 024, IMAV/LI |

Student answer

=

DA=2m

OB=2n
AB=2m+2n=2(m+n)
=

MR=m+n

S0AB = 2MN

(1 mark)

(1 mark)

(2 marks)
(2 marks)
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p6ll i p613 i p6ls i pe2l

Economists and scientists use graphs to help
visualise the relationship between different
variables. The diagram shows a common Demand
supply and demand graph used in economics. 3

The demand graph shows that as the price =

of goods falls, the more we want to buy.

The supply graph shows that as the price of

goods falls, the less we want to sell.

What is represented by the coordinates where Quantity
the graphs intersect?

Supply

Graphical fluency : 2 Which graph shows direct proportion?

1 The velocity-time graph shows a car's test
drive.

Car test drive

B c D
3 Sketch the graphs of
- a y=2°
A b y=z
.E’ c y=-xt
2 d y=x2-4x+7
g ¥y

4 Water is poured into each container at
a steady rate. The graphs show how the
depth of water changes. Match each
graph to a container.

Time (seconds) 3
The car travelled in a straight line. : lJ_LI / \
Work out
: A B c

its acceleration in m/s? for the first

30 seconds ;
its deceleration in m/s? at theend of ~ :
the drive :
a b c

the distance travelled.

o

o

n
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5 Hereis the graph of y = cosx : 9 The tables show information about two

pairs of variables.

1z :
1 L [El el l=mlm|
N TN E AL
q| 0 3607 (degrees) :
: ]
o 63 [ 98 [147]
Wite the equation of each graph. £ a Which p_air of variables are directly
: proportional?
B yr z b Find the formula linking the pair of
0 90 180 270,7360 ¢ (degrees) : proportional variables.
= i Algebraic fluency
5 {10 flr)=202-8
a Workout f(3).
by, : b Find the values of @ where f(a) =0.
2 - © Write outin full f(x +3)
% Chall
q E
W 360 W *(0g12S) 33 Any number multiplied by its reciprocal is
-2 : always equal to 1. For example,
i1x2-=1
a Pair these numbers up so their
Numerical fluency product is 1. B
6 Aboat sails a distance of 6km at a £
constant speed of 15 km/hour. i 4 8 5 025
How many minutes does the journey 02 0125 10 o1
take? 25 0.4 16 0.625

7 Write the reciprocal of

b Write four more product pairs that
a3 b 05 < x

equal 1.
8  Workout
a 22 b 27 5 2
d 3 e 37
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1 s costin direct proportion to the quantity?
If so, write an equation linking cost and quantity.
a 5apples cost £4.20 and 15 apples cost £12.60.
500Mb of data costs £47 and 50 Mb of data costs £6.
750 screws cost £12 and 1000 screws cost £14.
120 units of gas costs £40 and 80 units of gas costs £30.

dn wiem

an o

‘ Questions in this unit are targeted at the steps indicated.

2 Finance / Reasoning The tables show the price paid for different quantities of euros
from two currency exchange websites in July.
travelcash.com
[Sterling (£) [ 50 | 210 | 120 | 400 | 380 | 300 | 250 | 280
[Euros(€) | 60 | 260 | 150 | 520 | 470 | 390 | 300 | 350

currency co.uk
[sterling (£) | 400 [ 150 [ 30 [ 250 | 350 [ 300 [ 200 [ 450
|Euros (€) | 440 [ 160 | 32 | 280 | 390 | 330 | 210 | 500

o

Draw a scatter graph for both sets of information on the same axes.

Draw a line of best fit for each set of data.

Write a formula for euros, £, in terms of sterling, S, for
i travelcash.com

i currencyexchange.co.uk

Which currency exchange website offers the best value for money?

Explain your answer.

Discussion How can you tell that two quantities are in direct proportion from their graph?
How can you tell that two quantities are in direct proportion from an equation?

The symbol & means ‘is directly proportional to’. Y

Yy x means y is directly proportional to x.

In general if y is directly proportional to x,

yoxand y=kx x
where k is a number, called the constant of propertionality.

Example 1
yis directly proportional to .
Wheny=20,x=8
Express j in terms of x.
b Find ¥ when y = 35.

no

o

o

a yxx Write y is directly proportional to x, using the symbol o. |

So. Y=kt
20=kx 8 Write the equation using k.

k=25 ———— | gybstitute y =20 and x = 8. Solve to find k. |

y=25x =
Substitute the value of k back into the equation. |
35=25x%

<
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3

y is directly proportional to x. Q3a hint Start with the statement.
y=15whenx=3 y o, then the equation i = kx.
a Expressyintermsofx. b Findywhenx =10 Usethe “a“‘i‘ of xand y tofind
¢ Findxwheny =65 thevalue of &

y is directly proportional to x.

y=52whenx=8

a  Write a formula for y in terms of x.

b Find ywhenx =14

¢ Find xwheny =143

Problem-solving y is directly proportional to x.
a y=6whenx=4Findxwheny=175

b y=315whenx=7.Find x wheny =455

© y=8whenx =5.Find xwheny=13

Cosr e —

L " Most of the marks are
is directly proportional o x. it el

Whenx = 600, y = 10 the working you o to
a Find a formula for y in terms of x. (3 marks) aet your formula.
b Calculate the value of y when x = 540. (1 mark)

June 2012 013, SMB3H/OT

1

a
=
=
&
=

yoxx
Use the table of values to find the constant of proportionality.

Reasoning The force, F, on a mass is directly
proportional to the acceleration, a, of the mass.

When F'=96,a =12 Q2a hint Start with the statement
a Express Finterms of a. F  a, then equation F = ka.

b Find Fwhen a = 20. Use the values of 7 and a to find
¢ Find @ when F=112. thevalie of k.
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3 Reasoning / Communication The table gives information about the perimeter, P, of a
shape and the length, /, of one of its sides.

[Perimeter,P(m) [ 12 [ 24 | 30 | 48 |
[Length,iem) | 5 [ 10 | 125 | 20 |
Show that Pis directly proportional to [

Given that P= k[, work out the value of k.

Write a formula for Pin terms of L

Use your formula to work out

i thevalueof P,when /=18 i thevalueof [, whenP =42

Q3a hint Use equivalent r

anoco

Reasoning The distance, d (inkm), covered by an aeroplane is directly proportional to the
time taken, ¢ (in hours).
The aeroplane covers a distance of 1600 km in 3.2 hours.
a Find a formula for d in terms of Z.
b Find the value of d, when =5
c Find the value of ¢, when d = 2250
d  What happens to the distance travelled, d, when the time, ¢, is
i doubled i halved?

5 Real/ Reasoning The cost, C (in £), of a newspaper advert is directly proportional to the
area, A (in cm?), of the advert.
An advert with an area of 40 cm? costs £2000.
a2 Sketch a graph of Cagainst A.
b Write a formula for C in terms of A.
¢ Use your formula to work out the cost of an 85cm? advert.

Key point 2

A quantity can be directly proportional to the square, the cube, or the square root of another
quantity. For example:

If y is proportional to the square of x then y o x? and y = kx?

If i is proportional to the cube of x then y o« x?and y = kx*

If y is proportional to the square root of x then y e v and y = kv

Y is proportional to the square of x.
Whenx=3,y=36

a  Write the statement of proportionality.
b Write an equation using k.

c  Work out the value of k.

d Find ywhenx =5

e Find xwheny =25

7 Problem-solving y is proportional to the cube of x.
Whenx =2,y =288

a Write a formula for y in terms of x. Q7a hint Write y = k[_Jand
b Find ywhenx =4 find the value of k.

¢ Find x when y = 450

y is proportional to the square root of .
Whenx =4, y =50

2 Find a formula for g in terms of .

b Find ywhenx =9

¢ Find x when y = 250
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(Eamstylequestion D) pambint
7 R Work through the first three
yis dn'ecitly prcipnmonal to the square of x. e e
Whenx=35,y=150 write everything down to
Find the value of y when x = 3. (4 marks) get maximum marks.

STEM / Reasoning The kinetic energy,  (in joules, .J), of an object varies in direct
proportion to the square of its speed, s (inm/s).

An object moving at 5m/s has 125) of kinetic energy.

a  Write a formula for E'in terms of s.

b How much kinetic energy does the object have if it is moving at 2m/s?

© What speed is the object moving at if it has 192.2] of kinetic energy?

d What happens to the kinetic energy, , if the speed of the object is doubled?

1 Problem-solving The cost of fuel per hour, C (in £), to propel a boat through the water is
directly proportional to the cube of its speed, s (in mph).
Aboat travelling at 10 mph uses £50 of fuel per hour.
a Write a formula for Cin terms of 5.
b Calculate C when the boat is travelling at 5mph.

12 STEM / Reasoning In afactory, chemical reactions are carried out in spherical containers.

The time, 7' (in minutes), the chemical reaction takes is directly proportional to the square of
the radius, R (in cm), of the spherical container.

When R =120, T=32

a  Write a formula for 7'in terms of R.

b Find the value of Twhen R = 150

Problem-solving In an experiment, measurements of g and / were taken.

Which of these relationships fits the result?
gxh gueh goh® guih

Ais directly proportional to B.
A=10when B = 40

a Write a formula for A in terms of B.

b Use your formula to work out the value of A when B = 460
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Unit 19 Proportion and graphs
2 Match each statement of proportionality to the correct graph.

yox  yox? VA3 %

a A b

dn waep

Key point 3

When y is inversely proportional to x
hE
Yy
k
s
Example 2

yis inversely proportional to x.
Wheny=2,x=3
a Write aformula for g in terms of x.

Calculate the value of y when x =8
Write y is inversely proportional to x using the
a yeleoy :% o symbol. Then write the equation using k.

k
2=_80k=06 —\I Substitute y = 2 and x = 3. Solve to find k. |

o

3
6 5 P 7
y=2 Substitute  back into the equation.
6_3 z .
b y:E g Substitute x = 8 into your formula.

3 yisinversely proportional to x.
Wheny=5x=2
a Write a formula for i in terms of z.
b Calculate the value of y when 20
¢ Calculate the value of x when y = 4

4 STEM/ Reasoning The pressure, P (in N/m2), of a gas is inversely proportional to the
volume, V (in m?).
P = 1500N/m? when V=2m?*
a  Write a formula for P in terms of V.
b Work out the pressure when the volume of the gas is 1.5m?.
©  Work out the volume of gas when the pressure is 1200 N/m?
d  What happens to the volume of the gas when the pressure doubles?

5 Problem-solving / STEM The time taken, ¢ (in seconds), to boil water in a kettle is
inversely proportional to the power, p (in watts), of the kettle.
A full kettle of power 1500W boils the water in 400 seconds.
a Write a formula for ¢ in terms of p.
b Asimilar kettle has a power of 2500 W. Can this kettle boil the same amount of water in
less than 3 minutes?

593



Unit 19 Proportion and graphs

6 Reasoning y is inversely proportional to x.
[xJoas[os [ 1 [ 2[4 [ 8 16]32]
[y [32 1] 8] a2 ]1 [05]oes]
a Draw a graph of i and x. What type of graph is this?

by :§ where k is the constant of proportionality. Find k.
©  Work out x x i for each pair of values in the table. What do you notice?
Discussion How can you tell from a table of values if two variables are inversely proportional?

7 Reasoning Which graph shows variables in inverse proportion?
A !/I B ﬁ c Y,
/I 2 0|

8 STEM/ Reasoning Thetime, ¢ (in seconds), it takes an object to travel a fixed distance is
inversely proportional to the speed, s (inm/s), at which the object is travelling.
When travelling at 20m/s it takes an object 40 seconds to travel from A to B.
a Write a formula for s in terms of .
b Copyand complete the table of values for s and t.

[speed,smss) [ 4« | 20 [ a0 [ [160]
[ Time, ¢ (seconds) | [ 80 [ 40 | [0 | |

¢ Sketch a graph to show how s varies with f.
Discussion What happens to the time taken as the speed approaches 0 m/s?

9 Problem-solving The graph shows ¥
two variables that are inversely proportional
to each other.
Find the values for @ and b.

10 Reasoning A farmer employs fruit pickers to harvest his apple crop.
The fruit pickers work in different-sized teams.
The farmer records the times it takes different teams to harvest the apples from 10 trees.

[Number of peopleinteam,n | 3 [ 2 [ 5 | 8 [ 9 [10 ][ 6 | 4« | 7 ]
| Time taken, ¢ (minutes) o5 [155 | 60 [ 40 [ 30 [ 25 | 40 | 85 | 40 |
a Draw a scatter graph of ¢ against n. ‘
b Draw a curve of best fit. Q1od hint ¢ ’i
c Write a formula for estimating ¢ when given n. = ;
B Use a coordinate on the line of
d  Use your formula to estimate the time it would take a
best fit to find the value of k.
team of 15 people to harvest the apples from 10 trees.

Exam hint

Read the question
thoroughly. Note
that you need to vse

his inversely proportional to the square of 7.

Whenr=5,h=34

Find the value of & when = § (3 marks) inverse proportion.
June 2013, 022, IMA i)/lH/
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1

~

yis inversely proportional to the cube of x.
Wheny=2,x=3

a Write a formula for y in terms of x.

b Calculate y when x =5

¢ Calculate x when y =6.75

1

o

y is inversely proportional to the square root of x.

Wheny=21=9

a Write a formula for y in terms of x.

b Calculate ywhen x =4

¢ Calculate x when y =6

Reasoning When 20 litres of water are poured into any cylinder, the depth, D (in cm), of

the water is inversely proportional to the square of the radius, r (in cm), of the cylinder.

When r = 15cm, D = 28.4cm

a  Write a formula for D in terms of r.

Find the depth of the water when the radius of the cylinder is 25cm.

Find the radius of the cylinder when the depth is 64cm. A B

Cylinder A has radius xcm and is filled with water to F——

adento ot dem . —]

This water is poured into cylinder B with radius 2x cm. ch @
xem

What is the depth of water in cylinder B?

ano

Reasoning The speed, s (in revolutions per minute), at which each cog in a machine turns
is inversely proportional to the square of the radius, r (in cm).

When = 4cm, s = 2125 revolutions per minute.

a Write a formula for s in terms of .

b Work out the value of s when r=4.2. Round your answer to 2 decimal places.

1 Calculate
a 24 b 90 € 55k d 42

2 Aman places a grain of rice on the first square of a chess board. He then places two grains on
the second square, four on the third square, eight on the fourth square, and so on, doubling
the number of grains each time.
How many grains of rice does he place on the
a 10th square b 15th square © 20th square?
Discussion What happens to the amount of rice as he moves further around the chessboard?

3 Find the value of x for each of these equations.
a 2*=8 b 3r=81 c© 10*=10000 m
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Key point
Expressions of the form a¥, where a is a positive number, are called exponential functions.

4

2 Copyand complete the table of values for y = 2*.
Give the values correct to 2 decimal places.
[#]#]aT2aToT1 2 s5T4]

72 N N O A

b Draw the graph of gy = 2 for -4 = x < 4.

© Use the graph to find an estimate for
i thevalueofywhenx=35 i thevalue of x when y = 10.

Discussion What happens to the value of y as the value of x decreases?

The graph of an exponential function has one of these shapes.

H & Hint The graph
of a* when
0 = 0 = @ =1is just the
* where a > 1 o y=a*wherea>1or e
y=brwhere0 <b<1 = b*where 0 < b <1
exponential growth exponential decay
5 Reasoning
a Draw the graph of each function
Use a grid with x-axis -2 to 2 and y-axis 0 to 30.
i y=3 i y=5°
b Predict where the graph of i = 4* would be. Sketch it on the same axes.
c Atwhich point do all the graphs intersect the y-axis?
Discussion Why do exponential graphs always cross the y-axis at the same point?
6 a Copyand complete the table of values fory = 2%
Give the values correct to 2 decimal places.
[e]=#]=T2aToT1 2 5T4]
720 I N I A O
b Drawthegraphofy = 2% for-4 = x <4
¢ Use the graph to find an estimate for
i thevalueof ywhenx =35 i thevalue of x when y = 10
7 STEM / Reasoning The table gives information about the count rate of

seaborgium-266.
The count rate is the number of radioactive emissions per second.

[Time (seconds) | o | 30 | 60 | 90 [ 120 | 150 | 180 |
|countrate [ 800 | 400 [ 200 [ 100 | 50 | 25 | 125 |

a Draw a graph of the data. Plot time on the horizontal axis and count rate on the
vertical axis.

b Isthis an example of exponential growth or exponential decay?

c The half-life of a radioactive material is the time it takes for the count rate to halve.
What is the half-life of seaborgium-266?
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Example 3

The sketch shows part of the graph y = ab* y
The points with coordinates (0, 3) and (2, 12) lie on the graph.
Work out the values of @ and b.

2,12)
For the point (0, 3) substitute (0.3) { )
x=0andy=3intoy=ab*
B=ax1 9 x
a = 3, 50 the equation is = 3b*

\ For the point (2, 12), substitute x =2 and i = 12 into y = 36<

b=
¢ ) ambin
The sketch shows a curve with equation y = ka*, where & and @ Start by vsing the

are constants and @ > 0. poirt (1, 7) to express
kin terms of a

The curve passes through the points (1, 7) and (3, 175).
Calculate the value of k and the value of a. (3 marks)
June 2008, Q18, 5544H/I5H |
-

9 Finance / Reasoning The value, V (in £), of a car depreciates v,
exponentially over time.
The value of the car on 1 January 2015 was £20000.
The value of the car on 1 January 2017 was £16200.
The sketch graph shows how the value of the car changes over time.
The equation of the graph is V= ab* 0 G
where t is the number of years after 1 January 2015, and @ and b are posi constants.
a Use theinformation to find the value of @ and b.
b Use your values of @ and b in the formula V= ab! to estimate the value of the car on
1 January 2018.
© By what percentage does the car depreciate each year?

10 Reasoning / Modelling The population of a country is currently 4 million, and is growing
at arate of 5% a year.
The expected population, p2 (in millions), in ¢ years’ time, is given by the formula p = 4 x 1.05
a Use a table of values to draw the graph of p against ¢ for the next 6 years.
b Use your graph to estimate
i the size of the population after 2.5 years
i the time taken for the population to reach 5 million.
Reflect How do you know that the growth in population is exponential?
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11 Reasoning / Finance £10000is invested in a savings account paying 4% compound
interest a year.
a Write a formula for the value of the savings account (V') and the number of years (t).
b Draw a graph of Vagainst ¢ for the first 10 years.
¢ Use the graph to estimate when the investment will reach a value of £11000.

Why

1 The d\agrams show four flasks filling up with water h is the height of water after time ¢.

=&

These graphs each show a relationship between A and .
Match each flask to a graph.

A B Cc D
hV h h, h
) ]/
= ¢ + + +
£ i 3 T t
5
= 2 The velocity-time graph shows the .
motion of a particle. g
Given that the particle travelledina <
straight line, calculate the distance £
travelled between ¢ =0 and ¢ 12. g 10
o
10 12

Time (seconds)

3 Points Aand B are connected by a straight line.
Write the gradient of the line AB for
a A(0,0)and B(2,6) b A(3,5)andB(7, 11) ¢ A(-2, 4)and B(2,0)

Key point 6

The tangent to a curved graph is a straight line that touches the graph at a point.
The gradient at a point on a curve is the gradient of the tangent at that point.
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Water is poured into the container at a constant rate. "

The graph shows the height, k (in cm), of the water after r
time, ¢ (in seconds).

d ’ h
Estimate the rate at which A is increasing after 10 seconds. H

20 i Draw a tangent to the curve at ( = 10 ‘

Height (cm)

0 5 10152025

Time (seconds)
changeinh _50-10 _ 40
changeint  20-0 20

—| Calcuate the gradient of the tangent.

Gradient =

At = 10 the height of the water Is increasing at 2 om per second.

4 Communication Water is poured into a flask at a constant rate.
h is the height of water after time, £.
a Describe how the rate at which the height increases
changes over time.
b Which graph best describes the relationship between £ and 2

A B {e; D
h i J n[/ I
i z ' g ' 1 '

5 Reasoning / Communication The graph Temperature of coffee

shows the relationship between the temperature,

T, of a cup of coffee and time, ¢. 100

a  What is the temperature, 7, of the coffee
after 50 seconds?
Describe the rate at which the coffee cools
down.
Calculate the drop in temperature between
100 and 200 seconds.

Calculate the average rate of temperature
reduction between 100 and 200 seconds. 20

hi

o

n
Temperature (°C)

a

Q5d hint
100and

d the temperature at 0 i
00. 0 100 200 300 400 500

Time (seconds)

e Becky says, The coffee cools twice as quickly

between 100 and 200 seconds as between 0

and 400 seconds! Is Becky correct?

Explain your answer.

Compare the average rate of temperature reduction over the first 300 seconds with the
rate of temperature reduction at exactly 300 seconds.
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On a distance-time graph, the gradient of the tangent at any point gives the speed.

6 Reasoning The distance-time graph shows information about a runner in a 100 metre race.
100m race

Distance (m)

Time (seconds)
a Estimate the speed of the runner 12 seconds into the race.
b After how many seconds is the runner running at full speed?
¢ If the runner could maintain this speed, how long would it take to run a 200m race?

Key point 8
The straight line that connects two points on a curve is called a
chord. The gradient of the chord gives the average rate of change
and can be used to find the average speed on a distance-time
graph.

~——chord

The area under a velocity-time graph shows the displacement,

or distance from the starting point. To estimate the area under a
part of a curved graph, draw a chord between the two points you
are interested in, and straight lines down to the horizontal axis to
create a trapezium. The area of the trapezium is an estimate for the
area under this part of the graph. o

7 Reasoning / Communication A car drives away from Motion of a car

a set of traffic lights. The velocity-time graph gives some

information about the motion of the car.

a Copy the graph. Draw a chord from ¢ =0to ¢ = 10.

b Calculate the average acceleration of the car over the
first 10 seconds.

8

N
S

3

Velocity (m/s)

‘ Q7b hint Find the gradient of the chord.

© Estimate the acceleration at time ¢ = 4 seconds. 0 a 8 12
d  Describe how the acceleration changes over the 12 seconds. Time (seconds)
e Estimate the displacement of the car from t = 4to t=8.

Discussion Is the displacement always the same as the distance travelled?
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8 a Drawthegraphofy=x?+3foro=x=4 Q8 hint
b Drawin achord from x =0 to x = 1 and use it to make a y
trapezium under the graph.
c Repeat with chords fromx=1tox=2,2=2tox=3 and
x=3tox=4
d Calculate the areas of your trapezia to estimate the area 3
under the graph of y =22 +3 fromx =0to x =4
0 23 4t

9 Reasoning / Communication The distance-time graph shows
information about a 400 m race between Amy and Clare.

Amy and Clare’s race

200{

Distance (m)

30 40 5 70
Time (seconds)

20

a Describe the race between Amy and Clare.
b Compare Clare’s speeds for the first and second halves of the race.
¢ Estimate the difference in their speeds 50 seconds into the race.

B —
The velocity-time graph describes the motion of a car.

Velocity, v, is measured in metres per second (m/s) and time, 1,
is measured in seconds. The car travels in a straight line.

f

Q10a hint For motion,
draw a tangent to the
curve,

Velocity (mis)

Q10¢ hint Calculate
the average
0 acceleration for the
02 4 6 81012 first 8 seconds.
Time (seconds)

a Estimate the acceleration at ¢ = 4. (2 marks) Q10c communication
b Estimate the distance travelled between ¢ = 6 and hint Instantaneous
=8, (3 marks) acceleration is the
¢ The instantancous acceleration at time 7'is equal acceleration at
to the average acceleration for the first 8 seconds. a given moment
Find an estimate for the value of 7. (3 marks) (or instant) in time.
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1 f@)=3r+1g@)=2x2
Find the values of

a f(2) b f(-3) c g) d f(0) e g()
2 g)=5x+2
a d thevalue of i g@3)+2 ii gB3+2)

b Writeoutinfull i y=gx)+2 ii y=glx+2)
3 Hereis the graph of y = sinx

3 (degrees)

s
5
E
ES

Match the equations to these graphs.
a y=sinx+05 b y=sin(x +30)

A Y B ¥
15 1
05 / 03
0 " (degrees) ~ 500  (degrees
4_# 180\_/360 300[ 30 60 90 120 15\»@10 (degrees)
-1
4 C Drawa di grid with -5 to +5 on the x-axis and with

~10 to +30 on the y-axis.
a On the same set of axes draw the graphs of
I y-flo <2 Qéa hint Create a table of
i y=fl)-5-22-5 values for each graph.
i y=fa+=(@=+1)?
The minimum point of g = f(x) is (0, 0).
Write the coordinates of the minimum point of

L3

i y=fw) -5 i y=flx+1)
¢ Describe the transformation that maps the graph of i = f(x) onto the graph of
i y=f@-5 i y=fx+1)
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Key point 9
The graph of y = f(a) is transformed into the graph of y = f(x) +a by (2).

The graph of y = f(x) is transformed into the graph of y = f(x + a) by (_g).

5 Here s the graph of y = f(x) = x2
e - :

Q5 hint Label the coordinates of the
turning point and the y-intercept on
each of your sketch graphs.

Copy the axes and sketch the graphs of
a y=fo)+1 b y=fm)-2 ¢ y=fx+2) d y=fx-4
6  Write the vector that translates y = f(x) onto
a y=fm)+2 b y=f)-3 c y=fx+1l) d y=flk-4 e y=Ffx+5-2

Graph A is a translation of the graph of = f(x).
Write the equation of graph A.

Find corresponding points on
the graph, for example where

Describe the translation to e EiepIshotzohtal
the corresponding point.

The graph of y = #(x) has been translated by (g )

The equation of graph Als y = F(2) + 2
\ Write your final answer in function notation.

# Exam hint
The graph of y = f{x) is shown on the grid. First see if the
translation is to the
. right or to the left or
up or down and by
ERECAN / \ JE how many squares.
-6 -4 -2 0 *

The graph G is a translation of the graph of y = f(x).
Write down the equation of graph G. (1 mark)
March 2013, Q25b, 1IMAV/IH |
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¢ EEEETETTD | o8 strategy hint

The graph of y = f(x) is shown on the grid. Make sure you translate
Copy the diagram and sketch the graph the points that have
of y=1fix=3). (2 marks) integer coordinates
such as (-1,3) and
1 | 2,0) exactly three
\ I squares in the correct
\ i / direction.

June 2012, Q26a, IMAO/IH

9 Hereis a sketch of i = f(x) = 2
R EE

2 Draw sketches of the graphs
i y=f+3 i y=fx-3)
b Write the coordinates of the paint which (0, 0) is mapped to for both graphs.

10 Reasoning f(x)=3x+2
a Draw the graph of y = f(x)
b Draw the graph of g = f(x + 1)
c Write the algebraic equation of y = f(x + 1)

11 Problem-solving f(x) =1 —
x Q11 communication hint

a Sketch the graph of y = f(x + 2) -3 An asymptote is a line

b Write the equation of each asymptote. that a curve approaches

but never reaches.
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1 fla)=6x-4

Write out in full

a f(-2) b —f(x)
2 gl)=2x+5

Find

a -g(-3) b 2g(10)
3 Hereis the graph of 5 = cosx

dn wiem

Sketch the graph of
a y=-cosx b y=2cosx

4 fla)=dr-2
a Copyand complete the table.
x =2 | =1 0 1 2
flx)
—f(x)
f(-x)
On the same set of axes, draw the graphs of
i y=f® i y=-f(x) il y="f(-x)
Describe the transformation that maps f(x) onto —f(x).
Describe the transformation that maps f(x) onto f(-x).

o

n

a

Key point 10
The transformation that maps the graph y = f(x) onto the graph y = f(-x) is a reflection in
the y-axis.
The transformation that maps the graph y = f(x) onto the graph y = ~(x) is a reflection in
the x-axis.
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5 Reasoning The diagram shows the graph of i = f(x)

234564

2 Copy the sketch. On the same axes sketch the graphs of
i y=-flx) it y=f(-x)

b Finley says, ‘The graphs of y = f(x) and y = -f(x) always intersect the y-axis in the same
place. The graphs of y = f(x) and y = f(-x) always intersect the x-axis in the same place.
Is Finley right? Explain your answer.

6 Reasoning The diagram shows the graph
of y=f(x)
The turning point of the curve is A(2, 4).
Write the coordinates of the turning points
of the curves with these equations.

A2.4)

a y=-ft 1234567
b y=f-x)
¢ y=-f(x)

7 Reasoning Hereis the graph of y = f(x) =23 + 2
17

O 1234567

2 Copy the sketch and on the same axes sketch the graphs of
i) i f(-x) il -f(-2)
b Describe the transformation that maps f(x) onto —f(-x).



8 fla)=az-4
a2 Copy and complete the table.

Unit 19 Proportion and graphs

= -2 -1 0

f(x)

2f(x)

fzx)

b On the same set of axes draw the graphs of

i y=fw i y=2f)

i y=flex)

Key point 11

For any function, f, the transformation which maps the graph of = f(x) onto the graph of
y = af(x) is a stretch of scale factor a parallel to the y-axis.

For any function, f, the transformation which maps the graph of y = f(x) onto the graph of
y =fax) is a stretch of scale factor %parallel to the x-axis.

a  Sketch the graph of i = 3f(x)

The diagram shows the graph of y = f(x), where f(x) = 22 - 2z + 1

b Sketch the graph of y = f(2x)
b

The transformation that maps

y =f(x) onto y = 3f(x) is a stretch of
scale factor 3 parallel to the y-axis.
The x-coordinate of each point on the
graph will remain the same, but each
y-coordinate will be multiplied by 3.
(1,00 = (1,0 ©0,1)->(0,3)
(2,1)>1@2,3)

The transformation that maps

y = f(x) onto y = f(2x) is a stretch of
scale factor § parallel to the x-axis.
The y-coordinate on each graph
will remain the same, but each
x-coordinate will be multiplied by £.
(1,0) - (05,0} 0101
2,1)-1(Q1,1)
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9 Here is the graph of y = f(x)
Draw the graphs of
a y=2f(x)
b y=3f(x)
¢ y=1ife)

10 Here is the graph of y = f(x)
s

8
7
3
5

By §q

Draw the graphs of
a y=f@x) b y=fEx)

The graph of y = f{x) is shown on the grid.

Copy the diagram and sketch the graph of - = 21(x).

(2 marks)

\ i

[

/

\
\[,

[

June 2012, Q26b, 1MA ()/IHJ

6

Exam hint

Caleylate some
Y-values for y = 24(x)
to make sure your
graph passes through
the correct points.
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12 Reasoning The diagram shows the graph of y =f(x) = 3x + 2
7 =
g y= M

4
3
2

R
Ja 320 12 3 4x

The graph has been transformed in different ways.

Match the function notation to the graphs.

a flx) b 2f(x) c fl-x) d ~flx)
A B CD

g

Ja413-2 2347

13 Reasoning Hereis a sketch of y = f(x) =—x2 + 4
12

The graph has a maximum value at (0, 4).

It intersects the x-axis at (-2, 0) and (2, 0).

Sketch the graph of y = (2x)

Write the maximum value of f(2x).

Write the ceordinates of the points where y = f(2x) intersects the x-axis.
Why does f(2x) have a maximum value?

o

ano
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Mathematics can be used to model disease outbreaks. This helps organisations to plan ahead and
respond to emergencies.

One simple model for IV, the number of infected people, is N = A x B, where A is the initial
number of infected people, ¢ is the time in days since the start of the outbreak, and Bis a
measure of how contagious the disease is.

1 One outbreak is modelled using the equation N'=7 x 2! Q1 hint You could draw
and complete a table of

Calculate the number of people who are infected when ¢ =0,
S e O values, and then plot a
When will the number of infected people exceed 1007 GRS

2 Adifferent outbreak of a long-lasting disease has begun in a nearby city.
The local authorities have recorded the reported total number of infected
people in the first five days in the table at the bottom of the page.

a Fitamodel of the form N =A = B to this data, by Q2a hint To estimate B,
finding approximate values of A (to the nearest integer) find the ratios between the
and B (to 1 decimal place). numbers of infected people

The local authorities are worried about two things: on successive days

« City doctors can only treat 500 newly infected people each day.
- The hospitals currently only have enough supplies to treat 3000 infected people in total.
b Use your model from part a to decide whether it is more urgent to send extra supplies or
extra doctors. Justify your decision.
3 N=AxB'is not appropriate for modelling diseases in the long
term. Write down two reasons why the number of infected people
would be unlikely to continue to increase exponentially.

Total number of
infected people

Instead of B, professional mathematicians use a value called R,, the
basic reproduction ratio of a disease. This is the mean number of

people that a diseased person will infect while they are ill.
} This table gives approximate R, values of some well-known diseases.

