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befting fhe most from this book

Mathematics is not only a beautiful and exciting subject in its own right but also one that underpins many
other branches of learning. It is consequently fundamental to our national wellbeing.

This book covers the compulsory core content of Year 1/AS Further Mathematics. The requirements of
the compulsory core content for the second year are met in a second book, while the year one and year
two optional applied content is covered in the Mechanics and Statistics books, and the remaining options
in the Modelling with Algorithms, Numerical Methods, Further Pure Maths with Technology and Extra
Pure Maths books.

Between 2014 and 2016 A Level Mathematics and Further Mathematics were very substantially revised,
for first teaching in 2017. Major changes included increased emphasis on:

B Problem solving

m  Mathematical proof
m Use of ICT

m  Modelling.

This book embraces these ideas. A large number of exercise questions involve elements of problem solving.
The ideas of mathematical proof, rigorous logical argument and mathematical modelling are also
included in suitable exercise questions throughout the book.

The use of technology, including graphing software, spreadsheets and high specification calculators,
is encouraged wherever possible, for example in the Activities used to introduce some of the topics. In
particular, readers are expected to have access to a calculator which handles matrices up to order 3x3.
Places where ICT can be used are highlighted by a 0 icon. Margin boxes highlight situations where
the use of technology — such as graphical calculators or graphing software — can be used to further
explore a particular topic.

Throughout the book the emphasis is on understanding and interpretation rather than mere routine
calculations, but the various exercises do nonetheless provide plenty of scope for practising basic
techniques. The exercise questions are split into three bands. Band 1 questions are designed to reinforce
basic understanding; Band 2 questions are broadly typical of what might be expected in an examination;
Band 3 questions explore around the topic and some of them are rather more demanding. In addition,
extensive online support, including further questions, is available by subscription to MEI’s Integral website,
integralmaths.org.

In addition to the exercise questions, there are two sets of Practice questions, covering groups of chapters.
These include identified questions requiring problem solving @, mathematical proof m, use

of ICT ° and modellingo.

This book is written on the assumption that readers are studying or have studied AS Mathematics.
It can be studied alongside the Year 1/AS Mathematics book, or after studying AS or A Level
Mathematics. There are places where the work depends on knowledge from earlier in the book or in
the Year 1/AS Mathematics book and this is flagged up in the Prior knowledge boxes. This should
be seen as an invitation to those who have problems with the particular topic to revisit it. At the
end of each chapter there is a list of key points covered as well as a summary of the new knowledge
(learning outcomes) that readers should have gained.

Although in general knowledge of A Level Mathematics beyond AS Level is not required, there are two
small topics from year 2 of A Level Mathematics that are needed in the study of the material in this



book.These are radians (needed in the work on the argument of a complex number) and the compound
angle formulae, which are helpful in understanding the multiplication and division of complex numbers in
modulus-argument form. These two topics are introduced briefly at the back of the book, for the benefit of
readers who have not yet studied year 2 of A Level Mathematics.

Two common features of the book are Activities and Discussion points. These serve rather different purposes.
The Activities are designed to help readers get into the thought processes of the new work that they are about
to meet; having done an Activity, what follows will seem much easier. The Discussion points invite readers to
talk about particular points with their fellow students and their teacher and so enhance their understanding.
Another feature is a Caution icon (), highlighting points where it is easy to go wrong.

Answers to all exercise questions and practice questions are provided at the back of the book, and also online
at www.hoddereducation.co.uk/MEIFurtherMathsYearl

This is a 4th edition MEI textbook so much of the material is well tried and tested. However, as a
consequence of the changes to A Level requirements in Further mathematics, large parts of the book are
either new material or have been very substantially rewritten.

Catherine Berry
Roger Porkes
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www.hoddereducation.co.uk/MEIFurtherMathsYear1

Prior knowledoe

This book is designed so that it can be studied alongside MEI A Level Mathematics Year 1 (AS). There

are some links with work in , but it is not necessary to have covered

this work before studying this book. Some essential background work on radians and compound angle
formulae is covered in An introduction to radians and The identities sin(@ * ¢) and cos(0 + ¢) as well as in

m  Chapter 1: Matrices and transformations builds on GCSE work on transformations.

m  Chapter 2: Introduction to complex numbers uses work on solving quadratic equations,
covered in chapter 3 of MEI A Level Mathematics Year 1 (AS).

m  Chapter 3: Roots of polynomials uses work on solving polynomial equations using the factor
theorem, covered in chapter 7 of MEI A Level Mathematics Year 1 (AS).

m  Chapter 4: Sequences and series builds on GCSE work on sequences. The notation and
terminology used is also introduced in chapter 3 in , but it is not
necessary to have covered this work prior to this chapter.

m  Chapter 5: Complex numbers and geometry develops the work in chapter 2. Knowledge of

radians is assumed: this is covered in chapter 2 of , but the required
knowledge is also covered in An introduction to radians. It is also helpful to know the compound
angle formulae which are introduced in chapter 8 of ; there is also a

brief introduction in The identities sin(6 + ¢) and cos(@ £ ¢).
m  Chapter 6: Matrices and their inverses follows on from the work in chapter 1.

m  Chapter 7:Vectors and 3D space builds on the vectors work covered in chapter 12 of MEI
A Level Mathematics Year 1 (AS). Knowledge of 3D vectors is assumed, which are introduced
in chapter 12 of , but it is not necessary to have covered the
Mathematics Year 2 chapter prior to this chapter. The work on the intersection of planes in 3D space,
introduced in chapter 6, is also developed further in this chapter.

vi
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Mafrices and fransformafions

As for everything else,
so for a mathematical
theory - beauty can

be pe’:celved bUt nOt Preston (P) rBurnley (Bu) Bradford (Br)
explained.

Arthur Cayley 1883 %

Manchester (M)

Figure 1.1 Illustration of some major roads and motorways joining some
towns and cities in the north of England.

Discussion point

=» How many direct routes (without going through any other town) are there

from Preston to Burnley? What about Manchester to Leeds? Preston to
Manchester? Burnley to Leeds?




Matrices

1 Matrices

You can represent the number of direct routes between each pair of towns
(shown in Figure 1.1) in an array of numbers like this:

Br ([Bu| L M P

Br | O 0 1 0 0

P 0 3 0 1 0

This array is called a matrix (the plural is matrices) and is usually written inside
curved brackets.

00 1 0 0
00 0 1 3
10 0 2 0
01 2 0 1
03 0 10

It is usual to represent matrices by capital letters, often in bold print.

A matrix consists of rows and columns, and the entries in the various cells are
known as elements.

00 100
The matrix M = 0001 representing the routes between the
10 0 20
01 2 0 1
03010

towns and cities has 25 elements, arranged in five rows and five columns. M is
described as a 5 X 5 matrix, and this is the order of the matrix. You state the
number of rows first, then the number of columns. So, for example, the matrix

4 —4
= 3 -1 4 isa2X3matrixand B=| 3 4 isa 3 X 2 matrix.
2 0 5 0 -2

Special matrices

Some matrices are described by special names which relate to the number of
rows and columns or the nature of the elements.

4 2 3 5 1
Matrices such as 1 0 and | 2 0 —4 | which have the same number of
1 7 3

rows as columns are called square matrices.



—_ O

The matrix [ (1) ] is called the 2 X 2 identity matrix or unit matrix, and

—_ O

1 0
similarly | 0 0 |is called the 3 X 3 identity matrix. [dentity matrices must
0 0 1

be square, and are usually denoted by I.

The matrix O = ( 0 8 ] is called the 2 X 2 zero matrix. Zero matrices can
be of any order.

Two matrices are said to be equal if and only if they have the same order and
each element in one matrix is equal to the corresponding element in the other
matrix. So, for example, the matrices A and D below are equal, but B and C are
not equal to any of the other matrices.

(23] () o1 r e )ee(22)

Working with matrices

Matrices can be added or subtracted if they are of the same order.

2 4 0 1 -1 4 3 3 4 |4—— Addtheelements
+ = . .
3 5 13 0 in corresponding

-1 2 0 -5 positions.
2 =3 | | 7 =3 |_| -5 0 | Subtractthe elementsin
4 1 -1 2 - 5 corresponding positions.

But _21 i g ]+[ i _13 ] cannot be evaluated because the matrices are

not of the same order. These matrices are non-conformable for addition.

You can also multiply a matrix by a scalar number:

P Multiply each of
2[ 3 4 ]:[ 6 -8 ]‘ the elements by 2.
0O 6 0 12
LITECHNOLOGY

You can use a calculator to add and subtract matrices of the same order and
to multiply a matrix by a number. For your calculator, find out:

the method for inputting matrices
how to add and subtract matrices
how to multiply a matrix by a number for matrices of varying sizes.

suoljeuwllojsuel) pue saslnepy | Jeideyn




Matrices

Associativity and commutativity

When working with numbers the properties of associativity and
commutativity are often used.

Associativity

Addition of numbers is associative.

\

(Discussion points A B3+5) +8=3+(5+38)

=» Give examples
to show that
subtraction of

When you add numbers, it does not matter how the numbers are grouped, the
answer will be the same.

numbers is not
commutative or

associative. Commutativity
=?» Are matrix
addition and Addition of numbers is commutative.

matrix subtraction

. 4+5=5+4
associative and/or
commutative?

When you add numbers, the order of the numbers can be reversed and the
answer will still be the same.

(D) Write down the order of these matrices.

1
2 4 0O 8 4 2
(i) 6 0 M| -2 -3 1 (iii) (7 —3) (iv) 3
-3 7 5 3 2 4
5
8 5
(v) 2 -6 4 9] (vi) ) 0
5 10 11 -4
3 9

(2 For the matrices

SCR LR LS

|
VR
NSRSV
—_ U1
|
+ o
N—
Il
VR
[\ )
]
N
o

find, where possible

il A-E (i C+D i) E+A-B (vw F+D (v D-C
(vi) 4F (vij 3C + 2D (vii) B + 2F ixx» E—- (2B —-A)



(® The diagram in Figure 1.2 shows the number of direct flights on one day
offered by an airline between cities P, Q, R and S.

The same information is also given in the partly-completed matrix X.

Figure 1.2

(il Copy and complete the matrix X.

A second airline also offers flights between these four cities. The following
matrix represents the total number of direct flights offered by the two airlines.

suoljew.ojsued) pue sajliep | Ja1deyn

0 2 3 2
2.0 21
22 0 3
1 0 3 0

(il Find the matrix Y representing the flights offered by the second
airline.

(il Draw a diagram similar to the one in Figure 1.2, showing the flights
offered by the second airline.

(4 Find the values of w, x, y and 2 such that

oG )

(B3 Find the possible values of p and ¢ such that

=3 | | sp 2 |_[6 ~1
2 9 -7 ¢ 9 4
Four local football teams took part in a competition in which they each
p p y

played each other twice, once at home and once away. Figure 1.3 shows the
results matrix after half of the games had been played.

Goals Goals
Win Draw Lose for against

City 2 1 0 6 3
Rangers 0 0 3 2 8
Town 2 0 1 4 3
United 1 1 1 5 3
Figure 1.3



Multiplication of matrices

(i)  The results of the next three matches are as follows:

City 2 Rangers 0
Town 3 United 3
City 2 Town 4

Find the results matrix for these three matches and hence find the
complete results matrix for all the matches so far.

(il Here is the complete results matrix for the whole competition.

4 1 1 12 8
11 4 5 12
31 2 12 10
13 2 10 9

Find the results matrix for the last three matches (City vs United,
Rangers vs Town and Rangers vs United) and deduce the result of
each of these three matches.

@ A mail-order clothing company stocks a jacket in three different sizes and
four different colours.

_ 17 8 10 15 . _
The matrix P = 6 12 19 3 |represents the number of jackets in
24 10 11 6

stock at the start of one week.

2 530
The matrix Q=| | 3 4 ¢ |represents the number of orders for
5 0 2 3

jackets received during the week.
()  Find the matrix P — Q.
What does this matrix represent? What does the negative element in

the matrix mean?

A delivery of jackets is received from the manufacturers during the week.

5 10 10 5
The marixR=1| 15 19 5 15 |shows the number of jackets received.
0 0 5 5

(il Find the matrix which represents the number of jackets in stock at the
end of the week after all the orders have been dispatched.

il Assuming that this week is typical, find the matrix which represents
sales of jackets over a six-week period. How realistic is this assumption?

2 Multiplication of matrices

When you multiply two matrices you do not just multiply corresponding
terms. Instead you follow a slightly more complicated procedure. The following
example will help you to understand the rationale for the way it is done.



There are four ways of scoring points in rugby: a try (five points), a conversion
(two points), a penalty (three points) and a drop goal (three points). In a match
Tonga scored three tries, one conversion, two penalties and one drop goal.

So their score was

3X5+1X2+2X3+1X3=26.

You can write this information using matrices. The tries, conversions, penalties
and drop goals that Tonga scored are written as the 1 X 4 row matrix 3 1 2 1)
and the points for the different methods of scoring as the 4 X 1 column

5

matrix | 2
3
3

These are combined to give the 1 X 1 matrix (3 X5+ 1X2+2X 3 +1X 3) = (26).

Combining matrices in this way is called matrix multiplication and this

example is written as (3 1 2 1) = (26).

W W N U

The use of matrices can be extended to include the points scored by the
other team, Japan. They scored two tries, two conversions, four penalties
and one drop goal. This information can be written together with Tonga’s
scores as a 2 X 4 matrix, with one row for Tonga and the other for Japan.
The multiplication is then written as:

31 21 _[ 26
2 2 41 29 |

So Japan scored 29 points and won the match.

W W N U

This example shows you two important points about matrix multiplication.
Look at the orders of the matrices involved.

The two ‘middle’ numbers, in this case 4, must
be the same for it to be possible to multiply two
matrices. If two matrices can be multiplied,
they are conformable for multiplication.

/\

2X4 X 4Xx1

The two ‘outside’ numbers give you the order of
the product matrix, in this case 2 x 1.

You can see from the previous example that multiplying matrices involves
multiplying each element in a row of the left-hand matrix by each element in a
column of the right-hand matrix and then adding these products.

suoljew.ojsued) pue sajliep | Ja1deyn




Multiplication of matrices

-2 7 2

—

Solution
The product will have order 2 X 1.

> (10 x 5) + (3 x 2) = 56

E3)6)

> (2x5)+(Tx2)=4

Figure 1.4

-2 5 -2 =3 1

— )

Solution
The order of this product is 2 X 3.

(1x3)+(3x=3)=—6 (1x0)+(3x1)=3
(1x4)+(3x=-2)=—2 -3 -6 3
—18 21 5
(-2x4)+(5x—2)=—18 /
(-2 x3)+(5x-3)=-21 (-2x0)+(5%x1)=5

So 1 3 4 3 0 |_| 2 -6 3
-2 5 =2 =y -18 21 5

Discussion point

1 3 5 8 -1 5 0
=D>IfA=| 2 4 1 [B=| -2 3 |andC= 3 AJ
0 3 7 4 0 B

which of the products AB, BA, AC, CA, BC and CB exist?




Find | 2 2 || 1 O]
14 {01

‘What do you notice?

Solution
The order of this product is 2 X 2.

(3x1)+(2x0)=3

.

O 3 2 [3X0]+[2X1]=2
1 -1 4

\ (-1x0)+(4x1)=4

(=1 x1)+([4x0)=-1

Multiplying a matrix by the identity matrix has no effect.

Properties of matrix multiplication
In this section you will look at whether matrix multiplication is:

E commutative
B associative.

On page 4 you saw that for numbers, addition is both associative and
commutative. Multiplication is also both associative and commutative.
For example:

(B3X4)X5=3X(4X5)
and

3x4=4x3

ACTIVITY 1.1

UsingAZ( g _2 )andBZ( _g [1] )find the products AB and BA and

hence comment on whether or not matrix multiplication is commutative.
Find a different pair of matrices, C and D, such that CD = DC.

suoljew.ojsued) pue sajliep | Ja1deyn




Multiplication of matrices

LI TECHNOLOGY

(Or—

You could use the
matrix function on your
calculator.

ACTIVITY 1.2

Using A = 2 ,B=
3 4
products:

il AB

(il BC

(iii) (AB)C

(iv] ABCQC)

Does your answer suggest that matrix multiplication is associative?

) , find the matrix

TN
I
N~
- O
~

o)

=]

%

Il
/N
N —
wW N

Is this true for all 2 x 2 matrices? How can you prove your answer?

Exercise 1.2 . .
— In this exercise, do not use a calculator unless asked to. A calculator can be used

10

for checking answers.

() Write down the orders of these matrices.

34 1
il @ A=]0 2 3 b B=(2 3 6)
15 0
(4 9 2 (0 2 4 2
@c=| 7 5 [d]D—[O S 1]
X 2 5 0 -4 1
) E= ] N E=| 3 9 =3 2 2
6 1 0 0 10 4

(il Which of the following matrix products can be found? For those that
can state the order of the matrix product.
) AE (b) AF (c) FA (d) CA

(@ Calculate these products.

(2007 2]

e} DC

0 2

i (2 -35) 5 8
-3 1

1

i) [2 > O] 9
36 4 -3 )| 11

-2

Check your answers using the matrix function on a calculator if possible.

-3 5
(® Using the matrices A = ( 52 3 ] and B = ( s 9 ],conﬁrm that

matrix multiplication is not commutative.



(@) For the matrices

31 _| =3 7 |2 3 4
A_[z 4} L2 5 C_[571}

3 4 4 7 3 7 -5
D=7 0 |E=|3 =2 |F=| 2 6 0

1 -2 1 5 -1 4 8
calculate, where possible, the following:
i AB (i) BA (i) CD (v DC (v EF i FE

(B®) Using the matrix function on a calculator, find M* for the matrix

2 0 -1
M=| 3 1 2 | '_"!93? ___________________

-1 4 3 M*meansM XM XM X M

x 3 2x 0
@A=[o—1]B=(4 —3}

() Find the matrix product AB in terms of x.

10x -9
il IfAB = [ _;C 3 ], find the possible values of x.
(il Find the possible matrix products BA.
@ (i)  For the matrix A = 3 1 ],ﬁrd
a) A?
b) A?
) A*

lil  Suggest a general form for the matrix A" in terms of n.
(i)~ Verify your answer by finding A'® on your calculator and confirming
it gives the same answer as (ii).

The map in Figure 1.5 below shows the bus routes in a holiday area. Lines
represent routes that run each way between the resorts. Arrows indicated
one-way scenic routes.

M is the partly completed 4 X 4 matrix which shows the number of direct
routes between the various resorts.

p Beesborough

From

Ayton M=
Danehill

Cidmouth

Figure 1.5

11
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Multiplication of matrices

(il Copy and complete the matrix M.
(il Calculate M? and explain what information it contains.

(i)  What information would M? contain?

2 =5
A=(4x0)B= 4 x

x 7
(i) Find the product AB in terms of x.

A symmetric matrix is one in which the entries are symmetrical about the

s s 3 4 -6
leading diagonal, for example 5 0 and| 4 2 5
-6 5 1

(il Given that the matrix AB is symmetric, find the possible values of x.
il Write down the possible matrices AB.

The matrix A, in Figure 1.6, shows the number of sales of five flavours of
ice cream:Vanilla(V), Strawberry(S), Chocolate(C), Toftee(T) and Banana(B),
from an ice cream shop on each of Wednesday(W), Thursday(Th), Friday(F)
and Saturday(Sa) during one week.
vV S C T B
W [ 63 49 55 44 18
Th [ 58 52 66 29 26

A= F |77 41 81 39 25
Sa | 101 57 68 63 45
Figure 1.6

(il Find a matrix D such that the product DA shows the total number of
sales of each flavour of ice cream during the four-day period and find
the product DA.

(i) Find a matrix F such that the product AF gives the total number of ice
cream sales each day during the four-day period and find the product AF.

The Vanilla and Banana ice creams are served with strawberry sauce; the
other three ice creams are served with chocolate sprinkles.

(il Find two matrices, S and C, such that the product DAS gives the total
number of servings of strawberry sauce needed and the product DAC

gives the total number of servings of sprinkles needed during the
four-day period. Find the matrices DAS and DAC.

The price of Vanilla and Strawberry ice creams is 95p, Chocolate ice
creams cost £1.05 and Toffee and Banana ice creams cost £1.15 each.
(iv) Using only matrix multiplication,
find a way of calculating the total /Z\/;\/E\
cost of all of the ice creams sold |

during the four-day period. a

Figure 1.7 shows the start of the

. ) b ! |
plaiting process for producing a | |
leather bracelet from three leather . : | / | |
strands a, b and c. : ; : :
The process has only two steps, Stage: 0 1 2 3
repeated alternately: Figure 1.7



Step 1: cross the top strand over the middle strand
Step 2: cross the middle strand under the bottom strand.

At the start of the plaiting process, Stage 0, the order of the strands is given

a
byS, =] b

‘ 010

(i Show that pre-multiplying S, by the matrix A=| 1 0 0

0 0 1

gives S , the matrix which represents the order of the strands at Stage 1.
(il Find the 3 X 3 matrix B which represents the transition from Stage 1
to Stage 2.

(i) Find matrix M = BA and show that MS  gives S, the matrix which
represents the order of the strands at Stage 2.

liv) Find M? and hence find the order of the strands at Stage 4.
(v} Calculate M?*. What does this tell you?

3 Transformations

You are already familiar with several different types of transformation, including
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reflections, rotations and enlargements.

m  The original point, or shape, is called the object.
m  The new point, or shape, after the transformation, is called the image.

® A transformation is a mapping of an object onto its image.

Some examples of transformations are illustrated in Figures 1.8 to 1.10 (note that

YA

A~ m

Figure 1.9 Rotation through 90° clockwise,
centre O

YA

=Y

Figure 1.10 Enlargement centre O, scale factor 2

13
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Transformations

the vertices of the image are denoted by the same letters with a dash, e.g. A, B').
In this section, you will also meet the idea of

m  a stretch parallel to the x-axis or y-axis
m  ashear

and three-dimensional transformations where

m  ashape is reflected in the planesx = 0,y =0 orz =0
m  ashape is rotated about one of the three coordinate axes.

A transformation maps an object according to a rule and can be represented by a
matrix (see next section). The effect of a transformation on an object can be found

by looking at the effect it has on the position vector of the point ; ,

i.e. the vector from the origin to the point (x, ). So, for example, to find the effect
of a transformation on the point (2, 3) you would look at the effect that the

) ) .. 2
transformation matrix has on the position vector 5 T

Vectors that have length or magnitude of 1 are called unit vectors.

In two dimensions, two unit vectors that are of particular interest are

. 1 . . L .
i= { o | a unit vector in the direction of the x-axis
._| O . . L .
U B unit vector in the direction of the y-axis.
The equivalent unit vectors in three dimensions are
1
i=| 0 |- aunitvector in the direction of the x-axis
0
0
j=1| 1 |—aunitvector in the direction of the y-axis
0
k=| 0 |—a unit vector in the direction of the z-axis.
1

Finding the transformation represented
by a given matrix

Start by looking at the effect of multiplying the unit vectors i = [ (1) ]

) 0 _ -1 0
andj = 1 by the matrix 0 —1 |



The image of’ ( (1) ] under this transformation is given by
-1 0 r_| -1
0o -1 0 0 J
3y
r I
! ! Ly
of = x
B The letter I is often used for the point (1, 0).
Figure 1.11

0
The image of [ 1 ] under the transformation is given by

s

YA
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- The letter J is often used for the point (0, 1.

Figure 1.12

. ) -1 0 )
You can see from this that the matrix ( 0 | represents a rotation, centre
the origin, through 180°. B

Example 1.4 Describe the transformations represented by the following matrices.

0 1
(0w

Solution
) 0 1 1 _ 0 0 1 0 _ 1
1 0 0 1 1 0 1 0
YA YA
' ]
A 4\ A \
! 1L Ly ! S 1y
(6] X (0] X
Figure 1.13 Figure 1.14

0 1
The matrix ( 10 ] represents a reflection in the line y = x.

15



Transformations

YA YA
- /_\ T
I I >
| | 5 -
0 x !
- l Ly
(0] X
Figure 1.15 Figure 1.16

: 2 0 ..
The matrix ( 0 2 represents an enlargement, centre the origin, scale
factor 2.

1
You can see that the images of i = ( 0 J and j = L (1) ] are the two

columns of the transformation matrix.

Finding the matrix that represents a given
transformation

The connection between the images of the unit vectors i and j and the matrix
representing the transformation provides a quick method for finding the matrix
You may find it easier representing a transformation.

to see what the
transformation is when
you use a shape, like and J(0, 1).
the unit square, rather
than points or lines.

It is common to use the unit square with coordinates O(0, 0), I(1, 0), P(1, 1)

You can think about the images of the points I and J, and from this you can
write down the images of the unit vectors i and j.

This is done in the next example.

m By drawing a diagram to show the image of the unit square, find the matrices

which represent each of the following transformations:

(1) areflection in the x-axis

(1) an enlargement of scale factor 3, centre the origin.

Solution
YA
’ J
I ! VAR Ly
-2 - 0 " 2 3%
_I Jv pl

Figure 1.17



(1) You can see from Figure 1.17 that I (1, 0) is mapped to itself
and J (0, 1) is mapped to J* (0, —1).

So the image of I is( [1] )

and the image of J is( 01 )

o

=3

o

10 =

So the matrix which represents a reflection in the x-axis is . =
.. 0 -1 -
(11) YA z
Jl PI o

3 -+

=2t

o

r n

)

| J P 3

[=8

~

I I VAR VA | L o

2 4 0 I 2 3 # 5 cx =
0

J1 =

| e =

Figure 1.18 So the image of L'is ( 5 ) =
=4

o

S

/ 3

You can see from Figure 1.18 that I (1, 0) is mapped to I (3, 0),

and ] (0, 1) is mapped to J” (0, 3).
and the image of J is( g ) .

So the matrix which represents an enlargement, centre the origin,

3 0
le f: 3i .
scale factor 3 is [ 0 3 ]

(Discussion points )

=» For a general transformation represented by the matrix ( a Z ) what are

the images of the unit vectors ( (1) ) and ( (1) )?

\-) What is the image of the origin (0,0)?

'©

ACTIVITY 1.3

Using the image of the unit square, find the matrix which represents a rotation of
45° anticlockwise about the origin.