Disease

Measles

Mumps
Seasonal flu
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Log how you did on your
Student Progression Chart.

Proportion

1 Inacircuit with a fixed resistance, the current, /, is directly proportional to the voltage, V.
When the current is 10 amps, the voltage is 4 volts.
a Write a formula for / in terms of V.

b Calculate the current when the voltage is 10 volts.

When the voltage is constant and the resistance is allowed to vary, the current is inversely
proportional to the resistance, R.

When the resistance is 20 ohms, the current is 2 amps.

c  Write a formula for / in terms of R.

d  Calculate the current when the resistance is 4 ohms.

2 yisdirectly proportional to a2
Wheny =48,x=2
a  Write a formula for i in terms of x.
b Find y whenx =3.
¢ Find x when y = 300.

3 cisinversely proportional to d.
Whenc=55d=4
a  Write a formula for ¢ in terms of d.
b Find cwhend =5.

Exponential and other non-linear graphs
4 On the same axes, sketch the graphs of
a y=2¢ b y=2* ¢ y=3

5 Reasoning The diagram shows a sketch of the curve y = ab*

The curve passes through the points A(0, 3) and B(1, 6).
a Find the values of
ia i
b Find the value of y when x = 4. Motion of a car

& Reasoning The velocity-time graph shows a car driving
in a straight line away from a junction.
The time after the junction, ¢, is measured in seconds, s.
The velocity, v, is measured in metres per second, m/s.
Calculate the average acceleration of the car between
t=20and (=30.
Estimate the acceleration at ¢ = 40.

o i
Estimate the distance travelled between ¢ = 40 and ¢ = 60 0 20 40 80
Time (seconds)

o
Velocity (m/s)

no
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Transformations of graphs functions

7 The function ¥ = f(x) is shown in the diagram. i
Sketch the graph of t 10
a y=flx)+3
b y=fx-2) 5
¢ y=2f(x)
d y=flx)

8 y=fx)
The graph of g = f(x) is shown on the grid.
i
¥ ="fx) 4

1

Jefrlelsdats 210 1 234567 8%
2
-3
4
Copy the diagram and sketch the graph of = ~f(x)
9 How sure are you of your answers? Were you mostly

Just guessing @ Feeling doubtful @ Confident @
What next? Use your results to decide whether to strengthen or extend your learning.

* Challenge
10 Finley transforms the graph y = 4% + 3 using the transformations shown on the cards.

Reflect in 0 Reflect in 1
[ the x-axis ] [Translate (A) ] l the y-axis ] [Transla!e (D) ]
a Does the order of the transformations change the
final result?

‘ Q10a hint Draw a sketch and try different orders. |

There is more than one order that maps the graph

onto itself.

b Find the different orders of transformations that
map the graph onto itself.

¢ Explain why applying the transformations in different
orders can lead to the same outcome.

function notation.

Q10¢ hint Use a combination of algebraic and |
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Proportion

1 Real The cost, ¢, of diesel is directly proportional to the number of litres, /, purchased.
Diesel costs £1.32 a litre.
a  Write a formula for the cost of diesel.
b Use your formula to calculate the amount of diesel you can purchase for £12.

2 Reasoning
a  Write the lengths, [, and widths, w, of different
rectangles with an area of 24cm?. Qzbhint {=[ Jworl
b Is I directly or inversely proportional to w?
c Draw a set of axes with [ on the horizontal axis and w on the vertical axis.
Draw a graph of possible lengths and widths of a 24 cm? rectangle.

3 The graphs show how two pairs of iy, iy,
variables relate to each other.
Which graph shows
a direct proportion
b inverse proportion?

4 Write 9l % al
i the statement of proportionality i the formula for each of these.
a Aisdirectly proportional to B.
b Cisinversely proportional to D. Q4 hint Use o to write a statement
c M is directly proportional to the square of N. of proportionality, i o &
d Fisinversely proportional to the cube of G. Use & (the constant of
e His inversely proportional to the square root of 7. proportionality) to create a
£ Risdirectly proportional to the cube of S. formula, y = kx

5  Fisdirectly proportional to a.
F=20when

2 Q5a hint Substitute =20
F oca soF = ka, where k is the constant of proportionality. and a=2into F=ka

a Find the value of .

b Write a formula for Fin terms of a. | Q5b hint Use F = ka and your value for k. |

c  Work out the value of F whena = 4. -

d Work out the value of a when F = 60. | Q5¢ hint Use your formula from part b. |
6 aisinversely proportional to b. Q6a hint Substitute @ = 10 and

Whe: a= ]0"(1’:2 b =zintothe formulaa =%

@ oc— 5o a = —where k is the constant of proportionality. b

a  Find the value of k. b Write a formula for @ in terms of b.

¢ Calculate @ when b =5. d Calculate bwhen a =5.

7 disdirectly proportional to the square of ¢.
d=80whent=4
d o« t?s0 d = kt?, where k is the constant of proportionality.
a Find the value of £.
b Write a formula for d in terms of ¢.
¢ Calculate the value of d when  =7.
d Calculate the positive value of z when d = 45.
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Exponential and other non-linear graphs

1 STEM The number of bacteria, n, in a Petri dish doubles every minute.
At time ¢ = 0 minutes there is 1 bacterium in the Petri dish.
a Copy and complete the table of values.

[eJof12]3]af5756]
T T T T T 1]

b Draw a set of axes, with i on the vertical axis from 0 to 70
and ¢ on the horizontal axis from 0 to 6.
¢ Sketch a graph of t and n on your axes.

2 Reasoning The diagram shows a sketch of the curve y = ab*
Y

The curve passes through the points A{0, 4) and B(1, 8).
a Substitute the values of x and y from point A into = ab*

b Find the value of a. Q2b hint ° =1

©  Substitute the values of x and y from point B and your value

of ainto y = ab* Q2d hint b =b

d Find the value of b.
e Substitute your values of @ and b into y = ab* Qzehintb*=bxbxb
£ Find the value of y when x =3.

3 Reasoning The velocity-time graph shows a train pulling away from a station.
The train travels in a straight line.
Velocity-time graph
c D

» o
s 3

Velocity (m/s)
8

0+
0 50 100 150 200 250 300

Time (seconds)

a  What is the velocity of the train at point
i A i B i @

b Estimate the acceleration between
points A and B.

©  Estimate the distance travelled between Q3c
i CandD i BandC. EICS LS

change in velocity

3b hint Acceleration =
& time taken

nt Distance travelled
graph

Q3c i hint Read off the values and draw a trapezium. Find the area of the trapezium
underneath the line BC.
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Transformations of graphs functions

1

fa) =22
a Copyand complete the table of values for (x).
[=T4]aT=2]afofael3T4]
fw[ [ T T T T T T
b Sketch the graph of y = f(x)
¢ Copy and complete the table of values for 2f(x).
(I N Y N N R R
ol [ T [ [T T [ [}
d Copy and complete the sentence.
For the same values of x, the values of 2f(x) are always ............ the values of f(x).
e Sketch the graph of y = 2f(x)
£ Describe how y = f(x) is transformed into y = 2f(x)
g Copyand complete the table of values for f(2)
[« [4]a]=2]afofael5T4]
feal T [ T [T T T
h  Sketch the graph of y = f(2x)
i Describe how y = f(x) is transformed into ¥ = f(2x)

flx)=2x-4
a Copyand complete the table of [ [3]2]aJo0of1]2]3]
values for f(x). ‘ f(x) ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
b Sketch the graph of y = f(x)
¢ Copy and complete the table of [ [3]2]afof1]2]3]
values for f(x) + 3 ‘ f(x) +3 ‘ ‘ ‘ ‘ ‘ ‘ ‘
d Copyand complete the sentence.
For the same values of x, the values of f(x) + 3 are always ............ than the values of f(x)
e Sketch the graph of y = f(x) + 3
£ Describe how y = f(x) is transformed into i = f(x) + 3
g Copy and complete the table of ‘ = ‘ 3 ‘ ) ‘ e ‘ 0 ‘ 1 ‘ 2 ‘ 3 ‘
values for f(x +2) ‘ fwr2) ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
h Sketch the graph of y = f(x + 2)
i Describe how y = f(x) is transformed into y = f(x + 2)

A ball falls vertically after being dropped. It falls a distance, d metres, in a time of ¢ seconds.
d is directly proportional to the square of ¢.

The ball falls 20 metres in a time of 2 seconds.

Find a formula for d in terms of .

Calculate the distance the ball falls in 3 seconds.

Calculate the time the ball takes to fall 605m.

Sketch a graph of how d varies with ¢.
Describe the motion of the ball.

o

Q1le hint Describe any changes in its speed.

pano

615
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2 The diagram shows the graphs of y = 2%, y = 6%, y =05 and y = 3%,
Match each graph to its equation.
AB = Cc D

[E5] 3 Problem-solving Choose the graphs that best match the following descriptions.

A a The more petrol you buy, the higher the cost.
b The FTSE is rising more slowly than it has done for the last 6 months,
©  Someone tells a joke. At first no one laughs, but then a couple of his friends do and before
long everyone in the class is in hysterics.
d Ifyou sell goods at a low price you don't make much profit, but if you charge too much
people won't buy your product.
e The smaller the radius of the balls, the more balls you can fit in a ball pool.

A B [ D E
Yy Y 2 yl/ yV\
E x x x E x : z

4 Reasoning The distance-time graph describes  d.
the distance, d, of a tennis ball from a fixed point B Qé hint
as it is thrown vertically upwards. Velocity is
a  Describe the motion of the ball at points GESEab
A BandC. C Itis speed
% - ina given
b Compare the speed of the ball at A and C. S
c Compare the velocity of the ball at Aand C. i
5
Jane invests £6000 for 3 years at 3% per annum compound interest.
a Calculate the value of her investment at the end of 3 years.
Lee invests a sum of money for 30 years at 4% per annum compound interest.
A B < D
£ g g g
E| 2 2 2
B = B =
Years ) Years ) Years ’ Years

b Which graph best shows how the value of Lee’s investment changes over the 30 years.
Hamish invested an amount of money in an account paying 5% per annum compound interest.
After 1 year the value of his investment was £2775.

¢ Work out the amount of money that Hamish invested. (5 marks)

Q5c strategy hint This is not the same as finding 5% of £2775 and then subtracting the
answer from £2775.
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The graph shows a company’s profits over a 6-month period. Profits January to June
a Between which two months did the profit increase

the fastest?

Explain how the graph shows this.
b Describe how the level of profit changed over this period.

4

©

Q6b hint Use your answer to part a and describe
the rate of change over the rest of the period.

Profit (£ millions)
PO

¢ The area under the graph represents the total profit in
a period of time.

Estimate the total profit between months 2 and 4. 0
0123456

Month

STEM / Problem-solving As part of a science experiment, Michael places different-sized
spheres into a measuring jug of water.

He estimates the radius, r, of the spheres and measures the amount of water displaced, W.
The table shows the results from his experiment.

[Radius, r (cm) [ 2 ]
| Water displaced, W (litres) | 0.03 |

2 Drawa scatter graph of Michael's results.
b Which rule best describes the relationship between rand W?

[oo] e o]
= )

¢ Write a formula for estimating the relationship between rand W.
d  Estimate the amount of water displaced by a sphere with radius 16cm.

Problem-solving The diagram shows the graph of y = f(x)
The graph intersects the x-axis at points A (-2, 0), B (0, 0) and C (2, 0).
The graph intersects the y-axis at (0, 0).

Y,

a  Write the y-intercept of the graphs
i y=4f) i y=fex) i y=fw+s
b Write the x-intercepts of the graphs
ioy=fe-3) i y:f(%)

617
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9 Reasoning Hereis the graph of y = f(x) = sinx

Y.
2

ARSI
90 180~.270 360 * (degrees)

-2
. ;. x
a Sketch the graph with equation y = f(E)
b How many solutions does the equation f(%) =0.5 have in the range 0 < x < 360?

10 Reasoning f(x)=2%+27-8

a Write the coordinates of the points where i = f(x) (10a hint Factorise 22 + 2x - 8
intersects the x-axis.

b Write the minimum value of . Q10b hint Complete the square.

c  Sketch the graph of

i y=f® i y=r?+2x-2 i y=(+1)?+2@+1)-8
11 The expression 42 + 6x + 5 can be written in the form (x + )2+ b
a Find the values of a and b.

b Sketch the graph y = a2
¢ On the same axes sketch the graph y =22+ 6x + 5

Q11 hint When written in the form g = (¥ + a)? + b you can use the values of @ and b to
transform the curve y = 22 You can do this in two steps.

12 Problem-solving The diagram shows the graph of i = a - bsin (cx).

.
6

0
0 90 180 270 360 450 * (degrees)

Use the graph to find the values of @, b and e.

13 Problem-solving The diagram shows the graphs of C; and Gz
€, is the graph of y = f(x)
Write the equation of G, in function form.
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Problem-solving Here is the graph of y = f(x) ):%

a Draw the graph of y = f(x + 2) -

b Write the equations of the two asymptotes.

At the start of an experiment, the count rate of a sample of the
radioactive substance nobelium-259 is 840 counts per second.
The radioactive decay for nobelium-259 can be modelled by the
iterative equation C,., = 1C, where € = count rate and

t=time in hours. Calculate the count rate after 3 hours.

Barry invests some money in a long-term savings account. N
The value of his investment after ¢ years can be modelled ng ";";;Wl’j;;(kwafds
by the iterative equation M, , , = 1.06 M, Sne ANy

After two years the value of his investment is £16 854
a2 Find the value of his investment after 3 years.
b Find the value of his initital investment.

@ When a graph of two quantities is a straight line through the origin,
one quantity is directly proportional to the other. ... vee. Mastery lesson 19.1
Y.

4 x
© The symbol o means is directly proportional to. . wvoer Mastery lesson 19.1
o If yis directly proportional to x, y o« x and y = kx, where k is a

number, called the constant of proportionalit Mastery lesson 19.1
© Where k is the constant of proportionality:

o if yis proportional to the square of x then y 2 and y = kx?
o if yis proportional to the cube of x then i < x* and y = ka*
o if yis proportional to the square root of x then i & v and

y=kE Mastery lesson 19.2
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@ When y is inversely proportinnallox,yo(%andyz%.,‘....,‘.“.. »

& To solve problems involving proportion:
o write the statement of proportionality
> write the formula
substitute given values into the formula to find the solution. .......

o Expressions of the form a* or a-*, where a > 1, are called
exponential functions. ...........

> The graph of an exponential function has one of these shapes.........

Y Y
4] F 0 x
y = a* wherea > 1or y=a “wherea > 1or
=b+*where0<b<1 =b*where 0 < b <1
exponential growth exponential decay

Exponential graphs intersect the y-axis at (0, 1) because a® = 1 for
all values of a. .

o The tangent to a curved graph is a straight line that touches the
graph at a point. The gradient at a point on a curve is the gradient
of the tangent at that point..................... 3 5

@ The straight line that connects two points on a curve is called a chord.
The gradient of the chord gives the average rate of change and can
be used to find the average rate of change between two points. ......
d,

~——chord

0 t

» The area under a velocity-time graph shows the displacement, or
distance from the starting point. To estimate the area under a part
of a curved graph, draw a chord between the two points you are
interested in, and straight lines down to the horizontal axis to create
a trapezium. The area of the trapezium is an estimate for the area

smcler s part of the raphcosrssmiiism s s

v,

stery lesson 19.3

Mastery lesson 19.3

. Mastery lesson 19.4

Mas son 19.4

. Mastery lesson 19.4

. Mastery lesson 19.5

Mastery lesson 19.5

ylesson 19.5
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@ The graph of y = f(x) is transformed into the graph of:
0 y=f(x) + a by a translation of a units parallel to the y-axis
or a translation by (g)

veva Mastery lesson 19.6
o y=flx+a) by a translation of -a units parallel to the x-axis

or a translation by (‘g) _______________ . .. Mastery lesson 19.6

. Mastery lesson 19.7
. Mastery lesson 19.7
. Mastery lesson 19.7
o y=f(ax) by a stretch of scale fa(tor% parallel to the x-axis........ Mastery lesson 19.7

y = —f(x) by a reflection in the x-axis .
o y=af(x) by a stretch of scale factor a parallel to the y-axis .

Write down a word that describes how you feel:

a before a maths test.

during a maths test (when you know how to answer a question)

during a maths test (when you don't immediately know how to answer a question)
after a maths test

discuss with a classmate what you could do to change @ feelings to @ feelings.

mano

Hint You might choose one of these (or a different word): OK, worried, excited, happy, focussed,
panicked, calm,

Beside each word, draw a face to show if it is a good or a bad feeling: @@

Log how you did on your
Student Progression Chart.

1 Thetime, T (in seconds), it takes a water heater to boil some water is directly proportional
to the mass of water, m (in kg), in the water heater.
When m =250, T'= 600
a  Find T'when m = 400.

The time, 7" (in seconds), it takes a water heater to boil a constant mass of water is inversely
proportional to the power, P (in watts), of the water heater.

When P = 1400, T = 360 (3 marks)
b Find the value of 7" when P = 900. (3 marks)

2 Write the letters of the graphs that could have equations

a y=3xr-2 b y=-2a% c d y=3 (4 marks)
A !/K B !IT/ c Y,
\ * / X x
) Y Ejk i
-
% ‘ = x

‘ Active Learn Homework, practice and support: Higher 19 Unit test 621
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3

The distance, D, travelled by a particle is directly proportional to the square of the time

taken, 1.

When ¢ = 40, D = 30

a Find aformula for D in terms of ¢

b Calculate the value of D when ¢ = 64

¢ Calculate the value of ¢ when D =12
Give your answer correct to 3 significant figures.

y is inversely proportional to x2.

Given that y = 2.5 when x = 24

a find an expression for y in terms of x

b find the value of y when x = 20

¢ find avalue of x wheny =16

Reasoning The sketch shows the graph of y = f(x)

The maximum turning point at A has coordinates (-3, 9).
The graph intersects the x-axis at B(-6, 0) and C(0, 0).
Write the coordinates of A, B and C for the graph of

a y=-f(x b y=fl-x) ¢ y=fla-2

d y=2f(x) e y=f3x)

(3 marks)
(1 mark)

(1 mark)

(3 marks)
(1 mark)
(1 mark)

(5 marks)

Reasoning The velocity-time graph shows the first 60 seconds of a space shuttle flight.

Time, ¢, is measured in seconds. Velocity, v, is measured in metres per second.

Space shuttle flight

1000
800
»
E’ 600
£
3
s 400
2
200
of
0 10 20 30 40 50 60
Time (seconds)
a Calculate the average rate of acceleration between ¢ = 40 and ¢ = 50.

-

Estimate the rate of acceleration at ¢ = 30.
Given that the shuttle travelled in a straight line, estimate the distance
travelled between ¢ =20and ¢ = 30.

n

(3 marks)
(2 marks)

(2 marks)



Unit 19 Proportion and graphs

7 The diagram shows a sketch of y = f(x)

Sketch the graphs of

a y=fw)-1 b y=3fx) (2 marks)
8 Reasoning The diagram shows a sketch of

the curve y = ab*

The curve passes through the points A(1, 12)

and B(3, 108).

a Find thevalueof i a i b

b Find the value of y when x =4

(5 marks)
(1 mark)

Sample student answer

a Describe the key points to look for on a graph to help transform and sketch a curve correctly.

b Which key point has the student got incorrect?

¢ What could they draw on the graph to help make sure they count correctly when transforming?

This is a graph of the function y = f(x)

a Sketch the curve of the function y = f(x + 2) (2 marks)
b Write the coordinates of the new minimum point a mnrk)J
Student answer
a

b (-1.-3)
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ANSWERS

UNIT 1
1 Prior knowledge check
1a1s b 194 <30 d 300
€82 f 024 £ 0.018 h 00081
iz i 30 5 22
2a> b < c< d>
3 a Factorsof 1211,2,3,4,6, 12
Factorsof 18:1,2,3,6,9, 18
b 1236
<6
“ [Factors Factors
of 16 of 20
b4
5 a Multiples of 6:6, 12, 18, 24, 30, 36, 42, 48, 54, 60
Multiples of 9:9, 18, 27, 36, 45, 54, 63, 72, 81,90
b 18,36, 54
<18
6 3 MMuttiples Multiples
of 4 of 10

b 20
a2 b 18 € -1l

d 4 e 17 f 36
8 9+18+3=9
9 a63 b 25 €10 d6
10 a 6,-6 b 1,-1 c8-8
11 a 900 b 4896 c 18018 d 270
12az b4
13 a1 b1 c 1331 d 128
14 6,24

1.1 Number problems and reasoning

1aHl H2 H3 H4 H5 HE
L T2 T3 Ta TS e

b 12
2azl 41 61
23 43 63
25 45 65
27 471 &7
29 49 69
b 15
3a6 b2 <3 d5
4 a VP, VB, VC, VL, P, SB, 5C, SL, MP, MB, MC, ML
b Students’ own answer.
c15
d 3 starters and 4 mains: 12 combinations
3 starters and 5 mains: 15 combinations
n starters and m mains: n x m combinations
e 2
5a10 b 10000 ¢ 5000

& a ABC ACB, BAC, BCA CAB, (BA
i ii 720

i 3628600
7 a i 1000000 i 6760000 iii 118813760
b i 151200 i 3276000 iii 78936000

1.2 Place value and estimating

2a9 b 29 c 21
d -10 e 63 5
310
4 a 192 b 192 © 192 d 192
5 a 36482 b 036482  © 036482
d37 e 37 0986
6 a Students’ own answer.

b Students’ own answer.
© Students’ own answer.
d It must use the digits 399492, so it mustend ina 2.

7223 b Students’ own answer
© 22,24,26,28
8 The correct answers are given here. 0.1 out in either
direction is acceptable.
a 69 b 47 €92
d 113 e32 63
9 a 45cm,accept b ordb
10 a 64,81

b 69, 77 (accept 1 out in either direction)
11 The correct answers are given here. 1 out in either
direction is acceptable.
b2

d 50 e 40
12ail6 i 4 vl
b i168 i 44 iv 11

© Students’ own answer.

b i E17464 ii £89.29

17 & Students should use estimates to get an answer larger
than 118,
b 184

1.3 HCF and LCM
1a1,24510,20
2a2357111317,19

b 1,2,3,4,6812,24
c

b 2and5

Prime numbers

b 40=2x2x2x5=2"x5



75=3x5x5=3x5

6 Students’ own answers
7a2x¥ b2x3x7 ¢ &
d 6 e 2'x3 f x5
8 m=3n=3%p=5
9 a HCF=6,LCM =120
© HCF=2iLCM =72
e HCF=9;1CM=108
10 3:30pm

11 12emtiles
12 2numbers with an HCF of 2, e.g 8.and 10,

13 21,2369
b The factors of 18 other than 18,
14 a 2x3 b 23
15 2 2x3'x5 b 2'x3¥x5
16 x5
17 a 3x5° b 2x3 € 2Z%3 d2x3x5
18 a No, Ves, Ves
b 792=2" % 3% x 11; 50 12 = 2* » 3 dividles into 792 exactly.
€ Ves.132=2x3x 11
d N ? and 792 only contains 3
19 a 2x5x7 b 2x5x7 ciandiii  d i
1.4 G ing with powers (i
tazr b -1 c 64 d a5
e 800 f 0008 g12 h 72
2ail6 b2
3a4 b4 c2 43
4a3 b -1 €10 d-5
8a5 b5 46 d19
ed f15 g -1z h =01
6a64 bs €2
7a2 b3 €10
8 a i 100000 ii 100000
il 100000000 iv 100000000
b Add the indices together
€ 1107 i 108 il 105
93 b 4o c9
1023 b2 1
1123 b & 5
dz e £
12ai¥8 ii 57457 =57
b 4
c6l=6
1327 b € 3=3
a2 b4 €3
153 0 1,291,3,81,471562372463,45
i 444

b i Any two numbers that are both greater than 20
where one is 6 more than the other, e.g. 41, 35

ii 12,60r-6,-12
16 a 5 b& c s 4
17 a 16 b1

18 a 2 b 62 o

19 a2m b 6° d 52
20 a2 b5

1.5 Zero, negative and fractional indices
1a b8 125
2 a 30 b 2 cZ d7

10

maencooao

- o

—nauw

a

Cube root
i5 ii 2

6 b9
s

1 f-2
at b}
als b 1000
45 e}
a9

4

Unit 1 Answers

© o 43
g % h P
Kk 5=1 | 7=
iii 11 vz

vk
<3 44
g1 Lo
<3
© 64
fog

1.6 Powers of 10 and standard form

Yoail b k=01 € 15 =001
d 1y =0001 € o = 000001
F o = 0000001

2a3 b 100000 ¢ 8
d e -4 £ 0.000001

3 a 567 b 158 490834

4 Answersin bold
Prefix |Letter |Power | Number
tea |1 10% | 1000000000000
giga |G 10° 1000000000
mega _|M 10° 1000000
Kilo K 100 1000
deci|d 00 ol
enti|c 107 |oo1
mili[m 107 [oo01
mice__|p 10°__[0.000001
nano__|n 10° 0000000001
pico_|p 10" o 001

5 2 0015g b 0.000000007m

€ 0.0017kg

d 0.0000000000073s



Unit 1 Answers

6 a 0.0000012m
€ 0.0000000009m

b 0.0000000000025m

7 a 45x10000 b 10¢ € 45x10
8 ADF
9 a 87x10° b 1042x10° ¢ 1.394x10°
d7x107 e 284x10° f 1.003x 10~
10 a 400000 b 350 < 6780
d 0.062 © 00000893 F 0.00404

11 ai 45x10°
i Calculator says 4.5 E +12 for example.
0

b i 7x1 ii Calculator says 7 € 05,
12 3 6x100 b 2x100 ¢ 48x10° d 2x10°
e3x10%  f 25x10% g 25x107  h 64x10%
13500 seconds
14 051kg
15 a i 80000 i 300
b 80310
16 a 407x10° b 9778 10

© 7.2062 x 10°

d 8.299993 x 10°

1a3 , b5
2a% b3 2
il i A
4T &1 .5
3822 b 265 € 436 d 728
4a i 26498 i 2.44948..
& %
5 d6
6
7253 b 866 (2dp)
8 a Students' own answers, e.g. 80
b Students' own answers
7 5 23 32
=1 £ %
Irrational
& A7 -8
bx=2410 ¢ x=22/3 d x=22/7
ii 4815
v 144
V3 V5 V5
b B iz
V5 810
£ g5 s
ST
T
b % (%

1 Problem-solving
1 @ 2 tables with 4 chairs and 2 tables with 6 chairs; 5 tables
with 4 chairs; 4 tables with 5 chairs; 1 table with 4 chairs,
2 tables with 5 chairs, and 1 table with 6 chairs.
b 5 tables

3 80cm and 65cm
4 2 starters, 2 mains and 3 desserts

5 a 2tandems,3roadbikes b 7 people
6 12noon
7 Use the lowest common multiple
1 Check up
1a15364  bo092
2073,
3ai4 i 3

bi38 i 05
4 2xFx5
5 HCF=2;LCM =126
6 a2x5x7 b2xSx7
72 10°-1000 b &£=64 ¢ 24=16 d =1
8a2 b 144 <1
9a9 b3 5

dz e 2 e
10 a & b 125 « dal
11236 b 50010

V10

122 b V2
13 2 3.206%10° b 7x 104
14 a 56000 b 000109
15 2 45%10% b 5x10F € 86x10°
17 a2 WEABCOW or WDCBAEW; 135 minutes

b Students’' own answers

1 Strengthen
Calculations, factors and multiples
1 a 1117211172, 11172, 11172, 111720
b 635, 635, 6350, 63500, 635000
© 064169
890

2 a 64169
d 0.064169

v va i vie

b 64169
e 089

®

9 a1§=2x3x3 b 45=3x3x5
© ['Prime factors Prime factors
of 18 of 45




10 a HCF=10;LCM = 60 b HCF=7;1CM =84
© HCF=51CM =75 d HCF=4;1CM =396
Indices and surds
1a2-8 b 8= € (=27
2 a3 b 125 €3 d3
3a b 32 2%
d -20 e 63 f 150
4 a7 b 169 c 4
a PxP=3 b 4 x 48 =410
€6 dL=7
o Tomuilllypowers e e fcices,
le powers, subtract the indices.
6as b 5
de e 8® i
7a?7 b5t < a3
8 a4 b 62 g™ d g1
e Towork out a power raised to a power, multiply the
indices.
9a i 1 iv1
b i 1 v 1
10 a
b iii 9 v 12
c
d [TRT
e
1 a
b ii00 w4
c
12 a iii 21
bil = i 3 wl
13 a 50=25x250450 = @5 x \Z = 5
b 84=4x215084 = & =21 =221
3 d 57 e 82
16 a4 bes e da
7 a1 2 35
Wi e % 5y e

Standard form
1avYes
b No; 32 is not between 1 and 10.
€ No; cannot have millions.
d No; 0.8 is not between 1and 10,

2 2 68x10° b94x10" ¢ BO1x10°
d 4x10% e 39x107  f 53x10°
38 8x10° b 6x10% C 6x10°
d 48% 102 e 56x10° f 48x10°
4 a 25000,0013 b 25000013
1Extend
1 a Square A b Square B

2 27=3% (%23
9-3% (3= 3
3 36and 108
4o iB=2x2x2x2x3
90=2x3x3x5
150=2%3x5x5
b HCF =6;1LCM = 3600
5 300 minutes =5 hours
6a Numbersendmgmzemaremumples 0f10.10=2x5
b4 2% %9 x 5°=900000 = 9 x 10°

Unit2 Answers

7 a 28x5 b 27x35 ¢ 25x35x5 d 20x3 x5
8 625
9 a i 120536km i 125535x105km
b i 227900000000m i 2279 x 101
€ i 0000004m i 4%10¢m
d i 0000000001 m ii 1x10°°m
10 a 11881376 b 4084101
11 17962 x 10%kg
2 vz
122 5% b
fa

3

14 One course:5+7+3=15
Two courses: 35+ 15 + 21 = 71
Three courses: 105
Total: 15+ 71 + 105= 191

15 a 9000000 b 800 € 0.000008

16 a 20 b3 €19 d3
e? f2

1 Unit test

Sample student answer
The student has not used her answer to conclude whether or
not the 500 sheets of paper will fit in the printer.

UNIT 2
2 Prior knowledge check
1a6 b5 <6 d22
2a12 b -2 € -11
ds e 16 f 81
3al b2 el d 10
“aox by <
d¢ es f 2z
5ap b < lam?
d -18/2 e 362 fy
6a32 b 20 37 d1
716
8alx+2l  b2e-6 € 321
d 18-y +9
9 a2(x-1) bS@y+d) coce-2)  da(ezn)
10 a -2 b4 cs ds
15
12 3r+90=180;x =30
13 az=ys5  br=Z
16 a2 b 17
15 a 9,16,23,30 b 14,8,2 -4
16 2 add9;29,38 b multiply by 3; -27, -81
c subtract 4 -6, -10 d divide by 10;0.002, 00002
17 a aandc b bandd ¢ a d bcandd
18 2 4111825 b 3,6,12.24
19 a i6 iii 10 iv 15
b Studsnts ownanswers < 5050
d i 36 iii100 v 225
e %n 2+ x)’
21 Algebralc indices
1a b2 € = d 21
2a ms b8 ey
3anr b € at
dy° em
4 a 6at b 8 e 4on’ d s
e 1557 £ 30p%"
522 b2 cp d g
er fe



Unit2 Answers

6 a2 b 37 c 32 d 3u? 3 y+z
Tar b x® ce djie
8 a8 b gt ”; i
9 Clockwise for multiply: 3y, 1827y, 722, 122%
Divide: 4x, 6x%? i
hxty’
10 a 82%° blery ¢ sy d -
1 a P©+2° b r+axt=gt=x?
1
Therefore =-1= 2 7 a i Sry+20r il 3xy+6y b Bxy+20x+y
" 8 a8e+18 b By+14 © bxe 2l d 9m+27T
e5ar8h f Bredy
9 axi-2r b 11y-12 ¢ 100-6
d 2pPepgeg? e wedw? Seedef+2f
12 a al 10 a2: x < iy d sz
v 11 a20+6  b2e@+3y) c bBa-5 d Telyrz)
eabll-0 f (42 g 3pgp-3) h 3rzle+4)
1 a g i sjk(4k-37) | 2pgler-5s)
15 a 4z 12 a 4(s+20)
N b =45+ 20[(s+20) - 2]
e d ary uls 20t 2e-2)
B 13 a T(p+1)@2p+5) b 5+ ic-1)
VE xVE=x ¢ 4ly+ HBY+10) d (@+3b)(a+3b-2)
e 5(f+8)1+2  S@rbarb-2)
14 One of the numbers is even so can be written as 2.
One of the other numbers is a multiple of three so can be
Therefore x- written as 3n.
o §3 a2 If the other number is p their product is
3 w 20 2m > 3 % p=6mnp sois divisible by 6.
. L 15 a 8¢-200y b 2p2-3p) ¢ Imin’
2;2 Expanding and factorising 35 Fopaations
a4x+8  b3g-15 < lm+T  d-zy-12
22945  bxed © 5s bl [
3a2 bo <3 ; ;52 gL
4a2x+5) b2l ‘
¢ The answers to part b add up to give the answer to b i il
5a3rel-3r
5 a,banddareall identities; ¢ is an equation. =9
axxa=d blrebr-rzér d Faa 6:;’5 Bd T ]
R . B Tailzw-l6iiTx-21  b-1
8 b x=3
3x 9
cz=2
c 9z d 6w
|| 3 122
20
b 2y +z
132 aa-d-3-4)
x 10=3x-12
2y z z
n=1 ce=% dx=-1
x|| 2w 2z

< 7 d 180 miles




2.4 Formulae

1
2
3
4

5
6
7
8
9
10
11

1%
15

a4 b €32 d
a15x10" b

122

a Formula
e Expression

b
f
i ldentity
b
b

13
300000000

€ Expression
& Expression

d Identity
h Equat

Equation
Formula
Equation

a 2000

a 350

a 130minutes

aasBt

£1252156

a 320m
v-u

b T=30+40m

aa=

dQ=7R-0)

a g24oF
D

T== b
s

192 seconds

b6
179107m

aa=

6h
a 4654m b

2.5 Linear sequences

1a6 b 16 c

2
3

4

6

7

8

26
425

a 246810

¢ -4,-8,-12,-16,-20
a 10,13, 16, 37,307 b
€ 66666

a 0.02and 0.67

c -5and -8
a3,2,3,-6-2

i -3

i 1,-2,-5
b 4n+10

o

4,1,10,13.16
1,-1,-3,-5,-7
98, 96, 94,80, 100

a

-

land?
1and 2569
Infront of n

ea

cis
di3813
an+l

e 5n

€ 10n-8  d-3n+l6
a nthterm=3n+2
The solution to the equation 3n+2 =596 is n.= 198;
which is a whole number.
Therefore 596 is a term in the arithmetic sequence
b The solution to the equation 7n -3 = 139 is n = 142
which is not an whole number.
Therefore 139 is not a term in the arithmetic sequence.
a6n-3
b No Ben Is not right. The solution to the equation
6n -3 =150 is = 25.5 which is not a whole number.
Therefore 150 is not a term in the arithmetic sequence.
a 125375
b From partaitis the 126th term; this s 8 » 126 - 3 = 1005

a 4007 b 49
a i 996kg il 992kg il 988kg b 28 weeks
2 weeks
a10,17,24,31 b7 <3
a i 9,21,33,45,57 ii 41,81,121, 161,201
b [sequence
3 12
i 10 )

e differences are scaled by 4 which is the multiplier in
the function machine

Unit2 Answers

16 a4 b8 €2 dg=4
17 p=7,9=6
2.6 Non-linear sequences
1afze  bes
2 a 48,96, Multiply by 2. b 27,3, Divide by 3,
© 18, Multiply by -3.
3a581 05914 < olo-l
4albil  b24816 ¢ 030090027,00081
5 a J2,2,2/2,44/2 b 3,6/3,36,72/3
6 8months
7 a £8400
b i £8820 i £9261
© 5years
8 Option 1 gives £10400 and Option 2 gives £14486.54
Option 2 gives more money.
9 a 1,4,9,16,25,36
bimtel iinz-1 i (n e 1)
10 sequence 0
At differences +1
2nd differences
11 a 126 b 46 c 10
12 a sequence 8 16
1st differences
2nd differences
b sequence 0
1st differences.
2nd differences
13 a 2n%+1 b 3n?-
14 a 1,510,10,5,1
b [Rown [ o |
[sum | 1]
c 2"
15 a 2.Halve the second difference to find the coefficient of
1. Therefore =
b3,57 ¢ 2n-1 d n2+2n
16 a n?+3nora(ns3) b (-1
catvnez d3nt-nsl
17 o x g =105 x 108 = 107 = 105 = 14y,
18 a 2,4,8,16 b Multiply by 2
€ Uy XUp=2" 5 2"=

2.7 More expanding and factorising

1
2
3
4

a

fnuoonDoo

23 b ~4,-1

i b 257

(x+2)x+ 1) brexe2rsdiniedee2
b #?+3x-18
d2-Tre12

22 +10x+25

629



Unit2 Answers

7

15

2 Problem-solving
3500

a (51 +49)(51 - 49) = 2 x 100 = 200

bid0 o012

a-16 bt

a @@-5)x+5

b y=Ny+7

€ (E-9)t+9)

a @el(E+) b (34
€ @e3)x+5) d @e3)e-1)
e (@-3)x+1) fa-20-4
g @-N+ D) b @-3-4
i @-2¢ i @-12-2)
K x-8)(x+2) U@y

a @+ x+2=a?+Tx+10

b 72410 € =3

x=15

a 4a*-9=(20)° -3%= (20 -3)r+3)

b 1647 - 1= (4)° - 12 = (g - Didy + 1)

a Bm-5)0m+5)

b (5¢-9)(5¢+9)

© (e-Ty)leTy)

a (@+5)(x+6) b 9u® - 24 + 1607

1a b Tayzem
2264 b B4
3all5 b xy=-mn
4 a 462 b x-1)
5 a 213 b 2n-1
6 500
2 Check up
1 a 200 b 5% b
2 5¢
3 a 2y(x-3) b 3a(b - 2a)
4ar-2r-24 b2+ 10re25
sal b4 <3¢ d 4p
6 2574 5rs-3r2
7a -9+ b (k-2-1)
8 a formula b Identity ¢ Expression d Equation
9 x=2
10 z=-17
11 40
12 1.1%+4x1.1=5731<6and 1.2°+4x1.2=6.528 > 6
13 €=25+36n
o 4-2x by S-e
bat
15
16
17 a -7
b The equation 97 - 7 = 167 has solution 1% which is not a
whole number.
Therefore 167 is not a term in the sequence.
< 173
18 3n2+17
20 a Clockwise from top left:

~6,322 - Tx + 2, 62 + 102 - 4, 207 + 10x +12.

b 1222 + 14x + 4. Any order would give the same result,
multiplication is not commutative.

c 2@+ DBx+2)

2 Strengthen
Simplifying, expanding and factorising
1as b [ d e
e fipe
2 a18p° b 722 © 14 d g
e 62 f 105
3art bt c °=1
4aspt b 3a° <3y d2p
5 a (ft=atxaiext
b P =axa’xa?ugs
€ baatxx?xatxais
d When you find the power of a power you multiply the
powers together.
6aa b <8y
7 a 6x+3y b 6r-8y  c© 12x-5y
8allcrd b lemelon
9 a ab(-2) b 2x(4y+3)
< 3st(t-2) d 7b(2ab +3)
10 a x = +5
x F 5r
+4 4x | +20
b (x+8)(x+ 5) =2 +5x + hx 420
=x% + 9x 420
11 a22-122+36 b a-16
« | = | . « | = | +
x| ¢ | er x | © |
-6 -6x | +36 —& —4x -16
12 a 3+ 262416 b 10¢+ 115 +3
« x| «2 « [2x [ =1
e sr | 102 | e5r
+8 | +24x | +16 3 | sex | 3
€3 esr-28
* 3x way
R
+4 |+12¢ ]| 28

13 (x-3P=22-
(+Dx+5) =x2+6x45
G-+ =22-9
@+ Da-3)=r-x-6
e+ =x2 45046

14 a 3and4,2and 6 b 2and6
c (xe2)(x+6)
15 a (x+12)(x+1) b (x+3)(x+4)
16 a 2and-5,1and -10,-1and 10
b i (x-10)(x+1) i (x+10)(x-1)
i (¥ +5)(x-2) iv (r-5)@+2)
17 a -24and -1,-4and -6, -2 and -12
b i (x-1x-24) i (w-2)x-12)
il (- 4)x-6) iv (r-3)x-8)

Equations and formulae
1 a Expression b Identity ¢ Formula  d Equation

2a0 b3 <41
303

475 pas

s el oty porlyez



Q=aP-aboralP-b)

€ 4x
13 az=18 bx=!
¢ Find the LCM of the denominators
14 a x=60 bx
Sequences
1a1321 b 50,81 © 42,68
22519 b 48,4644 < 2,510  d 10,40,90
3a3 b 36
© The general term is 3n
4 a 10n b n ¢ izn
5a6
b The general termis n + 6
6ans2 bneiz cn-4
7adn c in+3
8 a 30,36 iigll iii 16,19 iv 50
bi6n i 2n-1 iii 3n+1 v -5n+30
9 a 14,18,22,26,30
b The numbers in the sequence are even but 351 is odd
¢ 23rd
10 a 20th b 112 € 152
11 a 53,14,18,4,4 bant+3
12 a 4n?+5 b n?-10
2 Extend
1ai6n8
b ian
2 2 0473
3 a In-store: 12800, 10240; Online: 3240, 4860
b 2017
4 £83876
513
6 a £950 b P= 10{!{)\‘— L ¢ £700
L —
2s wr?
(r-1)8 @x-c
ca= eis
8 a 2ehdt b 1227y < 16mind d 2pig
9 at+200+19
10 a p?+5p-36
€ eIE-3)
11 a It is not lower as the temperature in Mrs Smith's home is
25°C
b F= @
12 a The add numbers are one greater than the even
numbers which are multiples of
(@m+1)(2n+1) = 4mn+ 2m+ 20+ 1
= 2(2mn +m + n) + 1 which is odd
13 a (x-4)x-8) b (x-6)?
% _Y\z ¥
€ e-2+1) d (E‘?)(E‘?)
14 az=-3 b 26 c -2 d -1

Unit3 Answers

15 If the consecutive numbers are 7 and 1 + 1 then the
difference between their squares is
(n+1)?-n®=n*+2n+1-n=2n+1 whichisan
odd number.

16 a 22243
b w2 +2n-1or-(n - 17

2 Unit test

Sample student answer

a You can label the dimensians you know.

b From the formulae sheet

¢ It separates the sphere from the cone.

d Soit doesn't get confused with the radius of the sphere.

UNIT 3

3 Prior knowledge check

1az b <8

2a b 14 €35

3 a 2 hours 12 minutes b 411pm <A
4

a Mean =2, median = 1, mode = 1, range = 5
Me

b 4, mode = 3, range = 12
¢ Mean =3.1 (1 dp), median = 4, mode = 5 and 1, range = 6
5 a 10% b 20%
i T T T
6 Age distribution
|40-69
2 100 O
2 - [es-3e
2 60 a4
2 4w
£
2 2
o
Men  Women
7a10 ¢ Marchand June
d January e May
£ Boys given 6 more detentions than girls
(133 versus 127).
8 End of year exam marks
Kyle
10 O
o [Jadil
8
¥
£6
25
4
3
2
1
o Geo Bio Spa
Subject
9a6 b 80

0 Correctly drawn pie chart with UK 165°, France 457,
Spain 907, USA 60°.

11 a5 b 25 €5

12as b 35 c2l

d On average families in rural communities have 1 child
more than those living in the city:
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®2 3|0 2 3 6 7 8 8
40 2 5 9
50 6
6 |4 8
E 2 9
8 2 4 6
Key
3| 0 means30
b 20 <4
14 Any suitable data collection sheet.
15 a Continuous bx=5y=4
3 Height of Y10 students
5
g a
% 3
g2
1
o

140 150 160 170 180
Height (cm)
16 a 4,467, 14n0
b 44,488, 140r4,4,571,8 140r3,4,4,8 10,13
3.1 Statistical diagrams 1
1 On average Sophie has a better score than Celia because

her median is lower. She is also more consistent because
her range is lower.

2 a 750
© 20000 x (45 + 360) = 2500 at festival but only
1500 x (90 + 360) = 375 at theatre
3a10 b 89kg d Tlkg

© Ves; the number of people is 10 < 12 and total mass is

716kg < 800kg
F 716k

4 Maths range = 54, English range = 37
Maths median = 60, English median = 58
“The Maths marks are more spread out since the range for
maths is far greater than the range for English. The average
marks are very similar since the median mark for Maths is
only 2 marks higher than the median English mark.

5a A B
138
996423
760(3{14777889
876(4(223
952(5(23
6|4

Ke
Y B

2 represents 24cm 1|3 represents 13cm

For type A there is an even spread of tulips in the range
20t0 59cm because the numbers on the left-hand side
appear as a block. For type B most tulips are between 30
and 39 cm, with a few shorter and a few taller, because
the numbers show a distribution that is peaked at the
centre and diminishes at either side of the centre.

6a2 b 37 c 27
7 Heights of 100 students

d 27

Frequency
3388883

0
0 140 150 160 170 180 190 200 210

Height (cm)
8 a4 b 25% © 120 minutes
d Time to complete a fun run
12
10
2
£ s
3
g6
&£
4
2
o
0 20 40 60 80 100 120 140 160
Time (mins)
9a8 b About the same CA
3.2 Time series
1ai biv ci
d iii ev
2246 b 39,48
3 25%
4 a373% b 383°10am ¢ 374°%C
d Temperature of hospital patient
39
g
® 3
El
H
2
E 37
28
36

00 02 04 06 08 10 12 14 16 18 20 22
Time
The temperature increased steadily between midnight
and 10 am, then fluctuated around 38 °C for four hours
Between 14:00 and 16:00 it decreased sharply, then
continued to decrease slowly until 22:00.



Late homeworks

amow B
535

o 5
of

Number of late
homeworks

12345678 9101112
Week

The number of late homeworks starts off very high,
decreases mid-term but then gets steadily higher
during the last three weeks of term, There is small blip
near half-term

a £490

b Ves; Magazine A has gone up by £3.40 whereas Magazine
8 has only risen by 90p.

¢ Yes; the graph s bending downwards or the slope of the
graph s going down.

d e.g Both magazines are likely to be the same price of
about £7.5

a 66000

b Q1 of 2012

c Quarterly sales of umbrellas

Sales (in 1000s)
A NG s OO N

Q1 d2 d3 da 41 G2 03 G4 Q1 G2 43 G4
2012 2013 2014
Year
d Due to seasonal variations, sales fluctuate wildly.
The overall trend is a decrease in sales.
a Profit of an ICT company

Profit (in £1000000s)
AN W RE o e N

05 06 07 08 09 10 11 12 13 14 15
Year
b Profit increases at an increasing rate.
¢ About £1.9 million
d About £6.9 million

Unit3 Answers

a Height of sea water in a harbour

Height (m)

Time (hours) <

d Between 7am and 11am and again between 7 pm and
11pm

3.3 Scatter graphs

2

Paint A
a Maths and science test results

X

X

Science

012 3 4567 8891
Maths

b In general, students with higher maths scores got
higher science scores and students with lower maths

scores got lower science scores.

No correlation; there is no relationship between price

and temperature.

Negative corelation; as the price of ice creams increase,

sales decrease.

e Positive correlation; as the temperature increases sales
of ice creams Increase.

a Engine size and distance

=

Distance (km)

[
0

12345

Engine size (litres)

b Negative correlation. The larger the engine the shorter
the distance travelled on a litre of petrol.



Unit3 Answers

5a Score and values of paintings 3 Height and weight of athletes
= i 120 i
s B 100
g ; T w
2 x B %
4 5 g o
3
R K 10
s i o
B X 0 150160170160130200
g x Height (em)
1 © About 85kg d About 163cm
(i conitad iR R 4 Temperature and pressure of gas
12 3 45678
Score 35
No correlation; there is no relationship between the =
value of painting and the mark awardex g
6 o  Roadaccidents and restaurants in towns 22
. HE
£ 30 P
E 8 15
g 25 " &
3
& 20 53 x
% 15 X 300310320330 340 350
5 1 x Temperature (°K)
€ ] a About 349°K b About 17atm
2 5y x 5 Height and shoe size of male students
0T
10 20 30 40 50 60 70 80 90 200
Number of restaurants B
b Positive correlation; cities with a larger number of E
takeaway restaurants tend to have a larger number of 2 180
road accidents. £ 170 X
«© The data provides no support for the councillor’s views; s i
although there is positive correlation it may not be one T 160;
of cause and effect. Large, busy towns are lkely to have 150
both more takeaway restaurants and more accidents
than small, quiet towns. 5 6 7 B 9 1011121314
7 a Negative correlation Shoe size
b Positive correlation i About95 ii About168cm iii About 185cm
€ No correlation . § b i is the least reliable because it lies outside the range
8a Mass of chemical at different temperatures. of the data points.
6 a Jack29and Joe 2.3
50 S X b Jack's estimate is more reliable. He uses more points
B 40 G X and the points on his diagram are much closer to the
E X bed line of best fit
8 - x 7 a¢c Length of rope different weights
E 20
2 X
10 40 X
| X 35
© 100110120 130 140 150 160 170 180 190 200 s
o £ 30
Temperature (°C) 5
b Positive carrelatian at temperatures up to about 145°C; s
negative correlation at temperatures over 145°C. B 20
© The mass increases to a maximum and then steadily 335
decreases.
d Approximately 50 mg at about 145°C 10:
9 a Negative correlation. As money spent on guality control 5
goes up the proportion of faulty mp3 players goes E
. 012345678910
< 73000 Welant ()
b The last point does not fit into the pattem of the other
. points. This might be due to an experimental misread
3.4 Line of best fit ‘ot even a change in-behaviour.of the elastic when it s
1a4 b3 subject to a larger weight.
2 C d About 26cm e About 10cm
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Age and mass of 11 boys

Mass (kg)

0 2 4 6 8 10 12 14 16 18 20 22 24
Age (years)
i About 53kg i About 81kg
iis more reliable because the age of 15 is inside the
data points whereas 24 is outsid
i About 55kg i About 72kg
dis more relisble, The points nearly lie exactly ana
smoath curve. This is a better fit of the data points.
People have a growth spurt during their teenage years,
this slows down till it stops at the age of 24 for boys so
the graph should flatten off
Distance from city centre and rent

e

1 2 34
ce (km)

There is negative correlation between rent and distance.

The further you live from the city the Lower the monthly

100
04

rent.
About £240

3.5 Averages and range

1
2
3

oo

=

14 b1
155 b 30

Mean £19400, median £15000, mode £12 000

Median; mean is distorted by one high salary and mode
is lowest salary so neither of these give a typical salary.
Mean 8375, median 7.75, mode 7

Mode; this is the popular shoe size s0 it makes sense

to order what customers are likely to want to buy. The
values of mean and median aren't proper shoe sizes.
Mean £212, median £190, mode £180

Mean which takes into account all five values and could
be used to work out the total bill.

Median; the low value of 65 distorts the mean, making it
t00 low, and the mode gives the longest time so neither
of these are typical

Mode; the data is qualitative so you cannot work out the
mean or median,

Outlier 7 kg, range 25 kg

Outlier £38,000, range £24000

29 and 500 are outliers, which are probably misreadings
so should be ignored; 18°C

~£250000 is an outlier and without any information to
the contrary is probably correct and just a bad year so
should be included; £400 000.

Unit3 Answers

2 2 Time T [Frequency, | Mid-point, .
(minutes) I x S
27 2 Z21- 5
3% 7 7x34-238
15 15 15x15=225
[ w0 w0z
80
Mean = 8.4625
b £3385
10 a c d
e There are 21 data values, so the median is in
position 2]2’ Zom

1 a
b Thetutx\ number of items is 36, so the median is at
185
<80
& Jamie, because he has done more jumps in training
over
12a6
b Mear

U335y 01524 0234 (122 (130 1) 4 052+ (17 4) 19 0)
23

=9.21, 50 no compensation

3.6 Statistical diagrams 2

1 Pie chart with Tea 729, Coffee 180°, Cola 45°, Water 63°

2 Drink choices
20
15
¥
H
g
g0
5
0
Tea Coffee Cola Water
Drinks
3 Yes | No | Total
Boys 50 30 50
Girls 3 75 | 100
Total 75 | 105 | 1m0
ta
No Much
chamge | Improved | Total
Drugh | 10 s s &0
Drugh | 7 20 1 w0
Total 17 65 18 | 0
2
bt

¢ Students’ own answer, e.g Drug B had a greater
proportion much improved but Drug A had a greater
proportion improved
5 a Anysuitable two-way table.
b No since only 56%are in favour.

635



Unit3 Answers

6

a The vertical scale does not start from zero,

makes a small difference look like a big
difference.

b High speed rail link

Number of people

3
40\)
@
©

S
o
&

Very similar numbers in favour of and against the
rail link.

The bar for Nutty Oats’is wider than the rest.
The vertical axis has no scale or units.
ath
300
< Buy in April and sellin September
a The data is not quantitative
b i Pie chart ii Dual bar chart
198

a Itis possible to see the actual marks in a stem

and lea,
Boys Girls
7 7 6 5 3 0 1 6
s 00 |[1][15 87
3 1[2]0 4538
9 4 1|3 |9 9
Key  Boys Girls

01 represents 10marks 15 represents 15marks

«© boy's median = 10; girl's median = 185 so girls have a
higher average than the boys

a Frequency polygon

b Stem and leaf plots cannot be used with grouped data
Scatter diagrams are for data pairs so cannot be used.
The researcher wants to compare the performance of
several hospitals so could plot two or three frequency
polygons on the same diagram. Not easy to compare
waiting times across several hospitals by drawing
several pie charts.

3 Problem-solving

1

The annual mean of PM10is 34.1 mg/m’ and the mean for
PM2.5.i5 23 4 mg/m’. Both annual means are below the
legal limit for the each type of particulate.

When we estimate the mean we use the midpoints

of the groups. There is therefore a chance we are
underestimating. To find out the maximum possible value
of the mean we can use the upper limits for each group.
This would produce a maximum value of the mean of

39.1 mg/m* for PM10 and 25.9mg/m? for PM2.5. This would
suggest that there is a chance the company is over the
PM25 legal limit.

3 Check up
1 PartyA | Party B | Total
[men 120 80 200
[Women | 130 50 180
Total 250 130 380
a 180 b 130
za2
b Noj; the proportions are the same but the numbers are
different. 12 adults and 8 children chose maths.
3als
b The range for cod is 39 which is greater than the range
for plaice which s 28.
© 285cm  d 164cm
7
6
5
g
g4
g3
o2
1
0
0 10 20 30 40 50 60 70 80 90100
Time
5 a Outlier £4800; range £4350
b Outliers 22, 24; range 29
629625 b5<x<10 c2 d5<xr<10

H

a 5000

b Seasonal variations in weather

¢ Sales of sun cream are generally increasing.

a Positive

b i 4 i 96

© Parti, because part ii is autside the data points.

a,b Students’ own answers

¢ The new meanis 3 more than the old mean.
wexiysz

d Oldmean=""""¥"%

New mean

72
@+N+@+3+(y+I+(2+3)
— &

Lwexeyezel2
e
_weaeyez

L
= old mean +3

3

© Mean is multiplied by ¢
cxvay ez
New mean

7
clwrxsy+2)

=cxold mean

3 Strengthen

Statistical diagrams

1

a 36 b 10
© No; the proportions are the same but the numbers are
different. 5 boys and 9 girls chose badminton.

1

a3s b 20 <3
a2z b6 © 14
Yes No | Total
Boys. 2 0 6
Girls. 3 11 %
Total 5 15 20




Unit3 Answers

4a10 3 a 300 b 6%
b 14minutes
c2 (if“‘::) Frequency | Mid-point [ Freauency «
d 46 minutes by a girl
B 8 10 8x10=80
5a SetA SetB =
7 0|2]6 8 8 2 228 =2025
8 2 0 O 3 2 3 184 x 27.5
184 21.5 060
8 4 v 18 x 35
18 35 2
Key  SetA SetB =630
2 represents 27 2|6 represents 26 Total 300 1198
b i Bt serhavermean GEa0 Mean speed = 26 mph (to the nearest whole number)
il Sets A and B have a range of 29 and 14 respectively. 4a20<L<30 b 25<xr<30
© Set A has amuch higher range than Set B, but the 5 a20<L<30 b25=x<30
medians are the same.
6a Scatter graphs and time series
ErT | Tt P e 1 a Zero correlation b Negative correlation
Time 2 % 8 1 © Positive correlation
Frequency 3 3 3 3 2md, Drop height and bounce
Mid-points 1 3 5 7 9 % 100:
b Time spent on internet § 80
8 60
)
- 35 a0
: 5 20
I
Ze 0 25 50 75 100125 150175200
§ 5 Height of drop (cm)
e b As the height of the drop increases the height of the
& bounce increases,
3 ¢ Positive correlation e About60cm
2 3ad Monthly sales
d 60 x
o = z 50
12 3 45 6 7 8 910 2
Time (hours) g 40
L g 30
3
2.5 3.5 45 o
3
2=t | 3=t | 4=t 10
5 <3 | <4 | <5
Frequency | 1 2 4 5 3 5 10 15 20 25 30 35 40
Price (£)
Averages and range b 1G0,60)

1

2

a 46cm

b He has probably misread the length during the
experiment or has forgotten to put the decimal point in.

< 29am
ab
B | prequency | Mid-point | Freduencr =

T 5 | 1w
12 15 12x15 =180
20 25 20 % 25 =500
s 5 [snsse2m
3 45 3 x45=135
B 1130

Negative correlation; as price increases sales decrease.
i About 25000 i About 4000

iis more reliable because it is inside the range of data
points whereas ii is outside

g About £24

Ice lolly sales
§AOD
o0
£ 200
2100

Jan FebMar AprMay Jun Jul AugSep Oct NovDec
Month

b Sales rise steadily until June when they remain constant
for a month before decreasing at the same steady rate.
© November 80, December 10

637



Unit3 Answers

3 Extend

a Cand D; both points have the same y-coordinate.

b B;Disa lot more expensive than B but onlya little
heavier

© Aand B; they lie on a straight line from the origin so
they are in direct proportion.

d E;itis the most expensive but almost the
smallest bag.

e No correlation

2 a Negative b Positive  c Positive
3a7 b 12
4 a 8k b4

© Yes, greenhouse mean yield is 6.5 kg and the mean yield

outdoors is 3kg.

3 28.46; the raw marks are unknown.

b ;1 = 25550 the median is halfway between the 25th
and 26th items. The first two groups contain 16 and the
next one has 22 5o the median s in the third group,
26-30.

d i Decrease ii Increase

36
b There might be more students in Year 11
7240
b Women Men

©

©

aln|e|alalelo|o

167

1479
0025
778

slo|e

©|~|o|o|sw|~

~

Key
Women Men

6|1 represents 16 years 1|2 represents 12 years

 Women' age areuniformlyspread out whereas men's
ages are concentrated in the 30-59 age range.

a (15,22) and (55, 15) correctly plotted

b Negative correlation; as temperature increases, time
decreases.

© Answer in 1820 range

d Either Outside range of data points” or “Line of best fit
gives negative time".

a Negative correlation

Car age and price

& BX
§ 20 Mean point
T 15
g 10
£
T 5
o
o1

2 3 4 5 6
Age (years)

b 38 ¢ 146 e About £11000

£ Itis outside the range of existing data points; new cars
depreciate significantly in the first year.

1

a Age and mass of 10 people

Mass (ka)

0 § 10 15 20 25 30 35 40 45 50 55
Age (years)
b Mean point (27.5, 60.2)
© About 56kg d About 75kg
a ‘Age of male and female teachers

Female:

en Lo ®B D

Male

Frequency

0 20 25 30 35 40 45 50 55 60 65
Age (yea

b The mean age of male teachers is 45.2 and the mean
age of female teachers is 38.1 showing that male
teachers are, on average, 7 years older than the female
teachers.

¢ The male frequency polygon is to the right of the
female frequency polygon

® Under £30000 | At least £30000 | Total
Men ) 30 %0
Women 60 50 110
Total 120 80 200
b 55% < 66.7% (1dp) d 625%
Music | Drama | sport | Total
Boys | 35 21 39 9
Girls 30 28 32 %0
Total | &5 © n 185
a i50% i 23% b 296% (1dp)

Pie chart, because the other options cannot be used to
display qualitative data
[=

a ustomer complaints
5 50
g 0
8 30
k]
[
£ w0
EA)
01234567
Month
b 2235220 10, 53 30dp)



. 35420440
3

4 [months
Moving Average
a1 dp)

e Decreasing
17 a 29,35,36,38

b The trend is for an increase in prices.
18 x=15

3 Unit test

Sample student answer

a Student A has got the answer correct.

b Student B gets more marks, because they have shown
correct working and only got the final calculation wrong.
Student A has shown no working so gets no method marks.

UNIT 4
4 Pnor knowledge check
iad b
2 a3kg b 1750 © 25litres d 56m
3aj b2
4 a £3 b asg
5a% b g
5 4 ;
6 a ? b ﬁ € 17n
Vai by <&
8a2 b 7
9a12 b ok
10 a 2:5 b9:1
11 8:5
12 %
13 a 3eggs b 75g
16 a £1560 b 364kg  c 153ml  d 408m
15 a 60% %
© 49 aut of 60 is better as the score is a higher
percentage.
150%
b 138
22 3262424
23 a 03 bo.2
24 3of £120 is £90. This is the largest amount.
4.1 Fractions
r 5
1a? b 2%
2a10 b9 €3 d af
3254 b e
41
5af b € A=) di
i 3
6 a2 b 3 d g
7af b c 43 d6
8a}l b
9 a2y b c 73 d 1y
10 Students’ own answers, e.g. compare the answers of

z :
PEIIN 52

Ves,

34

T

1 4f

1
2

Unit4 Answers
12 a 4} b 6} c d ol
3 Yes,the partill it because it s 75 cm, which s within the
acceptable range.

14 a 4} b 32 c -1
15 10000m?
16 a 4 hours 5 minutes b 5 hours
4.2 Ratios
1ai1:2 b 3:5 c 47 d1:5
e 1:4 f 15:2
2a15 b 1:05 c1:6 d 1k
3 a3l b$i1 € 1511 d 21
4 a1:02 b 1:0016 © 1:} d 1:365
5 a115:1 b The firstschool
6 Julie (Julie uses 5 parts of water to 1 part squash,
Hammad uses 5.7 parts water)
7 £84
8as5:2 b 225gofresin ¢ 48g of hardener
9 a 300:1 b 81cm
10 350 students
1 a3 b

s
¢ Sally gets £21 and David gets £14
12 Benji gets 217 bricks and Freddie gets 248
13 8lem
14 a £68:£136:£170
B ISaL 510
c 261m:8.7m:52
4 199Kg: b1 Bkg: 1935kg

15 No, he needs 20kg of cement.
16 a 40:73 b 142:241 € 37 d 15:1
7 [size Blue Green Yellow
Tive [ 0315 0025
2.5 litres 15 09375 0.0625
5.5 litres. 33 20625 0.1375
43 Ratio and proportion
2:5and6:15
2 $360 b £420

Cheaper in HK by £2 or HK$24.80
a1:16 b Adrian by 3.4 km or 213 miles.

Ves; the ratio 4:5 is the same as 16:20

al b £36.75

¢ He is under 21. We do not know any more than this.
b

i n
355 b Mlchillies d c=gf
b Yes © No

11 a Yes, because Qis 15 x the value of P
bQ=15xP €23

12 P=48,Q=56R=1255=45

13 544

14 24m

15 The cheese is cheaper in Switzerland. 160g would cost
358 SFrin England.

4.4 Percentages
1alils b13
2 a0 b 050

€ 105
€ 094

639
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Unit4 Answers

£379.26
£550

£770

a £7680

a i £30

b £1743625

b £6144
ii £56

~ouweuw

o
g
8
g

b £3752
b &%

© £8427 d £19167

13 Jo

14 £43.80

15 10506, £10506x

16 a 7.1% b £160000

17 a Students'own answers, e.g. Let.
20% increase —» 1.2n; 20% of 1.2n = 0.24n;
1.2n - 0.24n = 0.96n, which is a decrease of 4%

b The final amount will be the same.