Use your answer to write down the matrices which represent the following
transformations:

(i) arotation of 45° clockwise about the origin

(ii) a rotation of 135° anticlockwise about the origin.

17
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Transformations

Example 1.6 )

(i1)

Find the matrix which represents a rotation through angle 6
anticlockwise about the origin.

Use your answer to find the matrix which represents a rotation
of 60° anticlockwise about the origin.

Solution

()

(11)

Figure 1.19 shows a rotation of angle @ anticlockwise about the origin.

YA

A

A

<)

Figure 1.19

Call the coordinates of the point A” (p, q). Since the lines OA and OB
are perpendicular, the coordinates of B” will be (—q, p).

From the right-angled triangle with OA” as the hypotenuse, cos6 = %
and so p = cos0.

Similarly, from the right-angled triangle with OB as the hypotenuse,
q

sinf = = so ¢ = sin6.

1
So, the image point A” (p, q) has position vector ( c.ose ] and the

sin
image point B’ (—¢, p) has position vector =S ||
cos@

Therefore, the matrix that represents a rotation of angle 6 anticlockwise

.. .| cosf —sinB
about the origin is

sinf  cosO
The matrix that represents an anticlockwise rotation of 60° about the
13
oriein is | < 60° —sin60° | 2 2
& sin60°  cos60° J3 1
2

S

2

Discussion point

=» What matrix would represent a rotation through angle 6 clockwise about the origin?




'©

ACTIVITY 1.4

L:]_TECHNOLOGY Investigate the effect of the matrices:
You could use (i) 2 0 (ii) 1 0
geometrical software 0 1 0 5

to try different values
of mand n. Describe the general transformation represented by the

. m 0 1 0
matrices and .
0 1 0 n

Activity 1.4 illustrates two important general results.

m  Thematix | " 9 represents a stretch of scale factor m parallel to the
X-axis. 01

m  The matrix [ 1o ] represents a stretch of scale factor n parallel to the
- n
y-axis.

Shears

suoljew.ojsued) pue sajliep | Ja1deyn

Figure 1.20 shows the unit square and its image under the transformation

represented by the matrix [ (1) :15 J on the unit square. The matrix ( (1) i J

1 1
transforms the unit vector i = [ 0 to the vector 0 and transforms the

. . 0 3
unit vector j = 1 to the vector 1 .

The point with position vector [ e transformed to the point with

position vector ( 41‘ }
\ e (

YA

g
1

J(3)=(1)

1
0

3

|
O nr 2 3 4

Figure 1.20

19
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Transformations

This transformation is called a shear. Notice that the points on the x-axis
stay the same, and the points ] and P move parallel to the x-axis to the right.

This shear can be described fully by saying that the x-axis is fixed, and giving the
image of one point not on the x-axis, e.g. (0, 1) is mapped to (3, 1).

1 k
Generally, a shear with the x-axis fixed has the form [ 0 1 ] and a shear with

0

the y-axis fixed has the form b1

Example 1.7

P

Find the image of the rectangle with vertices A(-1, 2), B(1, 2), C(1,-1) and

D(-1,-1) under the shear ( ! T ] and show the rectangle and its image on
a diagram. 0

Solution
1 3 11 1 1| (57 -2 -4
0 1 2 2 1 -1 2 2 -1 -1
YA
3_

_l —
Figure 1.21
The effect of this shear is to transform the _NQE? ___________________
sides of the rectangle parallel to the y-axis Notice that under the shear
into sloping lines. Notice that the transformation, points above
gradient of the side A’D’ is 1 Which the x-axis move to the right and
3 points below the x-axis move to

is the reciprocal of the top right-hand 3 (e
element of the matrix | 1 3

0 1

ACTIVITY 1.5
For each of the points A, B, C and D in Example 1.7, find

distancebetweenthepointanditsimage
distanceof originalpoint from x-axis

What do you notice?




In the activity on the previous page, you should have found that dividing the
distance between the point and its image by the distance of the original point from
the x-axis (which is fixed), gives the answer 3 for all points, which is the number
in the top right of the matrix. This is called the shear factor for the shear.

There are different conventions about the sign of a shear factor, and
Q_TECHNOLOGY for this reason shear factors are not used to define a shear in this

book. It is possible to show the effect of matrix transformations using

If you have access to
geometrical software,
investigate how shears

some geometrical computer software packages. You might find that
some packages use different approaches towards shears and define

are defined. them in different ways.
Example 1.8 In a shear, S, the y-axis is fixed, and the image of the point (1, 0) is the
point (1, 5).

(i) Draw a diagram showing the image of the unit square under the
transformation S.

(i1) Find the matrix that represents the shear S.
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Solution
(1) YA
s e
s C
gl
2
2
A 8
A’
! | L
0 Ic a2 3 # x
Figure 1.22
@) Unders| ! |5 1
0 5
and[ (1) ]_)[ (1) ]% Since the y-axis is fixed.

—_

0
So the matrix representing S is [ 5 1 J

AN

Notice that this matrix is of the form ( 10 ) for shears with
the y-axis fixed. ko1

21
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Transformations

All these transformations
are examples of linear
transformations. In a
linear transformation,
straight lines are
mapped to straight
lines, and the origin is
mapped to itself.

Summary of transformations in two dimensions

Reflection in the x-axis o Reflection in the y-axis -0
0 -1 0 1
Reflection in the line y = x [ 01 ] Reflection in the line 0 -1
1o y=—x -1 0
Rotation Enl L
anticlockwise cosf —sin6 Hn gema(lentfi centrz the k0O
about the origin sinf  cosf origin, scale factor 0 k
through angle 6
Stretch parallel to the k0 Stretch parallel to the Lo
x-axis, scale factor k 0 1 y-axis, scale factor k 0 k
Shear, x-axis fixed, 1 k Shear, y-axis fixed, 1 0
with (0,1) mapped to (k,1) | 0 1 with (1,0) mapped to (1,K) | |, 4

Transformations in three dimensions

When working with matrices, it is sometimes necessary to refer to a plane —
this is an infinite two-dimensional flat surface with no thickness. Figure 1.23
below illustrates some common planes in three dimensions — the XY plane,
the XZ plane and YZ plane. These three planes will be referred to when using
matrices to represent some transformations in three dimensions. The plane XY
can also be referred to as z = 0, since the z-coordinate would be zero for all
points in the XY plane. Similarly, the XZ plane is referred to as y = 0 and the
YZ plane as x = 0.

ZA ZA

YZ XZ
XY 7 XY Y
X X

Figure 1.23

So far you have looked at transformations of sets of points from a plane (i.e. two
dimensions) to the same plane. In a similar way, you can transform a set of points
within three-dimensional space.You will look at reflections in the planes x = 0,
y = 0 or z = 0, and rotations about one of the coordinate axes. Again, the matrix
can be found algebraically or by considering the effect of the transformation on
the three unit vectors

1 0
i=| 0 |,j=| 1 |andk=]| O
0 1




Think about reflecting an object in the plane y = 0. The plane y = 0 is the
plane which contains the x- and z-axes. Figure 1.24 shows the effect of a
reflection in the plane y = 0.

ZA
0,0, 1)
©.-1,0) &=
| . | >
0,1,0)
(1,0,0)
X
Figure 1.24
1 1 0 0 0
i=| g |mapsto| o |,j=| 1 |mapsto| _q |andk =] ( |maps
0 0 0 0 1
0
to 0
1

The images of'i, j and k form the columns of the 3 X 3 transformation matrix.

1 0 0
Itis|{ 0 =1 0
0 0 1

Example 1.9

Find the matrix that represents a rotation of 90° anticlockwise about the

X-axis.
Solution

A rotation of 90° anticlockwise about the x-axis is shown in Figure 1.25.

zA zA
0,0, 1) 0,0, 1)

P(1,-1,1)
P, 1J1)
0.1,0) {0,-1,0) y
(1,0,0) (1,0,0)
X X

Figure 1.25

Rotations are taken to be anticlockwise about the axis of rotation when
looking along the axis from the positive end towards the origin.

suoljew.ojsued) pue sajliep | Ja1deyn
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Transformations

Look at the effect of the transformation on the unit vectors i,j and k:

1 1 0 0
i=| 0 [mapsto| 0 [,j=| 1 |mapsto| O |andk=| O
0 0 1 1
0
maps to | —1
0

The images of i, j and k form the columns of the 3 X 3 transformation matrix.

The matrix is

0 0
0 -1
1 0

S O =

(1) Figure 1.26 shows a triangle with vertices at O, A(1, 2) and B(0, 2).

YA
3+
B
N A
1+
L ! I | | Ly
-3 -2 -1 O 1 2 3x
Figure 1.26

For each of the transformations below

(ii)
(iii)
(iv)

(v)

draw a diagram to show the effect of the transformation on triangle

OAB
give the coordinates of A” and B’, the images of points A and B

find expressions for x” and )/, the coordinates of P’, the image of a
general point P(x, y)

find the matrix which represents the transformation.
Enlargement, centre the origin, scale factor 3
Reflection in the x-axis

Reflection in the line x + y = 0

Rotation 90° clockwise about O

Two-way stretch, scale factor 3 horizontally and scale factor % vertically.

(@ Describe the geometrical transformations represented by these matrices.

(i)

SMIKIEE At

40 0 1
L ©



(® Each of the following matrices represents a rotation about the origin. Find
the angle and direction of rotation in each case.

1 _\B
. 2 2 . 0.574 -0.819
(i) (ii)
N 0.819  0.574
2 2
I B3 1
22 _ 2 2
(iii) (iv)
1 1 _B
V22 2 2

() Figure 1.27 shows a square with vertices at the points A(1, 1), B(1, —1),
C(~1, -1) and D(~1,1).
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YA
D A
0 e
C B
Figure 1.27
() Draw a diagram to show the image of this square under the
. _ 1 4
transformation matrix M = 0 1

lil  Describe fully the transformation represented by the matrix M. State
the fixed line and the image of the point A.

® (i) Find the image of the unit square under the transformations
represented by the matrices

10 1 05
(a]A—(S 1] [b]B_(O 1 ]

(il Use your answers to part (i) to fully describe the transformations
represented by each of the matrices A and B.

(® Find the matrix that represents each of the following transformations in
three dimensions.

(i)  Rotation of 90° anticlockwise about the z-axis
lil  Reflection in the plane y = 0
liil Rotation of 180° about the x-axis

liv) Rotation of 270° anticlockwise about the y-axis

25
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Transformations

@

Figure 1.28 shows a shear that maps the rectangle ABCD to the
parallelogram A’B’C’'D’.
The angle A’DA is 60°.

YA
A(-1,2) B(2,2) A’ B’
60°
D >
D O C x
Figure 1.28

(i) Find the coordinates of A’.
(il Find the matrix that represents the shear.
The unit square OABC has its vertices at (0, 0), (1,0), (1, 1) and (0, 1).
OABC is mapped to OA'B'C' by the transformation defined by the matrix
4 3
5 4

Find the coordinates of A", B' and C' and show that the area of the shape has
not been changed by the transformation.

1 2
The transformation represented by the matrix M = ( 0 1 J is applied to

the triangle ABC with vertices A(—1, 1), B(1, —1) and C(-1, —1).
(i) Draw a diagram showing the triangle ABC and its image A'B’C".

i)~ Find the gradient of the line A’C” and explain how this relates to the
matrix M.

Describe the transformations represented by these matrices.

1 0 O 3 0 0 1 0 O 2 0 0
Mo o 1 |wlo3o0 | Glo1 o | @l o3o0
0 -1 0 00 3 0 0 -1 oo%

Find the matrices that would represent

(il areflection in the plane x = 0

(il a rotation of 180° about the y-axis.

A transformation maps P to P' as follows:

m  Each point is mapped on to the line y = x.

m  The line joining a point to its image is parallel to the y-axis.
Find the coordinates of the image of the point (x, y) and hence show that
this transformation can be represented by means of a matrix.

What is that matrix?

A square has corners with coordinates A(1, 0), B(1, 1), C(0, 1) and O(0, 0).
It is to be transformed into another quadrilateral in the first quadrant of the
coordinate grid.



Find a matrix which would transform the square into

(il arectangle with one vertex at the origin, the sides lie along the axes
and one side of length is 5 units

(il arhombus with one vertex at the origin, two angles of 45° and side
lengths of V2 units; one of the sides lies along an axis

(i) a parallelogram with one vertex at the origin and two angles of 30°;
one of the longest sides lies along an axis and has length 7 units; the
shortest sides have length 3 units.

Is there more than one possibility for any of these matrices? If so, write
down alternative matrices that satisfy the same description.

4 Successive transformations

Figure 1.29 shows the effect of two successive transformations on a triangle. The
transformation A represents a reflection in the x-axis. A maps the point P to the
point A(P).

The transformation B represents a rotation of 90° anticlockwise about O.When
you apply B to the image formed by A, the point A(P) is mapped to the point
B(A(P)). This is abbreviated to BA(P).

A B
/‘)‘\ /‘)‘\
YA YA YA
P(x, ) BA(P)
0 e 0 e 0 e
A(P)
Figure 1.29

Notice that a transformation written as BA means ‘carry out A, then carry out B'.
This process is sometimes called composition of transformations.

[Discussion point

Look at Figure 1.29 and compare the original triangle with the final image after
both transformations.

\

=» (i) Describe the single transformation represented by BA.
=» (i) Write down the matrices which represent the transformations A and B.
Calculate the matrix product BA and comment on your answer.

) ~X

A transformation is often denoted by a capital letter. The matrix representing this
transformation is usually denoted by the same letter, in bold.

suoljew.ojsued) pue sajliep | Ja1deyn
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Successive transformations

L1 TECHNOLOGY

If you have access to
geometrical software,
you could investigate
this using several
different matrices for
T and S.

(Discussion point )

=» How can you use the
idea of successive
transformations
to explain the
associativity of
matrix multiplication

\ (AB)C = A(BC)? :

In general, the matrix for a composite transformation is found by
multiplying the matrices of the individual transformations in reverse order.
So, for two transformations the matrix representing the first transformation
is on the right and the matrix for the second transformation is on the left.
For ntransformations T,,T,, ..., T _,T ,the matrix product would be

TT ... T,T.

n" n-1

You will prove this result for two transformations in Activity 1.6.

P

ACTIVITY 1.6

The transformations T and S are represented by the matrices T = [ ¢ 2 J
c
ands=| P 1
ros

Y

S is then applied to the point P". The image of P’ is P”. This is illustrated
in Figure 1.30.

T is applied to the point P with position vector p = [ X j The image of Pis P,

=Y
=Y
=Y

°]

Figure 1.30

[i) Find the position vector of P’ by calculating the matrix product T

’

J of P” by calculating the matrix product S ( ;,

V4

V4

(ii) Find the position vector { X
Y

(iii) Find the matrix product U = ST and show that U [ ¥ ] is the same as [ X
Y Y//

Proving results in trigonometry

If you carry out a rotation about the origin through angle 8, followed by a
rotation about the origin through angle @, then this is equivalent to a single
rotation about the origin through angle € + ¢. Using matrices to represent
these transformations allows you to prove the formulae for sin (6 + ¢) and
cos (0 + @) given on page 172.This is done in Activity 1.7.



O

ACTIVITY 1.7

(i) Write down the matrix A representing a rotation about the origin through angle
6, and the matrix B representing a rotation about the origin through angle ¢.

(ii) Find the matrix BA, representing a rotation about the origin through angle
6, followed by a rotation about the origin through angle ¢.

(i) Write down the matrix C representing a rotation about the origin through
angle 0 + ¢.

liv] By equating C to BA, write down expressions for sin (6 + ¢) and cos (6 + ¢).

(v] Explain why BA = AB in this case.

Example 1.10 (1) Write down the matrix A which represents an anticlockwise rotation of

135° about the origin.

(i) Worite down the matrices B and C which represent rotations of 45° and 90°
respectively about the origin. Find the matrix BC and verify that A = BC.

(iii) Calculate the matrix B® and comment on your answer.
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Solution
11
L 2
11
o | N2 2 o =1
(H)B_LL’C_[1OJ
N
11 11
| E (o) | 7 F |
Be=l 4 4 [10J_¢_¢ -4
NN NN
R T T I T T Y T
RO - A | v - A | v - 2 ) BV
@B = 4 1 | L o || L o T Lo
Z 2l E )\ E & NNE]

This verifies that three successive anticlockwise rotations of 45° about
the origin is equivalent to a single anticlockwise rotation of 135°
about the origin.
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Successive transformations

@Azso =] ' lc=[! O |laap=] 0!
03’ 109 0_1 10.

(il Describe the transformations that are represented by matrices
A,B, C and D.

(il  Find the following matrix products and describe the single
transformation represented in each case:

a) BC (b) CB (c) DC (d) A? e BCB () DC’D

il  Write down two other matrix products, using the matrices A, B, C
and D, which would produce the same single transformation as DC’D.

(@ The matrix X represents a reflection in the x-axis.
The matrix Y represents a reflection in the y-axis.
(il Write down the matrices X and Y.
(il Find the matrix XY and describe the transformation it represents.
(il Find the matrix YX.
(iv) Explain geometrically why XY = YX in this case.
(® The matrix P represents a rotation of 180° about the origin.
The matrix Q represents a reflection in the line y = x.
() Write down the matrices P and Q.
(il Find the matrix PQ and describe the transtormation it represents.
i) Find the matrix QP.
(iv) Explain geometrically why PQ = QP in this case.

@ In three dimensions, the four matrices J, K, L and M represent
transformations as follows:

J represents a reflection in the plane z = 0.

K represents a rotation of 90° about the x-axis.
L represents a reflection in the plane x = 0.

M represents a rotation of 90° about the y-axis.
() Write down the matrices J, K, L and M.

il Write down matrix products which would represent the single
transformations obtained by each of the following combinations of
transformations.

(a) A reflection in the plane z = 0 followed by a reflection in the plane
x=0

(b) A reflection in the plane z = 0 followed by a rotation of 90° about
the y-axis

(c) A rotation of 90° about the x-axis followed by a second rotation of
90° about the x-axis

(d) A rotation of 90° about the x-axis followed by a reflection in the
plane x = 0 followed by a reflection in the plane z = 0

(B The transformations R and S are represented by the matrices

R = 2 -l and S = 5.0 .
1 3 -2 4

(il Find the matrix which represents the transformation RS.
(il Find the image of the point (3, -2) under the transformation RS.
30



(® The transformation represented by C = 1 g is equivalent to a single

transformation B followed by a single transformation A. Give geometrical
descriptions of a pair of possible transformations B and A and state the

matrices that represent them. ()
Comment on the order in which the transformations are performed. ~
@ Figure 1.31 shows the image of the unit square OABC under the combined -gr
transformation with matrix PQ. =
—
YA <z
Q
~
A B =
a
D
0
0 > 3
X
¢ [=8
' 5
A’ Q
=}
- 0
—r
S
c
- 3
Q
=4
— B g
0
Figure 1.31

(il Write down the matrix PQ.
Matrix P represents a reflection.

(il  State the matrices P and Q and define fully the two transformations
represented by these matrices. When describing matrix Q you should
refer to the image of the point B.

Find the matrix X which represents a rotation of 135° about the origin
followed by a reflection in the y-axis.

Explain why matrix X cannot represent a rotation about the origin.

(9 Find the matrix Y which represents a reflection in the plane y = 0 followed
by a rotation of 90° about the z-axis.

(il Write down the matrix P which represents a stretch of scale factor 2
parallel to the y-axis.

5

0 -1

transformations which are represented by the matrix Q.

(il The matrix Q = .Write down the two single

(il Find the matrix PQ. Write a list of the three transformations which
are represented by the matrix PQ. In how many different orders could
the three transformations occur?

(iv) Find the matrix R for which the matrix product RPQ would
transform an object to its original position.
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Successive transformations

(@) There are two basic types of four-terminal electrical networks, as shown in

Figure 1.32.
—h——.‘-‘-‘D_—."'—-h——- — - . 2 & >
1 R I Iy h
v, ' VEI Iv, Iij Vz[
Type A Type B
Figure 1.32

In Type A the output voltage V, and current I, are related to the input
voltage V| and current I, by the simultaneous equations:

V,=Vi—-LR,

I, =1

. - - 2 1
The simultaneous equations can be written as LT A

(i)  Find the matrix A. ? 1

In Type B the corresponding simultaneous equations are:
V, =V

I, =1 -

2 1 R_2

(il Write down the matrix B which represents the effect of a Type B network.

i) Find the matrix which represents the effect of Type A followed by Type B.

liv) Is the effect of Type B followed by Type A the same as the effect of
Type A followed by Type B?

(@ The matrix B represents a rotation of 45° anticlockwise about the origin.

B
B= \/15 \/15 ,D= [ Z b ] where a and b are positive real numbers
a

NN
Given that D? = B, find exact values for a and b.Write down the transformation

represented by the matrix D. What do the exact values a and b represent?

In questions 13 and 14 you will need to use the matrix which represents a

2
reflection in the line y = mx. This can be written as 5 L=m 2m
+m 2m  m® =1
@ (i) Find the matrix P which represents reflection in the line y = %x,

and the matrix Q which represents reflection in the line y = +/3x.

(il Use matrix multiplication to find the single transformation equivalent to
1
J3

Describe this transformation fully.

reflection in the line y = x followed by reflection in the line y = /3.

(i) Use matrix multiplication to find the single transformation equivalent to

reflection in the line y = +/3x followed by reflection in the line y = 1,

NG

Describe this transformation fully.

The matrix R represents a reflection in the line y = mux.

Show that R* = ( (1) ? J and explain geometrically why this is the case.



5 Invariance

Invariant points

Discussion points

=> In a reflection, are there any points which map to themselves?
=» In a rotation, are there any points which map to themselves?

Points which map to themselves under a transformation are called invariant
points. The origin is always an invariant point under a transformation that can
be represented by a matrix, as the following statement is always true:

e

More generally, a point (x, y) is invariant if it satisfies the matrix equation:

a b x | | x
c d Y Y

For example, the point (—2, 2) is invariant under the transformation represented

by the matrix 6 > : 6 5 =2 |2 2
2 3 2 3 2 2

suoljeuwllojsuel) pue saslnepy | Jeideyn

M is the matrix 2 -1 .
1 0

(1) Show that (5, 5) is an invariant point under the transformation
represented by M.

(i) What can you say about the invariant points under this transformation?

Solution

) 2 =l oo @ so (5,5) is an invariant point under the
1 0 5 5

transformation represented by M.

(i1) Suppose the point [ * J maps to itself. Then
Y
2 -1 x | | x
10 y o)y
2x =y x Both equations simplify to y = x.
x oy /

S 2x—y=xand x = y.
So the invariant points of the transformation are all the points on the line y = x.

These points all have the form (4, A). The
point (5,5) is just one of the points on this line.
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Invariance

The simultaneous equations in Example 1.11 were equivalent and so all the
invariant points were on a straight line. Generally, any matrix equation set up to
find the invariant points will lead to two equations of the form ax + by = 0,
which can also be expressed in the form y = —® These equations may be
equivalent, in which case this is a line of invariant points. If the two equations
are not equivalent, the origin is the only point which satisfies both equations,
and so this is the only invariant point.

Invariant lines

A line AB is known as an invariant line under a transformation if the image of
every point on AB is also on AB. It is important to note that it is not necessary
for each of the points to map to itself; it can map to itself or to some other point
on the line AB.

Sometimes it is easy to spot which lines are invariant. For example, in
Figure 1.33 the position of the points A—F and their images A’~F show
that the transformation is a
reflection in the line I So every
point on / maps onto itself and [ is
a line of invariant points.

mirror line. /

Look at the lines perpendicular
to the mirror line in Figure 1.33,
for example the line ABB’A’. Any
point on one of these lines maps
onto another point on the same

line. Such a line is invariant but it
is not a line of invariant points. Figure 1.33

Find the invariant lines of the transformation given by the matrix M = [ ; i ]

Solution Let the original point
be (x, y) and the image
point be (X, y’).

¥ =(5 1J 9; <:>x'=5x+)/andy'=2x+4y4—J

Suppose the invariant line has the form y = mx + ¢

y 2 4

x'=5x+mx+c=05+mx+c ————— Usingy = mx +c.
{y' = 2x + 4(mx + ¢) = (2 + 4m)x + 4c
As the line is invariant, (x,y”) also lies on the line,so y" = mx"+c.
Therefore,
2+ 4m)x +4c=m[5+m)x +c]+¢
S0=m +m—2x+(m—3)
For the left-hand side to equal zero, both m” +m — 2 = 0 and (m — 3)c = 0.

m—ND(m+2)=0 &m=1orm=-2



and ) ) .
m =3 is not a viable solution

m—-=3)c=0=m=30rc=0 — 2

asm” +m—2=0.

So, there are two possible solutions
for the invariant line:

m=Lc=0=y=x %

or -
= o
m=-2,c=0&y=-2x B o &
y="2x" -

Flgure 1.34 ShOWS the effect of C'a B <z
this transformation, together ]
. . . . . \‘ l' q
with its invariant lines. \C P =
5 . (0]

\[rB )

7 > )

D 1’\ S X =

. ‘ Q

’ N —

s =

\\ m

. \ =}

D' & %A’ 7]

. D ==

y=x- ) =

. =

Figure 1.34 3

)

=3

o

Exercise 1.5 =

() Find the invariant points under the transformations represented by the
following matrices.

(i -1 -1 i 3 4 - 4 1 (vl 7 —4
i s o i 1 2 L P L

(@ What lines, if any, are invariant under the following transformations?
()  Enlargement, centre the origin
(il Rotation through 180° about the origin
lii) Rotation through 90° about the origin
liv Reflection in the line y = x
(v/  Reflection in the line y = —x
(vi) Shear, x-axis fixed
(® Figure 1.35 shows the effect on the unit square of a transformation

0.6 0.8

ted by A =
represented by 08 —0.6

YA

Figure 1.35
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Invariance

@

©®

(il Find three points which are invariant under this transformation.

(il Given that this transformation is a reflection, write down the equation
of the mirror line.

il Using your answer to part (i1), write down the equation of an invariant
line, other than the mirror line, under this reflection.

(iv) Justify your answer to part (iii) algebraically.