Is and
cp=32
Percentage
125%
5%
06 665%
08 80%
15 150%
32375 b 10 © 128 d 168
800  ET50
4a £1700 b 1583%
5 2
6 30%
i
8 Students’ own answers
9 £1360
10 0.6 =4 students’ own answer.
11 a Yes, because s = a constant x .
) o
1222 b <2 di
el 3

13 band d are recurring

4 Problem-solving
1 a £430 b £375
2 Caroline pays £615 and Naomi pays £410.
6

No, because their weights are 75kg and 90kg
2000

Accountant 2 days, book-keeper 3 days, clerk 5 days.
27

4 Check up

1a65 b3
2a} b4
3 a 7:40 b 7:32
4a1T b1:2
52 €5715 b £385

6 a 200:75=8:3 bf=%
< 80 biscuits
7 £66,£44, £22
8 a 48375 b 8491kg
9 20%
10 £720
11 a2 93% b £15300.43
13 2and students’ own answers
4 Strengthen
Fractions
1af b§ (¥
ec i
2 a4f b 6] <7 d 5t
3w b 67 € by d 103
“as b 2] <12 d 38
]
5a¥ b3 4
Ratio and proportion
1aDonly  bAandC
2ains5 021
b i 1:025 i 4:1
ci1:8 001251
d i 1:057 i 17501
3 a13:8 b10:17 < 7:10 d7:11
4aiss ii 510 iii Double the number of £
b i £ ii £5 il Halve the number of §
s X-18y-20
65

=
7 Kiran = £14.20, Stephen = £28.40, Jane = £49.70

Fractions, decimals and percentages

1a 104 b 1265 © 0983

2 2 1035% b 1035 © £4658
3 a 95.8% b 0.958 © £3649
4 a 45% b Student's own answers.

5 a 225828125%
© 115,615,18.7%
6 al1125g b £75
7a128 b
x—>|
© £1050
8 a £780 b £185000
9 a 5000 x 1.025= £5125 b £5283.88

4 Extend

b 25, 145,17.2%

< £12

b 25%

10a1 b1 L
11 Actual = 9227 bottles. Estimate = 9600 = 16 x 150 x 4
12 £16400

13 £96068

14 50%

15 51




4 Unit test

Sample student answer

The question has asked them to ‘Compare’ the costs of the
handbags. They must state, using the costs found, which
handbag is cheaper/more expensive. For example, The
handbag is cheaper in Manchester as it costs £52.50, whereas
in Paris it costs £54.

UNIT 5

5 Prior knowledge check

122 b5 c8 d 10
2ai332 i VT bi721 i 2/T3
3 a Trapezium b Rectangle, square

¢ Rhombus, rectangle, square d Kite

e Kite, rhombus, parallelogram

a Equilateral triangle b Square

Band C

73° angles are alternate

3° angles are vertically opposite or corresponding
25° angles are co-interior, d = 125° angles are
vertically opposite

7a R

owa

P
b Using symmetry ZRPQ = ZRQP
a 712 c 55°
b 112
i
b y=6r cy=3

12 i pim 90;x=35

Angles are x = 35° and x + 20 = 55°

b 4y=180;

Angles are: 45° 45° and 50°

62-30
Angles are: 00 snd 110°

13 45° 45° and 90° or 36°, 72° and 72°

5.1 Angle properties of triangles and
quadrilaterals
1 60°
2 250
75° {corresponding angles are equal and angles ona
straight line sum to 180%)
75° b 68° c 68 47
Students’ own drawings
ZBAD  80% 2ADC - 100°, £DC - 807
Opposite angles are equal
s

Opposite angles are equal
180° (angles on a straight line)
i £CAB = x (alternate angles)

i ZABC = 2 (alternate angles)
© x+y+z=180° (the angle sum of a triangle is 180°)
ZAED = 38 (alternate angles are equal)
ADES muz— 38
ZEAD and £ADE are equal (base angles of a isosceles)
ZADC = 180~ 71 = 109° (angles on a straight line sum
to 1809

cunanco o

=71° (the angle sum of a triangle is 180°)

Unit5 Answers

8 avbrc=180°and e d /= 180°
a+brcvdresf=3
Therefore the angle sum of a quadrilateral = 360°

9 ay=103° by=148° ¢ y=111° d y=z=120°
10 £BCE + £CBE = 132° (exterior angles of a triangle is equal
to the sum of the two interior angles at the other two
vertices)
ZBCE= L[BE (iangle BECs isosceles)
ZBCE= 3=
e (suemam angles)
ZbAs - 2c8 (trapezium is an isosceles trapezium)
ZDAB - 66”
11 £CBE = 110° (corresponding angles)
£CBA = 70° (angles on a straight line sum ta 180°)
ZACB = 180 - (74 + 70) = 36° (angles in a triangle sum
0 180%
12 a+2a-30+a-10+90= =115

So £CBD = 180 - (a~10) = 112.5° (anglesona
t line)

5.2 Interior angles ofa polygon
1a180 540 e d 1080
2 azx=45° by:&l" (z:éﬂ“
3 720°

‘ Number | Numberof | Sum of

Polygon of sides | triangles | interior
(n) formed angles

Triangle 5 180°
Quadrilateral | 4 2 360°
Pentagon 5 3 540°
Hexagon 3 4 720°
Heptagon 7 5 900°

5 a 3240° b 162°

6 a 108° b 135° c 1286 d 156°

73 a=130°

b x = 60° angles are: 60°, 1807, 60°, 120°, 120°
819

92712 b 54 € 54
10 Rhombus and hexagon
11 105°

5.3 Exterior angles of a polygon
1 a 900° b 540° c 1440°
2 a a=96%b=156c=108°

b o= 140° b = 140% c = 80°
€ a=120%b=120%c=120°
3 3 a=95%b=857 = 85%d =95
b a=103%b=17%c=103%d="17°
a Pentagon: a = 60° b=60% ¢ sm d
Hexagon:a = 50°; b = 70%

I Sur b evton angles is 350

¢ Both sets of exterior angles sum to 360°

60°

a=80° ¢ = 66°

138°,70°, 167°, 113°, 125°, 169°, 127°, 171°

a 36sides b Ssides ¢ 18sides

a 6sides b 12sides ¢ 9sides

No; when you divide 360 by 70 you do not get a whole
number.

128
136

2 = 50° ghving exterior angles of 70°, 50°, 90%, 50° and 100°
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Unit5 Answers

5.4 Pythagoras’ theorem 1

1a
2a
ja
4a

10 b5 3 a7
587 b 77

346 b 144

Eleris; she does not round the value before she finds
the square root,

b Yes

a

9.2em b 9.8cm € 80m

486m
61cm (1dp)
37.7 feet 3 s.f)
226 miles (3 5)
304m (3 56)

11 332em

a
¢

No; 42+ 52 4 82 b Yes; 9%+ 122 = 152
Ves; 57+ 122 = 13

5.5 Pythagoras’ theorem 2

181

2aa=3 bb=8 ce=12

3 115cm

4 27m(1dp)

5 298m

6 45cm

7 a 849cm (35K) b 12cm

8 a 12=2/3em b V27 =3/3em
© V125 =5/5cm

9 v3cm

10 a 7.21cm b 108cm € 310cm

5.6 Trigonometry 1

1a28°

2a
3
a

b
©

d

b 55° © 45° 45°

£=20 br=2

re135 d x=105(5f)
Accurate drawing of triangle ABC with sides correctly
labelled.
Opposite (AQ
i 22-05

29¢m; hypotenuse () = 58cm
09 i

53

i Opposite = 4.0cm; hypotenuse = 81cm

opposite adjacent opposite
hypotenuse  hypotenuse ' adjacent
ii Opposite = 4.6cm; hypotenuse = 9.2cm

adjacent

“a do.
e E

5 ax=417cm b x=966cm ¢ x=188cm

6 Students’ own answers

7 3550m

8 a85m bolm ¢ 56m

9 277cm

10 26m

11 67m (1dp)

5.7 Trigonometry 2

1a12 b 10 © 10

2 283cm

3 23420 b 364° © 138° d 531°
e 3820 i 365°

4 a 5310 b 646° © 320°

5 482°

6 486°
7 266°
8 a58km  b310°
9 57.10
10 116cm:
11 318
Lo
2at bvZem cid ik
1Bai %} i 3 b \!z
ci ¥ i3 i & v
14 a 45° b3  c2 d4s e 3

5 Problem-solving
1 ABC = 120°; isosceles triangles
2 25106
3 Length = 6cm; width = 3cm
4 907, 5132°, 38.68°
5 Angle £ = 40°, Angle F = 160°, Angle G = 120°

5 Gheck up
1a 1480 b 720
28
3 140°
4 £ABE = 90° (angles in a rectangle are all 90°)
ZBEA = 180 - (90 + 36) = 54° (angles in a triangle sum
to 180°)
A)EB =180 - 54 = 126° (angles on a straight line sum
1o 18
14: + zz: = 160 (angles on a straight

sum to 180°);

prp— (alternate angles are equal)
6 Any quadrilateral can be split into two
ngles by joining one vertex to all the
ather vertices. The sum of angles ina
ingle is 180°. Therefore the sum of the
angles in a quadrilateral is 360°.
£DBC = 62° since it s corresponding to ZEAB.
x=180 - (2 x 62) = 56° (since angles in a triangle sum to
180° and £(DB = DBC as the triangle is isosceles)
8 a 63cm b 22m
9 No.6%+3°= 7% and for a triangle to be right angled the
square of the longest side must equal the sum of the
square of the two shorter sides.
10 3/5cm
11 a 863cm b 843m
12 218°
13 567°
14 al b
16 4

5 Strengthen
Angles and polygons
1a

Polygon | Quadrilateral | Pentagon | Hexagon | Heptagon

Number of | & 5 6 7
sides (n)

Number of | 2 3 o 5
triangles

sumof | 2x180°-360° | 3x180° | 4x180° | 5x180
interior =s40°  |=720° |=900°
angles

b Number of triangles =n- 2;
Sum of interior angles = (n - 2) x 1807
d 1440°
2 a 140° b 150° © 162°




3 a 900 b 360 € 200
360°
4an-——
exterior angle
bid i 6 iii 12 iv 30

a Interior angle DCB = 162, exterior angles = x or DCA
bx= c 20

6 a 720° b 165°
7 1140
8 ZACB = 56° (alternate angles are equal)
ZCBA= ‘“Q 56 _ 620 (angles in a triangle sum to 180°

and base angles onan isosceles are equal)

=180 - 62 = 118° (angles on a straight line sum to 180%)

a False. Angles on a straight line sum to 180°.

b False. Angles ina triangle sum to 180°.

© True. Angles in a triangle sum to 180° as do angles on a
straight line.

d True. Angles on a straight line sum to 180°,

& True. Angles ina triangle sum to 180° as do angles ona
straight line.

10 i 7

°

¢ Vertically opposite angles are equal
Pythagoras’ theorem

1a A8 b PR € IN
2 &= 8465 =100, ¢ = 100; ¢ = 10cm
3 a 17em b 255m
4 8 10P= 67+ 0% 100= 36 + 1700 = 100 - 36; 0 = \64; b =8cm
5 a 12cm b 553m
6 No.18°272+ 16
7 aV5em b 3/3 ¢ W2
Trigonometry
1a A oy B £ hyp
adj
o Q ‘oop
hyp  hyp adj
B M
opp
R
2 asin b cosx=Ford
ctanx=
3204 co3 416
41 C 4030 d4LE e 197

5 x=5xtan36%x=36cm
¢ a105am b 02am
icosa = Fa=cos () x - 369°

9 bisangle of elevation; a is angle of depression.
10a [ b 393°

90m

B 110m A

Unit6 Answers

30 |4 [e0° [0 90°
sin 1 V2 2 ] 3
cos 2 x : 1 o
tan V3 1 3 o
5 Extend
130°

1
1
1
1

2 Anglesin a pentagon sum to 540°

Each angle in a regular pentagon = %2 = 108°
ZBCD = 108
£FCD = 180 - 108 = 72° (angles on a straight line sum to 180°)
£FCD = £CDF (triangle CDF is isosceles)
ZCFD = 180° - 2 x 72 = 36° (angles in a triangle sum to 180°)
2r-204+145=2x+35 s0.x = 50° (the exterior angle of
a triangle is equal to the sum of the two interior angles at
the other vertices)
ZQSR=2x+35=135°
£QSP = 180 - 135 = 45° (angles on a strais
1200m
12202m
36°, 72, 108°, 144°, 180°
6 sides
325°
9 48700 feet
0 a i AB=150cm
1 (W3 +12)cm
2 11cm
3 a 34am

ht line)

il AC=260cm b T1cm

b 223°

5 Unit test

s:
st
a

ample student answers
tudent C gives the best answer. Student A rounded too early
nd Student B’ algebra was incorrect

UNIT 6
6 Prior knowledge check
1a2 b-22
2aj} b4 €4 d-§
3 skm/h
“a9 e 125
5a
6 Ay
RS 1]
R
b Students’ graph of 2 + 1
8ail3 ii-1 bif 2 «ci-1ii1
9 ai£55 i £140
b i £50 i 45 minutes il £20 per hour
10 (-1,3)and (3,11)
6.1 Linear graphs
1y=2-5
2 a Anyline with gradient = 5
b Any line with gradient = 05
¢ Any line with gradient = -3
* [Equationof line | Gradient | y-intercept
y-2c+4 z 4
y=2x 2 o
y=2:-3 z -3

643
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4a Ay=2r-2,By=3c+1,Cy=22+1Dy=-x 3a £
bD B d Ban e AandC 40

5 Ay=2x,By=3r-4Cy=tr+2,Dy=-x-1,

Ey-2xi2Fy-x

aiiandiv b iandiv &

ii 12
8
7
6
5
4
3
2

1 d L/

10

8

6

4

« Students’ own check

9 Linecis steepest.

10 Band E

6.2 More linear graphs -8
1 Aye2rezBde-1,Cyn-2eel ke
2 c=3

=2c+4

>
2 4 6 8 10%



4 Ry=3x+3,By=-244Cy=2¢+3,Dy=5r+1,
3r

Ey=-
5 a Sketch graphof y = 2x
b Sketch graph of y = 3x +1
c Sketch graphof x +y = 5
6 a I xintercept 3, pintercept =3
pt=—6
intercept = 2
v xintercept = -2, yﬂnt&rmp(:
b Students’ sketches of graphs

7 abcd

8 Students’ own answers

9 a No b Ves € No

10 y=2x-3

11 a y=da+5 by=-x+3
cy=tz-2 dy=-2c+6

12 a Students'own answers b :

13 a1 by=-lrscc=5
s y=-3

1% a dz-3=-x+12 br=3
cy=9 d (3,9

15 (1,1)

6.3 Graphing rates of change
1a10mm b 105m?
2 a 6km
b 5.45pm
€ 30 minutes
d 2 hrs 30 minutes
e 12km/h
f12

6

Unit6 Answers

a Amal's drive to a friends house

2 3
Time (hours)
Kirsty's speed skating
H

>
S
]

Distance (m)
N B oo
8838
8888

o

o 50 100 150 200 250
Time (seconds)
b 16m/s

a 30minutes b 22km

e Simon's eycle ride

Distance from home (km)

Gom 3om 4pm spm 6pm 7pm Gpm
Time
@ Train journey from Birmingham to Shrewsbury
P

Distance from home (km)
N »
5 8 &8 3

>

0;
1430 1440 1450 1500 1510 1520 1530

Time
b 96mph ¢ 48mph  d 613mph
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7 55km/h

a 85 miles approximately

b 100mph, 109 mph

€ Between 3:00 and 3:40; the line is steeper

d Train A

ac b iii

< A, Bi, G

Students’ own sketches, showing B is steepest and A is the
least steep.

a 16m/s b 5 minutes

© 0.0092 m/s* d 96m

© He accelerated at 0.0092m/s*for the first 2 minutes,
then ran at a constant velocity of 1.1m/s for 5 minutes.
Next, he accelerated at 0.0083 m/s? for 1 minute, then
ran at a constant velocity of 16m/'s for 8 minutes.
Then he decelerated at 0.013m/s* for the last
2 minutes.

6.4 Real-life graphs

1a Charge for Electricity
160
140
g 120-
3, 100
5 80
© 0
40
20;
6 200 400 600 800 1000
Units
bi£124 i 340 units
2 a £100 b £54 © 149 pens
3 a (514 b €07 c 14
4 a £24perday b £40
€ y=24r+ 40 d 17 days
5 Band C
6 Question 3
7 2 [ chilli powder (grams)
b
525
E 20
215
£
E 10
5
O s
0
u 24681
powder (grams)
< !/—2,51’ d 34g
8 @ The yintercept tells you the initial temperature of
the freezer
The x-intercept tells you at what time the temperature
reaches 0°C.
b 10°C
© 20°C

d Yes, because it is a straight line.

9a Sugar dissolving into coffee

0 .
0 10 20 30 40 50 60 70 80 90 {(°C)

bi16°C i 455g

€ a=5b=5

d Yes. 4 teaspoons is much less than 500g,
10 aif18 ii £1450

b Thisis the minimum monthly spend - you have to pay
this even if you don't use the phone that manth

© The point of intersection is where the two plans charge
the same amount for the same number of minutes,

d Molly - Plan C; Theo - Plan B

11 ac Age and price of car
16000
14000
o 12000
< 10000
£ 8000
= 6000
4000
2000
o 1 2 3 & 5 &
Car age (years)
b Negative  d y=-1600z + 13600 e £8000
12 ai 846 i 914
b 84.6 in 2020, because 2020 is closer to the years covered
by the data.
6.5 Line segments
1a7 b1 55 d-35
2 13em
3 Gradient: 2, y-intercept: -3
4a@s b (5555 @47 d (-2,-05)
5a(1555 bG-) @05 d(1-2
6a3 b -2 = d3
7as b 10 €136
8ay=2r4c by=2-9
9 y=15¢+180
10 y=lz-5
11 y=3r+4

12 a Ap2, As -5 B3, B3 G, Comd
b They all equal -1

13 a4 b4 3

FFEETIE e

6.6 Quadratic graphs

1 LineAisy=-2 Line Bisx=5
Line Cisx=-3 Line Disy




w [3[2]1]o]1]z]3
= 9 4 1 ° 1 4 9
BEEEEEEIEEE
y e[ 12321
v
16
14
12
10
8
6
4
2
I5 14 13 IN\19]
—4
¥
4
2

Unit6 Answers

-3-2-10 1 2 3 x
7 a Same parabola shape
b Q3, Q4 and Q6 have minimum, Q5 has maximum
Q3:(00), Qé: (0, -3), Q5: (0,0}, Q6: (0,0)
i x =0 for all four graphs.
8 a Quadratic b Between 3.6 and 5.2 seconds
© 2.6 seconds d 32m e 5.2 seconds

11 a z=-07or2.7
€ x=-260r06

& The curve does not meet or cross the x-axis (or y = 0)
S FIEIEN R ER R ERR
LeJw s [« =s=2]5 1]

&
EET S

Height, h (metres)
SN w e

o 1 2 3 4
Time, ¢ (seconds)
b Around 465 seconds
6.7 Cubic and reciprocal graphs
i - EIETENI N ERER|
FAEIEIENEERNE

647
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¢ Students' own answers, e.g. The two graphs have the
same shape but in different quadrants.

4 a Students own estimate
b Students’ own estimate

d -222

€ xr=-2,-040r24
13 a x=-130r00r 17

bx=-léorl
b Students’ own answers 6.8 More graphs
S Sl2|a] 22 T 1235 b 57
[ ?‘ f‘ JEIEIEIETEN 21 ‘ 3“ 2 Students’circle with radius 5cm
‘”‘ 3 ‘ | ‘ 2 ‘ hd "‘5" " “1 ﬁ‘ 3 a120miles b 3thows < TOmph  d 2130
e 37 mph

f The bus’s speed increasing

4 2000m as this is when she starts to descend at a constant
speed.



cenmany o

DatasetA

Data set B

0o 1 2 @ 48
Both graphs show strong positive correlation.
s proportional to y

x [ 30 [ 32 | 35 [ 31 [ 40 |
y | 900 | 1024 | 12.25 [ 13.69 | 1600 |

x [ 45 | 48 [ 50 [ 55 | 60 |
y | 2025 | 23.04 | 25.00 | 3025 | 3600 |
=22 Isvery close to the line of best it s0 4 is
proportional to 2.

Petrol consumption of a car

B o
& 3

15

Petrol consumption (kmi)
B

060 70 8 90
Speed (km/h)

146km/l ¢ 65km/h and 100km/h

4rats b Found the y-intercept

i larats i

The number of rats increased (at a faster rate)
17 counts per second b 15 minutes

9 minutes d No

£1000 b £1126 c £24

2.4% over the 5 years

Unit6 Answers

6 Problem-solving

1 Tom makes (7'~ 25) profit on each pair of trainers. His total
profit will be this expression multiplied by the number of
trainers he sells, Q.

2 When Tom sells his trainers at £40 then Q = 10(40 - 40) = 0.
When he sells them at £39 then Q = 10(40 - 39) = 10and
this will increase by 10 for every £1 he lowers,

3 P=-107%+ 6507 ~ 10000

4 One appropriate method would be to draw a graph,

£

g price, 7 (£)
“This shows the optimum result s at £32.50, giving a profit
of £562.50.
The new formula would be P = (400 - 10T}(7 - 26) =
~10T2 + 6607 - 10400. The new optimum result is at £33,
giving a profit of £490.
6 Check up
1 Gradient: -2, y-interce|
2 A2xw+3,B:3x+2 CG-2243,Didxse 5
3 ¥,
¥+ B

4

649
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4a- b3
5 a 12, Hamzah is cycling at 12 mph b 147 mph
€ 275103 hours (or final 15 minutes) d 40 mph
6 a Price per cupcake b Minimum price ¢ No.
7a(-05-3) b6
8ay=3r
b Any equation with y = ~ L plus a constant,
eg.y=-tx+8
LEWY ¢cB dG eC fF gbd
10 I=-15,-o.4,19
11 a 0752 1 seconds
d The height that LT ot huseplpe.
122D bA cc
14 Students’ own answers
6 Strengthen
Linear graphs
1aiiv
2x+3ilig=-x+h vy=-brek
2 aBandC  bCandD ¢ AandB
dip i B iii ¢ WA
3a8 bC c A
“a beg
c
5 abe 2 WLt
PER AN / 1
N
Ji x
Al
/
6 ! €1
7
8
9
10 a AandFBandD
By =2eplize cvetanegy=ze-ay=splisy
T
1 b 3 < d3
12 Aand B,CandF,Dand E
13 a LandP
b No, only points L and P satisfy the equation.
% a3 by=3r+10

Non-linear graphs
1(0,0),(-5,23), (-2, 1, (3. 10)

23 (-2 b(2-NG20 < (2902

3 aAy=r+ L FEy=-12+4 bBy=x-2,Ey=-2
ccy=1 dDiy=x-2
Realife graphs
a Quadatic b5
35mand-35m

Distance in front of the goal posts.
Yes

-nn

2 a The water level in Vase 1 rises faster first, then slower.
The water in Vase 2 rises slower first, then faster.

b Vase 1 - Graph B; Vase 2 - Graph A

3aif125 i 2 iii £8.75 iv 95 (or 96)
b They are in direct proportion

6 Extend

1aCandD b AandC
2 a (339 b ¢
3a(L1) b
4 Number of seeds = ~17 x seed size + 49
5

8
6
4
2
0
0123 4 8 9104
c25 e 240 aubergines
6acC bA cB
7 ax-3r-2r-1+1=22-52=0
by=2r-1 cx=05
8alg[3]2][os[oiforfos[ 1] 2]3]
\y\n\z\J\S\n\—w\—:\-l\n\u;\
b ) ¢ x=0andy=1
9a

¢ 82seconds
where ¢ #-10 (0r y = — 2 + £ where ¢ # -2)
2e41)

2-1) <58

A wB
b hix-08 nolmesymmelry,( x=0Diy=x
ah bB cC dD

6 Unit test
Sample student answers
Students’ own answers.



UNIT 7

7 Prior knowledge check

1 400

2 a36 b21 c 5.0

3 a 940 b 1398

4 Teaspoon 5ml, drink can 330m/, bucket 5 litres, juice

carton L litre

5 a 520cm b 240mm ¢ 1000mm  d 3410m
e 32rml f 24litres
6218 b 52 <, dz
m
7 ba=L
x <=

8 Suuame circle wiith correct centre, radius and diameter
labell
9a 5 b 108cm?
3cm o
3om [ 50m
Fom
8em som
]
10a
2am Bom
4cm

© 48cm?
11 40cm?
370em?

Students’ own answers. The boxes will fit exactly into a
cuboid box with dimensions 9cm x 12cm x 12cm.

7.1 Perimeter and area

1 a12cm? 16em b 30cm? 30cm ¢ 96cm?, bhcm

2az=4 br=12 cx=5

3 @ Area= 465, perimeter=29m b 1548mm?
¢ 1406 mm?

4a60cm? b 30am® ¢ 266m®  d 3735cm?

5 Area =276, perimeter = 72cm

6

7

8 b 96=124 ¢ ke=8cm

9

10 aa=6cm b b=28m(1dp)

11 100cm?

7.2 Units and accuracy

1236 b 320 € 850 d 157

2 ai25kg h zz Skg Eu 275kg
bizm iii 42m

3a 1(m»mmm,wtneynavasamesm length
b 1cm?and 100m
¢ 1o 100mme

4 a Suitable sketch of the squares
b 1m?=10000cm? < Divide by 10000

Unit7 Answers

5 a 25m? b 52000cm? ¢ 0.7m? d 340mm?
e 88500cm? f 1246cm? g 370000mm? h 2.8m?
6 a 0.6m? b 544mm? ¢ 468mm?
d 21600em?
7 242ha
8 1600000
9 2 33mm,27mm b 27mm < length = 33 mm
10 19g = mass = 21g
11 a i 355cm i 11L5cm b i 245cm i 6.65kg
12 a 175m=x<185m b 2445kg =x < 2455kg
€ 135m=r<ldsm  d 5255km=x<5265km
13 ai75cm i 85cm b i525kg i 535kg
€ i1135m i 1145m  d i 2245 litres ii 2.255litres
e i 4500m i 5500m f i3L5mm i 325mm
g i 1525kg ii 1535kg
14 a 145cm, 155cm, 27.5¢cm, 285cm
b Lower bound 84cm, upper bound 88cm
15 Upper bound 80.798 m?, lower bound 79.008m*
16 a Height 6.15¢cm, 625cm; area 23.5cm?, 24.5am’
b 392 i 398 (2dp)
© 3.98cm(2d.p)
7.3 Prisms
1 72em?
2ab=8 b h=4
3 a Students own sketch
b, ¢ Areas are 20 c?, 28 cm? and 35 cm. The identical pairs
are (top bottom) (rmm back) and (left sideight side)
d Surface area is 1661
4 T2em?
5 3 Ves,because it has the same cross section all along its
length
b 12cm?
© 72cm’, same value as for volume calculated in Q1.
6 a 80cm’ b 204’ ¢ Blam
7a4em b 108em?
8 4cm
9 a Suitable sketchof cube b 1cm®=1000mm®
¢ Divide by 1000
10 a 1m’and 1000000cm’ b Multiply by 1000000
11 a 4500000cm* b 52000mm’
c 95m’ d 3.421cm?
e 5.2 litres f 700cm?
g 175m? 1 3000 litres
12 a 9.44m? b3
13 92cm
14 a 005m*
b Estimated volume uNEaf ‘mould in wood is
20000 x 0.2 = 4000
2562 - 50000, 12 * 80000 = 960 000 worms
15 Ixhrx2rxse=200
16 Upperbound:5.5 x 3.5 x 85 = 16363 cm?’,
Lower bound: 4.5 x 2.5 x 7.% 34.38cm®
7.4 Gircles
1ar=5 r=315
2az=g box=st cx=tp
3 a Allratiosare3.14to2dp. b 3.14159265
4 a283cm b 148m ¢ 754mm  d 2l4cm
5 a 503cm? b 45m? © 385m* d 212cm?
7 5boxes
8 a 385mm b 1164mm?
9 Circumference = 201 cm, 1%




Unit7 Answers
10 a 10mcm, 25mem? b 14mcm, 49mem?
20w cm, 100w cm? d 24mem, 14bm cm?
i area 36mcm, circumference 12mcm
ii 110em? @25f), 38em
b The answers in terms of = because they have not been

rounded
12 a 104=nd b
13 38cm (1d.p)
14 a 1287m

A

11a

331m

b 283cm
r

V=

b X:36cm Y:28cm Z:47cm

28 91 = 14929 cm? (to nearest cm?)
20000 - 1492
Percentage thrown away =

san

25 or 25%

7.5 Sectors of circles

a l6mem, 64w em? b 503 cm, 201cm®
b 2w+102 ¢ 3w+7
ail8wem? i 565cm? b i 25wem?
ai (Bme6)cm i 15.4cm b 5w+ 10)m i 257cm

1
2 abw

3

4

5 a (16m+16)cm b 663cm
6

7

8

9

a 44m? b 88m
2150m?
2 3.090193616cm
589cm?
10  Arc length = 7.85 cm, perimeter = 37.9cm
11 a 244cm 855cm? b 737cm? < area < 982cm?
12 a10 b 127° (to the nearest degree)
13 74°
14 856m
15 50cm (1d.p)
16 (16w -32)cm?

b 3.1cm

X3

x
360

7.6 Cylinders and spheres.

1 Students’ sketches
2a16 b 43 c 116 a2z
3aar b Verrh
4 a 1979cm’® b 167283.5mm’ c 26m*
5 0z267m’
6 32cm
7 a 1885cm? b 16889.2mm? c© 413m?
& 26mm
9 300cm*
10 a SA=324mwmm? V= 972rmm’
b $A= 1007 cm?, V= 2% e
11 191 mm = volume < 348mm’

12 a Total volume = 1% = 1140 mm? (3 sf)
b Total SA = 2087 = 653 mm?

13 17mm

14 631m

15 3.1cm

7.7 Spheres and composite solids
12200 bzlaw
2 94cm
3 a Net o square based pyramid, square 4cm side heght
of each triangle 6

b Tiangulat face 12.em?, square 16cme
4 213cm?
5 a x=87cm(1dp)

© 6hcm?

b Total volume = 950’

i 785cm?

6 a 96mcm® b 302cm?
7 a 25mem® b 6Smam® ¢ 90mem?
8 1=97=985cm (2 dp), area = 1238 cm”

9 Volume = 63363 mm’ {to nearest mm’)

Surface area = 9694 mm? (to nearest mm?)

10 106cm

11 Radius of sphere = 5.2322

12 Volume of whole con
Volume of frustum

13 a 10me b

€ 10mx? + 20ma? = 10722 + 2)

14 51m=160cm’ B sf)

cm, height of cane = 209cm

447, volume of smaller cone = {2
™

20me

7 Problem-solving

1 66cm
2 86cm
3 122%
4 £93503
5 864cm?
7 Check up
1a32a b 25am
2 7em
3 a 503cm b 64m = 201.1cm?
4 25Tcm
5 a 157cm? b 52cm
6 a 40000cm? b 056m?
€ 95m’ «d 3000 m/=3000cm®
7 95cm’® = volume < 10.5cm®
8 2 355m=36m<365m
b 9.15cm = 9.2¢m < 9.25em
© 23.55km = 23.6km < 2365km
9 36cm’
10 4929cm’
11 36mem?
12 301.6cm’
14 Students” own answers
7 Strengthen
2D shapes
1a2m b 103cm
2 2 55=4(748)x10 b 55=3545b ¢ b=4cm
3 ai4wem 0 126cm i 12mem il 37.7cm
4 a 2ar=195cm, =34 b A=wr® < C=2ar
5 ai4mem? i 126cm* b i 36mcm® i 113.1cm?
6 a1539cm? b 770cm? ¢ 44Ocm  d 220cm
e 140cm  f 360cm
Tag b3 <
8al b 2011cm? € 251cm? d 503cm
e63m  f l6m £ 223cm

Accuracy and measures
1 a 10000cm?, 20000cm?
E om?10000 om
xmooo( — ‘\ﬁmmo
m o1 2 3 4 5m
2 a 1000000cm?, 2000000cm?®
b o om?
1000000 ( F———+— ) +1000000
¥ mé 1 2 3 4 5 m“(
3228 b 27.5and 225
© 225<25<215

4 a225=<I<235m b 315=[<325mm
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3D solids
1 a 60cm® b 63cm? © 240w =T754cm’
2 a Students’ sketches
b i1131cm? i 377cm i 30L6cm? v 527.8cm?
3 a Volume =340cm’ = $mr, surface area = 746cm? = 4mr®
b Surface area = 4mr* < Volume =477
d i 45239cm? i 90478cm?
4 a 4cm b 5cm € 37.7cm® d 75.4cm?
7 Extend
1 825cm?
2 a 50xy b 500xyz 8

3 a Split the garden with a line parallel to the wall to form
a rectangle and a right-angled triangle. The hypotenuse

of the triangle is 5m. The right hand side of the triangle
is 11~ 8= 3m. These are two sides of a Pythagorean
triple, so the third side is 4 m. This side is the same.
length as the wall, so the wallis 4 m long.

b Area of lawn = 38m?, 2 bottles

210m

Capacity of tank = 942 477 8 crn?= 942 477.8ml

Time to fill = 3142 seconds = 52 minutes

6 a Shade rectanglea by x
b Shade rectangle a by x and rectangle b by x
c Shade ane of the end triangles

7a35am  b2sam? 10 Similar
8 Areaumapezmm o)h 11 Students’ own accurate triangle.
Sl *6) ( +2)*3x 12 Students own answers
m-—m 4 x
oo vl @
Theraf%rsilz— 6r = 144 sff?gs"hds -
9 6litres
10 3x
11 a 199 b 248625 ¢ 389008125 d 37710,
12 a 52875 b 265225 © 37.184.
13 385x10°m?
7 Unit test
Sample student answer e

The question asks for the answer correct to 3 s.f. The student
has rounded to 4 sf. Although all the maths is correct they
must make sure they write the answer in the requested way.

UNIT 8
8 Pnor knowledge c'heck
2

1 30 da Te

2 <16 d63 Zz:rnl:l l:lZcm 4cm
3 <o d 100 o T

4 Gom

Front side Plan

1km = 100000cm ¥
5 a 400cm b 6200m

6 a BandE b CandF, Aand D
73 [ ﬂ

Front Side Plan
Front Side Plan

653
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3a 2 ab,cd
¥
5
4
i ZE
—Y—— T
i 54327100 1 23 4 5%
4

+&
L2727 ) :
> ME

5 a 96cm? P
b
Jem Tom
acm
4 a Reflection in the g-axis or the line x = 0
Plan e Front b Reflection in the line = -1
€ 6hem? ¢ Reflection intheline y = -z
d d Reflection in the line = 1
4cm 46m [4cm 5 a Reflectioninthelinex =3
b Reflection inthe line y = -x
dom J3zem Tom 6 abcd
Plan Side Front

Surface area 70.6cm?

8.2 Reflection and rotation

Y. b
N e
4
3 e Reflection inthe line y
2 7 Y,
Y v
A
slals 2 pANg 234 5
L vil
al il
Z\Q 6 x
4
+5 d
6




8

9

10

1

Unit8 Answers

a Rotation 90° clockwise about (-3, 3) 4 a 6cm? b 24cm? © 54cm? d 96cm?
b Rotation 90° clockwise about (1, 4) . T =
¢ Rotation 90° anticlockwise about (3, -3) Shpall |Scaieractondll| g (Bgsc shane
d Rotation 180° about (- AriaotA
ab,c 7 B 2

5 c 3

4 D 4 16

MEEN i

: .k
“*
—5—4—3—2—1‘" 12 3 4 5%

+2

13

4

= b eg.
d Rotation 90° anticlockwise about (0, 0)
Aluays true. The image of point (a, b reflected in the
- and y-axis is (~a, -b), which is equivalent to a rotation of
180° about the origin.
Rotation 180°about 3,3)

8.3 Enlargement

1

2

3

ab

R R

b
“10123465¢6¢%x BB
x

=

ab ¢

o
[ S

b Yes,eg. An area is the product of two dimension
(2. @ b). Each dimension is multiplied by a

7;«0 1a2 4 56 7 8«x common scale factor (s), so the enlarged area is.
4 sa x sb = s2(a x b). This means that the original area
2 has been multiplied by s° (the scale factor squared).

Therefore, if the scale factor is 3, then the area is
enlarged by ()2
7 a Enlargement, scale factor }, centre (-5, -2)
b Enlargement, scale factor §, centre (2, -5)

a Scale factor 3
b Correct construction lines

€ (-5,-2)

d Enlargement by scale factor 3, centre (-5, -2)
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+12-10-8=6 —4—2;“ 214681012 %

—10
2

9 Enlargement, scale factor -3, centre (-2, -2)
10 Jamie is incorrect. Enlargements with scale factors
between -1 and 1 make a shape smaller than the
arlginal shape.
11 Enlargement, scale factor -3, centre (-2, -2)

8.4 Translations and combinations of
transformations
1 A 2 square right, 2 squares up
B 2 squares left, 2 squares up
€ 2 square left, 2 squares up
D 1 square left, 2 squares up
E -2 squares left, 5 squares down
2 2

h o « o

3af) o9 (9 of) ()

4 () with corect explanation

B

V!Assz

o

b (514} eg because this is the total horizontal

movement and total vertical

movement.

7ab
G
5
4
3
2
1

J6J5 14 13 J2 10

2
L4

6

d Reflection in theline x = 2

‘);12345Er
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s abic 8.5 Bearings and scale drawings
2 1a20m b 25cm
& 2 a Accurate scale drawing of right-angled triangle with
5 base 6cm, hypotenuse 10cm
¥ b 36m
< v|v 320720 b 255°
4 Bearing of 285° accurately drawn
2 5 & lcm:120m bi360m i 600m
q < Answers between 4 and 4.24 minutes
id 6 a 5km b 3km < 125km  d 025km
465 ’4’3’L’J40_J 231 b Bk 7 a 10cm b 5cm € hem
1a 8 a 2.5km b 16cm
id 9 ai130km i 36km b Sligo
10 a Accurate scale drawing, with AB = 5cm
it b AC=67m, (B=78m
-5 1 N
—6

d Reflection in the line x = 1 \
10 abc Manchester 41357

v,
6
5
.
3 Luton
2 12 a N
Plane's
65 —4 3 254 5 6+ final
position
2
-3
4
i cr‘\glnal position 4™ Gl
i b 188°
d Enlargement scale factor 3, centre (0, 0) W
ua(f
b u
6
5
4
3
2
H;:; ' b2Tkm ¢ 280°
o 14 323°
—s—s—AZS'” 12845 6% 15220 b 050°
16 N
2
-3
i 5 \]
€ Reflection in line =1 \z285/
12 Adam’s statement is not always true. When a shape is

enlarged, the image and the original are similar but not x
congruent.
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8.6 Constructions 1

Accurate drawing of the triangle

Accurate drawing of the triangle

Accurate drawing of the triangle

a,b, ¢ Accurate drawings of the triangles

Accurate drawing of an equilateral triangle with

side 6.5cm

The sum of the two shorter sides is less than the longest
side so the triangle will not be possible.

Accurate drawing of triangle with sides of length 5cm,
15cm and 17 cm (for real-life sides of 100cm, 300cm and
340 cm respectively)

Accurate drawing of triangle with sides of length 55cm,
5.5cmand 10cm (for real-life sides of 11 m, 11m and 20m
respectively)

Accurate net with sides of length 6 cm.

a,b Perpendicular bisector of line segment AB of length
7 cm drawn accurately

© AP is the same distance as BP.

a,b Perpendicular bisector accurately constructed of 2
points, S and T, 10cm apart. The perpendicular bisector
shows possible positions of the lifeboat.

2, b,¢ Perpendicular bisector from point P to the line AB
accurately constructe

a,b,c Perpendicular at point P on a line accurately
constructed.

a Shortest distances to sides accurately drawn.

b 25m

¢ 10 seconds

8.7 Constructions 2
1 a Accurate drawing of a triangle with sides 10cm, 8cm,

%)

b Right-angled triangle

a Accurate construction of an equilateral triangle with
sides 5cm

b 60°

Angles accurately drawn and bisected

a Accurate construction of 90° angle

b Accurate construction of 45° angle

a Accurate construction of 60° angle

b Accurate construction of 30° angle

Accurate construction of 120° angle

a Accurate scale drawing with sides 3cm and 5cm

b Accurate construction of angle of 30°

8 a Accurate scale drawing with pole height 4cm, top guy
length 4.5cm and angle CBA 63°

a Accurate construction of triangle
b Accurate construction of line perpendicular to AB that
passes through C

16cm?

<
0 Acurate scale drawing
11 a Accurate construction of triangle

& The circle fits exactly inside the triangle.
12 a,b,c Construction of regular hexagon in a circle

d Hexagon
13 Construction of regular octagon in a circle with radius 5cm

8.8 Loci
1 Circle
2 Sketchof a

cle with radius marked 5m

3em

Perpendicular
bisector

Angle bisector

(50m)

14m
(Tcm)



8 ab

10 Burford \ —
30km |
(3om) | 50km
(5cm)
|
\ Hightown
11 A
[ 1am @5cm) 1|
House |
12m Garden
@em) B
L[]
D PLL—
(5cm) 4m
(1cm)
12 A B
8em

b 16mkm? = 503km?
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8 Problem-solving
1 One method would be as follows:

Construct a perpendicular bisector to establish 0° and 90°.

Construct an equilateral triangle with a vertex at the origin

to find 60"

Bisect the 60° angle to create a 30°angle.

Bisect the existing angles to create 15° 45° and 75°.

Repeat on the other side of 90° to extend this up ta 180°.

Construct the perpendicular bisectors of the sides of the

regular hexagon and place a point where each of these

bisectors meets the circle. Join these additional six points
with the vertices of the hexagon to construct a regular
dodecagon.

Square correctly constructed

Start by constructing a square, then find the centre of

the square and draw the circle which goes through all of

its vertices. Repeat the method described above on the
square to construct a regular octagon.

5 If you start with a square you can construct any polygon
where the number of sides is a power of 2 (8 sides, 16
sides, 32 sides...). If you start with a hexagon you can
construct any polygon where the number of sides is 3
multiplied by a power of 2 (12 sides, 24 sides, 48 sides. ..)

8 Check up
1

A
S,
) [
2 a Reflection inthe liney =
b Rotation 90° anticlockwise about (4, ~1)
" (-4
< Translation ()
3 a Enlargement scale factor 2, centre (-3, 5)
b Enlargement scale factor 3, centre (-3, 3)
¢ Enlargement scale factor *1, centre (0, -2.5)
4 abc

N

b

=6 -5 4 —a—z—jf 1

2 3456%

d Reflection inthe line x =1

4em scm

6om Jom
Plan Side
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6 4cm
7 290°

8a N b 275°

9 Perpendicular bisector accurately constructed on a line of
length 10cm

10 Angle accurately bisected

11 ab

(9cm)
13 Regular polygons with these numbers of sides: 3, 4, 5,6, 3,
10,12, 15, 16, 17, 20, 24, 30, 32, 34, 40, 48, 51, 60, 6, 68
8 Strengthen
Transformations
1ab

© The triangle on tracing paper when folded on the line of
reflection becomes the image.

2 ab.ecf

Shape Ais reflected in the line g = x o give image B.

() LG

<)
-3

2 3right,1 upwﬁ)

b 5lefor ()

d 6 left, 6 down or

2!
2 2 left, 3down or  75)

~ o

a Rotation uf?D"do:kw\seabuu\l ©,0
b Rotation of 180° about (0, 2)

© Rotation uf?ﬂ“ant\du[kw\sz about (4,-1)
8 ab.c

x
p
9
10
Ox
11 Rotation angle, direction and centre of rotation

Translation  horizontal movement and vertical
movement (or translation vector)

Enlargement  scale factor and centre of enlargement

Drawings and bearings

1a8 b A k€
2

Front Side Plan
3 a lkm b 25km ¢ 6km d 425km
4a3m b Tem € 10em d 75em
5 x=65°(interior angles on parallel lines sum to 180°)

60 -

(angles add at a point sum to 360°)
95°

60 - 65 =
Bearing of A from B is 295°



€ i 30km

i 301°

Constructions and loci

1 Accurate construction of a triangle with sides of length

10cm, 7cm, 6cm

2 Accurate construction of a triangle with sides of length
7cm, 8cm,
Accurate construction of the perpendicular bisector of a
line of length 12cm
Accurate construction of the perpendicular bisector of a
line of length 7 cm
Accurate construction of angle bisector of 70° angle
Accurate construction of angle bisector of 100°angle

oW

© Points that are equidistant from a centre make a circle.

\Y

8 Extend
1a

[ A QA

—5—4—3—24’0 1 23458¢x
2
3
—4
5

b Rotation 180° about the origin
€ Ves, it always works.
2 Enlargement, scale factor -2, centre of enlargement (-1, 0)

Unit8 Answers

3 abd v B

© When points are reflected in the x-axis, the y-coordinate
is multiplied by -1
d When points are reflected in the y-axis, the x-coordinate
is multiplied by -1
ei(-g iiCpg
4 ab,c [,

fii (-p, -q)

2 ya-F
dign ii (-q,-p) fii (-p, -q)
5 (-2,-1) (-4 -1), (-3, -5), (-5,-5)
6 Reflection in y = x followed by reflection in the y-axis.

Reflection in y = - followed by reflection in the -a

7 ad

r=180-a

(interior angles on parallel
lines sum to 180°)

=360 - (180 - a)  (angles at a point sum to 360°)
180 + @

b (a-180)°



Unit9 Answers

9 a 60°
b, ¢ Accurate construction of a hexagon

Accurate construction of a triangle with area 30 cm®
11 a Sphere b Circle

12a 2cm 20m

3cm 2cm _4cm 3cm

4em
A 2cm

Zem
Front Plan side
b 88cm?
Two correct transformations, e.g. 90° clockwise rotation
about (05, 1.5, followed by a reflection in x = -0.5, or
translation (-2, 0) followed by reflection in
14 ab

b (17,47) and (-47,-L7)

8 Unit test

Sample student answer

Student B gives the best answer. Student A has not given

the direction or centre of rotation. Student C has given twa
transformations. The question asks for a single transformation.

UNIT 9

9 Prior knowledge check

1 a No b Yes ¢ No d No

2 a No b No c No d Yes e Yes

3 36

4 +12and-12

5a 23 b 25

60

1 22-1-12

8 azx=2 bx=5 € x=-3

— b e
C Y-S d e s)a-5)

e R+y-y
0 2v+3y-53=0
11 x=-lorx=4
12 -zand-8

9.1 Solving quadratic equations 1
1 6and -20r-6and 2
2axp-5 b-Dy+d o @+HE-2)

3
4
5
6
 »
s
cz=2andx=4
9 - )iz +6) orany multiple g (x - Br+ 6

(x-4)Rr+12)

9.2 Solving quadratic equations 2
1ax=landx=3 br=-landr=-4

€ x=3andx=-2
22 202476+3 b3 abr-2 ¢ 25-6x-8
3 a 0382 b 0.154
4 a2 b 2/7 © 200
3
gL

o w

Sice @ annos b3, snall rugis 2m x2m
Bx-D+2)

8 a 5@+ 1E+2) b @r+5@E-1)
€ 2@x+ k-2 d Gx-4+3)
e @r+3E-5)
9 aag=-25anda=8 b r=45andr=-4
< y=fandy=-25 db= 2nro7sandh 22or267
10 a (2r-5)(x+1)soeitherr=250rx=-1
b (Bx- 4)1.w3)suenherx 13
© (@x+6)-3)-050eithers - -130rx=3

(2 +5)(3x - 3) =050 eitherx = -250rx = 1
11 a 422+ 18x=10

2224 9x -
S0 @x - 1r+5=0

Therefore x = 0.5 or x = ~5; since -5 is not a realistic
solution, border should be 0.5 m wide.

12 (hx-7)@2x+3),ghingx=1750rx =-15

-

13 a 1:-254£ur1:-25-\7

b ;-45¢%r;,7357%

“l+Borx=-1-3
“1+VTorx=-1-V7

1% a x:l,lﬁmr -136 b x=3390rx=-089
€ x=0550rxr=-122 dx=1390rxr=-289

15 a b x=-l50rx=5
16 x=027orx=~147

9.3 Completing the square

18 24Bre16b xi-6r+9 © 427412149
dxivaxe8 e ate2red

2a3f b 42 LY} d 3,10

3azx=1+82=1-4
€ x=7+51x

dzx=5+3z

4 (e2P=rtrhred
5a (+22+1 b (x+27+2 ¢ (x+22-
6a (x+3F b @+4F < @+5F  d (x+6F



7a@en2- b@Erip-16 ¢ (xe6R-
d (x+3Pe2 e (x-2P+
8 (re22-4+1=0
(x+2)
+2) =53
“2-Vorx=-2+13
9 3 +v2
1416
€ x=t- 4evT
10 37— 126 -1=3(2-42)-1
=3[c-27-41-1
=3G-2¢-12-1
=3@-22-13
11 a 2x+32-16 b 3(- 1242

€ 5(r+1)24+20 d 4r+32-16

16 a x=124orr=-324
€ r=1080rr=-308
e x=0600rz=-210

15 x=124orz=-174

0880rx=-038

br=
d r=3250rr=-025

9.4 Solving simple simultaneous equations
1ab=2a+12 bb=5-3 cp=25

2az+y=12
candd

bax-g=bory-x=4

g a=3y
5 Meal=£11and wine = £14
& 50p

Tax=3y=2 bx=4
8

9

Sc x=4y=2
y=2
b 10x+0=50,x=5

Students’ own answers,

15 x=26andy=12. Perimeter = T6cm

9.5 More simultaneous equations
1agx+lzy=24 b 4x-24y =28
4 br=ty=2

begy=2x+2
dy=3x-1
br=3y=2
dr=2y=4

Coffee = 200p (£2) and scone = 90p

6
7 £1.80 and child
8 Pear = 25p and banan:

Unit9 Answers

9 x=067,y=-15

10 Sand = 20kg and cement = 40kg

1 x=£15 and y = £0.50 = 50p. So a 50-mile hire would be
E15.+ 50 £050 - £40

12 a 4a-4b=-2and2a+b=
< Rectangle is 6m by 10m

8 ba=25b=3

9.6 Solving simultaneous linear and
quadratic equations

br=150rx=-1

085

5 )
7,
6 Pointsare (1,0) and (-1, 8)
a
b
<
d
e
f 3
8ay=2r+3 borer-3=0
€ x=1y=5Width=5m

9 (0,-1yand (6,11)

077,y =587
561 0rx =190, =681

9.7 Snlvmg linear inequalities

dx
d zn]
3

1azr=} bx=2 cx=l
2a51012 b30-2 ¢
3 a 23,45 b
23,45 d
4, f

=
A
N

dax>-1

~5-4-3-2-10 1 2 3 4 57

-5-4-3-2-10 1 2 3 4 5%

-5-4-3-2-10 1 2 3 4 57
*—O
-5-4-3-2-10 1 2 3 4 5%
The set of all x values such that x is less than 2
The set of all x values such that x is less than or equal

oo

t0-2
The set of all x values such that x is greater than or
equal to

d The set of all x values such that x is less than or equal

to
& The set of all x values such that x is greater than -1

663
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82 «———0
—_——————>
-5-4-3-2-10 1 2 3 4 5%
P

-—
-5-4-3-2-10 1 2 3 4 5%
| —
—_————————>
-5-4-3-2-10 1 2 3 4 5%
[ ——
_—
-5-4-3-2-10 1 2 3 4 5*
o————>»

—_—— T
-5-4-3-2-10 1 2 3 4 5%

9afx>3) blxr<d cxr>3) dx=2

10 The smallest value of xis 4
11 a {rx >4) b {rx > -3)
© {x:x >=55} d {(x:x >18)
12 a -4<z=2 b3<r=4
¢ 3=x=9 d-1<x=3
13 a No b No
14 23,4567 b 1,0,-1,-2,-3,-4
€ -2,-1,0,1,23 d-2,-1,01,2345
15 a (ex = -3} b frx > -1}
< r2<x=4) d rp<z<3)

9 Problem solving

1 5=5x10+4x 8 10° = 50+ 400 = 450m

2 20=3t+1x2x 26243t-20=0
-5t 8 =0 1=250r 1=

The answer is ¢ = 2.5 seconds as we cannot have a negative

time in this situation.
3 6seconds

“aals

b VES eg the motorbike travelling at 10ms™, while

the car accelerates at a constant rate of 4ms-2 or the
memrmke mueumg at 5ms-* while the car accelerates

atzm

9 Check up
1 ax=0and

- 6x+5
x=1andx =5 butx=5is the only sensible answer
4 x=1+Tandx=1-+7
5 (re3)p-
6 x=-3+230rx=-3-23
7 2 bx=2,y=0
8 4
9
10
u
L ——
0123458678 9 10%
¢ wo<r=9
13 a 6yearsold
b Students' own answers
9 Strengthen

Quadratic equations

3a-4and3 b (+NE-4 ¢ x=-3x=4
b ax=-6x=3 bx=4x=3
€ zr=-51=3
5a-161-6 232 -3 b (2x-3)x+2)
<
6a bx=-fx=2
c
7 a x(x-2)
b (x+8F=xieBre16
8a (x*l)(x J=at-x-2 bai-z-2=4
c
d 2x=3m s the only sensible answer
9a ba=2b=-4
<
10 a b 16+48=64 C 16+12=28
12 bx=3,x=-1
c
12 a ii % 10 + 25
¢ 24120436
13a Zidxed
4=x?edx
br=-2-230rx=-2+213
14 a k-2F=ri-6x+9
(x=2F=6=r'=9z
br=3+3/20rr=3-32
Simultaneous equations
1az=] bzx=2

2 x=2,y=4
3 b3x244x-3=-6

Inequalities
1a-2<x<1b4<y<10c3<z<s
2ai

012 3 45 6%

i ——e

4 5 6 7 8<%
i _@———0
3 4 5 6 7%

ieg45 ileg6s iieg456

o—>

e

—_
01234~

_—

-4-3-2-10 1 2 3 4%
e Values forcare -1,0,1,2,3,4
Values for d are -4, -

x>8
3<x<4
x>1 bx<h €23
152

o w
cunuo



o—>
—5-4-3-2-10 1 2 3 4 5%
e ©
~5-4-3-2-10 1 2 3 4
[ =]

2 34 5%

5x

8- =F=R 0 ~f
as

b =3 ~F-T 0 1
8 a {x:x>4)
¢ xss)

234 5%

b rix<7)

9 Extend
a xlx+1)=30b 5and 6
2332m
3(x+04)2-048
a=3,p=04q=-048
68m = 125m
a Area=x(x+4) rx(v+l)=xt+bxrxiex
224 5175
So2rt 457520
br=5orx=-15
Charging lead = £3.50; phone case = £7.50
Since -5 is not a valid solution then in this

~

u
&
i
W

1.1, 4.9) and (-3.6, 9.6)

375 seconds

x=0y=50rx=-4y=

—_——T >
0 2 3 4 87%

fr-5<x=1

2 leepPeg=taeperp) v =2 e2prpieg
b i 3P6 i @rAR-19 i k-2 -2
iv @Dl

54

7

9 Unit test
Sample student answer

There could end up being 3 or 4 different equations, so it
is 2 good idea to label them to avoid confusion.

2 The letters s and I could look like a 5 or 1, which might
lead to a mistake.

3 The student needs to make it clear how many paper clips
are in each box, with a statement like, ‘There are 60 paper
clips in the small box and 175 paper clips in the large box

UNIT 10

10 Prior knowledge check

12007 b 085 c o035 d 038
2 a078 b 024 c? d %
e 13% f 32%
3alife b
¢ I
srees i
drised
5240 b 24 c 264 d 50
e 300 f 126
6 a 025 25% b 03, 30%
0.6, 60% d 0375,37.5%
0.85, 85% F 0.4625, 46.25%
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7 a 68 b 819 c© 205 daz
1 2 T P
8ag b €5 dgz
9 ever
impossible unlikely chance likely certain
Ly
1
100%
ei
12al b 25times ¢ %
Hie Glasses | Noglasses | Total
Boys |4 10 14
Girls & 12 18
Total 10 22 32
< 5
by <%
14 055

10.1 Combined events

1a8 b 10 €12 d18  emn
BA, B BS, LA, LR LS, CA, CR,CS, HA, HR, HS, MA, MP, MS
b 15 <%

i

3al0 b2 d%
4 a HHHLTH,TT
cil id
fia Dice
1[z2[3]afs5]6
1 [2[s]a[s]e]7
S v |- | s ][]
3|e[s|s[7]8]s
as]el1]s]o]m
bil i 2 i 0
6 b (4,7),(6,5) (8 3) <%
’ Dice1
1[2[3]4]5]e
1 [2[3]a[s]e]7
2 [3]a|s[s|r]s
s« |ss|7 8]
o [s |7 ]s|a]
s[e[7[s[o]w]n
6|7 [s]oo|uln
b 36 ¢ i il s d7
8a BagA
sJo[t]e
s [ss|os|s|es
Bag | B [s3 o088 |88
L [sc[oc [ [e
) R
93
10 3

665
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10.2 Mutually exclusive events

3

28l bl el
33

4 aand ¢ (asquare number and a muliple of 3
5ai b2 c?

623 b3

7 23%

o4

9 a04 b 09

0 a3 b2

11 al b2

12 012

13 015

]

15 035

16 062

103 Expeﬂmental prob: ablllty
b 1

1als5 d 120
2 b < c > d>
3
i &
4 Betty, ths greater the number of trials, the better the
esti
Sa} b 150
6ad b 75
718
8 a 0.23,0.22,0.21,0.18 009,007
b 0.07 €35

d No, a fair dice has a theoretical probability of 0.17 for
each outcome. For this dice, the estimated probability
of rolling a 1 is more than three times more likely than
rolling a 6

02,019 areall close to the theoretical probability of 0.2
10 40
11 No. Assuming there are more than 200 tickets in the draw,
there will be more than 200 tickets that do not win, so
buying 200 tickets will not guarantee a prize.
12as b 30 75
The dentist’s estimate is a little high. The results from the
160 patients suggest a probability of 0.156

10.4 Independent events and tree
iags

; 5 o
e & big s 4 008
e 042 044
2 1st goal 2nd goal
Team A
TeamA -8
Team B
20
TeamA _(9)
Team B
TeamB ~(3)

Wes, because the estimated probabilities of 0.23, 0195, 0.185,

©®~on

10

s Pass

an

Fail (%)
Pass__(17)
Fail ~(8)
b
a developed

virus

no virus

developed
virus

no virus
s
b 5%
024
a 055 b 065 < 03575
ai b L d
X
s
a 1st game 2nd game
5 Win
1 Win <
5 ) Lose
5
%
) 5 Win
5 Lose <
T Lose
: - - 5
biZ i 2 iii & va
a Bag A BagB
1
3 Red
3 Red <
8 Green
6
5
8
(5
bii-L
a
5
7,
2
7
bij




12 a 1st marble 2nd marble
5
8 Red
5 Red <
8 3 Yellow
8
3 Red
5 Yellow <
T Yetow
b3
13a Spinner 1 Spinner 2
035 __pink
Pink <
02 0,65 Not pink
08 Pink
Not pink.
0,65 = Not pink
b 0.41 c 007 d }5

10.5 Conditional probability

1a 1st spin 2nd spin
Vowel
1 Vowel <
3 Consonant
2 Vowel
3 Cansnnanl<
Gonsonant
by
2afh b & <%
3 a dependent
b independent
< independent
d dependent
e independent
42004 b 003 c 091
5a 1st sweet 2nd sweet
4
7__—Red
5 Red <
8 T Orange
7
E
3 7__Red
B Orange <
Z Orange
7
6 11.25%
7 07875
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8a Emily Zoe
a
§ 5~ Chocolate
Chocolate 9 _shortoread
5 2
2 5 Ginger
5
3 § 5 Chocolate
10 3
2
> 5 Ginger
10 g Chocolate
3
Ginger 2 shortbread
1
= 3 Ginger
3
% &
10 2
%
1%

10.6 Venn dlag‘rams and probabl'hty

1a
2a
u

nanca

z b 3; d 100
=24,6.8;8= (z, 35 7)
i true ii false
(1357911 13,15}
4,9

fii true

(]23456789]0]1]2]3]415}

Q

P:odd numbers < 16;

& positive numbers < 16
{1,3,4,5,7,9,11,13,15)
1,9

{2,4,6,8,10,12, 14}
(z 3,56,7,810,11, 12,13, 14,15)

(357 11,13, 15)

M
w
oS
e

Maths

2

i " W L

Instrument  Sports team

—

v 2
% i 2

u i 1
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Unit 10 Answers

10

a

6a

e i [1]z2]3als 6]
| robabitity [ 02 [ 03 |01 [o15 [ 01 [o1s5 ]
b 45
v < No, the probabilities are different. If the spinner was fair
Ah the probabilities would all be the same.
7 Spinner A Spinner B
Even
s
- Even <
b <t
10 Problem solving
1 Positive 06 Even
005, TBken
drugs i
Negative bio021 053
8 @ |fextmessage  Email
oo Positive
Not taken
drugs 0.98 ™~ Negative
False positives: 0.95 x 0.02 = 0,019 (= 1.9%)
2 0.95_— Positive
005~ Token < b3 s
drugs 0,05~ Negative 9 aR=(2358
b R'={1,46,7,9,10)
< RNS={3,5)
o Positive d£=(1,234567,8910
Not taken & Yes
drugs 0,95~ Negative 11 Students’ own answers
True positive: 0.05 x 095 00475 10 Strengthen
False positive: 0.95 % 0.05 = 0.0475 Caleulaing probability
There would be the same amount of false positives as .
1a b i c
genuine positive results. This means that half the people : s
that received positive results would be innocent. d The answers are the same.
3 Students may have different arguments to make. eid i &
Probability of positive for test A= 0,05 x 0.98 +0.95 x 0.02 2a b2 <
0068 = 2
St of etests:s oo R < 1. d T:it‘ntal of answers to parts a and bis the answer to
Cost = 641 x £52 = £33332 B
Promniuty of positive for test B =005 x 0.95 + 095 x 005 &3
Nombarf 5nm oo S
i ofeladts < 0 < 105 57 va
Cost = 657 x £40 = Lt Hatch
It would be slgmﬁ(anuy (heapsr 10 use test B. However win [ praw | Lose
we have shown that for test B, 4.75% of results are a false
positive. Sa this could result in at least one of the retests Win ww | bw | LW
giving a false positive. 2nd Match | Draw WD | DD | LD
Lo: wi | oL L
10 Check up = 5
1a075 b 0075 b:9: <5 .
sk b d (W, W), (0, W), (L, W), (W, D) or (W, 1) e}
2 Dice 2 Spinner A
1[2[s3]afs]s 2[24a]s
2z [3[a]s[e][7]s 12121 44161
s [e]| 7|8 ]o]w 2 [22]22]4w2]42]62
Spinner .
6 [7[s]o|w|[u]e spinnerB | 2 [22[22]42 4262
s [9[w[n|re[n]u 3 [23]23]43]43 63
bil i 4 i 3 3 |23]23]43[43]63
L% 25 outcomes
5 015 bi} 3 © two even numbers



Spinner A
2J2]afa]s
13355 |7
2[4 46|68
SpinnerB | 2 | 4 | 4 | 6 |6 |8
W s | s |77 ]9
s s s |77 ]9
e5 ]
6a17 b4
7 a 1 multiply and add b 3 add
© smultiply d 2 multiply
Experimental probability
1a5 b 25 €36
2230
b No, as the expected number is double the amount that
Dylan did get.
3aliiia b0

X
Tree diagrams and Venn diagrams
1 a without replacement b with replacement
¢ without replacement

2 aandb
3a 1stcounter 2nd counter
g 71 _ 49
g ~Red R R=15% 15 105
7 Red
10, e
I Bue RB -y
x 3 7 _2
2 70_~Red B R=5xL=2k
U ame<
3 Blue
0
b2
E
4 a  1stcrayon znacmyun
=9
Blue =&
Blue
8 NGreen
s
b1E
5a  Astcard  2ndcard
1
a_teart HH=1x1
1 Heart
4 INota HNH=1x2-32
7 heart 474716
1
3 Z_Heart NH.H=3x]
* Nota<
heart 3,.3_9
FNota N NH - -
' B
b <5
6al bg

Unit 10 Answers

¢ 1st chocolate  2nd chocolate

5

g
6 Garamel <
1 P

Strawberry

3o

3l

. 2
did i 2

2 Astcartoon  2nd cartoon
4
Apple
5 Apple <
7 3™ Orange
) o
5
D 7_~Apple
8 Orange<
Orange
b <k

2  1stballoon  2nd balloon

7 Red

1

5

T2 \Yellow

5 35
b3 <
aliiand i [Ceon crawl  Breaststroke
b 20 5 .
cig i 2 dk
5 Married Under 25

7 s
b < 7

0
i (50,75, 100, 150}

a i

ii {100, 150, 200, 250, 300}

iii (50,75, 100, 150, 200, 250, 300+

iv {100, 150}

v (50,75, 100, 125, 150, 175, 200, 225, 250, 275, 300}
b i 200€8B

i 175€

i 10€ANB

669



Unit 11 Answers

10 Extend

Any multiple of: 2 red, 2 green, 5 blue and 1 yellow.
2 Example: If both cards are the same colour both players
turn over the next card. The winner is the first person to
tum over a red card when the other player has turned over
a black card.

Check that any rule given by the student gives the same
probability for pLaysrAand player B.