4 1
For th ix M =
or the matrix (11 4 J

(il show that the origin is the only invariant point
(il find the invariant lines of the transformation represented by M.

(il Find the invariant lines of the transformation given by the matrix
3 4
9 -2
lil  Draw a diagram to show the effect of the transformation on the unit
square, and show the invariant lines on your diagram.

0 1
For th trix M =
or € matrix [_1 2 ]

() find the line of invariant points of the transformation given by M
(il find the invariant lines of the transformation

i) draw a diagram to show the effect of the transformation on the
unit square.

1—m’ 2m
| 1wt 1+’ o .
The matrix " 2 " represents a reflection in the line y = mx.
2m m- =1

T+m” 14+m’

Prove that the line y = mx is a line of invariant points.

The transformation T maps ¥ olo] @b o)
Y c d Y

Show that invariant points other than the origin exist if ad —bc = a+d — 1.

T is a translation of the plane by the vector ( Z ] The point (x, y) is
mapped to the point (x”, ).

. . 4 .
(il Write down equations for x” and V' in terms of x and y.

’

X 1 0 a
i) Verify that | y* |=] 0 1 b y | produces the same
2’ 0 0 1 1

equations as those obtained in part (i).

The point (X, Y) is the image of the point (x, y) under the combined
transformation TM where

X —-0.6 08 a x
Y |=| 08 0.6 b y
1 0 0 1 1



(i) (a) Show thatif a = —4 and b = 2 then (0, 5) is an invariant point of
TM.

(b) Show thatif'a = 2 and b = 1 then TM has no invariant point.

(c) Find a relationship between a and b that must be satisfied if TM is
to have any invariant points.

LEARNING OUTCOMES

When you have completed this chapter you should be able to:

> understand what is meant by the terms order of a matrix, square matrix,
identity matrix, zero matrix and equal matrices

> add and subtract matrices of the same order
» multiply a matrix by a scalar

> know when two matrices are conformable for multiplication, and be able to
multiply conformable matrices

> use a calculator to carry out matrix calculations
know that matrix multiplication is associative but not commutative

find the matrix associated with a linear transformation in two dimensions:
> reflections in the coordinate axes and the lines y = tx

suoljew.ojsued) pue sasrliep | Jaydeys

> rotations about the origin
> enlargements centre the origin
» stretches parallel to the coordinate axes
> shears with the coordinate axes as fixed lines
> find the matrix associated with a linear transformation in three dimensions:
> reflectioninx =0,y =00rz=0
> rotations through multiples of 90° about the x, y or z axes

> understand successive transformations in two dimensions and the
connection with matrix multiplication

> find the invariant points for a linear transformation
> find the invariant lines for a linear transformation.

KEY POINTS

1 A matrix is a rectangular array of numbers or letters.

2 The shape of a matrix is described by its order. A matrix with r rows and ¢
columns has order r X c.

3 A matrix with the same number of rows and columns is called a square matrix.

4 The matrix O =( 8 8 j is known as the 2 X 2 zero matrix. Zero matrices can

be of any order.

5 A matrix of the form I = ( 1.0

0 1
matrices are square, with 1s on the leading diagonal and zeros elsewhere.
6 Matrices can be added or subtracted if they have the same order.

7 Two matrices A and B can be multiplied to give matrix AB if their orders are
of the form p X g and g X r respectively. The resulting matrix will have the
order p Xr.

] is known as an identity matrix. All identity
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Invariance

8 Matrix multiplication

Row from left matrix with
column from right matrix.

4

| i~
alc _ (pa+rb pc+rd)
)([b]d) qa+sb qc+sd

| P

Y

Figure 1.36
9 Matrix addition and multiplication are associative:
A+(B+C)=(A+B)+C
A(BC) = (AB)C
10 Matrix addition is commutative but matrix multiplication is generally not

commutative:
A+B=B+A

AB # BA

11 The matrix M = ( j ) represents the transformation which maps the

b
d

. . - x . . - ax + by
point with position vector to the point with position vector .
y o + dy

12 Alist of the matrices representing common transformations, including rotations,
reflections, enlargements, stretches and shears, is given on page 22.

13 Under the transformation represented by M, the image of i = ( [1) ) is the

1 ) is the second column of M.

1

first column of M and the image of j = [ 0

Similarly, in three dimensions the images of the unit vectorsi=| 0 |,
0
0 0
j=| 1 |and k=| g |arethe first, second and third columns of the
0 1

transformation matrix.

14 The composite of the transformation represented by M followed by that

__ represented by N is represented by the matrix product NM.

FUTURE USES 15 If (x, y) is an invariant point under a transformation represented by the
m  Work on matrices is matrix M, then M = ( x
developed furtherin 4 4

Chapter 6 ‘Matrices

L . 16 Aline AB is known as an invariant line under a transformation if the image of
and their inverses'.

every point on AB is also on AB.
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Infroduction fo complex numbers

... that wonder of
analysis, that portent
of the ideal world, that
amphibian between
being and not-being, Integers
which we call the
imaginary root of
negative unity.

Leibniz, 1702

Real numbers

Rational numbers

Natural numbers

Figure 2.1

Discussion points
=» What is the meaning of each of the terms shown in Figure 2.1?

=» Suggest two numbers that could be placed in each part of the diagram.
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Extending the number system

1 Extending the number system

The number system we use today has taken thousands of years to develop. To
classify the different types of numbers used in mathematics the following letter

Discussion point symbols are used:

=» Why is there N Natural numbers
no set shown 7 Integers
on the diagram
for irrational Q Rational numbers
numbers? = ]
Q Irrational numbers
R Real numbers

You may have noticed that some of these sets of numbers fit within the other
sets. This can be seen in Figure 2.1.

ACTIVITY 2.1
On a copy of Figure 2.1 write the following numbers in the correct positions.

7 B -13 ZL 5 31415 @ 033 03

What are complex numbers?

(Om—

ACTIVITY 2.2

Solve each of these equations and decide which set of numbers the roots belong
to in each case.

i) x+7=9 (ii)7x =9 (iii) x> =9

(i(VIx+10=9 [(vV)x>+7x=0

Writing this quadratic equation as
x2 + Ox +9 = ( and calculating
the discriminant for this quadratic
gives b> — 4ac = —36 which is
less than zero.

Now think about the equation X249 = 04—

. . 2
You could rewrite it as x~ = —9. However,
since the square of every real number is

positive or zero, there is no real number

with a square of =9.This is an example of a quadratic equation which, up to

) now, you would have classified as having ‘no real roots’.
Prior knowledge

The existence of such equations was recognised for hundreds of years, in
You should know how

(i sele R the same way that Greek mathematicians had accepted that x + 10 = 9 had
equations using the no solution; the concept of a negative number had yet to be developed.
quadratic formula. The number system has expanded as mathematicians increased the range of

mathematical problems they wanted to tackle.



L TECHNOLOGY

You can solve the equation x> +9 = 0 by extending the number system to
include a new number, i (sometimes written as j). This has the property that

> = —1 and it follows the usual laws of algebra. 1 is called an imaginary number.

The square root of any negative number can be expressed in terms of i. For
example, the solution of the equation x* = =9 is x = £/=9. This can be
written as v/9 X /=1 which simplifies to +3i.

If your calculator has
an equation solver, find
out if it will give you the
complex roots of this
quadratic equation.

Use the quadratic formula to solve the quadratic equation 2° — 6z + 58 = 0,
simplifying your answer as far as possible.

Solution
2 _ 6>+ 58 = (04— Using the quadratic formula witha = 1,b = —6 and ¢ = 58.

6% 4J(-6) —4x1x58
- 2% 1

_ 6+-19
2

- % —— J-196 = J196 x -1 = 14i.

=3x7i

Z

3 is called the real part
of the complex number
3 + 7iand is denoted
Re(?).

L TECHNOLOGY

Some calculators will
allow you to calculate

with complex numbers.

Find out whether your
calculator has this
facility.

|
You will have noticed that the roots 3 + 7iand 3 — 71 | 7is called the
of the quadratic equation z° — 62 + 58 = 0 have both | imaginary part of the

a real part and an imaginary part. complex number and
is denoted Im(z).

Notation

Any number z of the form x + yi, where x and y are real, is called a complex
number.

The letter z is commonly used for complex numbers, and w is also used. In this
chapter a complex number z is often denoted by x + yi, but other letters are
sometimes used, such as a + bi.

x is called the real part of the complex number, denoted by Re(z) and y is called
the imaginary part, denoted by Im(z).

Working with complex numbers

The general methods for addition, subtraction and multiplication of complex
numbers are straightforward.

Addition: add the real parts and add the imaginary parts.
For example, (3 + 4i) + (2 — 8i) = (3+2) + (4 — 8)i
=5—-4i
Subtraction: subtract the real parts and subtract the imaginary parts.

For example, (6 — 91) — (1 + 61) = 5 =151

sJaqunu xa1dwod 0} uoiydnpouu| z Jaydeys
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Extending the number system

N

(Discussion points

=» What are the values
of 1%, 1*,1°,1° and 17?

=» Explain how you
could quickly work

out the value of 1" for
any positive integer

value of n.

(Discussion point )
=» What answer do
you think Gerolamo
Cardano might have
obtained to the
calculation

(5-+4=13) (5 - VT5)"

Multiplication: multiply out the brackets in the usual way and simplify.

For example, (7 + 2i)(3 — 4i) = 21 — 28i + 6i — 8i° ,
= 21— 22i — §(~1)
=29 - 22

When simplifying
it is important to
remember that
1?=-1.

Division of complex numbers follows later in this chapter.

Historical note \

Gerolamo Cardano (1501-1576) was an Italian mathematician and physicist
who was the first known writer to explore calculations involving the square
roots of negative quantities, in his 1545 publication Ars magna (‘'The Great Art’).
He wanted to calculate:

(5+v=15)(5-v=15)2
Some years later, an Italian engineer named Rafael Bombelli introduced the
words ‘plus of minus’ to indicate /—1 and ‘minus of minus’ to indicate —/—1.

However, the general mathematical community was slow to accept these
‘fictional’ numbers, with the French mathematician and philosopher René
Descartes rather dismissively describing them as ‘imaginary’. Similarly,
Isaac Newton described the numbers as ‘impossible’ and the mystification of
Gottfried Leibniz is evident in the quote at the beginning of the chapter! In the
end it was Leonhard Euler who eventually began to use the symbol i, the first

Qtter of ‘imaginarius’ (imaginary) instead of writing ~/—1.

Equality of complex numbers

Two complex numbers z = x + yi and w = u + vi are equal if both x = u and
y =v.If x # u or y # v, or both, then z and w are not equal.

You may feel that this is obvious, but it is interesting to compare this situation
with the equality of rational numbers.

Discussion points

=> Are the rational numbers = and % equalifx=wuand y=v?
=> |s it possible for the rationa{numbers % and % to be equal if x#uand y#v?

For two complex numbers to be equal the real parts must be equal and the
imaginary parts must be equal. Using this result is described as equating real
and imaginary parts, as shown in the following example.

The complex numbers 2z, and z, are given by
z,=0B-a)+(2b-4)i

and
z, = (7b — 4) + (3a - 2)i.

(i) Given than z, and z, are equal, find the values of a and b.

(i) Check your answer by substituting your values for a and b into the
expressions above.



Solution

M) B—a)+(2b—4)i=(7b—4)+ (3a - 2)i Equating real and imaginary
/ parts leads to two equations.

Equating real parts:3 —a = 7b — 4

Equating imaginary parts: 2b — 4 = 3a — 2

7b+a=7 PR Simplifying the equations.

2b—3a=2

Solving simultaneously gives b = 1 and a = 0.

(11) Substitutinga =0 and b =1 gives 2, =3 —21 and 2, = 3 — 21
so 2, and z, are indeed equal.

Exercise 2.1 . . .
Do not use a calculator in this exercise

(1) Write down the values of

sJaqunu xa1dwod 0} uoiydnpouuj z Jaydeys

i 1 i) i i) 1 liv) 1'%
(@ Find the following:

(i (6 +41) + (3 = 5i) i) (=6 + 41) + (=3 + 5i)

(i) (6 + 41) — (3 —51) (vl (=6 + 4i) — (=3 + 5i)
(® Find the following:

i) 3(6+ 4i) + 2(3 — 5i) (i) 3i(6 + 4i) + 2i(3 — 5i)

(i) (6 + 4i) (v (6 + 41)(3 = 5i)

@ () Find the following:
) (6+ 4i)(6 — 4i)
(bl (3 =51)(3 + 51)
(c] (6+41)(6 —41)(3 = 51)(3 + 51)
(il What do you notice about the answers in part (1)?
Find the following;:
il (3=7i)(2+2i)(5 - i) i (3-7i)°
Solve each of the following equations.

In each case, check your solutions are correct by substituting the values back
into the equation.

l 22+2242=0 il 2°=2z4+45=0
(i) 22 —424+13=0 iv) 22 +62+34=0
v 4z —4z24+17=0 Vi) 22 +424+46=0

(@ Given that the complex numbers
z, =a +(3+2b)i
z, = (5a—4)+ b’
are equal, find the possible values of a and b.

Hence list the possible values of complex numbers z, and z,.
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Division of complex numbers

(8) A complex number z = a + bi, where a and b are real, is squared to give an
p q g
answer of =16 + 30i. Find the possible values of a and b.

(® Find the square roots of the complex number —40 + 42i.
Figure 2.2 shows the graph of y = x* — 4x + 3.

AY

y=x*—4x+3

=Y

N\

Figure 2.2
(i) Draw sketches of the curves y = x* —4x + 3,y = x° —4x + 6 and
y = x°> —4x+ 8 on the same axes.
lil Solve the equations
) & —4x+3=0
b) &’ —4x+6=0
€ &’ —4x+8=0
lii) Describe the relationship between the roots of the three equation and
how they relate to the graphs you sketched in part (i).

(@) Given that z = 2 + 3i is a root of the equation
2+ (a-1)z+16+bi=0
where a and b are real, find a and b.
Explain why you cannot assume that the other root is z = 2 — 31.

Given that the second root has the form 5 + a, find the other root of the
equation.

2 Division of complex numbers

Complex conjugates

You have seen that the roots of a quadratic equation are almost the same, but
have the opposite sign (+ and —) between the real and imaginary terms. For
example, the roots of x* —4x + 13 = 0 are x = 2 + 3i and x = 2 — 3i.The
pair of complex numbers 2 + 3i and 2 — 3i are called conjugates. Each is
the conjugate of the other.

In general the complex number x — yi is called the complex conjugate,
or just the conjugate, of x + yi. The conjugate of a complex number z is
denoted by z".



ACTIVITY 2.3

Prove that z + z* and
zz are both real for all
complex numbers z.

Example 2.4

Given that 2 = 3 + 51, find

1 z+z2 (1) zz
Solution
() z+z =(3+51)+(3-51)
=6

(i) 22" =(3+5i)(3 - 5i)
=9+ 15i — 15i — 25i°
=9+25
=34

You can see from the example above that z + 2" and zz" are both real. This is an
example of an important general result: that the sum of two complex conjugates
is real and that their product is also real.

Dividing complex numbers

You probably already know that you can write an expression like 3 _2 75 3

a fraction with a rational denominator by multiplying the numerator and
denominator by 3 + /2.

2 _ 2 342 _6+242 _6+2\2
3-32 3-427 3442 92 7

Because zz" is always real, you can use a similar method to write an expression
_2
like 3 — 5i as a fraction with a real denominator, by multiplying the numerator

and denominator by 3 + 5i. ¢ 3 + 5iis the complex conjugate of 3 — 5i.

This is the basis for dividing one complex number by another.

. S 1
Find the real and t .
ind the real and imaginary parts of =——-
Solution
Multiply the numerator and denominator by 5 — 21.\
1 5-2i -
S TG L
5-2i . .
=0 +
Y denominator 5 + 2i.
_5-21
29

.5 o 2
The real part is 55 and the imaginary part is — 55.

sJaqunu xa1dwod 0} uoiydnpouu| z Jaydeys
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Division of complex numbers

~

GDiscussion points

=» What are the values

1 11 1
of -, =, —and —?
LA CA

=» Explain how you

would work out the
1

value of - for any
i

positive integer
value n.

2= -
= 2+ 3 / bottom by 2 — 3i.
(9 - 4)(2 - 3i)

Solve the equation (2 + 3i)z = 9 — 4i.

Solution

2+ 3i)z = 9 — 4i

_9-4 Multiply top and

T 2+3)2 - 3)

_ 18 —27i —8i+12i’
4 —6i+6i—9i ¢

Notice how the —61 and
+61 terms will cancel

6 — 351 to produce a real
- 13 denominator.
_6 35,
13 13

|

Exercise 2.2

If your calculator
handles complex
numbers, you can
use it to check your
answers.

Express these complex numbers in the form x + yi.

. 3 3 3i .
(i) T (ii) 7 (i) = (iv)
Express these complex numbers in the form x + yi.
n 2 (i) 2= i) 2=31 (iv
2-31 3+51 2+ 3i

Simplify the following, giving your answers in the form x + yi.

g (12-5D)(2+2i)

4 -3}
(ii) 12 =51
(4 — 3i)°

z=3-61,w=-2+9and ¢ = 6+ 31.

Write down the values of the following:

i z+z (i ww' i) ¢+ ¢

livi z'z v w+uw il qq"

Given that z = 2 + 31 and w = 6 — 44, find the following;:
il Re(?) i) Im(2) (i) 2*

liv] w" v 2w i) 2" —w'
Given that z = 2 + 3i and w = 6 — 44, find the following:
i) Im(z+ 29 i) Re(w—w i) zz" — ww'"
liv) (2%)* v (2)? i) zw" — 2w

2+ 31
3-51

Given that z, = 2 — 51,2, = 4 4+ 10i and 2z, = 6 — 51, find the following in

the form a + bi, where a and b are rational numbers.

2
H %2 i ) i) ;
=3 <1 (23)

Zl+22—23



Solve these equations.
M (1+i)z=3+1
i (2—i)z+(2-6i)=4—7i
i) (3—4i)(z—-1)=10-51
(W) (3+5i)(2+2—5i) = 6+3i

Find the values of a and b such that 2 5% -4+ bl
3+ 21 1—-1

The complex number w = a + bi, where a and b are real, satisfies the

equation (5 — 21)w = 67 + 37i.

(il Using the method of equating coefficients, find the values of a and b.

® ©

(il Using division of complex numbers, find the values of a and b.
@ 1 Forz=>5-8ifind L+

>

in its simplest form.

(i) Write down the value ofé + % forz =5+ 8i

For z = x + yi, find % + é in terms of x and y.

® ®

Let 2, = x, + yjiand 2, = x, + )1

Show that (z, + 22)* = zf + zz.

a b
3+1 T+ 21
Find all the numbers z, real or complex, for which 27 =22"

Find real numbers a and b such that =1-1.
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®6 &

The complex numbers z and w satisfy the following simultaneous equations.
z+ui=13

3z —4w =21

Find z and w, giving your answers in the form a + bi.

piscussion point | 3 Representing complex numbers
= Whyis it not geometrically

possible to show a

complex number on
a number line?

A complex number x + yican be represented by the point with Cartesian
coordinates (x, y). Im A
For example, in Figure 2.3,

2 + 3iis represented by (2, 3)

—5 — 41 is represented by (-5, —4)

u X 2+3i
21 is represented by (0, 2) 2ik

7 is represented by (7, 0). -

X =5 - 4i -

Figure 2.3

47



Representing complex numbers geometrically

All real numbers are represented by points on the x-axis, which is therefore called the
real axis. Purely imaginary numbers which have no real component (of the form
0 + y1) give points on the y-axis, which is called the imaginary axis.

These axes are labelled as Re and Im.

This geometrical illustration of complex numbers is called the complex plane
or the Argand diagram. ¢

The Argand diagram is named after Jean-Robert
Argand (1768-1822), a self-taught Swiss book-
keeper who published an account of it in 1806.

(Om—

ACTIVITY 2.4

(i) Copy Figure 2.3.
For each of the four given points z, mark also the point —z.
Describe the geometrical transformation which maps the point representing
z to the point representing —z.

(ii) For each of the points z, mark the point 2%, the complex conjugate of ».
Describe the geometrical transformation which maps the point representing
z to the point representing ="

Representing the sum and difference of complex
numbers

In Figure 2.4 the complex number z = x + yi is shown as a vector on an Argand
diagram.

Im A

z=x+yi

Figure 2.4

The use of vectors can be helpful in illustrating addition and subtraction of
complex numbers on an Argand diagram. Figure 2.5 shows that the position
vectors representing z, and z, form two sides of a parallelogram, the diagonal of
which is the vector z, + z,.



Im A

Figure 2.5

The addition can also be shown as a triangle of vectors, as in Figure 2.6.

Im A

z +z2

o Re

Figure 2.6

In Figure 2.7 you can see that 2, + w = z,and sow = 2z, — 2,.

Im A

o Re

Figure 2.7

This shows that the complex number z —z, is represented by the vector from
the point representing z, to the point representing z,, as shown in Figure 2.8.

Im A

O

Figure 2.8

Notice the order of the points: the vector z —z, starts at the point 2z, and goes
to the point 2.
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Representing complex numbers geometrically

() Represent each of the following complex numbers on a single Argand

diagram.
i 3+21 i) 4 i) =5 +1
liv] —2 v] —6-51 il 4-31
(@ Given that z = 2 — 41, represent the following by points on a single Argand
diagram.
W =z i) —z (iii) 2" v —=*
v iz il —z (vii) 12" viii) (1)

(® Given that z = 10 4+ 5i and w = 1+ 21, represent the following complex
numbers on an Argand diagram.
i =z i w i) z+w

(iv) z—w v w—=z

@ ImA

3 &1
2
| al
A A, s
-3 2 -10 )5( 4 5 6 Re
1
9 =
-3
C

Figure 2.9

() Find the quadratic equation which has roots A, and A,
(i) Find the quadratic equation which has roots B, and B,
(i) Find the quadratic equation which has roots C, and C,.

(i) What do you notice about your answers to (i), (i) and (ii1)?

(B Give a geometrical proof that (—=) = —(2’*).

® Letz=1+1.
i) Find z"forn=-1,0,1,2,3,4,5
(il Plot each of the points 2" from part (i) on a single Argand diagram.
Join each point to its predecessor and to the origin.
il Find the distance of each point from the origin.

(iv) What do you notice?



@ Figure 2.10 shows the complex number z = a + ib. The distance of the
point representing z from the origin is denoted by r.

Im A

z=a+ib

Figure 2.10

(il Find an expression for r, and hence prove that ¥ = zz".

A second complex number, w, is given by w = ¢ + di. The distance of the
point representing w from the origin is denoted by s.

(il Write down an expression for s.

(il Find zw, and prove that the distance of the point representing zw from
the origin is given by rs.

LEARNING OUTCOMES

When you have completed this chapter you should be able to:

sJaqunu xa)dwod 0} uondnpoJuj z Jaydeys

understand how complex numbers extend the number system

solve quadratic equations with complex roots

know what is meant by the terms real part, imaginary part and complex conjugate
add, subtract, multiply and divide complex numbers

solve problems involving complex numbers by equating real and imaginary parts
represent a complex number on an Argand diagram

represent addition and subtraction of two complex numbers on an Argand diagram.

KEY POINTS

1 Complex numbers are of the form 2 = x + yi withi® = —1.
x is called the real part, Re(z), and y is called the imaginary part, Im(2).

2 Theconjugateof z = x + yiisz" = x — yi.

3 To add or subtract complex numbers, add or subtract the real and imaginary
parts separately.

(op + yu1) + (x; +951) = (% +x,) + (y, + P)i
_— 4 To multiply complex numbers, expand the brackets then simplify using
P —

FUTURE USES the fact that i = —

5 To divide complex numbers, write as a fraction, then multiply top and bottom
by the conjugate of the bottom and simplify the answer.

6 Two complex numbers 2, = x, + y,i and 2, = x, + y,1 are equal only if

Y Y VY VY VY YVYY

m In Chapter 5you
will look at how
complex numbers

can be used to X =xandy, =y,

describe sets 7 The complex number z = x + yi can be represented geometrically as the
of points in the point [x, y).

Argand diagram. This is known as an Argand diagram.
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Roofs of polynomials

In mathematics it is A polynomial is an expression like 4x° + x” — 4x — 1. Its terms are all positive
new ways of looking at integer powers of a variable (in this case x ) like x?, or multiples of them like 4x°.

old things that seem There are no square roots, reciprocals, etc.

to be the most prolific The order (or degree) of a polynomial is the highest power of the variable. So the

3 2 _ _ . . L. .. .
sources of far-reaching order of 4x” + x” — 4x — 1 1s 3; this is why it is called a cubic.

discoveries. You often need to solve polynomial equations, and it is usually helpful to think

Eric Temple Bell, 1951 about the associated graph.
The following diagrams show the graphs of two cubic polynomial functions. The
first example (in Figure 3.1) has three real roots (where the graph of the polynomial
crosses the x-axis). The second example (in Figure 3.2) has only one real root. In
this case there are also two complex roots.

YA y;Z
1 1

|
©)
[\8)
=Y
|
o
(3]

Figure 3.1 fr) =4x’ +x* —dx - 1 Figure 3.2 ) = 4w + 22 +dx + 1
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In general a polynomial equation of order n has n roots. However, some of these
may be complex rather than real numbers and sometimes they coincide so that
two or more distinct roots become one repeated root.

~ 1 Polynomials

=» How would The following two statements are true for all polynomials:
you solve the
polynomial equation
4x° +x2 —4x—1=07| ® The graph of a polynomial function of order n has at most n — 1 turning
=» What about points.

4x” +x% +4x+1=0?| Here are some examples that illustrate these results.

6iscussion points

B A polynomial equation of order n has at most n real roots.

sjelwouAjod jo syooy ¢ Jay1deys

Order 1 (a linear equation) Order 2 (a quadratic equation)
Example: 2x =7 =0 Example: x° —4x +4 =0
YA YA
o 3 b 4 y=x’—4x+4
y=2x—-1
(6] 2 ;
-7

Figure 3.3 The graph is a straight line with Figure 3.4 The curve has one turning
no turning points. There is one real root at point. There is one repeated root at x = 2.

x=3.5.
Order 3 (a cubic equation) Order 4 (a quartic equation)
Example: x° —1=0 Example: x* —3x? —4 =0
YA yA
=y 1 y=x*-3x"—4
ol o p *
O

Figure 3.5 The two turning points of this Figure 3.6 This curve has three turning

curve coincide to give a point of inflection at  points. There are two real roots at x = —2
(0, =1). There is one real root at x = 1 and two @nd x =2 and two complex roots at

complex roots at x = -1+ \/§i' x =4 You will learn how how
2 to find the complex
The same patterns continue for higher order polynomials. | roots of polynomial
equations later in this
chapter.
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Polynomials

[©

L TECHNOLOGY

You could use the
equation solver on a
calculator.