32035
4a iz uaz% b llldays ¢ 1936%
5 o

s

s

6 x

1a% b3 <}

8aj b < dg
9 51

0%

11 2 AUB bBUA cBNCAA
10 Unit test

Sample student answer

Labels to show the flavour each branch represents are

missing from the tree diagram.

Labels to show the combination that each calculation

represents are missing.

There should be a sentence to clearly state the answer to
n.

o

UNIT 11

11 Prior knowledge check

1 £260

2 46750

3 Sminutes

4 20008

5 6 pint bottle is cheaper, e.g. cost of 2 pints: 4 pint bottle
49p, 6 pint bottle 48p

6 a 6days b 3days

7.2 1:000 b 1:10 € 1:1000  d 1:60
e 1:60

8 a 18m b 280m © 546km

9 a 4inches b 15feet ¢ 4feet10inches

10 a 80fluid ounces b 40 pints
© 2 gallons 4 pints

11 a 64km b 30 miles

12 a 90minutes b 3000 seconds
© 3 hours 45 minutes

13 2 $80650 b £49.60

14 1cm=10mm; 1m = 100cm
et = 100mme 1 mé = 10000cm?
1em? = 1000 mm? 1m3= 1000000 cm?

15 bM=Dv ca=E

16 b 104

11.1 Growth and decay

1213 b 086 € 1072 4 0975

2 2065 b £4225 c 085 d £3591.25
e 05525

3 8 L12°=1404(dp) b 0.85'= 0522 (3d.p)

4 £36929.50

5 Noj 115 x 1.22 = 1.403, which is equivalent to a 40.3%

increase.

a 10815

£38024

5012

£2719562 (0 the nearest penny)

£3792.88 (t0 the nearest penny)

11 Students’ own answers

£23233 (to the nearest penny)

13 a £200.70

b The cost of her train ticket before the increase was £225.
+ 1125 = £200, 50 her train ticket has gone up by £25,
Her pay before the increase was £535.50 + 105 = £510,
50 her pay has gone up by £25.50. Her pay increase is
greater than the increase In the cost of the train ticket.

£375367

15 5years

a 12635

a 301

b The nearest whole number

18 449

b 0.68 © 10246

Bowm~a

=

5

b 21 hours

11.2 GCompound measures

1a6 b -30 © 0125
2 a 16km/h b 30km € 3 hours
3 a 7 hours 30 minutes b 6 hours 12 minutes
4 a £39950 b 3hours
5 a i 15litres ii 3.75litres b 40 hours
6 a 16km/lire b 41 litres (1 d.p)
7 a 065km/h b 78kmh ¢ 256kmh  d 188km/h
8 a 3600m/h b 43200m/h < 28800m/h
d 16200m/h e More

9 [metres persecond | kilometres per hour
15 54
20 7z
30 108
45 162
10 900 km/h

11 Falcon is fastest. Car: lsﬂkm/h =97.2m/s (1d.p);
Falcon: 388 8 km/h = 108

1000x 3600y

3600 1000

13 538km/h (1d.p)

14 264km

15 18km/h

46Tm/s (1dp)

12a

a

18 25mfs

11.3 More compound measures

1 a 7500g b 625m? © 0.095m*
2a =16

3

4

5

6

7 8940000 g/m’

8 2700kg/m*

9 1000xkg/m?

s

Platinum is denser: gold density = 19.32 g/cm?®;
platinum density = 21.45g/cm



11 101g/cm’ 2 d.p)
12 173N/m? (1dp)
13 90N
4 [Force Area Pressure
60N 26m? 23.1N/m?
73.08 4Bm? 15.2N/m?
100N 833m | 12nm?
15 0153N/em?
16 12000N (3 sf)
17 a 784N b 49N/em ¢ 18375N/m? d Sitting
18 a 500000N/m? b TeagNm
11.4 Ratio and proportion
1a8 bA cc
2a2 b3 cs ds
3 a AandD

b Graph of data in table A with points plotted at (2, 8)
(4, 16) (6, 24) and (8, 32)
Graph of data in table D with points plotted at (2, 10)

(4,20) (6,30) and (,40)
¢ Straight lines d Ay=45By=5r
4aA=38 bP=I0 cXY=9:5
5 a 1:16
b Graph with miles on the horizontal axis and kilometres.

©

1

16

on the vertical axis. Points plotted at (8, 10) (10,16) (15,
24) and (20, 32) and joined with a straight line.
¢ Yes, they are in direct proportion. When plotted the
graph is a straight line from origin
e Kilometres = 1.6 x miles
ATy

d Gradient = 16
a Yes, s is in direct proportion to t as & =
bt=1255 ¢ 20 miles
Students’ own answers
a Students’ own answers, e.g.

Table of values:

[=]o]
[&lo[es]

1

Graph plotted from the table of values s a straight line,

from origin so in direct proportion.
b C=13x ¢ 7150
2 hours 9 minutes

a 6 hours 40 minutes b 13 hours 20 minutes

¢ Forboth partsaand b, If x N = 40

NG RN
Dol e Tl la]

b Indirect

a Direct, © Neither
e Direct
15amps
53
ar=

dy=20

a 960 seconds b 560 seconds

Unit 11 Answers

11 Problem-solving
Profit of £23.07

60cm

528 inches per second
3 hours 30 minutes
5.472 tonnes

3p

11 Check up
£7200

5 years
a £302.23
320 seconds
08g/cm’

a 8050kg/m®
b 1006.25g or 1.00625kg.

9.375N/m?

Usain Bolt is faster: Usain Bolt: 123m/s = 44.2km/h;
White shark: 11.1m/s = 40km/h

b 6hours

11 a Ves.Values are in same ratio.
E=13P
12 When d =8, P'= 08,50 P=0.1d

When d = 75, the pressure on the watch will be

x0.1= 7.5 bars,
This is less than 8.5 bars, so the watch will still work

d Indirect

13 105amps

15 5km race leader board: Allia, Chaya, Hafsa, Billie
10km race leader board: Fion, Daisy, Gracie, Ellie
11 Strengthen
Percentages
1212 b 109 € 1037
2 a0 b 094 c 0925
3 a 1308 b 1265 € 07238 d 08099
e 10304
4 £60563
5 [Year | Amountat | Amount plus Totalamount
start of year | interest atend of year
BREEE 13709105 | £450.20
- 400 x
103
5 | e4s020 £45020%1.03 | £463.71
00
103
5 |eesm £463.71x1.03 = | £477.62
400 1.03¢
6 £6144
7 557
8 Syears
Compound measures
1 £30260
2 a3fmin b 4minutes
3 [Metal [ Mass (g) [Volume (cm?) | Density (g/cm?)
Copper | 1090|122 896
Lead | 450 398 113
Mercury | 110 815 135




Unit 12 Answers

“ [Force () [ Area (cm?) | Pressure (N/cm) UNIT 12
104 13 8 12 Prior knowledge check
P I 2 1a15  bes )
§
= = T ;‘136 b3 el 48 weh  EF
5 a 1000g=1kg b 10000cm? = 1m? 74 =
© 1000000cm’ = 1m
6 ailzkg i 15000g 2
b i 27glem® i t.sakg/mi 6 7
iii 50000 kg/m’ iv 002g/cm? 7 a 24em b 20cm?
8 a p=r.q=s(vertically opposite)
Lot o (il Jlc b u =w,¢=v (corresponding angles)
18 28000 |:300° 3 9 Accurate construction of the triangle. (If correct, angle
36 36000 600 | 10 between 6cm line and & cm line will be 90°)
=3 Tioon [waeT | &at 10 Accurate constructions of the triangles
1u s
516 | 57600 [960 |16
Ratio and proportion 16 16 10
1 W=24,X=225Y=30,7=18 10
2 200 seconds 40° c
3 a Table of values:
12.1 Congruence
1 AandD;Cand F
Graph plotted from the table of values; points joined 2a :dmv (Ver:icahy opposite); b = 134° (alternate with
with a straight line through the origin 134%; ¢ = 46° (angles on a straight line)
b P=125E S12em:
& 66N 431122 b5
5 W=6X=3Y=4Z=4 5aSA5 bRHS cSS5  dAAS e AAS
6 a Congruent, SAS. A corresponds to R, B correspands to Q,
11 Extend . C corresponds to
1aT=25c b3TSN < 24em b Notcongruent
g isn 7 DEF ($55) and GHI (SAS}
Sk b l0m 8 Z‘edsé;mngruent,sss(usmgPy(hagmas tofind the missing
da= *"‘/5 9 No. All the triangles with a 12 em hypotenuse will be
4 n=d congruent, and all the triangles where 12cm is not the
5 a 091 b 8years hypotenuse will be congruent.
6 £10787.82 10 a ZEBA=50° ZEAB = 20°, LEDC = 20°, LCED = 110°
7 1025 x 1.015 = 1.040375 is equivalent to just over 4% after b Two angles and a corresponding side are equal (AAS).
2 years, 50 2.5% then 1.5%is preferable to 3.5%. 112119 b 119° ¢ 35
8 363g d Suitable proof, eg Two angles and a corresponding side
9 o R ‘ ; ‘ T ‘ ; ‘ ; are equal (AAS), 50 JKL and ML are congruent.
ekl 12 2 ic proof and
[ value,y | 3000 | 3100 | 3200 | 3300 | 3400 |
b Graph plotted from the table of values; points joined Y;& D
wit
© 35years
10 ¢
11 a Sam s correct. Exterior angle x number of sides =
constant, so if number of sides is doubled exterior angle
is halved
- ']1;3 za b FM © ZEMG
la Sultahle proof, e.g. ZWXT = ZWZY = 90% WY is common
13 1hour 45 minutes (hypotenuse); WZ = XY. Therefore the triangles are
i congruent (RHS).
1 Ulmt :dest .
SESpte UK ety E 4 a Suitable proof, e.g. 5Q is common; PQ = SR; PS = QR
Student B gives the better answer as they have written a Thereore the riargle recongrent (55)
sentence at the end answering the question. It is also easier to bi 123° i
follow Student B working as they have labelled their working 5 Sultable proof g, LX =X XK= HLs XK= 21004 wm“y

as’International Bank'and ‘Friendly Bank.

opposite). Therefore the triangles are congruent (SA



©

H

1 ab B

Suitable proof, e.g. ABCD is a rhombus, so 2ABC = £ADC,
BA = AD and BC = CD. Therefore the triangles are congruent.
(SAS).
a FG=GH; EG is common; 2FEG = ZGEH = 90°.

Therefore the triangles are congruent (RHS}
b If the triangles are congruent, then FE = EH, therefore

FE=3FH.
SM s common, RS = ST; £SMR = £SMT = 90°. Therefore
triangles RSM and MST are congruent (RHS)
If the triangles are congruent, then RM and MT are the
same length and the line SM bisects the base.
PQ = ST; £QPR = £RTS (alternate); £PQR = ZRST
(alternate). Therefore triangles PQR and RST are congruent
(AAS). If the triangles are congruent, then PR = RT and Ris
the midpoint for PT.
a Suitable proof, e.g. ZGDE = £GFC (alterate); DE = CF;
ZDEG = £F(G (alternate). Therefore triangles DEG and
CFG are congruent (AAS).
Suitable proof, e.g. £DCG = £GEF (alternate);
£GDC = £GFE (alternate); EF. Therefore triangles
CDG and EFG are congruent (AAS),
Triangles DEG and CFG are congruent, so DG = FG.
Triangles CDG and EFG are congruent, o €G = GE.
Therefore G is the midpoint of CE and DF.

&

-
9!

A D
BEC, CED, DEA and AEB are congruent. BCD, ACD, ABD
and ABC are congruent
They are all equal, therefore they are all 90°.

Since all 4 triangles are congruent, AE = EC and BE = ED,
therefore E is the midpoint of both AC and BD.
2 K T

na

N A
Suitable proof, e.g. ZNKO = 2MLO (alternate angles);
ZKNQ = 2MPK (alternate angles); LM = KN. Therefore
triangles KON and LMO are congruent (AAS)
ZOKL = ZOMN (alternate angles); 2KLO = ZONM (alternate
angles); KL = NM. Therefore triangles OMN and KOL are
congruent (AAS).
Since the triangles are congruent, KO = MO, NO =
is the midpoint of both diagonals.

3 XY= XZ (XVZis isosceles); XA = XB; BXA is common.
Therefore triangle XBY and XAZ are congruent (SAS).

10,500

12.3 Similarity

1a2 bl
2 PQand Xy, PRand XZ, QR and YZ
1.5cm; XY =3cm; PR=19cm; XZ = 3.8 cm;

QR 2em
QPR = £YXZ = 54% £PQR = £XYZ = 76%
ZQRP = £VZX = 50°

i v b

T iy O oS SRS A BB SO
therefore the parallelograms are not similar.

s b

¢ Yes;the ratios of corresponding sices are the same
Similar b Similar < Notsimilar

Unit 12 Answers

ZDCB = £YXW = 155°
All the angles are the same, therefore the shapes are similar.
8 55cm
9 20em
10m
11 a The correspondingangles areallequal. b 15cm
< Allright-angled triangles with one other angle
the same are similar

05 e sine
12 l4em
13 a 6m b 28m
14 a Yes; corresponding sides are all in the same ratio.

£

No; corresponding sides are not in the same ratio.
15 a Each shape has 6 equal sides and 6 equal angles, so
they are similar.
b Yes
16 a 127cm b 17.7cm
12.4 More slmllanty
1a

2 o SEDC-EBA (auernale) £DCE = ZEAB (slternate);
£CED = 2AEB (vertically opposite). Therefore all angles
are equaland the triangles are similar.

3 @ £RPQ=2RTS (alternate); ZPQR = ZRST (alternate);
ZPRQ = £SRT (vertically opposite). Therefore all angles
are equaland the triangles are similar.

b 10cm

4 a 2Fis common; ZFGH = 2FJK {corresponding);
£FHG = £FK] {corresponding). Therefore all angles are
equal and the mangles are similar:

b 60mm ¢ 64
5 a LPON=52° P
b L is common; ZMNL = £PON (corresponding);
ZLMN = 2MPQ (corresponding). Therefore all angles are
equal and the triangles are similar:
¢ dhem d 22cm e 18cm

6 308m tall

7 Perimeter = 54m; area = 135m®

8 28800cm?

9 Perimeter = 5cm; area = 2.1 cm?

10 a 18cm b 75cm

11 5cm

12 a 24cm® b 54cm®

13 12cm, 15¢m, 192cm

14 a 4 b2 c 2lem

15 30cm

12.5 Similarity in 3D solids
1a5
2 1500cm®

bz

" Volume

Linear scale
factor scale factor

Volume B

2 2 16 8

k 24 248

96cm*
405 cm®
60cm?
75cm

a 2lcm
a 125
563 cm?
4220cm?
Area scale factor = =&
So linear scale factor = £ and volume scale factor = 2.
Volume of cone B =837 x = 248cm?

cm

b 6
b5 d 1500cm?

673



Unit 12 Answers

13 a 640cm’

14 8.4k litres

15 Alllengths in a cube are the same, so all cubes have sides
in the same ratio. Cuboids may vary.

12 Problem-solving
v,

b 40cm?

1
ol
3
24
1
YE-HI
PQ_oP_0Q v .
& =05 " o - 2 Al corresponding sides are in the same
ratio, therefore, triangles OPQ and OST are similar
2 72m
3 1m
4 a 60°
b Proof using S55 or SAS that the triangles are congruent.
5 Interior angles of triangle are 84°, 48° and 48°. Two angles
are equal, 5o the triangle is isosceles.
6 An8m ladder reaching a 7.8m high gutter would be

177m (2 d.p) away from the base of the wall. The 4in 1
rule requires it to be 1.95m away.
12 Check up
1 Aand Care congruent (SAS)
2 a,b Suitable proofusing any of S55, SAS‘ RHS
e.g. ZJHK = 2HKL; £JKH =2LHK; H
Therclore the triangles ae congruent P
All corresponding sides are in the same ratio (scale
or 2).

o

-

Missing angles are 58° and 35°, therefore all angles are
equal and the triangles are similar.

4 a 20cm b 18cm

5 a A iscommor; 2EBA = ZDCA (corresponding);
ZEDC = 2AEB (corresponding). All angles are equal so
the triangles are similar.

b (D=

6 a LPQR=RST (alternate); ZQPR = ZRTS (alternate);
£PRQ = 5RT (vertically opposite). All angles are equal
5o the triangles are similar

b x=40cm; y = 195cm

7 Area = 200cm; perimeter = 55.2cm

8 25605cm’

9 519cm*

11 Right- angled triangles with an angle of 45° are similar, and
tan 45 =

mgm angled triangles with an angle of 60° are similar, and

12 Strengthen
Congruence

2 Aand C
3 Rectangle, parallelogram {x2 ways), kite, isoscles triangle
(x2 ways)

4 a SSS b RHS © AAS
5 a Suitable proof, eg KM is common, LM = NM, KN = KL
Therefore the triangles are congruent (SS5).
b LN is common but the other sides do not correspond.

Similarity in 2D shapes
1 a i ABandED,DF and BC, ACand EF
ii 2ABC = ZEDF, ZACB =ZEFD, 2CAB =2FED
b i IKand 1), Gl and HI, GK and H)
i £1JH = ZIKG, ZKIG = £JIH, £IH] = £IGK
i LMand OP, MN and PQ, LN and 0Q
i £0PQ = ZLMN, £POQ = ZMLN, £PQO = ZMNL
d i SRandWU, ST and W, RT and UT
ii_ZRST = ZUWT, £SRT = ZWUT, £5TR = 2WTU

2a c cx=10y=4
c D o
A
3]s}
5
s | x| 3
7
L) 8 K3
15cm
12cm, d=6cm

Cand E
a i Alternateangles
iii Vertically of
b Thé Ciangles s ain.
© The paired angles are the same size.
d r=10cm, y=11cm
ra

3
4 @=4cm, b=20cm,
5
6

i Alternate angles
les

-

ACB = ZAED (corresponding); £ABC = ZADE
(carresponding); £CAB = ZEAD (angle is comman)
All three angles are equal, 5o the triangles are similar

© Students’ sketches.
d Scale factor = % BD = 13cm, ED = 80cm
& a Drawing of rectangle A (2 by 5
b Drawing of rectangle B (4 by 10)
© Perimeter of A = 14, perimeter of B = 28
d Scale factor i 2
e Drawings of rectangle C (6 by 15)
f a2
9a5 b 60cm
10 Scale factor is 4 = 2°
11 150¢m?.
S\milﬂri(y in 3D solids
1 b Scale factoris 8 = 23 3
3 Salefacor s 27 2% & Students’ own answers
2a9 b3 € 27 d 337.5cm®
12 Extend
1 a Students’ drawings b 20cm
2 a ZJAK= ZBAC (angle is common); 2AK) = ZACB;

ZAJK = 2ABC (from sum of angles in triangle = 18
All three angles are the same, so the triangles are similar.
18c s4cm




15cm?

4lcm

675cm?

53.76kg

15cm

a 13291.25cm? 5

Suitable proof, e.g. AEB is isosceles (AE = BE) therefore
LEAB = ZEBA

By alternate angles, ZEAB = 2ECD and £EBA = £EDC s0
triangle CDE is isosceles.

50 AC = BD (corresponding lengths are the same)

By alternate angles, 2AGF = 2FDC and £BH) = ZJCD,

S0 ZFDE = ZJCE

Therefore, by AAS, we know that triangles ACH and BDG
are congruent

P

10 308cm

11 a 18em b 1350mcm? ¢ 400w cm?
d 950m = 2980cm’ to 3 s f.

12 3500cm?

13 AD=AB and AE = AG; ZEAB = £DAG = 90° + ZDAE.
Therefore the triangles are congruent (SAS).

@-1) (r+e-1) x+1
14 Linear scale factor = 5 ST R
Area scale facto L
2y
AreaofB=8x (7 G200 D) oy gzaz
12 Unit test

Sample student answer

a Drawing the relevant triangles next to each other, the same
way up, makes it easier to match the corresponding angles
to see if they are the same. It also avoids confusion with the
other parts of the diagram.

b The student has explained each step of the answer clearly
and separately to show how each angle was calculated, and
has summarised a final proof statement.

UNIT 13
13 Prior lmowledge check
1als5
2133
3 562
4 220
5 104.5°
6 a2 b V2
7 a 305° b 38.7°
8 a 350cm b 124cm
SZl(mZ
| - ERENEEN NN
[ofofs[s[s[s]s]0]
b L7
0-
-2
—4

Unit 13 Answers

13.1 Accuracy
sz'LFB upper bound; LB = lower bound

a =365 LBy =3.55 b Ul

c 3.7625 d
2a 251By=115 b

c = d
3ai4scm i 865cm b 11416(3dp)

€ i 735cm i 855cm d 11274 (3dp)
4 a LB=42922° (3dp); UB=45.136° (3dp)

b LB for x gives UB for cos x and UB for x gives LB for cos x
5 a UB:x =29.949; LB:x = 29.846

b x = 30° (to the nearest degree)
6 a UBix=30.172 LB x=29.155

b x=30° (to the nearest 10 degrees)
7 UBix=7938L8
8 UB:x=275213;1B: 23.811
9 UB:x=3.87;LB:x=3110

13.2 Graph of the sine function
b 06

1at

2 028

3206 b 04 € -02 d-08
4a1 b -1 € 0°,180°, etc.

5 150°

6 a Decreases from 1t0 0
c \n(reasesﬁum 1t00
Tai 0.9¢
b Reﬂe(lmn symmetrywlm minor e <20%
120° 135° il 180 iv150°
e Answers from 12°to 18°
8 Rotational symmetry of order 2 about (180, 0)
Students’ graph of y = sinx for the interval 0° = x = 540°

b Decreases from 0o -1

BIESE W =
d The graph repeats, so sin 420° is the same as sin 60°.
ymmetrical between x = 360° and
x = 540, 50 5in 480° = sin 420°.
10 @ 210°330°% 5105, 690° b 240° 300°, 600°, 660>
11 A(90, 1), B(180, 0), €(270, -1), D(360,0)
12 1829 1618°, 3782°, 5218°
13 5647, 1236°, 4164°, 4836°

bio il

13.3 Graph of the cosine function

1208 b 096
2a04 b -06
3 300°
4 330°

5 a Decreases from 0 to -1
¢ Increases fram Oto 1

b Increases from -1 100

6ai-05 i =1
b Reflection ety M a1 2-4448,
< i 300° i 210° iv360°

7 a Students’ gvaph of y=cosx for the terval0° < £ < 720°

bios - L

ci 2 i -2

b 1507, 210°, 5107, 570°

i -05
8 a 60°,300°, 420°, 660°
9 A(90,0), B(180, -1), C(360, 1)
10 a 359°
b Students’ graph of y = cosx for the interval 0° < x = 720°
€ 359°,324.1°,395.9° 68417
11 117.0° 243.0° 471.0°, 603.0°

13.4 The tangent function
1a1 b 0225

675



Unit 13 Answers

2a06 b 06 € -12 d 15 13.8 Transforming trigonometric graphs 1
3 240° W3 1
1a% b L = do
4 a315° b 165° 2 3 2
5 a decreases from 0 to minus infinity eo 3
b increases from O to infinity 2 a Students'graph of y = sin x for the interval 0° = x = 360"
© decreases from 0 to minus infinity b Students’ graph of y = cos x for the interval 0° = x = 360°
6 a Every180° b i 17 i 17 © Students’graph of y = tan ¢ for the interval 0° = x = 360°
«© Rotational symmetry of order 2 about (180,0) 3a x sinx —sinx
di2s0 i 280° iii 300° a | e 0 0
7 a Students’graph of y = tan x for the interval 0° = x = 540° g
bio i 1 cid ii -3 8, 150 =02 L
8 a 45°225°, 405°, 585° b 135°, 315°, 495°, 675° c =S =k 1
9 a 747° o[ 300 05 05
b Students’ graph of y = tan x for the interval 0° = x = 720° B 0 05 Y3
© 747°,2507°,434.7° r ey : =
10 7579, 25579, 435.7°, 615.7°
11 a Students’ graph of y = tan x for the interval 0° < x < 720° 9 LA s i
b 30°,210°,390°, 570° H| 180 0 0
13.5 Galculating areas and the sine rule b i
2 e 2 y = —sinx
tad=m? bA=EL cA=TT da-TD é
2 338cm (3sf)
3 a h=psing b A=1lpgsing e
4 a 368cm’ b 154m? i
5 799cm (3sf) =
6 a 1245cm? (2d.p) b 20.73cm? (2 d.p)
w820 et (2 p) © Reflection in the x-axis
7 119m* (3 sf) 4a : I it
8a1180° b 288mm i it ol i
9 164cm? A | -180° 0 0 0
10 a 229cm b 255am  c 476m  d 147m B | <1500 | 05 05 05
11 a 482° b 198° © 689° d 5520 | oo 1 1 1
12 a 113cm b 387° b [ s iy o5 05
13 590°0r 1210° -
14 754°0r 1046° Bl a0 o =05 =03
. . . AES 1 A L
13.6 The cosine rule and 2D
G [ 1500 05 05 05
problems
1 a 067° b 247° b
2 505
3 234
4a843cm  b815am ¢ 2llm  d 125m
5 a 506> b 1513° c 99.1° d 824° —180" —90°
6 1063° i
7 a 154em b 266° € 937em? B
s € Reflection in the g-axis
9 a 166km b 291°
10 a 563° b 1108°
11 127em
13.7 Solving problems in 3D y = tan(-2)
1 a650° b 367° © 609°
2 a637cm b &s6am
o
3 ailsem i 205em  iil66cm  iv205cm o° 180
b 43.0° c 43.0° d 358> '
4 191° |
5 a103cm b &6Sam ¢ 1096° :
6 a i226cm(3sf) il 113em (3 5£) ¥
. g\zﬂZIZ(m C’f%u 6 a Reflectioniny-axis b Same as graph of y = sinx
giacicasn  lhisiame 7 l:eg‘%lraphhasmtalmnalsymme(ryn!nrderZahoutlhs
8 32



Unit 13 Answers

¥ = cos(x +30°)

270 360°*

€ Translation by

:30)

(%
5 a Translation by ( (’g) b Translation by (
¢ Translation by [32)
6 a Translation by ("g) b Translation by (
2 d Translation by (ﬁg)
Tac b8 <A
8 ac

b
x o | 300 | o | w00 | 120
10 a Reflection in x-axis
Key sinx 0 05 1
—y=cosr
—y = —cosx 2sinx | 0 1 3 2 V3
9a
y=3cosx
11
» 180° 360°*
—y=tanr =
and 2
5= —tan(~2) -3

12 P(90,-1), Q360,0), R(450, -1)

13.9 Transforming trigonometric graphs 2
a (30,25 b (30,2)

2 ab,c Students’ graphs d Translation by [Qi]
e Students’ graphs €
o
g Translation by [705] hy=sinx-05

ay=wsz-1 by=snr+l < petanzs2
2= [ o [ s [ e [ s |

270°  360° ¥

~

mlxnn“)“{—|§‘n‘—1| -




Unit 13 Answers

10 ac

b
x o | e | e | 900 | 120
L]
2
1
y
% ¥ = cos (2x)
o
180° 360° ¥
-1
¢ y=tan2x

12 a (180,0) b (270,-1) ¢ a=2,b=3,

13 Problem-solving
1 The distance from A (or B} to the centre of the square is

10/2ken The time taken n hours is *%* over the field and

# through the wood. This is a total of 742 = 9.90 hours,
or 9 hours and 54 minutes, to the nearest minute.
Students’ own answers, e.g. the route shown would take 9
hours and 10 minutes to the nearest minute.
(1288km < x < 19.57km)

10km 10km

20km

3 The quickest possible time is 9 hours and 8 minutes to the
nearest minute.
14km

6km

13 Check up
Key: UB = upper bound; LB = lower bound

796m

a 160cm b 46lcm

a 117 b 200°

UB: x = 45939m (4 dp); LB:x = 44151 m (4 d.p); x = 45m
(to the nearest 0.5 metres)

Students’ graph of y = tan@for the interval -360°
66°, 2060

aB b C A

19.5° 160.5% 379.5°, 520.5°

233em (1dp)
0 a 152cm

2 egtany=—
. V3

run

=360°

PITSIPA

b 113em

13 Strengthen

Accuracy and 2D problem-solving

Key: UB = upper bound; LB = lower bound
1a c

12¢em 18em

A B
b 107cm? (3 5f)
a 396cm® b 166¢cm® (35f)
3 a Triangle correctly labelled
b = 16

e N © 11103 sf)
4 a 254m b 133m
5 a Triangle correctly labelled
b Sin6 _sin146®
74

€ 135°(1dp)

31
6 a 509°(1dp) b 250°(1dp)
7 a Triangle correctly labelled
b ?=234 372~ 2% 23 31 x cos 48°
© 27.6cm (3 )
8 a2 680m@sf) b 6L6m (3 sf)
9 a Triangle correctly labelled
b cosfh= ez € 9L1
10 a 1209° b 27.7°
e Upper bound | Lower bound
52 575 5.65
23 235 225
b UB - 0.3987; LB = 0.3827
C 565235 d 575,225



12 UB=107294;L8 = 9.6295
Trigonometric graphs
fn 10° [20° [30° [ s0° ] 50° [ 60° [ 70° [80° [ o0¢ |
[smx] o [oxr[ose[os osafor[asi[aselose] 1 |
b Students’ graph of y = sinx for the interval 0° = x = 90°
Gd Students’ graph of y = sin for the interval
0° =< 1 =360°

x

o

a

= oo

20° [ 30° [ 40° [ 507 [ s0° [ 70° [ 0" |

[tan2 | 0 Jo18]036 058|084 |119[173 275 [s67]

b Students’ graph of y = tan for the interval 0° 0

¢ tan x increases rapidly towards infinity

d,e, f Students' graphof y = tanx for the interval
e

x

126° or 234° (from graph)

x o 300 90°

sinx 0

sinzx -1 -1

2sinx=1 1 0 =g

b i y=sinx stretch factor 2 in the y direction,
wransiation ()

0s 1, stetch factor 2in the y direction
inz, stretch factor Lin the x direction,

0
translation (_7)
ciB i A i €
5 acosz=}
b Students’ graph of y = cos x for the interval 0° = x
© 4140

d 414°,3186°,401.4° 678.6

3D Problem solving
1 a Students’sketch of triangle CDG: G = 25cm;
€D = 21cm; £GCD = 90°
326cm (3 sf)
© Students’ sketch of triangle DFG: FG = 7cm,
DG = 326¢m, 2FGD = 90°
1210
2 a Students' sketch of triangle ABC: AB = 11cm, AC = 11cm,
ZBAC= 56
103cm (3sf)
¢ Students’of sketch triangle BCD: BC = 103cm,
(D = 10cm, BD = 12cm
d 723
13 Extend
1 a 117em (3sf)
b Itis the same as Pythagoras’ thearem.
a jabsinC
b Jacsing, JbcsinA
¢ Each expression must have the same value so,
SabsinC = 3acsinB
absinC = dcsin®
bsinC =esinB
b e

ne

a

£

sinB ~ sinC
3 dF=ar b+
P = I+ P - 2bx 4 2 Celtr
¢ Substituting for i° + x° in part a gives a* =
X =COsA, 50 07 = b + ¢ - 2bccos A
5 116°

b+ 0 2bx

Unit 14 Answers

6 a Students'graph of y = sinx
b 1 0.7 (from graph)

¢ The answers are the same.
d The graph is symmetrical about x = 90°.
ar? _ 3

D
1+5
acy,

i 0.7 (from graph}

—y =sin(%)

0 90° 180° "

120°

T

d = 12 + 55in (301)

0
0 6 12 18
11 1130cm?
12 336°
13 a z=5 b

13 Unit test

Sample student answer

The student has assumed wrongly that the
right-angled.

ngle is

UNIT 14

14 Prior knowledge check
b 112 © 50

Continuous b Discretec Categorical

Continuous e Discrete
Mean = 5.4; median

6 range = 7; mode = 4

Mean = 3.0125; median = 2.65; range = 18; mode - 3.8
Mean = 5375, median = 5; range = 5; mode = 3
6a10<ms11 bl1075 c 0<ms11
7a10 b7 1

14.1 Sampling
1a620 b3 € 194%
€3
No it is biased to people who shop in the supermarket.
Yes; each person is equally likely to be selected.
Yes, limited time frame.
Yes, biased to people who do recycle.
Yes, not everyone is equally likely.
Not biased, but a very small sample.
13,48,09,32,02,31,50 b 86,13,60, 78, 48,80

d13

e

waneco

679



Unit 14 Answers

46,12, 48,06, 24, 14,37,39
a 100
b List the members alphabetically.
Generate 100 random numbers between 1and 1000.

i
7 @ Total number of students = 1000. 755
b 21,19, 18,20, 21 B
€ 21419+18+20+21 =100
There are different proportions of male and female in

the club.
b 35 women, 45 men © 21women, 27 men

9 7,19,1529

10a} b

10 al b 320

12

14.2 Cumulative frequency

1a21 bi15 i 26
2 [ Mass, m (kg) | Cumulative frequency
4 4
B 16
6 33
7 “3
s 50

Height, i (m) | Cumulative frequency
W0<h=42 2
42<h=h4 5
sh=h 10
L6=<h 18
“8<h 30
50<h 8
52<h 6
54<h=56 0
“a ime to solve a maths puzzle
g
s 50
E
g a0
2 30
E 20
]
E 10
H
3
0 1234567388910
bs 1)
5a Height of giraffes b 506m
570
§ 60
g 50
< 40
B
E 30
g 20
5
S 10
0
4 45 5 55 6

e to complete a 10k fun run

80
2
E 70
e
£ 50
2w
230
E 20
3
10:
a0 50 &0 70
Time, ¢ (minutes)
b 54
© 50
d 58
e8
a Masses of hippos
S
g 60
g
2 50
&40
32 30
g
z2
3 10
3
0
13 14 15 16 17 18
Mass, m (tonnes)
b Median =159, LQ = 1.52, UQ = 1.67, IQR = 0.15
c 22
164
| Time, t (seconds) | Cumulative frequency
16
50
82
%
100
b Time taken to drive to work
100
20
5
2 80
R
g
= 60
®
2 50
K]
S a0
5
3 30
20
10

0 0 20 30 40 50
Time, t (minutes)
© 20 minutes
d 55days



14.3 Box plots

a 255 I
Masses of tomatoes
100 110 120 130 140 150 160
Mass (g)
a2 b LQ=19,UQ=28

Time to complete an essay

HCIH

0 10 20 30 40
Time (minutes)

Height of trees
—_————
0 5 10 15 20

Halghe [me(res]
LQ=26.5,UQ=495 d 23
Ages o people on bus

i e

0 10 20 30 40 50 60 70 80 90100
Age (years)

al6

a CubA b Club A: 6; Club B:3
€ Club A 12; Club B: 8
2 Masses of different species of bird

HLIH

0 10 20 30 40 50 60 70 80 90 100
Mass (grams)
b Species B has a higher median mass and a greater
spread of masses,
@ Medlans; 66 female 72 male
LQs: 6 female, 6.2 m;
UQs: 7.2 female, 7.9 e
b Masses of male and female gibbons

0 2 4 6 8 0 12
Females had a lower median mass and a smaller spread
of masses.

Species A

Male

9

Unit 14 Answers

a33

R

0 10 20 30 40 50 60

Time (seconds)
¢ Boys took longer on average and had a greater spread
of times.

14 4 Drawing histograms

a Masses of birds

40

30

20

Frequency

10 11 12 13 14 15 16 17 18 19 20
Mass, m (grams)

b 14<m
1514
25,1010
b 24,3515
55,115,155,10,8

Time taken to complete a fun run

16

Frequency density

[

40 50 60 70 80
Time, t (minutes)
Heights of students

Frequency density
Nwsga
285888
88888

3
8

1.5 16 17 18 19
Height, h (m)




Unit 14 Answers

6

a 213
b Areas of pictures in a newspaper

Frequency density
s e os o

30 40
Area, A ()

14.5 Interpreting histograms

1

8

a 119875 b 120 <m=130
a15 b 100 €135
a 40 b 230 € 94
a 60,40

b

0 10 20 30 40 350
Age in years

» Time Frequency
15<t=16 6
l6<t=18 14
18<1=20 20
0<t=25 15
25<1=30 5

b 1977 mins <30

260.5th value = 20.5th value in the 25 < x < 30 class.
22 5= 1.28 50 median = 26.2¢

2 100 b 85 151
“ [ Height (m) Frequency
T4=m=145 5
145 <m =148 15
20
20
15
L6<m=17 10
e 1524 f 36
a 46 b 23.5th = 49375 <15

14.6 Comparing distributions

1

a mean =138, median = 1.4, mode = L5, range =
b mean = 49, median = 4.5, mode =3, range = 5
a 2941,26133 b 30,14

Males weigh on average more and have a larger spread of
masses

I

a,b African elephants are on average taller and have a
greater spread of heights

a 2355 b 18 €858

a Median and IQR (unaffected by extreme values: 120 in

males, for example)

Males completed the race quicker on average (medians

are 78 and 84.5) and had a smaller spread (IQRs are

and 14)

o w

-

Train delays at Stratfield stations

30

20

10;

Cumulative frequency

o
0

0 15 20
Length of delay, x (minutes)
median =12, 1QR = 6.3
On average the delays at Westford were longer and had
a larger spread

8 Checkpoint B higher average (median 38 compared 0 32)
and same spread (IQR 11 compared to 11)

Females had a higher average age and a larger spread

0 Women had a higher average but a lower spread

14 Check up
1 a 16,18,14,17,1
b 112,283, 185, 191,255

ne

°

2 8[ Mass, m(kg) | Cumulativefrequency
0=m=23 1
B<m=26 5
26<m=29 13
9<m=3 34
2<m=3 6
B=m=38 84
B<m=41 90

b Masses of emperor penguins.

Cumulative frequency
o388385823888

N
8

25 40 45
Mass, m (kg]

3kg
¥ LQ JDSKg.UQ 35.2kg IQR = 4.7kg
eit4



3 a Heights of pine trees
20
2
215
8
>
3
g 10
S
g
2
[
0
0 10 30 40

20

Height, h (m)

b 36

4 Girls have a higher average time and a bigger spread of
times

5228 b 2
© First party had a higher average age and a greater
spread of ages
7%

14 Strengthen

Sampling

1aB bils 8 ¢23 dEqual

2 a 120
b 20%
© 3.2%, 5.6%, 6.4%, 4.8%, 4%

3 a 02,79 21,51,21,08,01,57,01,87,33,73, 17, 70, 18, 40,

21, 24, 20, 66, 62

b 02,21, 21,08,01,01,17,18, 21, 24,20
c 02,21,08,01,17,18, 24,20
d 02,21,08,01,17

4 02,21,51,08, 01,57 33,17

5 027,108, 015,018, 124

Graphs and charts

1 %[ Mass,m(kg) | Cumulative frequency’
1
9
28
43
53
60
b Masses of sheep
»
§ 60:
S 50
Ew
£ 30
£
E 10
3
70 80 90 100
Mass, m (kg)
2 a median = £4.40, LQ = £3.50, UQ = £5.10
b £160
3360 b 30 < 45cm
1Q=35cm,UQ=54cm e 19cm

Unit 14 Answers

Time, £ (mins) | _Cumulative frequency
4

11

Half-marathon times

Cumulative frequency
ansag

70 75 80
Time, ¢ (minutes)

Median = 73.4 mins, LQ = 713 mins, UQ = 76.2 mins

16 34

Half-marathon times.

3 70 7 80
Time, t (minutes)
ais i 16
b
Length, [ Frequency
(s Frequency | Class width | 00"
2 15-10=5 2:5=04
8 20-15=5 8+5=16
15 |30-20-10] 15-10-15
30<I=40 12 4031 0] 12:1 2.
W0=1=60 5 60-40-20 | 5-20-025
< Lengths of caterpillars.
2
2z
215
3
g
£
g
£
[N
0 10 20 30 4 50 60
Length, / (mm)
a6 b9 <6 d19

paring data

Lower |\ oion| Upper | interquartite
range

quartile quartile
[Boys 4 6 7 8
[ains | 5 s s 5
i higher i Boys gils
23 b 612,18 c 59kg 67kg, T5kg
i 67kg e 16kg

683
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a 69kg b LQ=63kg UQ=785kg ¢ 155kg
d Female wild boars have a smaller mass on average and
a higher spread of masses.

14 Extend
1a Speeds of cheetahs
80
E 70
3 60
£ 50
% 40
3 30
£
3]
10
20 30 a0 50
Speed, s (mph)
b i 37Tmph i 10mph
2 75and 45
3 Stratified: 55 of each group - cranes: 225 (s0 23 or 22),

forklift: 31, dump: 6.5 (s0 6 or 7)

Stratified: 25% - male: 30 builders, 10 electricians,

5 plumbers; Female: 17.5 (50 18) builders, 9 electricians,

85(508) plumbers

a Number of clients with: rabbits = 16, guinea pigs = 18,
hamsters = 9, gerbils = 7

b Numbered alphabetical list and random number

b

generation
4

4 minutes and 9.6 minutes
Less variation in temperatures
Higher average temperature

a Discrete
& Cumulative frequency
7
18
36
70
90
=8 100
cde Number of peas in a pod
100:
90-
g 80
H]
3 70
g
£ e
$ 50
=
35 40
E 30
Qi
10
o
01234567829

eas

f Discrete data: no such thing as 4.5 peas g6

9

Rabbits | Cumulative frequency
2 s
3 23
4 46
5 &
6 112
7 120
b Number of rabbits born
100
z
g
3
z
2
2
2 50
£
S
o4
12 3 456 7 8
Rabbits
<5 d2
a 149 b LQ=143,UQ=155IQR=12
c 18 d 286
a4 be-26 <2
d Ages of people at party
e
o 5 10 15 20 25
Age (years)
a Time taken to play a round of golf
100
20
80
2 70
8 80-
2
2 50
H
s 40
2
& 30
20
10
0
2 3 4 6 7
Time, t (hours)
b 23



Frequency density
oo o000 0o
R TR LR

o s

L

o

LSS LSS
Mass, m (kg)

d 700 < m =750

b 7075kg ¢ T4Tkg
e 53 f 760kg-770kg
% a Lengths of Barbour’s seahorses
2
2
8
>
2
H
§
[
9 10 {1 12 13 14 15 16 17 18
Length, x (cm)
b 1376cm ¢ 136m  d 134cm
14 Unit test

Sample student answer

a Aruler has been used making it neater and more accurate
1o read off the values. The group B lines have been drawn
differently to group A to distinguish them on the graph and
make it less likely to read off the wrong values.

b The lower quartile value is wrong because the scale has.
been read incorrectly. The student has tried to read ‘25" but
has just counted up 5 squares, which really is 30.

UNIT 15
15 Prior knowledge check
1233 b 102 c a5
2 a Quadratic b Cubic © Quadratic  d Linear
e Linear  f Cubic g Linear
3a-7 b6 <1 43 e12
4ax=3
01234567 8%
b2<zx
01234567 8%
cx>7
01234567 8%
dr<s
01234567287
5airiz<-12 b {r:x>-3}
c eix=0) d erx=<1.4}
6a-2-1,0123 b -2,-1,0
co1 d 15,16,17,18, 19,20, 21, 22

Unit 15 Answers

7 a x?+10x+21 b x?+3x-40
€ $?-52+6 d x?-8x+16
€2 13x+15 32 -112+10
gor-1

8a (e b (-3 +1)
c (e+5)l-3) d -7+ 1)
e -ix+1) £ 30e 10 4)
g @r+5)r-2)

9 x=-zorx=3

10 @ (1-3P+3 b (r-47-5 < 3e-17+6

br=0orx=-2

dx=lorx==3

2
12 ay=T,x=-1
¢ x=3andy=-5orx=-landy=3

b y=51=3

13 a x=-Dhorr=-46 br=190rx=-11

bir=lorz=-4 iiz=-tborz=14
17 Any of the form as? - 5ax ~14a

15.1 Solving simultaneous equations
graphically

685
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2a

b (28

aib i A iC
biQ@4 i 4 iii 0.2)
4az=Ly=6

bx=3y=9

cx=-ly=1

dx=-2y=-3
5 4ue2y=-258
Jx a3y =249
a37p b 46p
@ Stream Speed: y = 20 + 1.5z, ONline: y = 2x
b 40GB

o

7 x=13,y=030rr=-23,y=-33

8ax=iy=-2
br=-18y=475

9 ab

© (3,4)and(-4,-3)
10 x=-16,y=260rx=26y=-16

15.2 ing i iti
1abir<el bhix<-2dcle
2air<a iys<4

b
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0

o o~

S

X+

[
Taiy=3y=3x-2x=-2
Y<3y=3x-2,x=2
ir=2y=x42y=-x=2
ilysrizy=-r-20<2
=2r-3,y=-3x,y=5
y>2x-3,y>3xmy=s
8 3 points
il

b

<

0ar<-lLr>2
br<-lLx>2

2T

b (x:-2sr=1)
12 frix=-3jUL:x>4
13 a

frix=2ufrr<-1)
Clrirm0bia=)

15.3 Graphs of quadratic functions

1ag=-2z=-1
2 a (@+17-6

3a@n



=

s
mpance mpAanTe O TERAND
=

i3 i
il biv < i
Minimum (1, 3)

Maximum (-3, -2)

Minimum (5, -2)

Minimum (-3, -5)

Minimum (2, 1)

Maximum (-1, 4)

(x—4)(x + 2)
(4,0 and (-2,0)
©,-8)

Minimum, coefficient of x is posi

ix=-3andr=-1 i x=-5andx=-3
15

di

Unit 15 Answers

689



690

Unit 15 Answers

15.4 Solving quadratic equations graphically

1ax--5andx b1 el

—4x — 6 2 x=53andx=-13 b x=24andx=-09
x=-100rx=17

Graph i, x=-13and x=53

Graph i, x=15and x= 11

Graph v, x=-12and x =32

Graph il x = 0.4 and x=-14

af2[afof[1[a]5]
AR

sancy Ao

-

c 27and13
5 a Students'own graphs

b ix=-53andx=13 iix=-36andx=06
x=24andxr=-04 iva=25and x=-05

So il <[ 2]z 2[@][2]z
[ w2 %] 2]%]4]
12
4r+3
f
€ x=-24andz=04 d 214
7a itLD i 02
13a(3-5 b (3250
14 ax=-123 b x=-2orx=4 cru-zz%
15 a x=-25T bx=2s3 ¢ re-3e13 i

16 The graphs should have a maximurn since the coefficient
of x is negative.
‘The graph should cross the y-axis at (0, 6).
The graph should have roots at x = 3 and x = -1
The graph should have a turning point at {1, 8).
17 yexaxel




° o

"

The minimum is at (3, 5) therefore the graph has na roots.

a0
e 0

There are no real roots of a negative number.
OR

—2-10 12 3%

roots b 2roots
roots  f 2roots

2
=

€ 2roots
g 1root

d 1root
h 2roots

The graph has a tuming point at (3, 2). Since thisisa
imum the whole graph is above the x-axis.

y
y
y

x

cusnoo g

=x2-x-2
=x2-10x+21
=rPebred

323607 b 570156

=-2andx=1

2=
r<-2Ufeix>1)

<-4 U fria>-1)

© -130278

Unit 15 Answers

15.5 Graphs of cubic functions

1

3

w s

~o

ar2sbre6

€ 247-9x-5
ax=5orx=-2

€ x=3orx=-1

X e6rT e 942

al s 9%+ 2604 24
a 1?4807+ 172+ 10
€ e ra-6

e raxiex-1
ax=-br=-lz=2

az=-lr=-2z=-5

rar-12
310648
x=lore=-1
x=-20rx=}

acac

2 -xf - 1ar 24
rax-20r
re9rie2ize 2l
©,-8)

(0,10)

oo mae

aiv bl oci dv  evi fii
a3 b 1 repeated root

€3 d 2 (one repeated)

el 3

a
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15 Problem-solving

Approximately -24°C

35 metres

a 2560AED b £9.74

a House prices are increasing faster than earnings.

b Approximately 12.5

—— & Houme pilcs ::\(/Leels(reaszd,meamlng have decreased,
5 a 65metres b 31 metres

run

15 Check up
1 Package Ay = 0.1x b 400 minutes
Package Bi y = 20+ 005x

2

x=2,y=-4andx=-1y
3 y<a-lLre2y>-2
4 ab

1

c [xi-4<zx<3)

12 a=2,b=-9,c=-18

13 a=3,b=6c=-8 b 27and-0.7

14 x=14562 € lterative equation:
Ty =2,

15 x=-19122 213205



& Functions of the form:
y-ales ) -3)andy - ae + 1Pt - 3 and
y=ale =3P+ 1) andy =alx+ ) + 1ix-3)

15 Strengthen

Simultaneous equations and inequalities

B I N I N I N W N I
Gl o= ]s

bc

, 1) and (-1,
e z=3,y=landr=-1y=5
aa=1,y=6
br=3y=borx=-1y=0
axey=12
bx-y=6

~

w

d x=9,y=3o0ry=3 x =9 depending on how they have
written the original functions.
Ly=sre2r=2y>-3
5 y<lLy=z-3y=-x

6 ab,d,f

Unit 15 Answers

y=x
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d

Graphs of quadratic functions

1a tercept:
b tercept:
c R tercept: 4
d tercept: -4
2a
-2+ 4=0
There are two possible solutions:
x=2=0hencex=
x+h=0hencex=-4
So the roots are x = 2 and x =
b Whenx=0
y=x?+2x-8
y=0"-0-8
y=-8
So the intercept with the y-axisis y
3 a roots:5 or - 3, y-intercept: 15
b root
© roots: ~0.5 and 3, y-intercept: -6
d roots: 1 or -5, y-intercept: ~15
4ay=(+)P-1-8 b -1-9) ¢ Minimum
y=(x+17-9 Ta-3<x<5
5 a (1,-16) minimum b (-3, 25), maxi Sisedandgech
< (1,-8), minimum d (-2,-27), minimum




b
10 a

0.6,-4.6

22— dr+1

x=37andx=03

Unit 15 Answers

r=37andx=03

11 a y=of-idr+1l. b 1,=3605551275

0=22-4rs1 x, =3663632714
xabr-1 x, = 3695203796
x=fhr=1 x = 3712252037
P s 7, = 3721425553
€ x=3132
12 az,,,= % -1 b 1873

Graphs of cubic functions

1aiz=-lx=lz=-2
bir=-lr=-2x=-5

Cir=-lz=-zx=3
2 a Wheny=0
(=3 + Hx-1)=0
So there are three possible solutions:
x-3=0hencex=3
x+4=0hencex =4,
x-1=0hencex=1
b Whenx=0
y=le-Ix+ Hlx-1)
y=0-3)(0+40-1)
y=12
3a yrintercept: ~42
b yrintercept: 20
c yrintercept: 10
d yrintercept: -54
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15 Extend

1 a
1

54 —f-2-10|
e

b Area = 6.25 units?
a Pentagon b 540°
15w
a1 b0 c2 do ez foO
aiy=-ax+3-4 i y=afe-42-3
b y=axx+3}
65
a rtesede2rt-8e b4
RHS = x(r -2)(x + 2)
= - 2w e 20~ 4)
=x(-4)
3 e
9 -n?+4n ~2p 24
The largest value this can take is when 7 -2 = 0,
whenn=2.
10 (0,15),(1,16) and (6, 21)
11 264 30 a2 5242
tikaers 06, y=642 b x=-26y=-0.
X=16,y=06

14 @ 37°and 143° b 11°191°
15 a z:-1<z<15) b lr:-2<x<5)

15 Unit test

Sample student answers

Student B gives the best answer as they have used the
information on the graph and the equation

Student A has calculated ¢ correctly, but has incorrect
identified b.

Student C has incorrect values for b and c.

UNIT 16
16 Prior knowledge check
1a3} € -5
2 dlx+g)

3a28 b -4
4

are
radius

sector

segment —
5 66°
6 AC=54cm;PQ=T4cm

Using Pythagoras, both triangles have side lengths
12cm, 13 cm and 5.cm, therefore the triangles are

congruent (S55).

8 The angle s aluays 90°.

16.1 Radii and chords
1 x=110° (angles in an isosceles triangle)
= 145° (angles on a straight line)
2 ADis common; £ABD = ZACD and AB = AC (isosceles
ngle); ZBAD = ZCAD = 180° - 90° - ZABD (angles in a
ngle). Therefore the triangles are congruent (SAS).

116% m=32°

4 £PBA = 45° (angles on a straight line add to 180%);

ZPAB = 35° (angles in a triangle).

The triangle is not isosceles so AP and PB are not radii

a OMis common; OA = OB (radii of same circle);
ZOMA = 90° (angles on a straight lin)
Therefore the triangles are congruent (RHS).

b OAM and OBM are congruent, so AM = AB.
Therefore M is the midpoint of AB.

& AM = 6cm The perpendicular from the centre of a circle
t0a chord bisects the chord

b A0 =10cm

7 OM=15cm

AB=20cm

9 a 90° b 65° € 130°

ey

16.2 Tangents
1a58° b 113cm
2 OPis common; AO = OB (radli of same circle);
ZOAP = £OBP = 90°. Therefore the triangles are congruent
(RHS)
3 a ZOAP = ZOBP =90° (angle between tangent and radius
i5.90%)
a =360° - 90° - 90° - 20° = 160° (angles ina
quadrilateral add to 360%)
b OA = 0B (radii of same circle)
180° - 136°) + 2 = 22° (isosceles triangle)
LOAP = 90° (angle tmween tangent and radius is 90°)
0° -
0A (radn ufsame circle)
ZOBA = ZOAB = 14° (isosceles triangle)
€= 180° - 149 - 14° = 152° (angles in a triangle)
0° (xngle between tangent and radius is 9
0° - 147 =
0° (a ng1e between tangent and radiu
00 -

0°)

a

6° - 56° = (angles in a triangle)
#ign i (el mangle)
g = (180° - 5

%osb oo <ang<e Fstuse tanpest aid et 9%

4 2£OTP = 90° (angle bELWEEr\ tangent and radius is 90%)
£T0P = 180~ (90 + 32) = 56° (angles in a triangle)
£50T = 180 - 58 = 122° (angles on a straight line)

05 = OT (radii of same circle)

= (180~ 122) + 2 = 29° (angles in a triangle)

OA = OB (radi of same circle); OT is comman;

£TAO = £TBO = 90° (angle between tangent and radius is
90°), Therefore triangles OAT and 0BT are congruent (RHS).
In congruent triangles, equivalent angles are equal,
soa=bandx=y.

6 OT=15cm (angle between tangent and radius is 90%




16.3 Angles in circles 1
1a / \ b

2 x=56" + 52° = 108° {exterior angle equals the sum of the
two interior opposite angles)

3 a a=140° (angle at the centre is twice the angle at the
circumference subtended by the same arc)
b b = 48° (angle at the centre is twice the angle at the
circumference subtended by the same arc)
e ¢ =250 (angles round a point add to 360%)
d = 125° (angle at the centre is twice the angle at the
circumference subtended by the same arc)
4 ZAOB -180% ZACB = 180° + 2 = 90° because the angle

at the centre is twice the angle at the circumference’
subtended by the same arc.
5 a a=90° (angle in a semicircle is 90°
b = 62° (angles in a triangle)
b ¢ = 16° (isosceles triangle)
d=180-16 = 74° (angle in a semicircle is 90%)
0° (angle in a semicircle is 90° and angles in a
triangle add to 180°)

= 60°

d g = 100° (angle at the centre is twice the angle at the
circumference subtended by the same arc)

e h=105° (angle at the centre is twice the angle at the
circumference subtended by the same ard

f =105 (angles round a point add to 3607, and
the angle at the centre is twice the angle at the
circumference subtended by the same arc)

The angle at the centre is twice the angle at the

circumference subtended by the same arc, so

a 15°

a j=46° (the angle at the centre is twice the angle at the
circumference subtended by the same arc)

b a = 138° (isosceles triangle)
b = 48° (angle in'a semicircle is 90° and angles in a
triangle add to 180°)

The angles are on the same arc, 50 the angle at the centre

is twice the angle at the circumference.

This means that a = 60°,

Lucy has worked out 30 + 2 instead of 30 x 2.

2ABO = 2ADO = 90° (angle between tangent and radius

is 90%)

ZDOB = 130° (angles in a quadrilateral add to 360°)

ZBCD = 65° (the angle at the centre is twice the angle at

the circumference subtended by the same arc)

©

16.4 Angles in circles 2
1180-2x
2a 50° bd=2r
3 LADB 2 x ZACB (the angle at the centre is twice the
angle at the circumference subtended by the same arc)
Similarly, ZAOB = 2 < ADB. S0 ZACE = ZADB
4 a a=42° (angles at the circumference subtended by the
same arc are equal)
b=180-90 - 42 =48° (angle in a semicircle is 90° and
angles in 2 triangle add to 1807)
¢ = 56° (angles at the circumference subtended by the
same arc are equal)
d = 34° (angle in a semicircle is 90° and angles ina
triangle add to 18
© e=[=55° (the angle at the centre is twice the angle at
the circumference subtended by the same arc)

o

Unit 16 Answers

d g =h=(360°- 170°) + 2 = 95° {angles around a p
add to 360°, the angle at the centre is twice the angle at
the circumference subtended by the same arc)

5 3 a=50%b=260 ¢ = 130°
b a=100° b = 160% c = 80°
6aor b2y € 2w+ 2y=360°
d 2(s+y)=2x180, 502 +y = 180
7 a a = 85° (angles on a straight line)
b = 95° (opposite angles of a cyclic quadrilateral add
10 180°)
b ¢=105°and e = 98° (angles on a straight line)
d = 75%and f= 82°(opposite angles of a cyclic
quadrilateral add to 180°)
8 a Students’ own drawin
b Angle x + angle y = 180° because angles on a straight
line add to 180°.
Angle x + angle z = 180° because opposite angles of a
cyclic quadrilateral add to 180°.
9a

72" foppesteanglesofa el puarklaersl o
10180°)
o (angles on a straight line add to 180%)
¢ = 93° (angles in a quadriateral add to 360°)
d = 41°and e = 32° (angles at the circumference
subtended by the same arc)
107° (angles in a triangle add to 1807)
' = 43° (opposite angles of a cyclic quadrilateral add to
1807
i=43° (angles at the circumference subtended by the
same arg)
J=137° (angles on a straight line add to 180%)
d 'k = 46° and m = 38° (angles subtended by the same arc)
4°(angles in a triangle add to 180
e n=116° (opposite angles of a cyclic quadrilateral add
10180°)
p = 26° (angle in a semicircle is 90°)
Students’ own drawing
Angle OAT = 907 because the angle between the tangent
and the radius = 90°.
Angle OAB = 90° - 58° = 32°.
OA = 0B because radii of the same circle.
Angle OAB = angle OBA because the base angles of an
isosceles triangle are equal
Angle AOB = 180° - 32° - 32° = 116° because angles ina
triangle add to 180°
Angle ACB = 116° + 2 = 58° because the angle at the
centre i twice the angle at the circumference when
both are subtended by the same arc
172
2 LOAT = 90° (angle between the tangent and the radiius
0°%)

-

oo

is o

£OAB = 90° - x

B (radii of the same circle)

2005 = 208A (b angle=of o e anigle areen e

ZAOB = 180° - (90° - %) - (90° - 2) = 2x (angles
triangle rdto 180°)
=21+ 2=x (angle at the centre is twice the angle

at the circumference when both are subtendled by the
same arc)
So £BAT = 2ACB = x

5 OM=ON (radii of the same circle}
ZOMN =3(180 - y) (angles in an isosceles triangle)
ZOMB = 50° (angle between the tangent and the radius is
90°)
ZBMN =90 - LOMN =90 - 1(180 - y) = 1y

16.5 Applying circle theorems

1ag=c=d
be

g=136°
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4 a g=38° (angles at the circumference subtended by the
same ard

h = 98" (angles in a triangle add to 180°)

98° (vertically opposite angles)

44° (angles at circumference subtended by the same

b £BCD = 150° (opposite angles of a cyclic quadrilateral
add to 1809
k = (180°- 150°) + 2 = 15° (angles in a triangle add to
180° and base angles of isosceles triangle are equal)
«© £FEH = 69° (base angles isosceles triangle are equal)
i=69° (alternate angles)
a = 46° (angle between the tangent and chord equals
the angle in the alternate segment)
b b =35 (angle between the tangent and chord equals
the angle in the alternate segmen
= 94° (angles in a triangle add to 180°)
d =94° (angle between the tangent and chord equals
the angle in the alternate segment)
© e =67° (angle between the tangent and chord equals
the angle in the alternate segment)
/; 27° (angles ina triangle add to 180°)
= 86° (angle between the tangent and chord equals
the angle in the alternate segment)
a AT =BT (tangents to circle from same external point are

5a

equal)
£TAB = (180° - 56°) + 2 = 62°
a = 62° (angle between the tangent and chord equals
the angle in the alternate segment)

b £BAC = 90° (angle in a semicirele is 90°)
ZABC = 63° (angles ina triangle add to 180%)
b = 63° (angle between the tangent and chord equals
the angle in the alternate segment)

© ¢ =74° (alternate angles are equal)
d =74 (angle between the tangent and chord equals
the angle in the alternate segment)
¢ =32° (angles in a triangle add to 180°)

ZOAT = 90° (angle between tangent and radius is 90°)

a £CAO =180° - 50° - 90° = 40° (angles on a straight line
add to 180%)

b £AOB -90° - 90° - 48° = 132° (angles ina
quadrilateral add to 360°)

© ZAOC = 180° - 40° - 40° = 100° (angles ina triangle add
10 180° and base angles isosceles triangle are equal)

d £COB = 360° - 132° - 100° = 128° (angles round a point
add to 360°)

e £(BO = (180° - 128°) + 2 = 26° (base angles of an
isosceles triangle are equal)

ZABO = £ADO 90° (angle between tangent and radius is 90°)

ZBOD = 360 - 90 - 90 - 40 = 220° (angles in quadrilateral

ADOB add to 360°)

ZEBO =90 - 75=15°

£BCD = (360 - 90 - 90 - 40) + 2 = 70° (angle at the centre

is twice the angle at the circumference subtended by the

same arg)

£0DC =360 - 220 - 15 - 70 = 55° (angles in quadrilateral

ODCB add to 360°)

9 12y=52-169

10 4y=-3x475

11 3y=4r+50

12 15y = -8r-289

16 Problem-solving
1 ZABC = 90° (angle ina semnzle i590%
Using Pythagoras, Al r=1/80
Area = mr? = 1 x 80 20m

16 Check up
1

~ o

an+s+1f+1=n+n+2n+1+1=2% +2n+2=
2 ana1)

R P (2P 1= s e 2n s Lot dn e h
#1230+ 60+ 6=3(7+20+2)

Both sides simplify to.x + 4 so they are equal

Ratios of corresponding sides are all x + 4, 5o the
triangles are similar.

2w 65 =115 (angles on a straight line)

80 - 115- 30= 35° (angles in a triangle add

-

e

o

2wy
t0 1809
2XVY = 2XWY = 35° (angles at the circumference
subtended by the same arc are equal)
ZVWY = 2VXY = 55° (angles at the circumference
subtended by the same arc are equal)

WX = ZVWY + ZXWY = 55 + 35 = 90° (a right angle)
a LPRQ ns" (angles on a straight lne)

ZPQR - 44 = 68° (angles in a triangle add

L4

to 180°)

The triangle has two equal angles, and so it is isosceles.
£XZY =180 - {90 + x) = 90 - x (angles on a straight line)
£XYZ =180~ 2x - (90 - x) = 90 - ¥ (angles in a triangle
add to 180°)
The triangle has o equal angles and so s lsosceles.
5( 40-32) 0

-

o

iy
pEs
s
b
i

So{

tangent

chord

segment
a £OBA=50° (angles on a straight line add to 180°)
OA = 0B (radi of same circle}
ZOAB = 20BA (base angles of isosceles triangle are equal)
=180 - 50 - 50 = 80° (angles in a triangle add to 180%)
b b = 90° (angle between radius and tangent is 90°)
£ =180 - 56 - 90 = 34° (angles in a triangle add to 180°)
AT BT (tangents to circle from same external point are

equal)

£TBA = £TAB (base angles isosceles triangle are equal)
d=(180° 429 - 2= 69°

0BT = 90° (angle between radius and tangent is 90°)

74° (the angle subtended by an arc at the centre of
rcle is twice the angle subtended at any point on the

b= ma“ (epposite angles of a cyclic quadrilateral sum
0 180°)
b c=90° (lhe angle in a semicircle is a right angle)
d = 2ACB = 39° (angles subtended at the circumference
by the same arc are equal)
a = 54° (angle between tangent and chord is equal to the
angle in the alternate segment)
b=56° (angles in a triangle add to 180%)
12y - 52 -338
AO = OC (radii of same circle)
ZACO = ZOAC = and £BCO = £OBC = y (base angles of
an isosceles triangle are equal)

D = 2x and £BOD = 2y (exterior angle of a triangle
equals the sum of the 2 interior opposite angles)
ZAB=x+y
ZKOB =22+ 2y=2(x +3)
Students” own answers.