The rest of this chapter explores some properties of polynomials, and ways to use these
properties to avoid the difficulties of actually finding the roots of polynomials directly.

It is important that you recognise that the roots of polynomials may be complex.
For this reason, in the work that follows, z is used as the variable (or unknown)
instead of x to emphasise that the results apply regardless of whether the roots
are complex or real.

Quadratic equations

ACTIVITY 3.1

Solve each of the following quadratic equations (by factorising or otherwise).
Also write down the sum and product of the two roots.
What do you notice?

6iscussion point N

=» What is the
connection between
the sums and
products of the roots,
and the coefficients in

the original equation?

Equation Two roots Sum of roots Product of roots

i) 22 =32+2=0

i) 22 +2-6=0

lii) 2> —624+8=0

(iv)] 2> =32 —-10=0

v) 22> =32+1=0

(Vi) 2> —42+5=0

The roots of polynomial equations are usually denoted by Greek letters such as

aand B ¢— o (alpha) and B (beta) are the first two letters of the Greek alphabet.

Always be careful to distinguish between:
a — the coeflicient of 2* and
o — one of the roots of the quadratic.

If you know the roots are & and f3, you can write the equation

az> +bz+c=0

in factorised form as

a(z —a)(z — B) = 0. ¢—| Assuming a =0

This gives the identity,
az’ + bz +c=a(z - a)(z - B).
2 2
az" + bz +c = a(z —az—ﬁz+aﬂ)
az’ — a(a + ﬂ)z + aaf¢—{ Multiplying out




_ _ b . -
Discussion point b = a(oc + /3) =Sa+p= . Equating coefficients of =

=» What happens if you
try to find the values
of ovand B by solving
the equations So the sum of the roots is

c=a0f} = off = é 4—— Equating constant terms

_ b
a+ﬁ——zand a+/3=—%
off = % as a pair and the product of the roots is
of simultaneous off = £,

a

equations?
~ S From these results you can obtain information about the roots without actually
solving the equation.

(Or—

ACTIVITY 3.2

The quadratic formula gives the roots of the quadratic equation
az" + bz +c=0as

sjelwouAjod jo syooy ¢ Jay1deys

_ —b+ b = 4ac _ —b—b* — 4ac
0=—— fpf=—FF
2a 2a
Use these expressions to prove that o + f = _g and off = é.

m Find a quadratic equation with roots 5 and —3.

Solution

The sum of the roots is 5 + (-3) = 2 = —% =2

The product of the roots is 5 X (-3) =15 = g ——15
Taki to be 1 gi e
axIng @ to be 1 gives You could choose any value for a but

b=-2and c=-15 choosing 1 in this case gives the
simplest form of the equation.

A quadratic equation with roots 5 and =3 is 2> — 2z —15 = 0.

Forming new equations

Using these properties of the roots sometimes allows you to form a new
equation with roots that are related to the roots of the original equation. The
next example illustrates this.
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Polynomials

The roots of the equation 2z° + 3z +5 = 0 are o and .
(1) Find the values of o +  and of.

(i1) Find the quadratic equation with roots 2o and 2.

Solution

} B F These lines come from looking at the original
) atp=—75and g4
() b 2 quadratic, and quoting the facts a + 8 = —%

aﬂ = % and Otﬁ = %
It might be confusing to introduce 4, b and ¢ here,
since you need different values for them later in
the question.

(i) The sum of the new roots = 2o + 28

= 2(c+ )

—ox-2

2
= -3
The product of the new roots = 2a X 2f3
= 4of3

—4x D
=4x 5
=10
Let a, b and ¢ be the coeflicients in the new quadratic equation, then

b~ 304 £ = 10.
a a

Taking a =1 gives b = 3 and ¢ = 10.

So a quadratic equation with the required roots is 2° + 3z + 10 = 0.

m The roots of the equation 32° — 42z —1=0 are oand B.

Find the quadratic equation with roots o + 1 and 8+ 1.

Solution
o+ p= % and
off = —%
The sum of the new roots = o + 1+ + 1
=oa+p+2
4
= 3 + 2
10



The product of the new roots = (o + 1)( + 1)
o+ (a+ B)+1
1, 4

—§+§+1

=2 Choosing a =1
So _b_ 1y and £ = 2. would give a value
a a

3

for b which is not an
integer. It is easier

Choose a =3,then b =—10 and c = 6. ¢——— here to use a = 3.

So a quadratic equation with the required roots is 32> — 10z + 6 = 0.

[©

ACTIVITY 3.3

Solve the quadratic equations from the previous two examples (perhaps using
the equation solver on your calculator, or a computer algebra system):

(1222 +324+45=0 22+32+10=0

i) 322 —42-1=0 322 -102+6=0

Verify that the relationships between the roots are correct.

(1) Write down the sum and product of the roots of each of these quadratic

equations.

i 22°+72+6=0 i) 52°—2-1=0
i) 72°+2=0 (iv) 52° +242=0

v 2(z+8)=4-3z Vi) 32°+82—-6=0

(@ Write down quadratic equations (in expanded form, with integer
coefficients) with the following roots:

M 7,3 i) 4,-1
lii) —5,—4.5 (v 5,0
(v) 3 (repeated) vi) 3—2i,3+2i

(® The roots of 22° + 52 — 9 = 0 are a and f3.
Find quadratic equations with these roots.
() 3o and 38 (i) —o and —p
il o—2and B—2 v/ 1—2¢ and 1—-28
@) Using the fact that o + 8 = —%, and off = g, what can you say about the
roots, & and f3, of az’ + bz + ¢ = 0 in the following cases:
(i) a,b,care all positive and b* — 4ac > 0
i b=0
i) ¢=0
(iv) aand ¢ have opposite signs

(B) One root of az” + bz + ¢ = 0 is twice the other. Prove that 2b> = 9ac.

sjelwouAjod jo syooy ¢ Jay1deys
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Cubic equations

(® The roots of az” + bz + ¢ =0 are, o and B. : :

Find quadratic equations with the following LT AL
. different letters (say p, q
room: d rinstead of a, band d
and rinstead of a, band ¢

(il koand kB for the coefficients of your
(i) k+oand k+ B target equation.

@ () A quadratic equation with real coefficients ax® + bx + ¢ = 0 has

complex roots z, and z,. Explain how the relationships between
roots and coefficients show that z, and z, must be complex
conjugates.

(il Find a quadratic equation with complex coeflicients which has roots
2+ 3iand 3 -1

2 Cubic equations

There are corresponding properties for the roots of higher order polynomials.

To see how to generalise the properties you can begin with the cubics in a
similar manner to the discussion of the quadratics. As before, it is conventional to
use Greek letters to represent the three roots: ¢, f and ¥ (gamma, the third letter
of the Greek alphabet).

You can write the general cubic as
az’ +bz* +cz+d =0
or in factorised form as
a(z—a)(z - ,B)(z - ’)/) =0-
This gives the identity
az’ +b2* +z+d=a(z-a)(z - B)(z-7)

Check this
for yourself.

Multiplying out the right-hand side gives 3
az’ +b2* +cz+d=az’ - a(oc + [+ y)22 + a(aﬁ + By + )/Oc)z — aofy.

Comparing coefficients of 2%
bz—a(a+ﬂ+y)=>oc+ﬂ+y:—% Sum of the roots: Y«

Comparing coeflicients of z:

c=a(op + By + y) = off + By + yo = < Sum of products of X0
@ pairs of roots:
Comparing constant terms:

d = —acBy = afy = _g Product of the three X afly
roots:



Notation

It often becomes tedious writing out the sums of various combinations of roots,
so shorthand notation is often used:

Sa=a+B+7y the sum of individual roots (however many there are)

Yof = aff + By + ya  the sum of the products of pairs of roots

Yoafy = oy the sum of the products of triples of roots (in this case
only one)

Provided you know the degree of the equation (e.g. cubic, quartic, etc,) it will be
quite clear what this means. Functions like these are called symmetric functions
of the roots, since exchanging any two of o, B, ywill not change the value of the
function.

Using this notation you can shorten tediously long expressions. For example, for
a cubic with roots o, Band ¥,
a’B+aof’ + By + By +ya+ e’ = Xa’B.

This becomes particularly useful when you deal with quartics in the next section.

Example 3.4

The roots of the equation 22° — 92 — 272 + 54 = 0 form a geometric

. : a
progression (i.e. they may be written as 7o a,ar).

Solve the equation.

Solution
aﬂy=—% :>%><a><ar=—%
= a =-27
=a=-3
2a=—h =>ﬂ+a+ar=2
a r 2

=>—3(1+1+r)=2
r 2

:>2(%+1+r)=—3

—3r
=2 +5r4+2=0
= 2r+)(r+2)=0

=>r=—20rr=—%

= 24 2r+2¢

Either value of r gives three roots: % ,—3, 6.

sjeiwouAjod jo syooy ¢ Jaydey)
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Cubic equations

Forming new equations: the substitution method

In the next example you are asked to form a new cubic equation with roots
related to the roots of the original equation. Using the same approach as in the
quadratic example is possible, but this gets increasingly complicated as the order
of the equation increases. A substitution method is often a quicker alternative.
The following example shows both methods for comparison.

The roots of the cubic equation 22° +52° —32 —2 =0 are o, , .

Find the cubic equation with roots 2o + 1,2 + 1,2y + 1.

Solution 1
Za=a+ﬂ+y=—% 2a=_%
Sof=op+py+m=-3 | ZoB=1
Sofy =apy =5 =1 Sapy = -4

For the new equation:

Sum of roots = 200 + 1+ 2B + 1+ 2y + 1
=2a+B+y)+3
==5+3==2
Product of the roots in pairs
=Ra+ D2+ + 2B+ D2y + 1)+ 2y + D2 + 1)
=[4af + 2(0 + B) + 1] + [4By + 2(B + 7) + 1] + [4yo + 2(y + ) + 1]
=4+ By +yo) +4a+ B +y)+3
3 5

=4X—§+4X—§+3
— i3

Product of roots = (20 + 1)(28 + 1))(2y + 1)
= 8afy + 4(of + By + ya) + 2(ax + B+ y) + 1

=8x1+4x—%+2x—%+1
- Check this for yourself.
. b c d These are all

In the new equation, - = -2, o= —13, - = —2. | integers, so choose

a = 1 and this gives
the simplest integer

., > _
The new equation is z° + 22" — 13z + 2 = 0. coefficients.

Solution 2 [substitution method] SRR
This method involves a new variable w = 2z + 1.4 | of zin the same way
You write z in terms of w, and substitute into as the new roots are a

.. . transformation of the
the original equation: .
original z roots.




| _

== TECHNOLOGY = le a, B, yare the roots of 2z° +52° =32 -2 =0
Use graphing software

to draw the graphs of & 20+ 1,28+ 1, 2y + 1 are the roots of
y=2x"+5x" —3x—2 e e ]

and y=x°+2x* — 13x + 2, 2(”’7‘) +5(“’2‘ ) _3(W2— )—2:0
How do these graphs

relate to Example 3.5? I B B Te TG P
What transformations < 8 (=174 4 [ =1) 2 w=1=2=0
map the first graph on to o (w— 1)3 + 5(w — 1)2 —6(w—-1)—-8=0
the second one?

Sw =3 +3w—-1+5" —10w+5-6w+6—-8=0

Sw +2u —13w+2=0

The substitution method can sometimes be much more efficient, although
you need to take care with the expansion of the cubic brackets.

sjelwouAjod jo syooy ¢ Jay1deys

(D The roots of the cubic equation 2z + 32" — 2+ 7 = 0 are o, 3, 7.
Find the following:

i 2o il 2o
i) XoPy
(2@ Find cubic equations (with integer coefficients) with the following roots:
i 1,2,4 i 2,-2,3
i) 0,-2,-1.5 liv] 2 (repeated),2.5
v -2,-3,5 i) 1,2+1,2—1

(® The roots of each of these equations are in arithmetic progression (i.e. they
may be written as a — d, a, a + d).
Solve each equation.
il 2°—152° + 662 — 80 = 0 i) 92" —182° —42+8=0
i) 2* =62 +16=0 v 542" —1892” + 2072 —=70 = 0

@ The roots of the equation z° + 2° + 22 —3 =0 are o, B, 7.
() The substitution w = z + 3 is made. Write z in terms of w.
(i) Substitute your answer to part (i) for z in the equation
2+ +22-3=0
il Give your answer to part (ii) as a cubic equation in w with integer
coefhicients.
(iv) Write down the roots of your equation in part (iii), in terms of @, B and .

The roots of the equation z° —22° + 2 — 3 = 0 are o, B, 7. Use the
substitution w = 2z to find a cubic equation in w with roots 2¢, 23, 2.

(® The roots of the equation 2z° + 42> =3z +1=0 are o, B, .
Find cubic equations with these roots:

i 2-0,2-B,2-y i) 3a—2,38-2,3y -2
(7) The roots of the equation 2z°> — 122° + k2 — 15 =0 are in arithmetic
progression.

Solve the equation and fid k.
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Quartic equations

© @

Solve 322" — 142 + 3 = 0 given that one root is twice another.

The equation z° + pz° + 2pz + ¢ = 0 has roots ¢, 20, 40L.
Find all possible values of p, ¢, 0.

The roots of 2° + pz° +qz+r =0 are o, — a, B,and r # 0.
Show that r = pq, and find all three roots in terms of p and q.
The cubic equation 8x° + px” + gx + r = 0 has roots o and 1 and B.

20
(il Express p, ¢ and rin terms of o and f.

(i) Show that 2¢* — pr + 4¢q = 16.

i) Given that p = 6 and g = —23, find the two possible values of r and, in
each case, solve the equation 8x” + 6x° — 23x +r = 0.

Show that one root of az” + bz” + ¢z +d = 0 is the reciprocal of another
root if and only if a* — d* = ac — dc.

Verity that this condition is satisfied for the equation

212° —162% 4+ 952 + 42 = 0 and hence solve the equation.

Find a formula connecting a, b, c and d which is a necessary and sufficient

condition for the roots of the equation az’ + bz” + ¢z +d = 0 to be in
geometric progression.

Show that this condition is satisfied for the equation

82’ —522% + 782 — 27 = 0 and hence solve the equation.

3 Quartic equations

Quartic equations have four roots, denoted by the first four Greek letters: o, 3, ¥
and 0 (delta).

(

Discussion point

=>» By looking back at the two formulae for quadratics and the three

formulae for cubics, predict the four formulae that relate the roots

o, B, yand dto the coefficients a, b, cand d of the quartic equation

ax* +bx’ + o +dx +e = 0.

You may wish to check/derive these results yourself before looking at the

The formulae used to relate the coefficients of polynomials with sums and
products of their roots are called Vieta’'s Formulae after Francois Viéte (a
Frenchman who commonly used a Latin version of his name: Franciscus
Vieta). He was a lawyer by trade but made important progress (while doing
mathematics in his spare time) on algebraic notation and helped pave the way
@the more logical system of notation you use today.

derivation on the next page. <

Historical note \




Derivation of formulae

As before, the quartic equation

a4 b+ Hdz4e=0

can be written is factorised form as

a(z = a)(z = B)(z = ¥)(z = 6) = 0.
This gives the identity

azt + b2’ + 2" +dz+e=alz - a)z - B)(z - y)(z - d).
Multiplying out the right-hand side gives

az' + b2+ +dz+e=azt —ala+ B +y +6)2°

+aleB + oy + ad + By + BS + ya)z* — a(eBy + ByS
+ yoo + o)z + aaﬁy&

Equating coefficients shows that Check this

b | The sum of the for yourself.
Jdoa=o+f+y+d= 7 individual roots.

sjelwouAjod jo syooy ¢ Jay1deys

The sum of the products

Sof=of+ay+od+ By + B+ = %4— of roots in pairs.

dafy = afy + Byd + vdo + Saff = _d 4————| The sum of the products

a of roots in threes.

ofyd = % 4— The product of the roots.

Example 3.6 The roots of the quartic equation 4z* + pz’ +¢2° — 2+ 3 =0 are

o,—o,o0+ A, o — A where o and A are real numbers.

(i)  Express p and ¢ in terms of & and A.

(i)  Show that ¢ = _% ,and find the values of p and 4.

(1))  Give the roots of the quartic equation.

Solution

H2X2a=a—-—a+a+l+a—A=-

EN(ESY

p AN
= 2a = - Use the sum of the individual
roots to find an expression for p.

= p=-8ax

Yof = —o +afa+A)+ ol —A) - ala+ A) — oo — A)
Ha+ A - 4) = &

=-=1
42 Use the sum of the product of the roots
= q =44 in pairs to find an expression for .
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Quartic equations

(11)

Yofy = —o(a+ A) — oo + A — A) + oler + A — A) — o’ (@ — A) =

BN

= 20’ =

= o =-

Use the sum of the product of the
roots in threes to find o (A cancels
out) and hence find p, using your
answer to part [i).

7

p=-80=-8x-7=4

— 2 oy 2
ek = —er i = A = A 4\ Use the sum of the product

of the roots and the value for
a to find 4, and hence find q,
using your answer to part (i).

= —a’(e’ - 1) = %

4\4
=1 _ -z
4 Substitute the values for o
— 1% = 13 and A to give the roots.
4
q=—412=—4x%=—13 l

. 1 1 1 1 1 1
(1) The roots of the equation are 37575 + E\/E, -5 - E\/E.

(1) The roots of 2z* + 32> + 62° — 52 + 4 = Oare o,B, y and §.

Write down the following:
i Yo
il 2apf
i) Yoy
(v X aBys
(2 Find quartic equations (with integer coefficients) with the roots.
M 1,-1,2,4
i) 0,1.5,-2.5,—4
il 1.5 (repeated), =3 (repeated)
v 1,-3,1+11-1

(® The roots of the quartic equation 22" +42° -3 — 246 =0 are a, B, %

and 4.

Find quartic equations with these roots:
il 2a,2B,2y,28

i o-LB-1Ly-16-1

The roots of the quartic equation x* + 4x”> — 8x + 4 =0 are ¢, , vand 0.
q q
(il By making a suitable substitution, find a quartic equation with roots
a+1, B+1, y+1land 6 +1.

lil Solve the equation found in part (i), and hence find the values of
o, B, yand 6.



N

Prior Knowledge

You need to know how to
use the factor theorem
to solve polynomial
equations, covered in
MEI A Level Mathematics
Year 1 (AS), Chapter 7.

(®) The quartic equation x* + px’ — 12x + ¢ = 0, where p and q are real, has
roots o, 3a, B, —P.
[l By considering the coefficients of x* and x, find & and f, where > 0.
(il Show that p = 4 and find the value of q.

liil By making the substitution y = x — k, for a suitable value of k, find
a cubic equation in y, with integer coefficients, which has roots

20, B — 30, - — 3a.
(® (i) Make conjectures about the five properties of the roots ¢, 8, 7,6 and €
(epsilon) of the general quintic ax® + bxt + o’ +dx® + oex + f=0.

li) Prove your conjectures.

For question 6, you should try the algebra by hand, thinking about keeping
good presentation habits for long algebraic expansions. You may want to check
any long expansions using CAS (computer algebra software). You then might
also like to consider whether a ‘proof’ is still valid if it relies on a computer
system to prove it - look up the history of The Four Colour Theorem to explore
this idea further.

4 Solving polynomial equations
with complex roots

‘When solving polynomial equations with real coefficients, it is important to
remember that any complex roots occur in conjugate pairs.

When there is a possibility of complex roots, it is common to express the
polynomial in terms of z.

Example 3.7

The equation 2° +72° + 172 + 15 = 0 has one integer root.
(i)  Factorise f(z) = 2" +72> +172 + 15.
(i) Solve 2> +72> +17z+15=0.

(iti) Sketch the graph of y = x” + 7x° + 17x + 15.

Solution If there is an integer

. .3 5 . root, it must be a
QA fM=1+7x1"+17x14+15=40 — factor of 15. So try

z = *1,%3, etc.

f(=1) = (1)’ +7X (-1)> +17 X (-1) + 15 = 4

f(3)=3"+7x3 +17x3+15 =156 f=3) = 0 s0
using the factor

£(=3) = (-3’ +7X (-3’ + 17 X (-3)+15 =0 theorem, (z + 3)
is a factor.

sjelwouAjod jo syooy ¢ Jay1deys
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Solving polynomial equations with complex roots

So one root is 2 = =3, and (z + 3) is a factor of f(2).

Using algebraic division or by inspection, f (2) can be written in the form:

f(2) = (2 + 3)(2* + 42 + 5) ¢— Check this for yourself

Now solve the quadratic equation 2° + 4z +5 = 0:

44+ 47— (4x1x5) _ - _ -
L V4 = ( ) _ A4 420

2 B 2 2

using the
quadratic

/ formula.

So, fully factorised f(z) = (2 + 3)(z — (-2 +i))(2 — (-2 — 1))

Note that
there is one
conjugate pair
of complex
roots and one
real root.

(i1) The rootsare 2 = =3, 2z = -2=*1i —
(111) Figure 3.7 shows the graph of the curve y = f(x).
é"l
5L
7=
5" =
! L
-4 [ =20 2 x
-5 x You can see that the graph
crosses the x-axis just once.

Figure 3.7

Sometimes you can use the relationships between roots and coefficients of

polynomial equations to help you to find the roots. In Example 3.8, two solution

methods are shown.

Example 3.8 Given that z = 1 + 2iis a root of 42 — 112 + 262 — 15 = 0, find the

other roots.

Solution 1

As complex roots occur in conjugate pairs, the conjugate z = 1 — 21 is also a

root.

The next step is to find a quadratic equation az” + bz + ¢ = 0 with roots

1+ 2iand 1 —2i.
b ra-2n =2

§=(1+2i)(1—2i)=1+4=5

Taking a =1 gives b = -2 and ¢ =5
So the quadratic equation is 2° — 2z +5 =0

4z° —112° + 262 — 15 = (2> — 2z +5)(4z — 3)

The other roots are z = 1 —2iand 2 =

EN[SY




Solution 2

As complex roots occur in conjugate pairs, the conjugate z = 1 — 2i is also a root.

The sum of the three roots is 11 —] b

1 4 a+pB+y=--

1+2i+1-2i+y="F a
11 3

BN

The other roots are z = 1 —21and z =

Notice that Solution 2 is more efficient than Solution 1 in this case.You
should look out for situations like this where using the relationships between
roots and coeflicients can be helpful.

Example 3.9

Solution

(i)  Solve z* =32 —4=0.
(i)  Sketch the curve y = x* —3x> — 4.

(iii)  Show the roots of z* —32° —4 = 0 on an Argand diagram.

N2t 322 4 =0 24—322—4isa
1) (2‘2— 42)(_2_'_;) 04— quadratic in 22 and
2T —4)(z =

can be factorised.
(z—2)(z+2)(z+1)(z—1) =0

The solution is z = 2, -2, 1, —i.

(i1) YA (111)
Im A
o o
=4 9] FEE
- 3 0 2 Re
—ie
Figure 3.8 Figure 3.9

0]

4 — 51 is one root of a quadratic equation with real coefhicients.

Write down the second root of the equation and hence find the equation.

Verify that 2 + iis a root of 2° — 2* — 72 4+ 15 = 0, and find the other roots.

One root of 2 — 152% + 76z — 140 = 0 is an integer.

Solve the equation and show all three roots on an Argand diagram.
The equation z° — 22° — 62 + 27 = 0 has a real integer root in the
range —6 < z < 0.

(il Find the real root of the equation.

(il  Hence solve the equation and find the exact value of all three roots.

sjelwouAjod jo syooy ¢ Ja1deys
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Solving polynomial equations with complex roots
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Given that 4 is a root of the equation 2° — 2> — 3z — k = 0, find the value
of k and hence find the exact value of the other two roots of the equation.

Given that 1 —1iis a root of 2° + pz” + gz + 12 = 0, find the real numbers
p and ¢, and state the other roots.

The three roots of a cubic equation are shown on the Argand diagram in
Figure 3.10.

Im A
2+
Z,&----1 \2
1+
' | L >
-1 (0] 1 2 Re
—1
-] 2
-2
Figure 3.10

Find the equation in polynomial form.

One root of z* — 102" + 4227 = 822+ 65 =0 is 3 + 2i.

Solve the equation and show the four roots on an Argand diagram.
You are given the complex number w =1 —1.

(il Express w?, w’ and w' in the forma + bi.

(i) Given that w' + 3w’ + pw” + qw + 8 = 0, where p and q are real
numbers, find the values of p and 4.

Hence find all four roots of the equation z* + 32 + pz° + ¢z +8 = 0,
where p and ¢ are the real numbers found in part (i1).

(iii)

(il Solve the equation z* — 81 =0
(il Hence show the four fourth roots of 81 on an Argand diagram.
(il Given that o = —1 + 2i, express o and ¢ in the form a + bi .
Hence show that o is a root of the cubic equation
2 +72° +152+25 =0
(il Find the other two roots of this cubic equation.
i) lustrate the three roots of the cubic equation on an Argand
diagram.

For each of these statements about polynomial equations with real
coeflicients, say whether the statement is TRUE or FALSE, and give an

explanation.

(Al A cubic equation can have three complex roots.

(B) Some equations of order 6 have no real roots.

(C) A cubic equation can have a single root repeated three times.
(D) A quartic equation can have a repeated complex root.



@ Given that z = -2 + i is a root of the equation
2" 4+ a2’ + b2 4102 + 25 = 0, find the values of a and b, and solve the
equation.

The equation z* — 82° +202° — 722 + 99 = 0 has a purely imaginary

root.
Solve the equation.
@ In this question, o is the complex number —1 + 3i.
(il Find o and o
It is given that A and U are real numbers such that
Ao’ + 80 +34a+u=0
(i) Show that A = 3, and find the value of .
(i) Solve the equation Az’ + 82° 4+ 34z + u = 0, where A and l are as in
part (i1).
(iv) Ilustrate the three roots on an Argand diagram.

sjelwouAjod jo syooy ¢ Jay1deys

Three of the roots of the quintic equation 2° + bz" + 2> +dz” + ez + f =0
are 3,—4iand 3 —1.

Find the values of the coefhicients of the equation.

LEARNING OUTCOMES

When you have completed this chapter you should be able to:

> know the relationships between the roots and coefficients of quadratic, cubic
and quartic equations

> form new equations whose roots are related to the roots of a given equation
by a linear transformation

> understand that complex roots of polynomial equations with real coefficients
occur in conjugate pairs

> solve cubic and quartic equations with complex roots.

KEY POINTS

1 If and B are the roots of the quadratic equation az’ + bz + ¢ = 0, then

a+ﬁ=—g and off = 2.

2 |If o, Band yare the roots of the cubic equation a2’ +b2> + cz +d = 0, then

Za=a+ﬁ+y=—%,

Sof = of + fy +y = and,

d
ofy =- -
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Sequences and series

Great things are not
done by impulse, but by
a series of small things
brought together.
Vincent Van Gogh, 1882

Figure 4.1

Discussion point

=» How would you describe the sequence of pictures of the moon shown in
Figure 4.17




Sequences and series

Discussion point

1 Sequences and series

A sequence is an ordered set of objects with an underlying rule.

=» How would you
describe this

sequence?
For example:

2,5,8,11,14
A series is the sum of the terms of a numerical sequence:

2+5+8+ 11+ 14

Notation

There are a number of different notations which are commonly used in writing
down sequences and series:

B The terms of a sequence are often written as d,, d, ds, ... OF Uy, Uy, Us, ...

B The general term of a sequence may be written as a, or u,.
(Sometimes the letters k or i are used instead of r.)

m  The last term is usually written as a, or u,.

B The sum S, of the first # terms of a sequence can be written using the
symbol X, (the Greek capital S, sigma).

n

S =a1+a2+a3+...+a”22a,
r=1

The numbers above and below the Y. are the limits of the sum. They show
that the sum includes all the a, from a, to 4,. The limits may be omitted if

they are obvious, so that you would just write 2.4, or you might write Y. q,
(meaning the sum of a, for all values of 7). '

When discussing sequences you may find the following vocabulary helpful:

In an increasing sequence, cach term is greater than the previous term.
In a decreasing sequence, cach term is smaller than the previous term.

In an oscillating sequence, the terms lie above and below a middle number.

The terms of a convergent sequence get closer and closer to a limiting value.

Defining sequences

One way to define a sequence is by thinking about the relationship between one
term and the next.

The sequence 2,5, 8,11, 14, ... can be written as

u; = 2 4——— You need to say where the sequence starts.

ur+1zur+3<

You find each term by adding 3 to the previous term.

This is called an inductive definition or term-to-term definition.



An alternative way to define a sequence is to describe the relationship between
the term and its position.

N

In this case,

u, = 3r—1
You can see that, for example, substituting r = 2 into this definition gives

u, =3%x2)—1=5, which is the second term of the sequence.

This is called a deductive definition or position-to-term definition.

The series of positive integers
One of the simplest of all sequences is the sequence of the integers:
1,2,3,4,5,0, ...

As simple as it is, it may not be immediately obvious how to calculate the sum
of the first few integers, for example the sum of the first 100 integers.

100

Nr=1+2+..+100
r=1

S3113s pue sajuanbag % yaydeyn

One way of reaching a total is illustrated below.

Sipop =1+2+3+...+98+99 + 100 4——— Call the sum S,
Rewrite S, in reverse:

S0 =100+ 99 + 98 + ...+ 3+ 2+ 1

Adding these two lines together, by matching up each term with the one below it,
produces pairings of 101 each time, while giving you 2§, on the left-hand side.

S = 1+ 24 3 4..498 +99 +100
Sy =100+ 99+ 98 + .+ 3 +2 + 1
2S,, = 101 +101+ 101 + .. +101 + 101+ 101

There are 100 terms on the right-hand side (since you were originally adding
100 terms together), so simplify the right-hand side:

2S,,, = 100 x 101

and solve for S,

28,,, = 10100
S,00 = 5050

The sum of the first 100 integers is 5050.

You can use this method to find a general result for the sum of the first n
integers (call this S,).

S,=1+2+3+...+(n—-2)+(n—-1)+n
S =n+(n-1)+(n-2)+...+3+2+1
ETECHNOLOGY 25 =(n+D)+(n+D)+(m+D)+...+(n+)+(n+1)+(n+"
You could use a 2S =n(n+1)
spreadsheet to verify .
this result for different S, = 5n(n +1).
values of n.

This result is an important one and you will often need to use it.
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Sequences and series

A common confusion occurs with the sigma notation when there is no rterm
present.

For example,

5
23 4 This means ‘The sum of 3, with r changing from 1 to 5’.
r=1

means
3+3+3+3+3=15

since there are five terms in the sum (it's just that there is no rterm to change
anything each time).

In general:

Si=1+1+...+1+1
r=1

with n repetitions of the number 1.
So,

il =n
r=1

This apparently obvious result is important and you will often need to use it.

You can use the results 21’ = %n(n + 1) and 21 = n to find the sum of other

series. r=1 =1

Example 4.1 For the series 2 + 5 + 8 + ... + 500:

1) Find a formula for the rth term, u,.
(1)  How many terms are in this series?
(1))  Find the sum of the series using the reverse/add method.

(iv)  Express the sum using sigma notation, and use this to confirm your
answer to part (iil).

Solution

(1)  The terms increase by 3 each time and start at 2. So u, = 3r — 1.

(1)  Let the number of terms be n.The last term (the nth term) is 500.

u,=3n—1
3n—1 =500

3n =501

n=167

There are 167 terms in this series.
(i) S=2+5+ ...+ 497 + 500
S=500+497 +...+5+2
28 =167 x 502
S=41917



167

™) 5= (3 -1

r=1

N

167 167
S=Y3r->1
r=1 r=1
167 167
S=3)r-1
r=1 r=1 n
1 Using the results ZV = %n(n +1)
S=3X§X167X168—1674— i r=1
and ) 1=n
S =41917 ~

Example 4.2 Calculate the sum of the integers from 100 to 200 inclusive.

Solution

S3113s pue sajuanbag % yaydeyn

200 200 99 Start with all the integers from 1 to 200,
Zr = Zr — zr < and subtract the integers from 1 to 99,
1 1

leaving those from 100 to 200.

r=100
-1 _1
= 2><200><201 2><99><1OO
= 20100 — 4950
= 15150

E ise 4.1
(1) For each of the following definitions, write down the first five terms of the

sequence and describe the sequence.

i u, =5 +1
i) v, =3—6r
i) p, =2

(v g, =10+ 2 x(-1)
VM oa,, =24 +1, a =2
5

vi) u, = 7
(2 For the sequence 1,5,9,13,17, ...
(il write down the next four terms of the sequence
(il write down an inductive rule for the sequence, in the form
Uy = ooy Uy = ...
il write down a deductive rule for the general term of the sequence, in
the form u, = ...

(® For each of the following sequences.
(a) write down the next four terms of the sequence
(b) write down an inductive rule for the sequence
(c) write down a deductive rule for the general term of the sequence

(d) find the 20th term of the sequence.
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i 10,8,6,4,2, ...
i) 1,2,4,8,16, ...
liil 50, 250, 1250, 6250, ...

Find the sum of the series zu, for each of the following:

i u=2+r !
il u=3—11r
(i) u, =3

v u,=7.5% (1)
For S=50+ 44 +38 + 32+ ... + 14

(i)  Express S in the form Zu,

r=1
where # is an integer, and u, is an algebraic expression for the rth term
of the series.

(il Hence, or otherwise, calculate the value of S.

30
Given u, = 6r + 2, calculate 2”,.
r=11

The general term of a sequence is given by u, = (=1)" X 5.

(il Write down the first six terms of the sequence and describe it.

(il Find the sum of the series ZM,,:
(a) when n is even !
(b) when n 1s odd.

il Find an algebraic expression for the sum to n terms, whatever the
value of n.

A sequence 1is given by

b, =b+2,b =0,b=100

(I Write down the first six terms of the sequence and describe it.

(i)  Find the smallest odd value of r for which b, > 200.

il Find the largest even value of r for which b, < 200.

A sawmill receives an order requesting many logs of various specific lengths,
that must come from the same particular tree. The log lengths must start at
5cm long and increase by 2cm each time, up to a length of 53 cm.

The saw blade destroys 1 cm (in length) of wood (turning it to sawdust) at
every cut. What is the minimum height of tree required to fulfil this order?

Find the sum of the integers from n to its square (inclusive). Express your
answer in a fully factorised form.

Write down the first five terms of the following sequence:
3¢, +1 if ¢, is odd
= G = 10

Cr+1 C
, . .
5 if ¢, is even

You can find out more about this sequence by a web search for the Collatz
conjecture.

Try some other starting values (e.g. ¢, = 6 or 13) and make a conjecture
about the behaviour of this sequence for any starting value.
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You could use a
spreadsheet to verify
these results for
different values of n.

2 Using standard results

In the previous section you used two important results:

n

21=n

r=1

n

Zr = %n(n + 1) ¢—— The sum of the integers.

r=1

There are similar results for the sum of the first # squares, and the first n cubes.

n 1
The sum of the squares: 272 nln +1)(2n +1)
r=1

The sum of the cubes: 2 r = %nz(n +1)°
r=1

These are important results. You will prove they are true later in the chapter.

These results can be used to sum other series, as shown in the following
examples.

Example 4.3

(i)  Write out the first three terms of the sequence u, = r> +2r — 1.
(i)  Find Xu.
r=1

(1)  Use your answers from part (i) to check that your answer to part (ii)
works for n = 3.

Solution
G 2,714

n

(i1 iu, = 2(72 +2r —1)

=il
=D P +2) =1

r=1 r=1 r=1
:én(n+l)(2n+l)+2><%n(n+1)—n

= Lu[(n + 1)(2n + 1)+ 6(n + 1) - 6]

n(20” + 30+ 1+ 6n+6 — 6)

A= = O

n(2n2 + 9n + 1)

N

S3113s pue sajuanbag % yaydeyn
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Using standard results

Example 4.4

(i) n=3
Sn(20® +9n+1) = L x3x (18 +27 + 1)
_ 1
=5 % 46 It is a good idea to
- 23/ check your results like
this, if you can.
2+7+14 =23
(1)  Worite the sum of this series using ¥ notation.
(1X3)+@2x4) + (3 x5+ ...+ n(n+2)
(i)  Hence find an expression for the sum in terms of n.
Solution
0 Dr(r+2)
r=1
Q) Drr+2)=> " +2r)
r=1 r=1

n

= r+ 2ir
1 r=1

n(n +1)[2n + 1+ 6]
nn+ 1)2n + 7)

A= A= O\|—=

n(n + 1)(2n + 1) + 2 X Ln(n + 1)

(iii)

(ii)

(iii)

(ii)

(iii)

Werite out the first three terms of the sequence u, = 2r — 1.

Find an expression for Z(Zy — 1)

r=1

Use part (i) to check part (11).

Werite out the first three terms of the sequence u, = r(3r + 1).

Find an expression for 21’(31’ +1).
r=1

Use part (i) to check part (ii).

Write out the first three terms of the sequence u, = (r + 1)r°.

Find an expression for Z(r +1)r°.

r=1

Use part (i) to check part (i1).




Find D, (4r° — 617 + 4r — 1),
r=1

Find (1 X2) + 2X3)+ (3 X 4) + ...+ n(n+1).
Find (1 X2 X3)+ (2X3X4) 4+ 3x4x5)+ ..+ nn+1)(n+2)

Find the sum of integers above n, up to and including 2n, giving your
answer 1in a fully factorised form.

®@ Q0 &

Find the sum of the cubes of the integers larger than #, up to and including
3n, giving your answer in a fully factorised form.

©

On a particularly artistic fruit stall, a pile of oranges is arranged to form a
truncated square pyramid. Each layer is a square, with the lengths of the side
of successive layers reducing by one orange (as in Figure 4.2).

The bottom layer measures 2n X 2n oranges, and there are n layers.

(il Prove that the number of oranges used is %n(Zn +1)(7n +1).

(il How many complete layers can the person setting up the stall use for
this arrangement, given their stock of 1000 oranges? How many oranges
are left over?

Figure 4.2

You have £20000 to invest for one year.You put it in the following bank
account:

‘Flexible Saver’: 1.5% interest APR
m  Interest calculated monthly (i.e. 1175% of balance each month).
m  Interest paid annually, into a separate account.
m  No limits on withdrawals or balance.

Your bank then informs you of a new savings account, which you are allowed to
open as well as the Flexible Saver.

‘Regular Saver’: 5% interest APR
m  Interest calculated monthly (i.e. %% each month).
m  Interest paid annually, into a separate account.

. Maximum /1000 balance increase per month.
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The method of differences

(il Assuming you initially have your money in the Flexible Saver, but transfer
as much as you can into a Regular Saver each month, calculate how much
extra money you will earn, compared to what would happen if you just left
it in the Flexible Saver all year.

li) Generalise your result — given an investment of I (in thousands of pounds),
and a time of n months — what interest will you earn?

(Assume n < I, or you'll run out of funds to transfer.)

3 The method of differences

Sometimes it is possible to find the sum of a series by subtracting it from a
related series, with most of the terms cancelling out. This is called the method of
differences and is shown in the following example.

Example 4.5 Calculate the value of the series: 5+ 10 + 20 + 40 + ... + 2560 + 5120

Solution

Each term is double the previous one. ¢—_| :
In fact, the sequence is

u, =5X 2”1 but you won't
Call the sum S. need that here.

S=5+10+20+... + 2560 + 5120

Double it:
2S=10+20+ 40+ ...+ 5120 + 10240

Subtract the first line from the second and notice that most terms cancel. In
fact, only two remain.

28§ -8 =10240 -5

S = 10235 —_

This is the sum you needed.

This example worked because of the doubling of the terms.

Calculating the sums of much more complicated series can also use this
technique, if each term can be expressed as the difference of two (or more)
terms. Look at the following examples carefully to see the idea, paying particular
attention to the way the series are laid out to help find the cancelling terms.

Example 4.6 @)  Show that}_ L __1

r+1 7 r(r+1)

§ 1 1 1 1
() Hencefind {57 + 555+ 557+ T 3531




Solution

N

) 11 ()=
®  LHS=i =i = r(r+1)

Al
Cr(r+1)

= RHS as required

©
(=1

1 1 n 1 n 1

" _ 1
i) Tx2T2x3t3xa™ t30x31™

“r(r+1)

(- 71)
r r+1

N

r

2

LII

-

r=

Using the result from part (i)

start writing out the

sum, but it is helpful
to lay it out like this to
see which parts cancel.

S3113s pue sajuanbag % Jaydeyn

-

The terms in the
red loops cancel
out - so all the 1
terms in the green 29
box vanish.

o

Notice that the result in the example can easily be generalised for a sequence
of any length. If the sequence has n terms, then the terms would still cancel in

Discussion point

=>» What happens to
this series when n
becomes very large?

: - 1
pairs, leaving the first term, 1, and the last term, -—

The sum of the terms would therefore be

_ 1 _n+1-1_ n
n+l~ n+l1 ~— n+1

1

The cancelling of nearly all the terms is similar to the way in which the interior
sections of a collapsible telescope disappear when it is compressed, so a sum like
this is sometimes described as a telescoping sum.

The next example uses a telescoping sum to prove a familiar result.
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The method of differences

Example 4.7

(4r2 —4r + 1)

The only terms remaining
are the 2nd and the 2nd
to last.

i)  Show that (2r +1)* — (2r = 1)’ =
(i)  Hence find 28”.
r=1
(i)  Deduce that ;r = %n(n +1).
Solution
@ @r+1)’ - @r-17 = (47 +4r+1) -
= 8r
as required
&) ZSr = (2r+1) —(@r-1y]
A= 2(n—1) =1y
+2(n + 1)
=(2n+1)° -1
=40’ +4n+1-1
= 4n” + 4n
(iii) Since 287 = 41° + 4n

r=1
n

5027:%1’12"'%" ‘—

r=1

= %n(n +1)

This result was also
proved on page 74 using a
different method.

as required.




Example 4.8 () Showthat2_ 2 4 1 _ __ r+4
r

r+1 r+2 rr+D(r+2)

r+4
r(r +1)(r + 2)

N

(i)  Hence find

n
r=1

Solution
) 2 3 1 200+ D(r+2)=3r(r +2)+r(r + 1)
T R T+ D0 +2)

:2r2+6r+4—3r2—6r+72+r
r(r +1)(r + 2)

_ r+4
T r(r+ D(r +2)

.. < + 4 N2 3 1
(i) 2‘r(r +r1)(r +2) E‘(? ol o 2)

r=1

S3113s pue sajuanbag % yaydeyn

— 9

The terms in the red
loops cancel out - so all
1 the terms in the green
3 box vanish.

+

NI O]

Most of the terms cancel, leaving

S r+4 ., 3,2, 1 3 1
zr(r+1)(r+2)_2 T e )

3 2 1

T2 n+l u+2

r=1

The terms which do not cancel form a symmetrical pattern, three at the start
and three at the end.
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The method of differences

Discussion points

=> Show that the final expression in the previous example can be simplified to
ive n(3n+7)
Ve ST D+ 2)°

=» What happens to the series as n becomes very large?

(D This question is about the series 1 +3 + 5+ ... + 2n—1).

You can write this as 2(21’ - 1.

r=1
i) Show thatr’ — (r —1)* = 2r — 1.
(i) Write out the first three terms and the last three terms of

i(rz —(r - 1)2).

r=1

liil Hence find 2(27 - 1).

r=1 n

(i) Show that using the standard formulae to find 2 (2r — 1) gives the

same result as in (ii1). r=1
' on 3 - 2 2 2 2
(@ This question is about the series T3 + %35 + ] + .+ 53T
() Show that the general term of the series is 2 ,and find

2r=02r+1)
the values of r for the first term and the last term of the series.

.. 1 1 = 2

(il  Show that 5 —1 27 +1° 2r=1)2r+1)

2, 2 , 2 :

(jii) Henceﬁndlx3+3x5+5x7+--'+m‘
@ (i) Show that (r +1)°(r +2) = r*(r + 1) = (r + 1)(3r + 2).

(i) Hence find (2 X5)+(3x8)+ (4 x11)+...+(n+1)(3n+ 2).
il Show that you can obtain the same result by using the standard
formulae to find the sum of this series.

liv) Using trial and improvement, find the smallest value of #n for which the
sum is greater than one million.

@ 1) Show thatri2 — G :1)2 = 72%: ::: 1)2
(i) Hence find yﬂ1 %

® 1 Showthatziy—z(rl_'_z) = 7(71-2)'
(i) Hence find im

r=1

(il Find the value of this sum for n = 100, n = 1000 and n = 10000 and
comment on your answer.
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(il Show that— L 3 2 _ r .
© T +2 T+ 3 T+4 (r+2)(r+3)(r+4)

N

12
il Hence find i .
) Hence find 3 G )

r=1

_ 11 1 1

@ il Show that 571t 20+2)  rGr+ )0 +2)
i n 1
lil Hence find Z r(r+1)(r +2)

(i) Find the value of this sum for n = 100 and n = 1000, and comment on
YOUur answer.

In Questions 8 and 9 you will prove the standard results for Xr>and Xr°.
) Show that (2r + 1)’ = (2r — 1)’ = 24+ + 2.

lil Hence find i(2472 + 2).

r=1

S3113s pue sajuanbag % yaydeyn

il Deduce that Zrz = %n(ﬂ +1)(2n + 1).

r=1

@ () Show that (2r + 1)* = (2r = 1) = 64+ + 16r.

(i) Hence find i(64r3 + 161').

r=1

liil Deduce that Y r° = %nz(n +1)%
r=1

(You may use the standard result for Zr.)

. 2 . 1 1
(il Show that " can be written as i T
lil  Hence find the values of A and B in the identity
1 __ 4 n B

P=1 r—=1 r+1

. n 1
(iii) Fll’ldzz—.
r—1

(iv) What is the value of this sum as n becomes very large?

4 Proof by induction

The oldest person to have ever lived, with documentary evidence, is believed to

Discussion point

=» Is this a valid
argument?

be a French woman called Jeanne Calment who died aged 122, in 1997.

Emily is an old woman who claims to have broken the record. A reporter asked
her, 'How do you know youre 122 years old?’

She replied, ‘Because I was 121 last year’
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Proof by induction

O

Conjectures are often
written algebraically.

The sort of argument that Emily was trying to use is called inductive reasoning.
If all the elements are present it can be used in proof by induction. This is the
subject of the rest of this chapter. It is a very beautiful form of proof but it is also
very delicate; if you miss out any of the steps in the argument, as Emily did, you
invalidate your whole proof.

ACTIVITY 4.1
Work out the first four terms of this pattern:
—1 =
1x2
1 1 _
Tx2  2x3
1 1 1 _
Tx2 " 2x3 3x4
1 1 1 1 _
Tx2  2x3  3x4  4x5

Activity 4.1 illustrates one common way of solving problems in mathematics.
Looking at a number of particular cases may show a pattern, which can be used
to form a conjecture (i.e. a theory about a possible general result).

The conjecture can then be tested in further particular cases.

In this case, the sum of the first n terms of the sequence can be written as

| | | 1
ix2taxstaxat a0

The activity shows that the conjecture

1 1 1 1
1><2+2><3+3><4+"'+n(n+1)_n+1

is true for n = 1,2, 3 and 4.
Try some more terms, say, the next two.

If you find a counter-example at any point (a case where the conjecture is
not true) then the conjecture is definitely disproved. If, on the other hand, the
further cases agree with the conjecture then you may feel that you are on the
right lines, but you can never be mathematically certain that trying another
particular case might not reveal a counter-example: the conjecture is supported
by more evidence but not proved.

The ultimate goal is to prove this conjecture is true for all positive integers. But
it is not possible to prove this conjecture by deduction from known results. A
different approach is needed: mathematical induction.

In Activity 4.1 you established that the conjecture is true for particular cases of
n(n=1,2,3,4,5and 6).
Now;, assume that the conjecture is true for a particular integer, n = k say, so that

| 1 | 1k
" " TRkt T R+1

ix2t2ax3t3xa ™

and use this assumption to check what happens for the next integer,n = k + 1.



If the conjecture is true then you should get

1 1 1 1 1 (k+1) A
- - o+ - =
I1x2 2x3 3x4 k(k+1) (k+1)(k+2) (k+1)+1
_k+1
Replacing k by k+ 1 in T k42

the result £~ This is your target result. It is what you need to establish.

Look at the left-hand side (LHS).You can see that the first k terms are
part of the assumption.

(o)
>
)
o
~
(]
-
1 1 1 1 1 o
wn
+ + o+ -
Ix2 2x3 3x4 k(k+1) (k+1)(k+2) (the LHS) 2
k | : : o
= + Using the assumption
F+1 0 (k+D)(kt2) Lor9meassimer 2
D
k(k+2)+1 " ] ot o
= etting a common denominator
(k+ 1)k +2) 9ering 3
k> 4+ 2k +1 . w
=~ =~ 7 - expanding the top bracket o
(k+ 1)k +2) panding The 1o 3
2 (1]
= & factorising the top quadratic
(k+1)(k+2)
_k+1

) cancelling the (k + 1) factor - since k = —1
\ which is the required result.

These steps show that if the conjecture is true for n = k, then it is true
forn=k+ 1.

Since you have already proved it is true for n = 1, you can deduce that
it is therefore true for n = 2 (by taking k = 2).

You can continue in this way (e.g. take n = 2 and deduce it is true

for n = 3) as far as you want to go. Since you can reach any positive

integer n you have now proved the conjecture is true for every

positive integer.

This method of proof by mathematical induction (often shortened to proof
by induction) is a bit like the process of climbing a ladder:

If you can
1 get on the ladder (the bottom rung), and
2 get from one rung to the next,
then you can climb as far up the ladder as you like.

Figure 4.3
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Proof by induction

The corresponding steps in the previous proof are

1 showing the conjecture is true for n = 1, and
2 showing that if it is true for a particular value (n = k say), then it is true for the
next one (n =k + 1).

(Notice the if... then... structure to this step.)

You should conclude any argument by mathematical induction with a statement
of what you have shown.

Steps in mathematical induction

To prove something by mathematical induction you need to state a conjecture
to begin with. Then there are five elements needed to try to prove the
conjecture is true.

This can be done before
or after finding the target
expression, but you may
find it easier to find the
target expression first so
that you know what you
are working towards.

m  Proving that it is true for a starting value (e.g.n = 1).

m  Finding the target expression: To find the target

expression you
replace k with

k + 1in the result
forn = k.

using the result for n = k to find the equivalent result
forn =k + 1.

@ Proving that:

ifit is true for n = k, then it is true for n = k + 1.

This ensures the
argument is properly
rounded off. You will often
use the word ‘therefore’.

m  Arguing that since it is true for n = 1,1t is also true forn =1 + 1 = 2, and
sofor n =2+ 1 = 3 and for all subsequent values of n.

@ P Concluding the argument by writing down the result and stating that it has

Example 4.9

been proved.

(the sum of the squares of the first n integers)

Prove that, for all positive integers n:

P+2°+3 +..+n = %n(n+l)(2n+l)

You have already had the opportunity to prove this result using the method of
differences, in Question 8 of Exercise 4.3.

Solution
Whenn=1, LHS=12=1

So it 1s true for n = 1.

RHS:%x1x2><3:1

Assume the result is true for n = k, so
P+2°+...+k = %k(k +1)(2k + 1)
Target expression:

P+22+3+. . +k +(k+17

%(k + D[k + 1)+ ][22k + 1) + 1]

Lk + 1)(k + 2)(2k + 3)



You want to prove that the result is true for n = k + 1
(if the assumption is true).
Look at the LHS of the result you want to prove:
P+22+3%+ . +k+(k+1)
Use the assumed result for n = k, to replace the first k terms.
= ¢kl + D2kt 1)+ (k+ 17— The (k + 1)th. term.