= 2(2AC8)



16 Strengthen
Chords, radii and tangents
1 Students’ correctly labelled diagrams
2a Sludents’magrams with OA and 0B marked as equal
b \suscee
€ Z0BA =207 ZOAB = 20°, ZAOB = 140°
3 a-d Students’ diagrams
e 9%0°

4 a Students’ diagrams with OA & OB and AT & BT marked
as equal lengths, and angles OAT and OBT marked as

© ZABT =73° LOBT =90% £OBA = 17°
5 a OA=65cm b AM=6cm ¢ OM=25cm

Circle theorems
1 &, b Students’ diagrams with arc QR coloured
d 286°

2 a4 b 68° © 540 d 288°
3 They add ta 180°.

4 a Cyclic b £QRS € 840

5 A

6 a ABCD b £BAD=57° ¢ £BCD=123°

7 ACisa diameter
Angle ABC = 90° (angle in a semicircle)
Angle ACB = 54° (angles in a triangle add to 180%)
8 The angles at the circumference are equal
9 aaandb brandy c dandefandg
10 2£ACB
11 £ACB = 37° (angle between tangent and chord is equal to
the angle in the alternate segment
ZCAB = 68° (angles n a triangle add to 180°)
Proofs and equation of tangent to a circle at a given point
1at b= ¢ y=-ese
3
% e y=-tr+Bordy+3n=25
2 3 200C=180° b AC ¢ ZABC=180°+2=90°
The angle in a semicircle is a right angle.
' sor= mo P (angles on a straight line)
0 - p (opposite angles of a cyclic
St sttt mo“)

16 Extend

1 @=60° (0BC is an equilateral triangle)
B so OAB is isosceles (radii same circle)
OBA = 130° - 60° = 70° (base angles of an isosceles
triangle are equal)
=180 - 70~ 70 = 40° (angles in a triangle add to 180°)

2 11.0cm

LABC =90% £ACB = 36% £BAC = 54°

2ADC = 4 (angle at centre is twice the angle at the
circumference)

ZABC = 180 - % (opposite angles in cyclic quadilateral add
to 180°%)

0B = OC (radii same circle)

£OCB = £OBC = (180° - 40%) + 2 =70° (base angles
isosceles triangle are equal and angles in a triangle add
t0 180

OA = OC (radii same circle)

£OAC = £OCA = (180° ~110°) + 2 = 35° (base angles
isosceles triangle are equal and angles in a triangle add
to 180°)

BCA = £0CB - £OCA = 35°

S0 AC bisects angle OCB.

Unit 17 Answers

£0DC = 66° (opposite angles of a cyclic quadrilateral add
t0 180°)

= 0D (radii same circle)

£0DC = £0CD (base angles isosceles triangle are equal)
ZCOD = 180° - 66° - 667 = 48° (angles in a triangle add
to 180%

BCD = 30° (opposite angles of a cyclic quadrilateral add
to 180%

£BOD = 60° (angle at the centre is twice angle at the
circumference when both are subtended by the same arc)
0B = 0D (radii same circle)

ZOBD = ZODB = (180° - 60°) + 2 = 60° (base angles
isosceles triangle are equal and angles in a triangle add
tol

In triangle OBD all the angles are 60° so it is equilateral.
MN=39cm

283mm

ZCDA = x (alternate angles are equal)

ZDCA = x (angle between the tangent and chord equals
the angle in the alternate segment)

In triangle ACD, £CDA = £DCA, therefore AC = AD and the
triangle is isosceles.

08 is common; OA = OC (radi same circle);

ZOAB = 20CB = 90° (angle between radius and tangent is
909). Therefore triangles OAB and OCB are congruent (RHS)
and AB = BC (corresponding sides),

£OSR = 90° (angle between radius and tangent is 90°)
ZPS0 =90 - 62=28°

Q05 = 140° (angles round a point add to 360°)

£5PQ = 70° (angle at centre is twice angle at
circumference when both subtended by same arc)

ZPQS = 3607 - 220° - 28° - 70° = 42° (angles ina
qQuadrilateral add to 3607)

A = OB (radii same circle); OM is common;

AM = MB given M is midpoint of AB;

Triangles OAM and OMB are congruent (S55)

AMB s a straight line, LAMO = OMB = 180° + 2 = 90°
Proof that ABD and DCA are congruent using ASA, RHS
orSAS

16 Unit test

Sample student answer

Both students worked out the correct value for angle OBT.
Student A gave the best answer as they clearly stated the
reasons for each part Dﬁ:hslr celeidaion, Howeyer Stident At
answer could have bee fed by shawing the calculations
o that they didr lose any methad marks f ey made an
error in calculating.

UNIT 17
17 Prior knowledge check
184
2a bgor1L <2 dz
3a b 45
“a b 2xt45r-12
5a b p=5 <
W-h
6ax br="lt oz
ay b 28y° &
a e+ 1+ 5 b (x-10)(x+3)
€ (e-2)c-3) d (x-6)(x +6)
9ax=-5-6 bx=L11 ca=-1-}
-5+ /T
2 =
11 x= -4246

699



Unit 17 Answers

12 a Students’ own answers, eg. 1,2,3, 4and 5.
b Students’ own answers, e.g, 15.
© Students' own answers, eg.2+3+4+5+6
0, 3‘“5‘5‘7 254+5+6+7+8
0,5464+7+8+9=
d The sum of 5 consecutive numbers is a multiple of 5.
ens(nel)sned e rinsd)=50+10

17.1 Rearmanging formulae

v-u Iy
1aa-* dr=fz
e t=a? f ;:%
2 ayx+2) bglp-1 < kla-4
3 '/:»W
4 x=H2spy
P
5 (1=7
v x
cx= dy=%

w-2 w-2
w Py

10 a There cannot be an x on both sides of the formula,
b Zoe should have factorised the  first.
H-T

Cx=

d 12r

L
8 20x
_51-20 2re14
T

4T _2+7)
L T

2%5

b-1
14 u=efr-f)

17.3 Simplifying algebraic fractions

1a —Z b 522 c 52
2a@-6(-3 bE-9+9 c Gr+Dix+d)
1
Jag b} © -7
Y2 exzl
x5
4ax-6 bx &
52148 b 3t <2
6 a Sally isincorrect because the two terms on
the denominator have nothing in commorn.
The denominator cannot be factorisec.
b The expression cannot be simplified because the
denominator cannot be factorised.
7a-2 bz2
35
T3 z x5
tais b € x+s
o 241
z=17
-3 se-1 se-1
lualx—z 6x+5 5x+1
Y
2x-3 6+x
12 2 6-2=-z-6) bi-1 -
4 6 iz G
g SAEE o ESEL
o EENERE

14 Numerator: (¥ +4) (x - 3)(x + 3){x - 1)(2%) (52 + 6)
Denammatnr B-DE+ )G+ + L)@ -1)

1; other factors cancel to leave - 57

17.4 More algebraic fractions

15x 5 3x
1ag b I B2
13x 5 Txe11
200 ® 2 i
w2
3a @+3-4 g <}
] 2r-2 xle+ 4)

93 € a7 f%2 5.8
4a (-3 b e2)xs3) ¢ 2
5 g -2Ar-3 p &7 %

el 4 -3-7)
6 ax+2) b (x+2)(rs3)
¢ xra)xes) d e E-1
e (ix-3)r-4)
7 42248 b Trsl
e dil+5) ber Dl-1)
6x+26 §
- 5)x+3) (2x - 3)2x + 4
g %410

w- 43 B
9 aills3) i 4@+l b 11(141; e
10 a (x-4)x+4) b m

-z
12 ey ] zuu)ms}
e BT L o arsll=3z
a2+ 4 - 1) G- z}(54z]
1 #2432
10x(x - 1)
13 Students’own answer. A =5
17.5 Surds
1as b 33 <82




5
2a <
3a b k=23 k=4
4a e 2
5ai b 235
6a b 222 c 153
7 adZ+2=23+2=2/3+1)
b33+6) ¢ 36-v8)  dsh3-2)
8 adbes  b1+57 < 2427 d6-42
e 26-810 f 52+143
9 30-10/5.a=30,b=-10,c=5
10 @ i 53-607 i 12+4,B=12+8/Z

b The perimeter of the first shape would be 32 units,
which is rational. The perimeter of the second shape
would be & + 48 or 8 + 812, which is irrational.

2+ (1947 -
PP, aen L. 201
12 a=
13 a b Rational
& The answeris ratinatas t s just awhole number/
integer.
d i No.12-5/2 i No.51+14/2 i Ves, 47
- T-v2h
o
-2 54,3 7l4 +15) 4(1- el
%a s b e d
545 fesinz
- 31
15 a x=3+22 bx=5:23 ¢ r=8+214

17.6 Solving algebraic fraction equations
1a2(x+3) ht.(,ua;

2
3

S

dx=
Gr-9+2042-20 0 =303
8r-T=227-1-3
-2 +9r-4=0
@x=1)(-x+4)
bl

& a Students’ own answer
9 azx=3
cx=lx=

C r=637,x=063
11 z=6251

17.7 Functions
1azxsx2o45-y brs+2--6-y
crotloxlay

1

2az=]

bx=

ol

aH=12t bP=2 € y=(h+P=h+6h+9

az b -5 €20 d -

a Alice first multiplied 5 by 2 to get 10. Then she worked
ut 10 squared, which is 100.

b 20

" s

Unit 17 Answers

€l d -250
c 480 d25
<
<
b
d
3
c 1.4 d3?
< rz.a d -58
b3
d !61:1 e+ 16
£ 107 -20x+2°
b -3+
dzZil
cxsF da=2
17.8 Proof
1 a evenand odd b only even
¢ even and odd d only odd
e even and odd
2ar-x bar+6x+9 ¢ 4w
3 a Identity b Equation (x
¢ Identity d Equation (n
4 Students’ own answers

2 Students’ own answer
b 19999 (use 100°-1) i 39999 (use 2007~ 1)
2 (e5) e =raTre10

b+ D=2+

€ FaTre10- (P +2) = 61+10

7 aBx+4)-5c=70
3x% 4 b - 55 -70=0
3xt-x-70=0

8 a 2isaprime.
b Any number less than 1 gives a cube that is less than its
uare.
¢ For example -5 -
d For example 16—
9 2n+lezn=in+ 1-udd
10 a The next even number will be two more (because the
next number, which is one more, will be odd)
b (2n)(2n +2) = 4n + hn = 4(n® + n). This s divisible by 4.
11 (2n+1)(2n - 1) = 4n% - 1. 4n* must be even, 50 4n? - 1

-1 “54-2=nT

must be odd.

05
even, even + odd

= odd

aify iig Wig b
c It will be 1 divided by 99 times 100,
Ry
ii This shows that the difference between two fractions
with 1 on the numerators and consecutive numbers
on the denominator will be 1 divided by the
denominators multiplied together.
1 A=4
15 men=a@e1)
When n is even, even x odd = even
When n is 0dd, odd  even = even
16 b w’=n=M-1)nn+1)
= even x odd x even = even
Or = odd x even x odd = even
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17 4 1P -n2=me2n+1-nt=2n+1
(+1)en=2n+1

17 Problem-solving

1 €370km
2 a33%0km b 3T3m/s
3 1129m/s
4 7320km (3 5£)
17 Check up
1a 202 b 23-87
za22 b 6+3/3
bx- ’T“
b -16 <% d-20

13 Students” own answer
14 Students’ own answer, g 1° +3°=
16 a @n+1)+@n+3)=4n+4

b nened e e mons

© @ ])~(21103)6(2n05)4(2n~7) ~8n+16

2BorZ+4t=T12

17 Strengthen
Surds
1a3 b V7 <4 d65-5 e9F
2243
p Aol 4 AT _4x AT+ AT x AT _ &l +11
At VT T VT X311 i
85-5
5
3a1+27 b27-102 < 4 d-7
e9 f Students’ own answer
gi6-v8 i 34T -
404872 424610 _14+2/10
4a 852 b -7y« 25000002
Formulae and functions
1aip=3 iige=x iig=dr-1 bx-

2 Rewrite the formula so there is no fraction. xy = 7 + y
Get all the terms containing y on the left-hand s hnd al
ather terms on the right-hand side. xy - 4

Factorise 50 that y appears only once. y(x - 1) = 7
Get y onits own on the left hand side. y %}
1
o
Gay=1 b f2)=1
cif(5) =16 ii f(-3)=-24 iii f(0)=-9
5aixs=} ii x=%
bia=] i a=2
¢ gt

b 35 € 70 d 8
foart-1
ii 24 iii 5 ivo
by=5+5 cy=2r-4 dy=3e-1
Algebraic fractions
1a} bx ¢ =8 a2

3 x+7 x-2

o B2 SaD

©hrBa-4 -1 .
2ail i 2 % vl

9*

8%

4x? 8x
5 e —

° W 3 2-5
4aidr+6) iixx+e b3 ==
5 g Bx+32 _ Bxed 8

rP+12r+32 wrAcrd) x+8

b T -

X9 x+3
6a i3(x+d) i (+6)x+3) i (reNE+5)

v 20+ 5)

p j3Et3) . 2ae6
2rv6) | 3Me3)
7a 8,
<
sa
b

Proof

1axi-8+16bat-8247 ¢ xi-8rr

d Students show that 1 side of the identity is the same as
the other side of the identity.

2 Students show wark to prove that the right-hand side is
equal to the left hand side.

3 a 1,8,27,64,125
b Students’ own answer, eg. 64 - 8= 56

17 Extend
1 a Students should show that both answers are correct.
b Ruth's answer is cons the better answer because

b Studems shuuld show their own work to make d the

1025
5

subjec
;=,;x,a
Students’ own answer
Using the equivalent expression, itis 5.
=21 b 15 - 16x
- F-3_3.3 s oo
iFm=E2ed g
When the two functions are added together, the s and
the number term cancel, leaving zero. Students should
show this
7 air+13
bx=-3

br=

vos s

a

ii a%+ 142 +55
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s8aix i x 3
© Yes, because fg(x) = gf(x) = , the functions are inverses.
d These two functions are inverses. Students should show "
that fg(x) = gf(2) = x. a
9 Students show their own work \\
The factors cancel to leave -1 as (7 - ) = ~(x - 7).
10 Students should show that the expressian simplifies to Fi

12n, which is a multiple of 12. B 0]
11 A=-fandB-1
Gmgm,
12 a r- e
b 15%100m
. A
17 Unit test ¢
Sample student answer
Tne student has mace aneror i maliplying botnsdes by «a(j b (3 < (4
(b-5)ax(b-5) = ab- 5q,not ab 5 aad -5 =
The student could avoid this mistake by putting thetermsina 5 6.40
bracket before multiplying them up, which would remind them
to multiply BOTH terms in the brackets by c. el b ) iy g3l
8 aAB=25
b AC=25,as AB = AC = 25 triangle ABC Is isosceles
UNIT 18 9a (’2‘) b 2A3or 721
18 Prior knowledge check 10 ¢1,-1)
1a b 1:3 21
2a b MX=3X © LX=3MX 18.2 Vector arithmetic
3a b as 53 d &7 143
4adxasy ber-9  c l0asdb \
3
5a b c ()
3ay
5
d e ) g
ol |B,
D
2
6 162 (3sf) 1
7 y ol
6 23456876 87
s b (;) ¢ Trapezium d AD = 280
4 \
Lay
3 5
2 P A B
c
1
7 b 3
—e«b’—a—a 2110 14 § 4 5 6% 2
o 1
L L
1234567 8¢x
8 a 959 b 959° bi (%) ]
1
18.1 Vectors and vector notation bitpood gaduds
6 4 E
() b () <(3) 5 Parallelogram
i ' 6a (26 b (7) c 25

2 213
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7
2
8

2p q

] >
safl) B G] ¥ (5 4 (o)
o 3)
11 a Students' drawings b (?]
zaf) ()
wai(3 WY bi () i (9)
i)

- 2 3 -2
sG] v(y) o3 el
16 Students’ own answers
18.3 More vector arithmetic

1a(f) b 61
2 (5)
sy emEeR(}
4 a 06 b 672 © 413 d 2010
5aa+h ba+hre
sal  wi(l 0
7a2 ba+h ca+2b
8 a SﬁlsparalleltuPQmﬁR PG-a
bib ab
9aip+q i g-p b ip+q)
10 ab-a b Sis the midpoint of PR.
11 a EDis parallel to and equal to AB, so ED = Al
bim ii
cinem  Qinemep
dnim
2ar  b-s <l dsilr
13 a AB,EFandiJ bisp i 6a-6ib
1% ab-a bib-a) ¢ la+b)
15 ab-a bla b ib-a)

18.4 Parallel vectors and collinear points
1

b
—2n
an atb 2a
a
2a-3b

< (2)-4[3) soRsis paraliel to PQand s 4 times.
the length
saX  sas <
waf)  o(  cuse

b, 50 0C is parallel to AB and the same length.

a, 50 B is parallel to, and the same length as, OA
but the opposite direction.

c Parallelogram

3 e

ai3) (53
Do (9.0 :

b A -3xTBas () - J[g) 50 the lines are parallel
Both lines pass through point A so A B and C are
collinear.

55 (3 R - (6223
Pq- () R - {a)’2(3) 50 the lines are parallel
Both lines pass through point Q o P, Q and R are collinear
5 Students’ own answers

=

18.5 Solving geometric problems
1 2pand 5p; p - qand 4q - 4p;3q - pand 2p - 6q
2 a PR=9a-6b=3(3a- 2b) soPRis parallel to PQand is
3 times its length.
b P.Qand R are collinear
ia ib iii -a v -b

2b-2a cb-a

AB is parallel to MN and equal to twice its length.

4 aib-a) b ibeza)

5ab-a bib-a) ¢ lbea)

6az2a+2b b Tas6h

7aigb-6a ii6a

b 12b-3a

= -

© EX=12b-3a=3(4b-a);EY = 16b-4a = 4(4b -

The lines are parallel, and they both pass through point

XsoE, X and Y are collinear.
b

iiia+ip

b b-a EF isa mu\(\plsu’AE therefore
Thelnes ot parallel,
9 ailmen i dmim
b 31| m

i n-m

- m = {30 - m).MQ is a multiple of MR,
therefore the lines are parallel. Both lines pass through
point M, s0 MQRis a straight line.

MR,




10

a2 b2arhb  c4a+2b
d 05 =1(4a+ 2b) s0 S is the midpoint of OT.

e QR-3a-20-( 3¢} orisa0.

18 Problem-solving

1

-

ab-a bila i b iii (b -a)

© ABand XY are parallel as one is a multiple of the other.
AB is four times the length of X)

Anna is correct (AB, AC, AD, BA, BC, BD, CA, CB, CD, DA, DB, DO)

‘The data gives the graph y = -0.01 + 18, which shows the

temperature at 2500 m is -7 °C.

‘The spaniel walker takes 6.75 minutes; the Labrador walker

takes 588 minutes. The Labradar makes it to the opposite

comer of the park first.

Alexandra is correct: 0.496 x 2.6* = 87176, ie. 8 litres

718ml (to the nearest m/)

Antony eams the biggest annual salary.

Ross earns £28000 and Antony eams £30000.

15 x 18000

ﬁrl = 10800, 50 x = 24.8.

Hence the owner must employ at least 25 apple pickers

18 Check up

° o ~

6 sC
a (3,7 b
AL i

2 G -q

3
1
)

= 3a-3bja-1b b 3a+3b

< (i)

i)
A< (2} 504, Band Care collinear.
i dake
b CA is a multiple of MN so the lines are parallel
From Pythagoras’ theorem: | + ¢ = /p + (-)?

P=q Ptq

q q

18 Strengthen

Vector notation

1

2

3
4

= ()
> (g
6.0

)

Unit 18 Answers

b /29

6as b 06 e« 30 d 34

Vector arithmetic
1

3a
Za

bif) Q) (g
I
R I € Y ]
saf) (D <(R
s (o)

Geometrical problems

1 Parallel lines of the same length have the same column
vector.

2 a+bi2(asb)la+ib;2azb

* (e (Bh (52

4 a CDisamultiple of B, b TD=2AE=2a
¢ BC=BA+AD+DC=-a+b+2a

5a

c

D

(™, () e MpEa (2, (3
< A= (1) (3)- (8- (5)+
ACis parallel to DB and they are equal in length.

705
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6 4
saff  v()
< AB- z(f) and BC = z(i) Both are multiples of the same
vector and so are parallel. They both pass through B, so
they are collinear.
3 5! 2
Taly) el <)
AB=(%). 8¢ (12
8a Asf(g},s(,( A
bBC= (15) =3(4)-Both are multiples of the same vector
and so are parallel,
© AB and BCare parallel and both pass through point B.
So ABCis a straight line and A Band C are collinear.
9aila ba-b cia-b) dia+b)
e b
OB and CD are both multiples of b, so are parallel.
10 a AP=2AB;BP=2BA
bib-a i ib-a) iia-b ivib-a)
viatib
18 Extend
1
b b
e b—a
a+b a
1
1 702
+a
2b+a 2K
zar2b
2b a
2a cb d-a
e ga-b hb+a
3la < (50
4 a © 29
5a (a+ 2b)
6a Ga+ € a+c d Mda+50
7a j i k-
b i 7X=¥K]J,and point J is common
e —_ —
b (a - b); NC is a multiple of NM and
point N is common, so NMC is a straight line.
9 alq-2p
b OR = &(p + q); OR Is a multiple of p+ qand so it is
parallel to p + q.
10 aa-b b -(3a+2b)
11 ai2q-4p_ii 3@-p) ii2@-p)
b AB and AC are multiples of q - p.
Point A is common, so ABC is a straight line.
€ 9cm
12 ab-a beb-a
13 a 6b-3a
b AX=1AB=2b-a

OX=0A+AX=2(b+a)
OV=0B+BY=5b+a)
S0 0K =20V

18 Unit test

Sample student answer

a The answer should say AB = 2n - 2m = 2(n - m) and
N = n - m. The student has forgotten the direction of the
vectors.

b The answer could be improved by adding a sentence at the
end, eg."This means AB is parallel to MN and is twice the
length!

UNIT 19
19 Prior knowledge check
1 a 133m/s® b 2m/s® © 2200m or 2.2km
2C
3a Y

4 Ab,Bc,Ca

5 ay=(osx)-1 b y=2cosx

6 24 minutes

7a} el

8ajz i el d9 e
9 a candd bd=7c

10 a 10 b =2 € 202 +6x-5)

11 a 4and025,8and 0.125, 5and 02, 10and 0.1,
2.5and 4, 1.6and 0.625
b Students’ own answers
19.1 Direct proportion
1 a Yes;C=084g b No
c No d No
2 ab
600

500

400

Euros

300

200

100

100 200 300 400 500
Sterling
X travelcash.com X currencyexchange



w e

6

© i E=1258 (where gradient s taken from students’
graphs)

ii =115 (where gradient is taken from students’

d travelcash.com

ay=5x  by=50 cax=13
ay=65x by=91 € x=22
az=s b x=101(1dp)
¢ x=8125

- E =
ay=E&  by=9

19.2 More direct proportion

-

k=25

a

- 8a b 160 14
a The ratio of P: simplifies to 12 5 for all pairs of values.
b k=24

€ Pe24l

d i P=432cm i 1=175cm

a d=5000

b d=2500km

© t=45hours

d i The distance doubles.
ag

il The distance halves.

A
¢ £250
by=ke < k=4 d y=100
by=2304 < x=5
by=75 < x=100
¢ b E=20) ¢ s=62m/s
d The kinetic energy, # is multiplied by
11 aC= 005\’ b C=£625
12 a T—E b 7= 50 minutes
13 gaw
19.3 Inverse proportion
1242 bA=115
2 agax byal  yax
nyom gk ya
3ay-0  by-0s  caz-2s
4a P}‘)ﬁn b P=2000N/m* ¢ V=25m’
d When the pressure doubles, the volume halves.
600000
5 a ¢=500000
= P
b No, it takes 4 minutes. When p = 2500, ¢ = 240 seconds.
& a Agraph showing inverse proportion. b k=8
< The product of x and y is always 8, the constant of
propartionality.
TiC
8a

s
" [peed,smis) | 4 |10 [ 20 | %0 [ 80 [ 160

[ Time, ¢ (seconds) [200 | 80 | 40 [20 [ 10| 5

1

Unit 19 Answers

0 ¢ (seconds)

Time taken, £ (minutes)

5 2 4 6 & 1
Number of people in a team, n

< Answers close to ¢ = 200

i B St I A Pt

£=32 gives =20 minutes.

133 @dp)
ay=24  by-0m2 caz-2
x
3
ay-2 <
anu@ b D=102cm (1dp)
< r=100m (1 dp) d Jdcm
as= 20 so12ms
10,4 Exponeniial fundions
al16 b1 <t d
as12 b 16384  c 524288
az=3 bx=s cx=4
afe[w[a][2]1JoJ1[2]3]+]
[y [oosJonsozs[os| 1 [2 |4 |8 |16]

il x=33

ciy=11

707
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5a,b

wlealaaTe]
2 | 1 |05 o025 [013] 006

@
o
=
L
&
!
.

—4-3-2-10 1
ciy=0l iiz=-33
7Ta

23 41

200

6 5 100 150

Time (seconds)
b Exponential decay
7

© 30 seconds

b £14580 © 10%

01 2 3 456
Time, ¢ (years)
b i p~45million

i 146 years

02 46 81012
Time, ¢ (years)
© t=24years

19.5 Non-linear graphs

1 i=Aii=D,ii=Civ=D
2 180m
3a3 b 15 c-1
4 a Astime increases, the height increases at a faster rate.
bB
5 a T=60°C
b The rate of temperature change decreases over time.
€ 10°C
d =0.1°C/sec
& No, the average rate of temperature reduction
= 0.2°C/sec between 0 and 400 seconds.
 The average rate of temperature reduction over the
first 300 seconds = 0.25°C. This is faster than the rate of
temperature reduction at exactly 300 secands » 0.08°C/sec.
6 a 10m/s! b 10seconds ¢ 24 seconds
7a Motion of a car
g
=
2
8
2
o 4 8 12
Time (seconds)
b 28-29m/s?
€ 25-30m/s?
d The rate of acceleration decreases over time.
8
01 2 3 ax
d 34
9 a Amy is leading the race throughout. The distance

between Amy and Clare increases for the first 45 seconds,
then Clare accelerates and begins to close the gap.



b Her average speed in the second half of e
lhan double her average speed in the first h
Estimating from the graph: Amy = 7. Samrs
© Clare 1.5/, Difirence 025 /s
10 a 25m/s b 50m € T=3sec

19.6 Translating graphs of functions

1a7 b-8 c2 d1 eo0
2ai19

biy=sx+d ug=5(z.z;-z

3ah bB

b i (0,-5 -1,0

4 " o = " =4
¢ i Translation by (_5) i Translation by( u)
diy=s-5 i

sal) of5) <)) <) (3

7 y=flx-6)

: g |

Unit 19 Answers

yrai+2

L
©
|
=1~
|
B

bi@©2 i
10 ab 2 cy=3r+5
°1 Jr
(x) +1
%
1a 12
= 2 107

br=-2andy=-3
19.7 Reflecting and stretching graphs of
functions
1a-6r-4 b6+
2a1
3a g,

%

0 180 z?wsuf
-1

709
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—f(-x)
—6-5-4-3-2 345 62

- 2
6
-

#n| s [z [ 2] 6] pETE

b
b Rotation of 180° around (0, 0)

y = fla) al z |4|3]-2 ofl1f23]4
tn) [12]5 o3[« [3]o]s ]
2f(x) |24 |10 | 0| -6|-8|-6]|0 10|24
f2n) |60 |32 |12 0 [ |0 12|32 |e0

=

1 2 b y = f(2x)

¢ Reflection In the x-axis /
3 d Reflection in the y-axis P
a y
i y - f-x)
y=f(x) ¥ = 2M)
2
1 9 y = flx) y=3Mx) y=2Ax)

2 4567

v = ) 4
b No, the graphs y = f(x) and y = ~f(x) always intersect the
x-axis in the same place.
The graphs y = f(x) and y = f{-x) always intersect the Tada 210 1 3 3 4 5 & x
-1

yeaxis in the same place.
6a@2-8 b (24 < (24

2




ha V14 = 2] Ji =t
\lL {1}
\} | [
4 |
|
[T 1]
- g I
/
NS T
\
i |
8 /
1 i}
A /
12ab bC cB dA
13 a ¥,
0, 4)
(—1,0) of (1,08 =
b (0 4) € (-1,0)and (1,0)
The x? term is negative.

19 Problem-solving
1 Total number of cases: 7, 14, 28, 56, 112. Day 4.
2 aA=3,B=28
b It is more urgent to send more staff as they will be
needed on day 6, whereas the extra supplies will not be
needed until day 7.
Over time there will be fewer people who have not yet
caught the disease. This model also does not include
people wha recover (o die) from the disease. Finally, the
value of B might be influenced by human response to the
illness (for example through the use of quarantine).

19 Check up
1al=25V bI=25amps ¢ r=% d I=10amps
2 ay=12¢ by-108 C x=15

3a c=% b c-2816

Unit 19 Answers

-10-8-6-4-20 2 4 6 8 10%

aia=3 ii b=2 b 48
b 04m/¢ ¢ 530m

2i(x) f(x)+3 f(x)

a 09m/s?

8 b,
\ /
SN2 x
/ b
y1-l
10 a Yes

b Students own answers
€ Students own answers

19 Strengthen
Proportion
1ac=132 b 909 litres 2dp)

aegl=24w=11=12w=21=8w=3,1=6,w=4
b Indirectly proportional

5 10 15 20 25 30
Length ()
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Unit 19 Answers

3ai b il
4aidaB Qi A=kB
i Cal - We
bical iic
CiMaM i M
il
diFalk
eifal
7
fiRaS i R=kS®
5ak=10 bF=100 cF=0 da=6
6ak=20 ba=2 ca=4 db=4
7ak=5 bd=5t  cd-25 de=3

Exponential and other non-linear graphs
e fofaJ2TaTals 6]
[ 1]2]4]8]16]32]64]

be n

70

680

50

40

30

20

10

o
01
2 ab=ab®
©8=4b
ey=hn
3 ai20ms
b 0.4m/s?
i 1.5km

fy=32

i 40m/s iii 60m/s

i 25km
Transformations of graphs of functions
taew]s]2][2]o[1]2]3]%]

[aw]o[a o] o]
y = 2f(x)

y = flzx)

b,e,h

Bl <[5 =5 6 | T[=] A
[0 [32[8]s [2 [o[2]8]1]3]
d Double
e Seeabove

f g =f(x) is stretched by a scale factor of 2 away from
the z-axis.

B[ x [w[a][2]aJo]1]z]3]4]
[#@n [ os [36 [16 [ « [0 | 4 [ 1636 | 6]

h Seeabave

i y=f(x) is stretched by a scale factor of 3 away from the

S ENE Y R SN
f | 0] 8| 6| | 2|02
beh
y=fx+2)
y=1fw+3
y=f(z)
T EEEAEEE
(3] 7 [s[ 32135
d 3 greater
© Seeabove

f y=fl) is translated by (g]

e[ x [a]2[1]o]1]z2]3
[ | s [« 2]o 2]«
h See above
iy = flx) is translated by (’é}
19 Extend
1ad=s¢
b 4sm
© 11seconds
d
E
8
g
8
K
a
Time (sec)
e Itaccelerates towards the ground.
2
3 o cB  dE e




a A=The ball is travelling upwards and decelerating
= iched its maximum hei
C=The n ceelerating towards the ground
The speed at A ¥ the samic ¢ the speedat C
The velocity at A and C have the same magnitude, but
one s positive and one is negative.
£6556.36
A

B=The

ne

264286
Month 1 and month 2. The graph is steepest gradient in
this section.
b The profits increased over the pericd. The increase was
greatest between months 1 and 2, and then at a slower
but fairly steady rate for the next 4 months.

5 million

wnoo

<
a

£

g

8

2

&

E

g

]

=

Radius (cm)
b War
© W=0004r"
d 164litres
300 i 00 0.5
b i (1,0),0,0,(5.0) (-8.0), (0,0}, 8, 0)
- B
1
90 180 270 360 x

-1
b2
a (4,0, @2,0) b (-1,-9)
€ y=az+2e-2 =z

AR ol [ Y

y=le+1P+2x+1)-8

Unit 19 Answers

11 aa=3 b=-4

y=xlrex+ls [\[ [ /

ba=-2andy
15 105 counts per second
16 a £178658.24

b £15000

19 Unit test

Sample student answer

a Where the curve crosses the y-axis and the x-axis, and
where the minimum/maximum points are.

b The minimum point

© The student could label the axes with an approximate scale
1o help count the number of units to be moved.
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