N

The first k terms.

= L(k + D[k(2k + 1) + 6(k + 1)]

Take out a factor £ (k + 1).
You can see from the
target expression that n
this will be helpful. =gk + Dk + 2)(2k + 3) &

This is the same as the target
expression, as required.

(k + 1)(2k> + 7k + 6)

N —

If the result is true for n = k, then it is true for n = k + 1.

S3113s pue sajuanbag % Jaydeyn

Since it is true for n = k, it is true for all positive integer values of 1.

Therefore the result that 1+ 2> + ... +#n° = én(n + 1)(2n + 1) is true.

'©

ACTIVITY 4.2

Jane is investigating the sum of the first n even numbers.

She writes

2
2+4+6+...+2n=(n+%) .

(i) Prove that if this result is true when n = k, then it is true when n = k +1.
Explain why Jane’s conjecture is not true for all positive integers n.

(ii) Suggest a different conjecture for the sum of the first n even numbers, that is
true for n = 1 but not for other values of n. At what point does an attempt to
use proof by induction on this result break down?

(D (I Show that the result 1+ 3+ 5+ ...+ (2n — 1) = n” is true for the

case n = 1.
i) Assume that 1+ 3+ 5+ ...+ (2k — 1) = k” and use this to prove that:

143+, +2k=1)+ (2k+1) = (k+1)"
il Explain how parts (i) and (ii) together prove the sum of the first n odd

integers is n’.

(@ () Show that the result 1+ 5+ 9 + ...+ (4n — 3) = n(2n — 1) is true for
the case n = 1.

(i) Assume that 1+5+9+... 4+ (4k — 3) = k(2k — 1)
and use this to prove that:

1+5+.. +(4k=3)+ (4(k+1)=3) = (k+1)(2(k+ 1) = 1).
lii) Explain how parts (i) and (i1) together prove that:
1+5+9+ ...+ (4n—=3)=n(2n—-1)
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Prove the following results by induction. You have already seen two
® 1+2+3+...+n= %n(n +1) proofs of this result, on pages
. 73 and 83.

(the sum of the first n integers)

1 You have already had the
2/3 = —nz(n + 1)2 5 . .
4 ! opportunity to prove this

r=1

(the sum of the first n cubes)

®

result using the method of
differences, in Question 9 of

PRI, LI LI, LTI U 2(211 _ 1) Exercise 4.3.
n , 1= n+1

D= (k2 )

r=0

(l><2><3)+(2><3><4)+...+n(n+l)(n+2)Z%n(n+1)(n+2)(n+3)

®@ QO ® ©

3 Gret) = Jn(3n+5)

r=1

i i + 1 = h
5735 T 2o 2n+1
1

)L _l)ontl >
L)(1-L)(1- L) f1-L) = 25D forna

IXU+2x21+3%x 3+ .. +nxnl=n+1)-1

® ©
T

® G

(il Prove by induction that
Y (5t +r7) = %nz(n + 1220 + 1),
r=1 n
(il Using the result in part (i), and the formula for Zrz, show that
r=1

21’4 =3—10n(n +1)(2n +1)(3n” + 3n — 1) )
r=1

5 Other proofs by induction

So far, you have used induction to prove results involving the sums of series. It
can also be used in other situations.

You have seen that induction can be used to prove a given result for the sum of
a series in which the terms have been given using a deductive definition. In the
next example you will see how induction can be used to prove a given result for
the general term of a sequence, when the terms of a sequence have been given
inductively.



Example 4.10 A sequence is defined by u,,, = 4u, — 3, u, = 2.

Prove thatu, = 4" 41,

N

If the result is true for n = k, then it 1s true for n = k + 1.

Since it is true for n = 1, it is true for all positive integer values of .
Therefore the result u, = 4" + 1 is true.

Solution o
Forn =1,u, =4"+1=1+1= 2 50 the result is true for n = 1. D
©

Assume that the result is true for Target expression: ‘3
n = k,so that u, = 4" + 1. uoo=4k 41 ~
et "

Forn=k+1, t,, =4u, =3 W
[ =

:4(4’“+1)—3 o

k=1 a

=4 X477 +4-3 g

=4" +1 2

o

[72)

(]

=

oD

(1)

You can sometimes use induction to prove results involving powers of matrices.

Example 4.11 4 1
Given A = 3 5 , prove by induction that
A1 3x5H1 51
H 3x5" -3 543
Solution
Letn=1 LHS =A'=| * !
3 2

RHS - 3%5+1 5—1]

3X5-3 5+3

= LHS as required

Assume true for n = k, 1.e. Target expression:

Ak:l[ 3><5k+1 Sk—l ] A’mzl 3% 551 4 1 5kt _q
3x5 -3 5 +3 4| 3%kt _3 Skt 4 3
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Proof by induction

You want to prove it is true for n = k + 1.

Ak+1:AkA
_ 1| 3x5"+1 5t -1 41
H 3x5 -3 5 +3 3 2
_ 1| 12x5° +4+3x5° -3 3x5 +1+2x5 -2
N 12x5 —12+3%x5°+9 3x5 -3+2x5 +6
N

1| 15% 541 5%x5 —1 Multiplying matrices.
H 15x5* -3 5%x5'+3

$ Using 15 = 3 X 5.
1 3x5M4+1 5t
T4 3% 54 _ 3 skt 4 3 This is the target matrix.

as required.
If it is true for n = k, then it is true forn = k + 1

Since it is true for n = 1,1t is true for all n > 1.

Therefore the result A" = SRR SR 5" =1 is true.

3x5" -3 5" +3

(D A sequence is defined by u,,, = 3u, + 2, u, = 2.

Prove by induction that u, = 3" — 1.

(@ A sequence is defined by u,,, = 2u, — 1, u; = 2.

n+1

Prove by induction that u, = 2" + 1.

(® Given that M = 20 , prove by induction that M" = 20
O 3 O 3n
@ A sequence is defined by u ,, = 4u, — 6,u, = 3.
Prove by induction that u, = 4"~ + 2.
® () Giventhat M = ( (1) 1 J,prove by induction that M" = ( (1) ? J

(il Describe the transformations represented by M and by M".



(® A sequence is defined by u ,, = ; 2 u, = 1.

+
£

(il Find the values of u,, u; and u,.

il Suggest a general formula for u,, and prove your conjecture by
induction.

@ You are given the matrix A = [ _11 _34 ]
(il Calculate A% and A’.
1-2n  —4n
n 1+ 2n

(il Show that the formula A" = is consistent with

the given value of A and your calculations for n = 2 and n = 3.

il Prove by induction that the formula for A" is correct when # is a
positive integer.

You are given the matrix M = _31 ? ]

S3113s pue sajuanbag % yaydeyn

() Calculate M?, M? and M*.

li) Write down separate conjectures for formulae for M, for even n
(i.e. M?") and for odd n (i.e. M?"*)

il Prove each conjecture by induction, and hence write down what M" is
for any n > 1.

@ LetF, =2 +1.
il Calculate F,, F,, F;, and F,.
(il Prove, by induction, that F, X F, X F, X ... X F,_, = F, — 2.
(i) Use part (ii) to prove that F; and F; are coprime (for i # ).
liv) Use part (iii) to prove there are infinitely many prime numbers.

The F, numbers are called Fermat Numbers. The first five are prime: the
Fermat Primes. Nobody (yet) knows if any other Fermat Numbers are
prime.

LEARNING OUTCOMES
When you have completed this chapter you should be able to:

know what is meant by a sequence and a series

find the sum of a series using standard formulae for 2.r, 2* and 2.7

find the sum of a series using the method of differences

use proof by induction to prove given results for the sum of a series

use proof by induction to prove given results for the nth term of a sequence

Y Y Y VY VY Y

use proof by induction to prove given results for the nth power of a matrix.
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KEY POINTS

1

The terms of a sequence are often written as ay, a,, as, ... O uy, Uy, s, ...
The general term of a sequence may be written as 4, or u, [sometimes the
letters k or i are used instead of 1. The last term is usually written as a, or u,.

A series is the sum of the terms of a sequence. The sum S, of the first n terms of
a sequence can be written using the symbol 2 (the Greek capital S, sigmal).

S,=a +ta,ta,+...+a, =Ya,

r=1
The numbers above and below the Y are the limits of the sum. They show that
the sum includes all the terms a4, from g, to a,.
Some series can be expressed as combinations of these standard results:

n

Zr = %n(n-i-l) Eﬂf = %n(n+1)(2n+1) zn’r3 = %nz(n+1)2

r=1 r=1 r=1

Some series can be summed by using the method of differences. If the terms
of the series can be written as the difference of terms of another series, then
many terms may cancel out. This is called a telescoping sum.

To prove by induction that a statement involving an integer # is true for all
n 2 ng, you need to:

B prove that the result is true for an initial value of n,, typically n = 1

B find the target expression:
use the result for n = k to find the equivalent result for n = k + 1.

B prove that:
ifitis true for n = k, then it is true forn =%k + 1.

B argue that since itis true for n =1, itis also true forn =1 + 1 = 2, and so
forn =2+ 1 =3 and for all subsequent values of n.

B conclude the argument with a precise statement about what has been
proved.

FUTURE USES

In the A Level Further Mathematics textbook you will see how functions
such as ¢* and sin x can be written as infinite series using Maclaurin series.
You will also meet series expansions of other functions using Maclaurin
series.

You will look at some further types of proof by induction in the A Level
Further Mathematics textbook.




N

For questions 1 to 4 you must show non-calculator methods in
your answer.

@ () The complex number w is given by w = 1+ 2i. On a single Argand
diagram plot the points which represent the four complex numbers

w, w?, w—w* and 1 + 1* . [5 marks]
woow
(i) Which two of the numbers w, w?, w—w* and % + 1* have
the same imaginary part? [1 mark]

(@ You are given that one of the roots of the cubic equation

2> —92% + 282 — 30 = 0 is an integer and that another is 3 + i.

Solve the cubic equation. [5 marks]
(® Ezra is investigating whether the formula for solving quadratic

equations works if the coefficients of the quadratic are not real

numbers. Here is the beginning of his working for one particular

quadratic equation.

2+)z+ 62+ (2-1) =0
o —b £ b — 4ac
2
-6 36 — 42 +i)(2 — i)
202 + 1)

| Sonewsayjep Jayling suolisang asijoedd

() Finish off Ezra’s working. Show that both of the answers
given by this method are of the form A(2—i), where A is real,

stating the value of 4 in each case. [4 marks]

(i) How should Ezra check that his answers are indeed roots
of the equation? [1 mark]

(@ The cubic equation x*> + 3x> — 6x — 8 = 0 has roots ¢, f3, ¥.

(il Find a cubic equation with roots ¢ + 1, B+ 1, y+ 1. [4 marks]
(il Solve the equation you found as your answer to part (i). [3 marks]
(i Solve the equation x* + 3x* — 6x — 8 = 0. [2 marks]
€D ® (1 What transformation is represented by the matrix B = [ (1) _01 ]? [2 marks]

(il By considering transformations, or otherwise, find a
matrix A such that A> = B. [3 marks]

@D O © You are given that the quadratic equation az® + bz + ¢ =0
has roots & and & + 1.

By considering the sum and product of its roots, or otherwise,

prove that b* — 4ac = a. [5 marks]
m @ A sequence is defined by the relationship u,,, = 2u, — k+1
with u, = 3.
()l Write down the first five terms of the sequence. [1 mark]
li) Prove by induction that u, = 2" + n. [6 marks]
34
The matrix R is given by R = 45 g .The transformation
5 5
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Practice Questions Further Mathematics

corresponding to R is denoted R.The unit square OIP] has coordinates
0(0,0), I(1, 0), P(1, 1),J(0, 1).

(il Plot, on the same diagram, the unit square and its image
O’I'P’J under R. [2 marks]

(il Find the equation of the line of invariant points for R. [3 marks]

(i) Verify that the line which is perpendicular to this line of
invariant points, and which passes through the origin, is
an invariant line. [3 marks]

livy Mark on your diagram in part (i) two points on the unit

square which are invariant under R. [2 marks]
(il Show that
L+ 3 +A)(r +5) — £ (r +2)(r + 3)(r +4) = 2(r + 3)(r + 4
[2 marks]

(il Use the result in part (i) to show that
Z%(V +3)(r+4) = %(n + 3)(n + 4)(n +5) - 10- [4 marks]
r=1

(il Find the sum of the first 20 terms of the series
4X5+5X6+6X%X7+... [2 marks]



The power of

mathematics is often

to change one thing

into another, to change

geometry into language.
Marcus du Sautoy

Complex numbers and geomefry

Figure 5.1 The Mandlebrot set

Discussion point

=» Figure 5.1 is an Argand diagram showing the Mandlebrot set. The black area
shows all the complex numbers that satisfy a particular rule. Find out about
the rule which defines whether or not a particular complex number is in the

Mandlebrot set.
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The modulus and argument of a complex number

1 The modulus and argument
of a complex number

Figure 5.2 shows the point representing 2 = x + yi on an Argand diagram.

Im A
X x +yi
B E y
(6] X . l;e
Flgure 5.2 Using
] Pythagoras’
The distance of this point from the origin is y/x” + y°. HnEErEm.

This distance is called the modulus of z, and is denoted by |z|.
So, for the complex number 2 = x + yi, [2] =4/x° +y°.

Notice that since 2z* = (x + iy)(x — iy) = & + y°, then |2|* = zz*.

m Represent each of the following complex numbers on an Argand diagram.

Find the modulus of each complex number, giving exact answers in their
simplest form.

z, =-5+1 z, =6 z, =—-5-051 z, =4

Solution

ImA

\/\P\»‘k"\a\l
T
mé,}\l

Z

| | | | | | | | | >

< 4 -3-2 -1/|0O1 2 3 4 & 7 Re
_l_
Sl
4K E,
==L

Z, L
Figure 5.3



Prior Knowledge

You need to be familiar
with radians, which
are covered in the A
Level Mathematics
book. There is a brief
introduction on page
169 of this book.

The argument
of zero is
undefined.

=] = 5 +1 =26

|2, = V6> + 0% = 36 = 6

| = (-5)" +(-5)” =50 =542
|2 = 07 + (=47 = V16 = 4

Notice that the modulus of a real number z = a is equal to a and the modulus of
an imaginary number z = bi is equal to b.

Figure 5.4 shows the complex number z on an Argand diagram. The length r
represents the modulus of the complex number and the angle 6 is called the
argument of the complex number.

Im
When describing
complex numbers,
it is usual to give the
B angle @ in radians.
P
6 k-
0 Re
Figure 5.4

The argument is measured anticlockwise from the positive real axis. By
convention the argument is measured in radians.

However, this angle is not uniquely defined since adding any multiple of 27 to
gives the same direction. To avoid confusion, it is usual to choose that value of 6
for which -7 < 6 < &, as shown in Figure 5.5.

This is called the principal argument of z and is denoted by argz. Every
complex number except zero has a unique principal argument.

Discussion point

=» For the complex number z = x + yi, is it true that argz is given by
arctan(z)?
x

Figure 5.5 shows the complex numbers z, = 2 — 31 and z, = =2 + 3i. For both

z, and zz,% = —2 and a calculator gives arctan (—é) = —0.98 rad.

2 2
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The modulus and argument of a complex number

Im A
22 -
P
- 0,
| | | | | | >
2 - 0pNdJ2  Re
2+
- Z]
Figure 5.5

The argument of z, is the angle ¢, and this is indeed —0.98 radians.
However, the argument of z, is the angle 6, which is in the second quadrant.
It is given by 7 — 0.98 = 2.16 radians.

Always draw a diagram when finding the argument of a complex number. This

tells you in which quadrant the complex number lies.

)z, ==5+1 (i) 2, = 2+/3 = 2i
Solution
() 2z, =—5+i
Imh
ZI
'Fo
| & N > 4
d o Re
Figure 5.6

For each of these complex numbers, find the argument of the complex
number, giving your answers in radians in exact form or to 3 significant

figures as appropriate.

(iii) 2, = =5 — 5i

(iv) z, = —4i

o= arctan(l) = 0.1973...

5

Z,isin the
second quadrant.

soargz, = mw — 0.1973... = 2.94(3s.f.)

(i) z, = 24/3 — 2i

Z,lisin the
fourth quadrant.

Imh
! >
O| N0 a3 Re 4——
_l_ Z
Figure 5.7



2 V3
0 = arctan| — |= =
(Zﬁ ) 6

As it is measured in a clockwise direction,

T
gz, = —¢-

(iii) z, = =5 — 5i

Imh
¢ z,is in the third
| _ quadrant.
-5 [0 4 / 7\')6
0
==
Z&
Figure 5.8
o = arctan (%) = %
n _ 3¢
So,0 = ——F ===
R S
Since it is measured in a clockwise direction,
argz, = %
3 4
(iv) z, = —41
ImA i " i
¢ z, lies on the negative
imaginary axis.
0 Re
2,
Figure 5.9

On the negative imaginary axis, the argument is —%

T
argz, = —75.
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The modulus and argument of a complex number

The modulus-argument
form of a complex
number is sometimes
called the polar form, as
the modulus of a complex
number is its distance
from the origin, which is
also called the pole.

The modulus-argument form of a complex number

In Figure 5.10, you can see the relationship between the components of a
complex number and its modulus and argument.

Im A
,
y
9 >
(6] X Re
Figure 5.10

Using trigonometry, you can see that sinf = % and so y = rsiné.

Similarly, cos@ = % sO X = rcosf.
Therefore, the complex number 2 = x + yi can be written

z = rcosO + rsin 01

or
<

r(cose + isine).

This is called the modulus-argument form of the complex number and is
sometimes written as (r, 6). T

You may have noticed in the earlier calculations that values of sin, cos and tan
for some angles are exact and can be expressed in surds. You will see these values
in the following activity — they are worth memorising as this will help make
some calculations quicker.

[©

ACTIVITY 5.1
Copy and complete this table. Use the diagrams in Figure 5.11 to help you.

Give your answers as exact values (involving surds where appropriate), rather
than as decimals.

o3
N
wl(a

sin

cos

tan

Table 5.1

1 1 1
Figure 5.11




Om—

ACTIVITY 5.2

Most calculators can convert complex numbers given in the form [(x, y) to the
form (r, ) (called rectangular to polar, and often shown as R —P) and from
(r, 0) to (x, y) (polar to rectangular, P— R).

Find out how to use these facilities on your calculator.

Does your calculator always give the correct 6, or do you sometimes have to add
or subtract 2n?

Write the following complex numbers in modulus-argument form.

G) =z =-/3+3i (i) =z, =-3+/3i
(iii) 2, = V3 = 3i (v) =z, =-3—+/3i
Solution

Figure 5.12 shows the four complex numbers z, z,, 2, and z,.

For each complex number, the modulus is (\/3)2 +32 =23

- 3=z
o = arctan(\/gj =3

= argz, = % ,S0 2, = 2ﬁ(cos%+ isin%)

By symmetry, arg z, = —% ,80 2, = 243 (cos (—%) + isin (—%))

o, = arctan(%) = %
,80 2, = 2\/§(coss—n A isins—n)
5
6

T 6 6

:>arg22=77:—€=

By symmetry, arg z, = _5?” ,80 2, = 23 (cos (—5?”) + 1isin (—5?”))

Im A

3+ Z

z 2

| | 1% % | |
i 2 3Re

|
31
-1 \ 03 = 0

by symmetry.

Zy oL
04 = 0y
by symmetry. | -3 |- z3
Figure 5.12
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The modulus and argument of a complex number

() The Argand diagram in Figure 5.13 shows three complex numbers.

ImA

ol W EN wn

Figure 5.13

Write each of the numbers z , z, and z, in the form:

il a+bi

(ii) r(cos@ + isin@), giving answers exactly or to 3 significant figures where
appropriate.

Find the modulus and argument of each of the following complex numbers,

giving your answer exactly or to 3 significant figures where appropriate.

il 3+2i il =5+ 21 il —3-2i (v,  2-5i

Find the modulus and argument of each of the complex numbers on this

Argand diagram.

ImA

Z4 3
/\ 5 al
\WEP
-3 -2 —IX 2 13 l%e
it
Aol 1
\/ 2 ZZ
Z3 -
Figure 5.14

Describe the transformations that map z, onto each of the other points on
the diagram.

Write each of the following complex numbers in the form x + yi, giving
surds in your answer where appropriate.

() 4(cos(—%) + isin(—%))

; 3r .. 31w
(ii) 7(cosT+1smT)



57z , .. b5&m
(iii) 3(cos?+1sm?)

(v 5(cos(—%) + isin (—%))

For each complex number, find the modulus and argument, and hence
write the complex number in modulus-argument form.

Give the argument in radians, either as a multiple of 7 or correct to 3
significant figures.

i 1 i) -2 (i) 31 livl —41

For each of the complex numbers below, find the modulus and argument,
and hence write the complex number in modulus-argument form.

Give the argument in radians as a multiple of 7.

M 1+1 (i) —1+1 i) —=1-1 v 1-1

For each complex number, find the modulus and principal argument, and
hence write the complex number in modulus-argument form.

Give the argument in radians, either as a multiple of 7 or correct to 3
significant figures.

il 6+/3 + 6i (i) 3 —4i (i) —12 + 5i
v 4 +7i (v] —58 — 93i

Express each of these complex numbers in the form r(cos@ + i sin6)

A132wo096b pue siaqunu xa1dwo? g Jaydey)

giving the argument in radians, either as a multiple of 7 or correct to 3
significant figures.

2 o 3=2i L =2 =51
31 WE S

Represent each of the following complex numbers on a separate Argand

(i)

diagram and write it in the form x + yi, giving surds in your answer where

appropriate.

i |z] =2, argz = % i |z|=3, argz = %
i) |2| =7, argz = 5?” i |z|=1, argz = _%
2r _

v |z =5, argz = -3 vl |z] =6, argz = =2

Given that arg (5 + 2i) = ¢, find the argument of each of the following in
terms of a.

i) -5-21 (i) 5-21 lii) =5+ 21
livl 2+ 51 v —2+51
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Multiplying and dividing complex numbers in modulus-argument form

(D The complex numbers z, and z, are shown on the Argand diagram in

Figure 5.15.
ImA
Zl
4
3
A A
A4
3 2 10 2 3 4 Re
Figure 5.15

(i)  Find the modulus and argument of each of the two numbers.

(i) (a) Find ERA and i.
25

(b) Find the modulus and argument of each of z z, and ?
i) What rules can you deduce about the modulus and argumént of the
two complex numbers and the answers to part (i1)(b)?

2 Multiplying and dividing complex
numbers in modulus-argument form

Prior knowledge

You need to be familiar with the compound angle formulae. These are covered in the
A Level Mathematics book, and a brief introduction is given on page 172 of this book.

[©

ACTIVITY 5.3

What is the geometrical effect of multiplying one complex number by another?

To explore this question, start with the numbers z, = 2 + 3iand z, = iz,.

(i) Plot the vectors z, and z, on the same Argand diagram, and describe the
geometrical transformation that maps the vector z, to the vector z,.

lii) Repeat part (i) with 2, = 2+ 3i and z, = 2iz,.

(iii) Repeat part (i) with 2, = 2+ 3i and z, = (1 + i)z,

You will have seen in Activity 5.3 that . 2z,
S m A
multiplying one complex number by
another involves a combination of an
enlargement and a rotation.
rer
0, r Z
91 3
. 0 e
Figure 5.16 Re




The identity

You obtain the vector z z, by enlarging the vector z, by the scale factor |z, |,
and rotate it anticlockwise through an angle of arg z,.

So to multiply complex numbers in modulus-argument form, you multiply their
moduli and add their arguments.

|212.] =1zl
=2 i~z You may need to add or

subtract 2z to give the

3rg(2122) =argz, + argzz/ principal argument.

You can prove these results using the compound angle formulae.

2,2, = r,(cosO, + 1sinB,) X r,(cosB, + 1sinb,)

t1,(cos @, cos@, + 1cosB, sin@,+isin6, cosd, — sinf, sinb,)

n1,[(cosO, cos@, — sinb, sinb,) + i(cosB, sinh,+sin b, cosh,)]
P

cos(6, +0,).

This is equivalent
to rotating it
anticlockwise through

an angle of —argz,.

— The identity

= nn[(cos(8, + 6,) +1sin(6, + 6,)] in(6, +6,)
1 )

So, |2,2,| =nr, and arg(z,2,) = 6, + 6,.

Dividing complex numbers works in a similar way. You obtain the vector 2—1 by

2
enlarging the vector z, by the scale factor L, and rotate it clockwise through an
angle of arg z,. |ZZ|
So, to divide complex numbers in modulus-argument form, you divide their

moduli and subtract their arguments.

|Z1|

|22|

)

zl
arg| — | = argz, — arg 2,
<>
. . T .z
You can prove this easily from the multiplication results by letting Z—l = w,so
that z, = wz,. ’
|2
solu] = 21
2|

and argz, = argw + argz,,so argw = argz, — argz,.

<5

Then [2| = [u]

Example 5.4

The complex numbers w and z are given by w = 2(cos% + isin %) and

(0 BT, i 5T
z = S(COS 3 + 1sin 3 )

Find (i) wz and (ii) %2 in modulus-argument form. Illustrate each of these on
z

a separate Argand diagram.

Solution
lw| =2 argw= %
|2l =5 argw= 5?”
() |we] = lull2] = 2 x5 = 10 -
argw + arg z = % + 5%" _ 113_275 N If;rlsésgoélr;;he range

A132wo096b pue siaqunu xa1dwo? g Jaydey)

107




Multiplying and dividing complex numbers in modulus-argument form

so arg(wz) = 113—271- -2 = —%n’ ¢—___| Subtract 27 to obtain

the principal argument.
_ 11 .. 1rx
wz = 1O(cos(——12 )+ 1sm( EER ))

Iim g
4
z
A= W
I I I I | ! | [
9 B8 % 4 O a2 4% ¢ 8 Re
-2
WE
_[f_
-6 |-
Figure 5.17
@ _IM_2
Izl 15
arg i — ar, Z_E—S—ﬂ_—7—”
¢ 8771776 T 12
wz = 2 cos - + 1sin i
5 12 12
Im A
Z 2r
2
W
.
I I | L~
4 A A0 2 #Re
- -
Figure 5.18
(D The complex numbers w and z shown in the Argand diagram are w = 1+ i
and z = 1-/3i
ImA
—3
—2
w
1 {
3 -2 -1 0 1 2 l%e
| X
Figure 5.19
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(il Find the modulus and argument of each of the complex numbers w and z.

lil Hence write down the modulus and argument of

a) wz
b X
pd

(i) Show the points w, z, wz and & on a copy of the Argand diagram.

Given that z = Z(COS% + isin%) and w = 3(cos% + isin%) , find the
following complex numbers in modulus-argument form

0 we i) = il = v <

The complex numbers z and w are defined as follows:

z=-3+ 331

|w| =18, argw = %

Write down the values of

() argz (i) |z| i) arg(zw) v |zw]|.

Given that z = 6(cos% + isin%) and w = 2(cos(—%) + isin(—%)),ﬁnd
the following complex numbers in modulus-argument form:

i) w’ (i) 2° (i) w’z*

(iv) 5iz v (T+i)w

Find the multiplication scale factor and the angle of rotation which maps
(il the vector 2 + 3i to the vector 5 — 21

(i) the vector —4 + 1 to the vector 31.

Prove that, in general, arg (%) = —arg z.What are the exceptions to this rule?
(il Find the real and imaginary parts of 1__: :FBI{

(i) Express —1+ 1 and 1+ +/3i in modulus-argument form.

5t 3 -1

(il Hence show that cos35 = ,and find an exact expression for

127 22

sin ST,
12
Prove that for three complex numbers w = r(cos 8, + isin6,),
z =rn(cos 6, + isin6,) and p = r(cos 6, + isin 6,), [wzp|=|w|z|p]
and arg(wzp) = argw + argz + argp .

A132wo096b pue siaqunu xa1dwo? g Jaydey)
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Loci in the Argand diagram

3 Loci in the Argand diagram

A locus is the set of locations that a point can occupy when constrained by a
given rule. The plural of locus is loci.

Loci of the form |z —a| =7

Figure 5.20 shows the positions for two general complex numbers 2, = x; + y;1
and z, = x, + y,1.

Im A
X Xt )l
R
x tyio . '
..);2.;;;.-
(¢} Re
Figure 5.20

You saw earlier that the complex number z,— 2, can be represented by the vector
from the point representing z, to the point representing z, (see Figure 5.20). This
is the key to solving many questions about sets of points in an Argand diagram, as
shown in the following example.

Draw Argand diagrams showing the following sets of points z for which

@) [|2=5
) |z—3l=5
(111) |z — 41 =5
(iv) |z —3—4i|=5
Solution
@) |2l=5
Imh
|z| =5 means that the
distance of z from the
origin is 5 units. So =
A/ lies on a circle, centre
the origin and radius 5.
0 5 Re
Figure 5.21



@) |z-3]=5

Imh |2 - 3| =5 means that
the distance of z from

the point 3 on the real
A/ axis is 5 units. So z lies
on a circle, centre 3 and
radius 5.

Figure 5.22
(i) |>-4i|=5

Im A
7i

|z - 4i| =5 means that
the distance of 2 from

Yie the point 41 on the
A/ imaginary axis is 5 units.

So z lies on a circle,

centre 41 and radius 5.

A132wo096b pue siaqunu xa1dwo? g Jaydey)
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>

0 Re

=i

Figure 5.23
) |z-3-4i|=5

‘z —-3- 41‘ can be written as |z = (& + 4i)|.

Imh
|2 = (3 + 4i)| = 5 means
that the distance of 2
o 3+ 4 from the point 3 + 41 is

A/ 5 units. So z lies on a
circle, centre 3 + 41 and
radius 5.

0 Re
Figure 5.24

Generally, a locus in an Argand diagram of the form |z — a| = r is a circle, centre
a and radius r.

In the example above, each locus is the set of points on the circumference of the
circle. It is possible to define a region in the Argand diagram in a similar way.
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Loci in the Argand diagram

FEMEE O Draw Argand diagrams showing the following sets of points z for which

@) |z|<5
() |z-3]>5

(i) |2 -4i|<5

Solution
(©) |z|<5
TmA |2] < 5 means that all the
- points inside the circle are
included, but not the points
on the circumference of the
/ circle. The circle is shown
as a dotted line to indicate
' i that it is not part of the locus.
] 0 i Re
Figure 5.25
) |=2-3]>5
TmA |z - 3| > 5 means that all
_______ the points outside the circle
are included, but not the
/ points on the circumference
of the circle.
; . L
‘l'-‘ 0 3 ':9 e
Figure 5.26
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(iii) ‘z — 41‘ <5

Im A

|z - 4i‘ < 5 means that all

the points inside the circle are

included and also the points

e on the circumference of the
A/ circle. The circle is shown as

a solid line to indicate that it

is part of the locus.

>
>

|0 Re

Figure 5.27

Loci of the formarg (z—a) =60

O

ACTIVITY 5.4

(i) Plot some points which have argument

T
e
Use your points to sketch the locus of argz = %

A132wo096b pue siaqunu xa1dwo? g Jaydey)

Is the point —2 — 2i on this locus?
How could you describe the locus?

(i) Which of the following complex numbers satisfy arg(z — 2) = 457
(a) z=4
(b) z=3+1
() z=4i
(d) z=8+¢i
(e) z=1-1
Describe and sketch the locus of points which satisfy arg(z — 2) = 45

In Activity 5.4 you looked at the loci of points of the form arg(z - a) = 4£ where

a is a fixed complex number. On the Argand diagram the locus looks like this.

Im J
The point z = a is not
part of the locus,
because the argument
(] of zero is not defined.
Figure 5.28

The locus is a half line of points from the point a and with angle measured 6

from the positive horizontal axis, as shown in Figure 5.28.
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Loci in the Argand diagram

Example 5.7 Sketch the locus of z in an Argand diagram when

i) arg(z—3)= 27”
n
6

(i) arg(z + 2i) =
T

(ili) arg(z — 1+ 4i) = — T

Solution
(i) This is a half line starting from z = 3, at an angle ZTTC
Im)
am
x—\3
o 3 Re
Figure 5.29

=2 o it is a half line

(ii) This can be written in the form arg(z — (-21i)) A

starting from —21i at an angle ¢ .

Imh

Figure 5.30
Vs .. . .
so it is a half line starting

(111) This can be written arg(z - (1- 41)) =-7

from 1—4i at an angle =7 .

Im A

Figure 5.31
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Example 5.8 Sketch diagrams that represent the regions represented by

(i) 0 <arg(z —3i) < %

(i1) —% <arg(z —3+4i) < %

Solution

(1) This is the region between the two half lines starting at =z = 31, at angle

0 and angle %

A132wo096b pue siaqunu xa1dwo? g Jaydey)

Im p
e
3
3
o Re
Figure 5.32

(ii) arg(z — 3 + 4i) can be written arg(z — (3 — 4i)) so this is the region

between two half lines starting at 3 — 41 at angles —% and % .
Im A
| rF N
0 3 2 Re
p g The lines are
== O:Eﬂ -------- 4— notincluded
R in the locus.
Figure 5.33

Loci of the form 1z —al =|z — b

ACTIVITY 5.5

On an Argand diagram, mark the points 3 + 4i and —1 + 2i. Identify some points
that are the same distance from both points.

Use your diagram to describe and sketch the locus |2 = 3 ~ 4i| =|Z T1-2i,

115



116

Loci in the Argand diagram

Generally, the locus |z — a|=|z — b| represents the locus of all points which lie
on the perpendicular bisector between the points represented by the complex

numbers a and b.

Example 5.9

M) |z -3 -4i| =]z +1-2i]
(i) |2 —3-4i|<|z+1-2i

() |2 — 3 — 4i| 2|z + 1 - 2i|

Solution

Show each of the following sets of points on an Argand diagram.

(i) The condition can be written as |z — (3 + 41)| =]z — (=1 + 2i)|.

Imd

The distance of z from the point
3 + 41 is equal to the distance of

z from the point =1 + 21, so the
locus is the perpendicular bisector
of these two points.

/

X3+ 4

Figure 5.34

@) | z—3—4i|<|z+1-2i]

Y

In this case the locus includes all the points
closer to the point 3 + 4i than to =1 + 2i. So

the locus is the shaded area. The perpendicular
X 3+ 4;4/

bisector itself is not included in the locus, so
it is shown as a dotted line.

Figure 5.35

Re



(i) |2 — 3 - 4i] 2|2+ 1-2i

Im A
In this case the locus includes all the points
closer to the point =1 + 21 than to 3 + 41, and
also all the points which are the same distance
3 + #; | from the two points. So the locus is the shaded
X area as well as the perpendicular bisector,
R which is shown as a solid line to indicate that
X it is part of the locus.
0 \ Re
Figure 5.36

Example 5.10 Draw, on the same Argand diagram, the loci

©) 2-3-4i|=5
(1) 2] =z - 4i]
Shade the region that satisfies both > — 3 — 4i| <5 and |z| < |z — 4i].

A132wo096b pue siaqunu xa1dwo? g Jaydey)

Solution
@) |z — B 4i| can be written as ‘z -3+ 41)’ so (i) is a circle

centre 3 + 41 with radius 5.

(i1) ‘2| = | z— 4i| represents the perpendicular bisector of the line between
the points z = 0 and z = 4i.

[m“

|z -3- 4i| = 5 represents the circumference
and the inside of the circle. |2| < |z - 4i|
represents the side of the perpendicular

“r ° bisector that is nearer to the origin including

N the perpendicular bisector itself. The shaded

X area represents the region for which both
| / conditions are true.
o 3 Re
Figure 5.37

o Don’t get confused between loci of the forms |z — a| = r and

|z—a|=|z—b|.

|2 —al=r represents a circle, centred on the complex number a, with
radius r.

|z - a| = | z - b| represents the perpendicular bisector of the line
between the points a and b.
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Loci in the Argand diagram

(1) For each of parts (i) to (iv), draw an Argand diagram showing the set of

points z for which the given condition is true.
il |z]=2 i) |z -2i] =2
il |z—2|=2 W |z+2+2i] =2

(2 For each of parts (i) to (iv), draw an Argand diagram showing the set of
points z for which the given condition is true.

T
(i) argz = g (ii) arg(z + 1+ \/31) = %

(i) arg(z—l+\/§i)=2T” (iv] arg(z_l_\/gi): _ZT”

(® For each of parts (i) to (iv), draw an Argand diagram showing the set of
points z for which the given condition is true.

i |z-8|=|z-4| i |z-2-4i] =]z -6-8i

lii) |z+5-2i| =]z +3i V) |z +3+5i) =]z -

(#) Write down the loci for the sets of points z that are represented in each of

these Argand diagrams.
(i)
ImA
//3 \\
/1 \
- ﬁz\ 0 K /4 5 Re
—1
S|
Figure 5.38
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(i)

ImA
5
4
3
o)
1
7 6 5 4 3 N1 0 2 3 4 Re
1

Figure 5.39

(iii)
ImA

[«

W

[9%)

(8]

=

N

Figure 5.40
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(B) Write down, in terms of 2, the loci for the regions that are represented in
each of these Argand diagrams.

(i)
Ingln

1

Figure 5.41

(ii)

Figure 5.42
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(iii)

Zy

Figure 5.43

(® Draw an Argand diagram showing the set of points z for which
|z — 12 + 5i| < 7. Use the diagram to prove that, for these z, 6 <|z| < 20.

(7 For each of parts (i) to (iii), draw an Argand diagram showing the set of
points z for which the given condition is true.

il arg(z —3+1) < —%
i) 0 <arg(z—31)< %T”
i) —% <arg(z+5-3i) < %

On an Argand diagram shade in the regions represented by the following
inequalities.

il |z-3|<2

W |2 —6i] > |2+ 2

i) 2<|z-3-4i| <4

|z +3+6i] <|z-2-7i,

(9 Shade on an Argand diagram the region satisfied by the inequalities
z—1+41i]<1ad % )
| | an 3 <argz < 0
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Loci in the Argand diagram

Figure 5.44

(il For this Argand diagram, write down in terms of z

(a) the loci of the set of points on the circle
(b) the loci of the set of points on the straight line.

(il Using inequalities, express in terms of z the shaded region on the
Argand diagram.

@) Sketch on the same Argand diagram
(il the locus of points ‘2’ —24 21‘ =3

i) the locus of points arg(z — 2 + 2i) = —%
(i) the locus of points arg(z — 2 + 2i) = %

Shade the region defined by the inequalities | ~—242il <3
arg(z — 2+ 2i) < —% and arg(z — 2+ 2i) 2 7.

@ You are given the complex number w = —/3 + 3i.
() Find argwand |w — 21].
li) On an Argand diagram, shade the region representing complex
numbers z which satisfy both of these inequalities:

|z—2i|$23nd% Sargz < 2%
Indicate the point on your diagram which corresponds to w.

Sketch a diagram that represents the regions represented by
[z -2-2i[ <2 and 0 < arg(z - 2i) < T

By using an Argand diagram, determine if it is possible to find values of =

® @

for which |z -2+ i| >10 and ‘z + 4+ Zi‘ < 2 simultaneously.

‘What are the greatest and least values of z + 3 — 2i| if ‘ z—5+4+4i|<3?

® ©®

You are given that |z - 3| = 2|z -3+ 9i| .

() Show, using algebra with z = x + yi, that the locus of z is a circle and
state the centre and radius of the circle.

il Sketch the locus of the circle on an Argand diagram.
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LEARNING OUTCOMES

When you have completed this chapter you should be able to:

» find the modulus of a complex number

> find the principal argument of a complex number using radians

> express a complex number in modulus-argument form

> multiply and divide complex numbers in modulus-argument form

> represent multiplication and division of two complex numbers on an Argand
diagram

> represent and interpret sets of complex numbers as loci on an Argand

diagram:
> circles of the form |z—a| =7+
> half-lines of the form arg(z —a) = 0
> lines of the form |z—a| =|z-b|
> represent and interpret regions defined by inequalities based on the above.

KEY POINTS

1 The modulus of =z = x + yi is |2| = 4/x” + y” . This is the distance of the
point z from the origin on the Argand diagram.

2 The argument of z is the angle 6, measured in radians, between the line
connecting the origin and the point = and the positive real axis.

3 The principal argument of z, arg z, is the angle 6, measured in radians, for
which = < 6 < 7 between the line connecting the origin and the point =
and the positive real axis.

Andwoab pue sidaqunu xa)dwo? g uaydeyn

2
4 For a complex number z, >z :|Z| ;

The modulus-argument form of z is z = r(cose + isin 9), where y =|z |
and 6 = argz. This is often written as (r, 6)
6 For two complex numbers z and z,:

|ziz2| = |Z1||Zz| arg(zlzz) = argz, + argz,
Zi |Zl| <1

=| = =% arg| — | = argz, — argz,
& |zz| &)

7 The distance between the points z, and z, in an Argand diagram is |Z1 - Zz| .
8 |z —d = r represents a circle, centre a and radius r.

|z — a| < r represents the interior of the circle, and ‘Z — a| > r represents
the exterior of the circle.

9 arg(z — a) = 0 represents a half line starting at = = a at an angle of 6 from
the positive real direction.

10 | > —a| =| = — b| represents the perpendicular bisector of the points a and b.

FUTURE USES

m  Work on complex numbers will be developed further in A Level Further
Mathematics.

m  Complex numbers will be needed for work on differential equations in A Level
Further Mathematics, in particular in modelling oscillations (simple harmonic
motion).
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Matrices and [heir inverses

The grand thing is to be able
to reason backwards.

Arthur Conan Doyle Discussion points

=» What is the same
about each of the
triangles in the
diagram?

=>» How many of the
yellow triangles are
needed to cover the
large purple triangle?

A A

AAAAAAAAAAAAAAAvA
OANNNNNNNNNNNNNNINNNNNNNNNNNNNNNNN

Figure 6.1 Sierpinsky triangle.

The diagram in Figure 6.1 is called a Sierpinsky triangle. The pattern can be
continued with smaller and smaller triangles.




Prior knowledge

You need to have covered
the work on matrices
and transformations
from Chapter 1.

You are advised to use
the same method as
the example above but
replace the numbers by
the appropriate letters.

1 The determinant of a matrix

Figure 6.2 shows the unit square, labelled OIPJ, and the parallelogram OI'P’J’

5 4
formed when OIP] is transformed using the matrix ( 1 2

Y
3 P

6.5 units? —
) units? |, //

4 ynits? )
o P 8 units
) — I
— | 2.5 units?
(0] I 2 i 4 ] ( 7 ) X
Figure 6.2

What effect does the transformation have on the area of OIPJ?
The area of OIPJ is 1 unit®.

To find the area of OI'P’J’, a rectangle has been drawn surrounding it. The area
of the rectangle is 9 X 3 = 27 units®>. The part of the rectangle that is not inside
OI'P’]" has been divided up into two triangles and two trapezia and their areas are
shown on the diagram.

So,area OI'P']" =27 — 25— 8 — 6.5 — 4 = 6 units’.

The interesting question is whether you could predict this answer from the

5 4
numbers in the matrix ( 1 9 j

You can see that 5 X 2 — 4 X 1 = 6. Is this just a coincidence?

To answer that question you need to transform the unit square by the general
| oa b :
2 X 2 matrix . d and see whether the area of the transformed figure is

(ad — be) units®. The answer is, ‘Yes’, and the proof is left for you to do in the
activity below.

ACTIVITY 6.1

a b
The unit square is transformed by the matrix ( ¢ d J

Prove that the resulting shape is a parallelogram with area (ad — bc) units?.

It is now evident that the quantity (ad — bc) is the area scale factor associated with the

a b
transformation matrix ( . d J It is called the determinant of the matrix.

S9S.13AUI 113y} pue sajdliep 9 Jardeyn
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The determinant of a matrix

Example 6.1

In Example 6.1, it does
not matter what shape S
looks like; for any shape
S with area 8cm?, the
area of the image T will
always be 48cm?2.

A shape S has area 8 cm”. S is mapped to a shape T under the transformation

represented by the matrix M = ( ; _02 j

Find the area of shape T.

YA

3

&

=Y

Figure 6.3

Solution The area scale
factor of the

det( ; —02 J = (1X0)—(2%X3)=0+6=6— Fraénsformation
is6 ...

Area of T = 8 x 6 €———— _ and so the area of the original
48 em? shape is multiplied by 6.
= m

Example 6.2

(1) Draw a diagram to show the image of the unit square OIP] under the

transformation represented by the matrix M = ( i ‘;’ J
(i)  Find det M.

(1)  Use your answer to part (ii) to find the area of the transformed shape.

Solution

N
m —
Y

Figure 6.4



2 3

41 J=(2><1)—(3><4)=2—12=—10

(ii) det[

(1)  The area of the transformed shape 1s 10 square units.

Notice that the determinant is negative. Since area
cannot be negative, the area of the transformed shape
is 10 square units.

The sign of the determinant does have significance. If you move anticlockwise
around the original unit square you come to vertices O, I, P, J in that order.
However, moving anticlockwise about the image reverses the order of the
vertices i.e. O,]", P’, I'. This reversal in the order of the vertices produces the

negative determinant.

Giscussion point

Which of the following transformations reverse the order of the vertices?
=» (i) rotation

=> (ii) reflection

=¥ (iii) enlargement
Check your answers by finding the determinants of matrices representing these

\transformations. <

Example 6.3

Given that P = 21 and Q = 21 , find
0 1 1 2

(1) det P

(i1) det Q

(i) det PQ.

What do you notice?
Solution

@) detP=2-0=2

() detQ=4-1=3

2t f2 1[5 4,4 o
(i) PQ—[O 1}[1 2}—(1 Zjdt(PQ)—lo 4=6

The determinant of PQ is given by det P X det Q.

The example above illustrates the general result that det (MN) = detM X detN .

Remember that a transformation MN means ‘apply N, then apply M.

S9S.13AUI 113y} pue sajdliep 9 Jardeyn
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The determinant of a matrix

L1 tECHNOLOGY

You will learn how to

find the determinant of a
3 x 3 matrix in the A Level
Further Mathematics
course. For now, you can
use your calculator to
find the determinant of

3 x 3 matrices.

This result makes sense in terms of transformations. In Example 6.3, applying Q
involves an area scale factor of 3, and applying P involves an area scale factor of
2. So applying Q followed by P, represented by the matrix PQ, involves an area
scale factor of 6.

The work so far has been restricted to 2 X 2 matrices. All square matrices have
determinants; for a 3 X 3 matrix the determinant represents a volume scale
factor. However, a non-square matrix does not have a determinant.

~

Discussion points

=» Find out how to calculate the determinant of square matrices using your
calculator.

=» Describe the transformation represented by the matrix

2 00
=» Use your calculator to find the determinant of the matrix | 0 2 0
0 0 2

2

0

explain the significance of the determinant. 0

- S

Example 6.4

A transformation is represented by the matrix A =

@) Describe the transformation represented by A.
(i)  Using a calculator, find the determinant of A.

(1)  Decide whether the transformation represented by A preserves or
reverses the orientation.

Explain how this is connected to your answer to part (ii).

Solution

@) Matrix A represents a reflection in the plane x = 0.

(1)  Using a calculator, det A = —1.

The first column of A
shows that the unit vector
iis mapped to—i, and

the other columns show

(i)  Matrix A represents a reflection, so the
orientation is reversed. This is confirmed
by the negative determinant.

z) that the unit vectors j
and k are mapped to
themselves.

R ZA
- R'
Q v
Pl
P <
Q y
X
P
Figure 6.5



Matrices with determinant zero

Figure 6.6 shows the image of the unit square OIP] under the transformation

represented by the matrix T = ( 2 ; J

Notice that the image points
i i =1
alllie on the line y =5x.

P’

Figure 6.6
The determinant of T= (6 X2)— (4 X 3)=12-12 = 0.

This means that the area scale factor of the transformation is zero, so any shape is
transformed into a shape with area zero.

In this case, the image of a point (p, q) is given by

6 4 po|_| op+dq |_| 2Bp+29)
3 2 q 3p+2q 3p+2q

~

Discussion point You can see that for all the possible image points, the y-coordinate is half the
=>» What is the effect x-coordinate, showing that all the image points lie on the line y = %x .
of a transformation In this transformation, more than one point maps to the same image point.
represented by a
3 x 3 matrix with For example, (4,0) = (24, 12)
determinant zero?

0, 6) — (24,12)
(1,4.5) = (24, 12).

(1) For each of the following matrices:

(a) draw a diagram to show the image of the unit square under the
transformation represented by the matrix

(b) find the area of the image in part (a)

(c) find the determinant of the matrix.

o (33)e(ad) w1 2) e (57

-3 -3

has determinant 9.
2 x—5

(@ The matrix ( o

Find the possible values of x.

S9S.13AUI 113y} pue sajdliep 9 Jardeyn
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The determinant of a matrix

®

(il Write down the matrices A, B, C and D which represent:

A —areflection in the x-axis

B — a reflection in the y-axis

C —a reflection in the line y = x
D — a reflection in the line y = —x

li) Show that each of the matrices A, B, C and D has determinant of —1.

(i) Draw diagrams for each of the transformations A, B, C and D to
demonstrate that the images of the vertices labelled anticlockwise on the
unit square OIPJ are reversed to a clockwise labelling.

A triangle has area 6 cm®. The triangle is transformed by means of the

. 2 3
matrix .
-3 1

Find the area of the image of the triangle.

The two-way stretch with matrix [ ¢ J preserves the area (i.e. the area

of the image is equal to the area of the original shape).
What is the relationship connecting a and d?

Figure 6.7 shows the unit square transformed by a shear.

YA
J P A
1¢
1 | [
(6] 11 2 3 4 x
_1_
Figure 6.7

(il Write down the matrix which represents this transformation.

(il Show that under this transformation the area of the image is always
equal to the area of the object.

A transformation in three dimensions is represented by the matrix

2 3 1
A= -1 1 0
0 4 2

A cuboid has volume 5cm®. What is the volume of the image of the cuboid
under the transformation represented by A?

(5 3 (3 2
M—(42)andN—(_21].

(i) Find the determinants of M and N.
(i) Find the matrix MN and show that det(MN) = det M X det N.



(9 The plane is transformed by the matrix M = [ ; _g ]
() Draw a diagram to show the image of B
the unit square under the transformation represented by M.

li) Describe the effect of the transformation and explain this with reference
to the determinant of M.

-1
The plane is transformed by the matrix N = ( _51 20 j
(il Find the image of the point (p, q).

(il Hence show that the whole plane is mapped to a straight line and find
the equation of this line.

(il Find the determinant of N and explain its significance.

@) A matrix T maps all points on the line x + 2y = 1 to the point (1, 3).
(i) Find the matrix T and show that it has determinant of zero.

(il Show that T maps all points on the plane to the line y = 3x.

(il Find the coordinates of the point to which all points on the line
x + 2y = 3 are mapped.

S9S.13AUI 113y} pue sajdliep 9 Jardeyn

c

@ The plane is transformed using the matrix ( ¢ Z ] where ad —bc = 0.

Prove that the general point P(x, y) maps to P’ on the line cx —ay = 0.

(@ The point P is mapped to P’ on the line 3y = x so that PP’ is parallel to
the line y = 3x.

(il Find the equation of the line parallel to y = 3x passing through the
point P with coordinates (s, £).

(il Find the coordinates of P’, the point where this line meets 3y = x.

(i) Find the matrix of the transformation which maps P to P’ and show
that the determinant of this matrix is zero.

2 The inverse of a matrix

The identity matrix

Whenever you multiply a 2 X 2 matrix M by [ (1) (1) ] the product is M. It

makes no difference whether you pre-multiply, for example,

S F

or post-multiply

)
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The inverse of a matrix

ACTIVITY 6.2

(i) Write down the
matrix P which
represents a
reflection in the
x-axis.

(ii) Find the matrix P*.

(iii) Comment on your
answer.

The matrix [ (1) (1) ) is known as the 2 X 2 identity matrix.

Identity matrices are often denoted by the

Example 6.5

letter 1.
For multiplication of matrices, I behaves in Similarly, the 3 3 identity
the same way as the number 1 when dealing Mmatrix is 100
with the multiplication of real numbers. g a ?
The transformation represented by the
identity matrix maps every points to itself.

(1) Write down the matrix A which represents a rotation of 90°

anticlockwise about the origin.

(i)  Write down the matrix B which represents a rotation of 90°
clockwise about the origin.

(1))  Find the product AB and comment on your answer.

Solution

@y aB=| 0 0 1] (10
110 -1 0 o1

AB represents a rotation of 90° clockwise followed by a rotation of
90° anticlockwise. The result of this is to return to the starting point.

To undo the effect of a rotation through 90° anticlockwise about the origin, you
need to carry out a rotation through 90° clockwise about the origin. These two
transformations are inverses of each other.

Similarly, the matrices which represent these transtormations are inverses of each other.

0 -1

1

In Example 6.5,B =
-1 0

01 ] is the inverse of A = (

j, and vice versa.

Finding the inverse of a matrix

If the product of two square matrices, M and N, is the identity matrix I, then N
is the inverse of M.You can write this as N = M.

Generally, ift M = ( ¢
¢

(sl

3 J you need to find an inverse matrix [ P 1 J such
ros



O

ACTIVITY 6.3

Muttiply( ¢ Z }by[ d =b }
C —C a

What do you notice?

a b
Use your result to write down the inverse of the general matrix M = ( J j
¢
How does the determinant IM| relate to the matrix M™?

You should have found in the activity that the inverse of the matrix
b
M= ( j J ]isgivenby

M- = 1 d —b
Cld - bC —C a :
If the determinant is zero then the inverse matrix does not exist and the matrix
is said to be singular. If det M # O the matrix is said to be non-singular.
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If a matrix is singular, then it maps all points on the plane to a straight line. So

an infinite number of points are mapped to the same point on the straight line.
It is therefore not possible to find the inverse of the transformation, because an
inverse matrix would map a point on that straight line to just one other point,
not to an infinite number of them.

A special case is the zero matrix, which maps all points to the origin.

Example 6.6
( 1 3 J

|6 2
(i) Find A",

(11) The point P is mapped to the point Q (5, 2) under the transformation
represented by A. Find the coordinates of P.

Solution
() det A=(11%x2)—(3x6)=4

Rl
[ o)

A maps P 1
toQ,s0 A™ = { ]
maps Q to P. —

The coordinates of P are (1,-2).
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The inverse of a matrix

As matrix multiplication is generally non-commutative, it is interesting to find
out if MM™ = M™M. The next activity investigates this.

[

ACTIVITY 6.4

(i) In Example 6.6 you found that the inverse of A = ( 13 J is

6
Ar=1f 2 3
4l -6 11

Show that AA™' = A7'A =1

b

(ii) If the matrix M :( a g J write down M~ and show that MM~ = M™'M = L.

[4

The result MM™ = M™'M = I is important as it means that the inverse of a
matrix, if it exists, is unique. This is true for all square matrices, not just 2 x 2
matrices.

Discussion points

=» How would you reverse the effect of a rotation followed by a reflection?

=>» How would you write down the inverse of a matrix product MN in terms of
M 'and N'?

TECHNOLOGY The inverse of a product of matrices

Investigate how to use Suppose you want to find the inverse of the product MN, where M and N are
your calculator to find non-singular matrices. This means that you need to find a matrix X such that
the inverse of 2 x 2 and X(MN) = 1.

3 x 3 matrices.

Check USing your X(MN) =I=> XMNN'!'=IN'¢—— Post mUlt'PlY by N

calcu_latgr that _ — XM = IN"' ¢ Using NN = |
multiplying a matrix
by its inverse gives the = XMM' = N"'"M" ¢ Post multiply by M

identity matrix.

X=NM'¢—
= Using MM = I

So (MN)" = N"'"M" for matrices M and N of the same order. This means that
when working backwards, you must reverse the second transformation before

reversing the first transformation.
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xercise 5 1

For the matrix
© -2 0

(il find the image of the point (3, 5)

(il find the inverse matrix
il find the point which maps to the image (3, -2).

(@ Determine whether the following matrices are singular or non-singular.
For those that are non-singular, find the inverse.

. 6 3 . 6 3 11 3 ) 11 11
(i) (i) (iii) (iv)

-4 2 4 2 3 11 3 3
" 2 -7 il —2a 4a Wil -2 4a
V Vi VIl

0 0 4b  —=8b 4b -8

° (® Using a calculator, find whether the following matrices are singular or non-
singular. For those that are non-singular find the inverse.
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2 4 9 4 0 -1 1 0 3
(i) -1 -3 0 (ii) 2 -3 5 i) | 8 -2 -1
4 -2 -7 -4 6 -10 3 5 11

5 6
) M:(Z 3)andN=(_82 _51 ]
Calculate the following:
i M il MN v (MN)! (vi) MT'N"!
(i) N7! vy NM vi) (NM)™ (vii) NT'M™
(B3 The diagram shows the unit square OIP] mapped to the image OI'P’J’
under a transformation represented by a matrix M.

VA
P
NG
¥ 2
Jl /P
1
-3 -2 -1 Of 1Ir x

Figure 6.8
(i) Find the inverse of M.

(i) Use matrix multiplication to show that M~ maps OI’P’]” back to OIPJ.

-k 2

4 4t ] is singular.

(® The matrix( !

Find the possible values of k.

2 -1 -12 17

@ Given thatM:( 21 i )and MN=( 72 10 j,ﬁnd the

matrix N.
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The inverse of a matrix

Triangle T has vertices at (1, 0), (0, 1) and (=2, 0).

It is transformed to triangle T’ by the matrix M = ( i’ 1 ]
(i Find the coordinates of the vertices of T".
Show the triangles T and T’ on a single diagram.
(i) Find the ratio of the area of T to the area of T.
Comment on your answer in relation to the matrix M.

(i) Find M™" and verify that this matrix maps the vertices of T to the
vertices of T.

® M= ( N 2 J is a singular matrix.
¢

(i) Show that M? = (a + d)M.

lil Find a formula which expresses M" in terms of M, where n is a positive
integer.

Comment on your results.

Given that PQR = I, show algebraically that

il Q=P'R"

il Q'=RP.

Given that P = 301 and R = 12 =3
1 2 2 -1

(i) use part (i) to find the matrix Q
liv) calculate the matrix Q™'

(v) verify that your answer to part (ii) is correct by calculating RP and
comparing it with your answer to part (iv).

1 7 4 1 0 0
am A=| 0 1 2 [,B=| 3 1 0 |andC=AB.
0 0 1 -1 -4 1
(i) Calculate the matrix C.
1 a b
(i) Work out the matrix product A| (0 1 ¢
0 0 1

(i) Using the answer to part (ii), find A™".
(iv) Using a calculator, find B™".

(v} Using your results from parts (iii) and (iv), find C™.

k—1 k=1 0
(2 The matrix M = 1 b+1 =2 |hasinverse
k=1 k=2 1
k -1 -2
Mi=| -2 k-2 k-1
- 2
7
) 1 k

Find the value of k.



3 Using matrices to solve
simultaneous equations

There are a number of methods to solve a pair of linear simultaneous equations

of the form
3x +2y =17
2x — 5y = 24

These include elimination, substitution or graphical methods.

An alternative method involves the use of inverse matrices. This method has the
advantage that it can more easily be extended to solving a set of n equations in
n variables.

Example 6.7 Use a matrix method to solve the simultaneous equations
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3x + 2y =17
2x — 5y =24
Solution

3 2 x | |17 |
2 -5 y - 24 4— Write the equations in matrix form.

The inverse of the matrix ( ; _25 ] 18 _%[ :; _i ]

H3 303

Pre-multiply both sides of the matrix equation by the inverse matrix.

- _ i
x| 1 —133 ) _ ( 7 j As M™'Mp = p the left-hand
Yy 19 38 -2 side simplifies to ~ .

4+ Y

The solution is x = 7, y = —2.

Geometrical interpretation in two dimensions

Two equations in two unknowns can be represented in a plane by two straight
lines. The number of points of intersection of the lines determines the number
of solutions to the equations.
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Using matrices to solve simultaneous equations

There are three different possibilities.
Case 1

Example 6.7 shows that two simultaneous equations can have a unique solution.
Graphically, this is represented by a single point of intersection.

VA

The simultaneous equations
can be written in matrix form as

| =)= ()

Figure 6.9

This is the case where detM # 0 and so the inverse matrix M exists, allowing
the equations to be solved.

Case 2
If two lines are parallel they do not have a point of intersection. For example,
the lines
x+2y =10 The equations can be written in matrix form as
e s ()
are parallel. 2z Y 4

YA

O 4\ lNi

x+2y=4 x+2y=10

Figure 6.10

The matrix M = [ 1 ; ] has determinant zero and hence the inverse matrix
does not exist.
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Case 3

More than one solution is possible in cases where the lines are coincident, i.c.
lie on top of each other. For example, the two lines

x+ 2y =10 The equations can be written in matrix form as
3x+6y=30\ ( 1 2 j x _( 10 ]

3 6 Y 30

are coincident.You can see this because the equations are multiples of each other.

YA

st

x+2y=10
3x + 6y =30

S9S.13AUI 113y} pue sajdliep 9 Jardeyn

=Y

O 10

Figure 6.11

In this case the matrix M is ( :15

There are infinitely many solutions to these equations.

(Om—

ACTIVITY 6.5

(i) Write the three simultaneous equations
2x =2y + 3z =4

é Jand detM = 0.

5+ y—2z=-6

3x +4y -2z =1

as a matrix equation.

Use a matrix method and your calculator to solve the simultaneous equations.
(ii) Repeat part (i) for the three simultaneous equations

2x =2y + 3z =4

5x+y—2=-6

3x + 3y — 4z =1

What happens in this case?

Try to solve the equations algebraically. Comment on your answer.
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Using matrices to solve simultaneous equations

(D (i) Find the inverse of the matrix ( g _31
lil Hence use a matrix method to solve the simultaneous equations
x—y=2
2x+3y =5

(2 Use matrices to solve the following pairs of simultaneous equations.

i) 3x+2y =4
x =2y =4
(i} 3x -2y =9
x— 4y =2 301 1
o ® (i) Use a calculator to find the inverse of the matrix | —5 -2 3

1 1 1
lil Hence use a matrix method to solve the simultaneous equations
x+y+z=-2
—Sx —2y+3z=-1
x+y+z=2

o @) Use a matrix method to solve these simultaneous equations. (You should
use a calculator to find the inverse matrix.)

x+5y+z=0
2x =3y —4z=7
3x+2y—6z=4

(5 For each of the following pair of equations, describe the intersections of the
pair of straight lines represented by the simultaneous equations.

il 3x+5y =18
2x +4y = 11
il 3x + 6y =18
2x +4y =12
(i) 3x + 6y = 18
2x +4y =15
(® Find the two values of k for which the equations
2x +ky =3
kx + 8y =6

do not have a unique solution.

How many solutions are there in each case?
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@ () Find ABwhereA=| 3 —4 -5

—1 3k+8 4k+10
amdB=| -2 2k+20 3k+25
1 -1 —14

Hence write down the inverse matrix A™', stating the condition on the
value of k required for the inverse to exist.

(il Using the result from part (i) solve the equation

5 -2 k x 28
3 4 5|y [=] 0
2 3 4

when k = 8 and m = 2.

Find the conditions on a and b for which the simultaneous equations
ax +by =1

S9S.13AUI 113y} pue sajdliep 9 Jardeyn

bx +ay =b

have a unique solution.

Solve the equations when a = —3 giving your answers in terms of b.
Find the value of b for which the solution will lie on the line y = —x.

LEARNING OUTCOMES

When you have completed this chapter you should be able to:

>

>

>

\/

\

Y VY VY Y

find the determinant of a 2 x 2 matrix
know what is meant by a singular matrix

understand that the determinant of a 2 x 2 matrix represents the area scale
factor of the corresponding transformation, and understand the significance
of the sign of the determinant

find the inverse of a non-singular 2 x 2 matrix
use a calculator to find the determinant and inverse of a 3 x 3 matrix

know that the determinant of a 3 x 3 matrix represents the volume scale
factor of the corresponding transformation

understand the significance of a zero determinant in terms of transformations
use the product rule for inverse matrices

use matrices to solve a pair of linear simultaneous equations in two unknowns
use matrices to solve three linear simultaneous equations in three unknowns.
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KEY POINTS

Using matrices to solve simultaneous equations

If M = ( @ 2 ) then the determinant of M, written detM or | M| is given
c

by detM = ad - bc

The determinant of a 2 x 2 matrix represents the area scale factor of the
transformation.

The determinant of a 3 x 3 matrix represents the volume scale factor of the
transformation.

_( a b -1 _ 1 d —b
If M ([ djthenM _—ad—bc( - a)

(MN) ! =N"'M"!
A matrix is singular if the determinant is zero. If the determinant is non-zero
the matrix is said to be non-singular.

If the determinant of a matrix is zero, all points are mapped to either a
straight line (in two dimensions) or to a plane (three dimensions).

If A'is a non-singular matrix, AA™' = A7'A =1L
When solving two simultaneous equations in two unknowns, the equations

can be written as a matrix equation M ( = ( Z j .
Y

When solving three simultaneous equations in three unknowns, the equations

x a
can be written as a matrix equation M | | =]
z C

In both cases, if det M#0 there is a unique solution to the equations which
can be found by pre-multiplying both sides of the equation by the inverse
matrix M1,

If detM = O there is no unique solution to the equations. In this case there is
either no solution or an infinite number of solutions.



Veclors and 30 space

Why is there space rather

than no space? Why is space 1 F|nd|ng the angle

three-dimensional? Why

is space big? We have a lot bEtween tWO VeCtO 'S
of room to move around in.
How come it’s not tiny? We
have no consensus about
these things. We're still
exploring them.

Leonard Susskind Prior knowledge

From MEI A Level Mathematics Year 1 (AS) Chapter 12, you need to be able

to use the language of vectors, including the terms magnitude, direction and
position vector. You should also be able to find the distance between two points
represented by position vectors and be able to add and subtract vectors and
multiply a vector by a scalar.

Discussion point

In this section you will learn how to find the angle = Are there any

right angles in the
building shown
above?

between two vectors in two dimensions or three
dimensions.
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Finding the angle between two vectors

Example 7.1
YA

PG, 5)

7,1
6 Q( 1
0 x
Remember that OP denotes
the vector from O to P, and
‘@| is the magnitude
Figure 7.1 .
(length) of OP.

Find the angle POQ.

i

12 12 12
Using the cosine rule: cos@ = ‘OPl +|_O,Q| __‘P.Ql
2x|OP| x[0Q]

@=( ? )so|®| =3 +5 =34
\ Using
oQ - [ Z ] [0Q| =7+ ¥ = V50 Pythagoras

Solution

theorem.
R=0a-0b=( ] |-( § ][ 4 |- e -
60 cosh = A +50-32
2 x /34 x /50

6 = 50.9°

. a
More generally, to find the angle between OA = a = ( ! J and
a2

S b
OB=b= { bl ] start by applying the cosine rule to the triangle OAB in
2

Figure 7.2.
. . . y
Discussion point ' B
(b, b))
=» How else could you A
find the angle 67 (a,, a,)
a b
[
(0] :x
Figure 7.2
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_ 2 2 2
cosf = ‘OA +£B iAB‘ O) |O—A|,|ﬁ| and ‘TB|
2x ‘OA‘ X ‘OB‘ ¢ are the lengths of the vectors
W\, OB and AB.

~]

Also from the diagram:

[O&| =|a| = a7 + & and [OB| =|b| = P + 57 @

and

L
|
)
N—

—a,

9ceds Qg pue s10)23) £ J9ydey)

— . a,b, + a,b,
By substituting @ and @) into (0 show that cosf = W
where |a| = \/a; +a; and |b| = \Jb7 + b3 -
The activity above showed that for Figure 7.2
cosf = Al by This is
|a||b| sometimes
The expression on the numerator, a,b, + a,b,, is called the scalar called the
product of the vectors a and b, which is written a.b. dot product.
So cosf = a.b.
|al[b]

This result is sometimes written a.b = |a||b| cos@.

Using the column format, the scalar product can be written as

a b

ab = . = a,b, + ayb,.
a b B
2 2

1 The scalar product, unlike a vector, has size but no direction.

2 The scalar product of two vectors is commutative. This is because multiplication
of numbers is commutative. For example:

{ _34 ][ ; ]=(3><1)+(—4><5)=(1><3)+(5><—4)=[ ; ][ _34 ]
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Finding the angle between two vectors

The scalar product is found in a similar way for vectors in three dimensions:

a4 by
a, |«| b, |=ab + ab, + ab,
a; b,

This is used in Example 7.2 to find the angle between two vectors in three dimensions.

Example 7.2

The position vectors of three points A, B and C are given by

2 0 8
a=| 5 |b=| 7 and ¢ =| 0 | Find the vectors AB and CB
-1 3 3

and hence calculate the angle ABC.

Solution
A@2,5,-1)
0
B(0, 7, 3) C(8,0,3)
Figure 7.3
0 2 -2
AB=b-a=| 7 |-| 5 [=]| 2
3 -1 4
0 8 -8
CB=b-c=| 7 |-| 0 |= 7
3 3 0

The angle ABC is found using the scalar product of the vectors AB and
CB.

) -3
AB.CB=| 2 |.| 7 |=16+144+0=30
4 0

[AB| = {(-2)° +2* + 4 = 24 and [CB| = (-8)’ + 7> + 0° = 113

AB.CB = |FB‘ |€B| cos6

= 30 = /24113 cosO

30
= cos = ——F——
\24+/113

= 0 = 54.8°



: : : AQ,5,-1)
Discussion point

=>» For the points A, B
and C in Example
7.2, find the scalar

~]

product of the vectors 0
BA and BC, B(0,7,3) C(8,0,3)
and comment on Figure 7.4

your answer. Notice that AB and CB are both directed towards the point B,and BA and
BC are both directed away from the point B (as in Figure 7.4). Using either

pair of vectors gives the angle ABC. This angle could be acute or obtuse.

However, if you use vectors AB (directed towards B) and BC (directed away
from B), then you will obtain the angle 180° — 6 instead.

A

9ceds Qg pue s10)23) £ J9ydey)

180—9
B

Figure 7.5

Perpendicular vectors
If two vectors are perpendicular, then the angle between them is 90°.
Since c0s90° = 0, it follows that if vectors a and b are perpendicular then a.b = 0.

Conversely, if the scalar product of two non-zero vectors is zero, they are
perpendicular.

Example 7.3 Two points, P and Q, have coordinates (1, 3, -2) and (4, 2, 5).
Show that angle POQ = 90°
(1) using column vectors

(i) usingi,j, k notation.

Solution
1 4
® p=| 3 |,a=| 2
-2
1 4
pP-q = 3 2
-2 5
=(1x4)+(3X2)+ (-2 X5)
=4+4+6-10
=0
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Finding the angle between two vectors

So the angle POQ = 90°.

() p=i+3j-2k q=4i+2j+5k Multiply out the brackets.

p.q = (i + 3j — 2k).(4i + 2j + 5k)‘/
= 4id + 141§ — 3ik + 6j.j + 11jk — 10kK 4 it veciors, ig —
—446-10 * ji=kk=1

Since i, jand k are

Sincei, jand k are
=0 .
all perpendicular,

So the angle POQ = 90°. ij-ik=jk=0.

() Find:

. 2 1 2 -1
(i) 3 1°l o (ii) 3 'l o

1 4 1 -1
3 -1 3 0

(@ Find the angle between the vectors p and q shown in Figure 7.6.
YA

q=-3i+5j
P =2i+3j

=Y

Figure 7.6

(® Find the angle between the vectors:
) a=3i+2j—4k and b =-2i+ j- 3k
(il a=-3i—-2j+4k and b=-2i+j-3k
il a=3i+2j—4k and b=2i-j+ 3k

(# Find the angle between the following pairs of vectors and comment on

your answers.

3 6 3 -9
M | =2 |and | —4 i | 2 |and| ©
5 10 5 —15
2 4
(5) Find the value of o for which the vectors | 5 |and | —5 |are
-1 o
perpendicular.



a o

Given the vectors ¢ =| 5 |and d =| o | are perpendicular, find the
3 2

possible values of ¢.

A triangle has vertices at the points A(2, 1,-3), B(4, 0, 6) and C(-1, 2, 1).

Using the scalar product, find the three angles of the triangle ABC and
check that they add up to 180°.

The point A has position vector a =

W N Ol

Find the angle that the vector a makes with each of the coordinate axes.
The room illustrated in Figure 7.7 has rectangular walls, floor and ceiling.

A string has been stretched in a straight line between the corners A and G.

G F
ZA Stl‘illg
E
0,0,3)D
y
S B
(0, 4,0) i
spider
0 (0,0, 0) A x
(5,0,0)
Figure 7.7

The corner O is taken as the origin. A is (5,0, 0), C is (0,4, 0) and D is
(0,0, 3), where the lengths are in metres.

A spider walks up the string, starting from A.
(il Write down the coordinates of G.

il Find the vector AG and the distance the spider walks along the string
from A to G.

il Find the angle of elevation of the spider’s journey along the string.
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The equation of a plane

® G

Figure 7.8 shows the design for a barn. Its base and walls are rectangular.

Q(2,5,4)

B S G (4,5,3)

2,1,4
P
E

(0,0, 3) ! F

Crmmm - B(4,5,0)
0,0,0) £
(0,0, )0 e
Figure 7.8

(i) Worite down the coordinates of the other vertices of the barn.

i Determine whether the section EPF is vertical and hence state the type
of quadrilateral formed by the roof sections PFGQ and PQHE.

(il Find the cosine of angle FPE and hence find the exact area of the
triangle FPE.

The engineer plans to increase the strength of the barn by installing
supporting metal bars along OG and AH.

(iv) Calculate the acute angle between the metal bars.

If (a + 2b).c — (3a + ¢).b = 5a.b — 3a.c show that b.c = 4a.(2b — ¢).
Three vectors a, b and ¢ have magnitudes 5, 2 and 3 respectively.

Using this information, and the properties of the scalar product, simplify
(a+b+c)a—(b+c)c— a.b.

Two vectors are given by a = ai+b,j+ ¢k and b = a,i +b,j + ., k.
Using the fact that i.j = j.k = k.i = 0, show algebraically that

asb =aa, +bb, +cc,.

2 The equation of a plane

You can write the equation of a plane in either vector or cartesian form.The
cartesian form is used more often but to see where it comes from it is helpful to
start with the vector form.



(Discussion points A

=» Lay a sheet of paper on a flat horizontal table and mark several straight
lines on it. Now take a pencil and stand it upright on the sheet of paper

(see Figure 7.9).

N~

T~

Figure 7.9

=>» What angle does the pencil make with any individual line?

=» Would it make any difference if the table were tilted at an angle (apart from

\_ the fact that you could no longer balance the pencil)?

The discussion above shows you that there is a direction (that of the pencil) which
is at right angles to every straight line in the plane. A line in that direction is said
to be perpendicular to the plane and is referred to as a normal to the plane.

”1
It is often denoted by n =| n,

s
In Figure 7.10 the point A is on the plane and the vector n is perpendicular to

the plane. This information allows you to find an expression for the position
vector t of a general point R on the plane.

AR.n=0 The point R has
position vector r.

The point A has
position vector a.

The vector AR
isr—a.

Figure 7.10

The vector AR is a line in the plane, and so it follows that AR is at right
angles to the direction n.

AR.n = 0
The vector AR is given by AR = r — a and so
(r—a)en = 0.

This is the vector equation of the plane.

~]
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The equation of a plane

L1 tecHNoLOGY

If you have access to
3D graphing software,
experiment with planes
in the form

ax + by +cz+d=0,
varying the values of
a,b,cand d.

Expanding the brackets lets you write this in an alternative form as

r.n — a.n = 0- 1 This can also be written as r.n = a.n

Although the vector equation of a plane is very compact, it is more common to
use the cartesian form.This is derived from the vector form as follows.

ny

Write the normal vectorm as | n, |and the position vector of A as

Example 7.4

1y
4
a=| a, [|The position vector of the general point Riis r = y
a, <
So the equation r.n —a.n =0
X ”1 4 ”1 Notice that dis a
can be writtenas | y |.| n, |—| a, |.| n, |=0.| constantandis
a scalar.
z "y a, "y l
This is the same as n,x + n,y + n,z +d = 0 where d = —(an, + a,n, + asn,).
The following example shows you how to use this.
—4
The point A (2, 3,-5) lies on a plane. The vector n =| 2 |is
perpendicular to the plane. 1

(1) Find the cartesian equation of the plane.

(1) Investigate whether the points P(5, 3, -2) and Q (3, 5, -5) lie in the plane.

Solution

(i) The cartesian equation of the plane is
nx +ny +nz+d=0.

—4
n=| 2 |son =-4,n,=2and n, =1
1

The equation of the plane is —4x + 2y + z +d = 0.

It remains to find d. There are two ways of doing this.

Either: Or:

The point A is (2, 3, —5). d = —a.n

Substituting for x, y and z in where a is the position vector of
—4x+2y+z+d =0 gives A, (2,3,-5).
—4x24+2%x3-5+d=0 2 —4
sod=8-6+5=7. Soa=| 3 |andn=| 2

=5 1



d=-| 3 2
-5 1
= 2 x—4)+ (3 x2)+(-5x%x1)]
=-[8+6-5]=7

So the equation of the plane is —4x + 2y + 2+ 7 = 0.

@i1) P is (5,3, —2).
Substituting in the left-hand side of the equation of the plane gives
(=4X5)+(2%x3)—2+7=-9.
Since this is not equal to 0, P does not lie in the plane.
Qis (3,5, -5).
Substituting in the left-hand side of the equation of the plane gives
(4 x3)+(2%x5)=5+7=0.
Since this is equal to 0, Q lies in the plane.

Look carefully at the equation of the plane in this example.You can see at once

—4
that the vector 2 |, formed from the coefficients of x, y and z,1is

1

perpendicular to the plane.

hy

In general the vector | n, |is perpendicular to all planes of the form

nx + n,y + ny,z +d = 0, whatever the value of d (see Figure 7.11).

nx+nytnz+d =0

nx+ny+nz+d,=0

nx+ny+nz+d, =0

Figure 7.11

Consequently, all planes of that form are parallel; the coefficients of x, y and z
determine the direction of the plane, the value of d its location.

~]
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The equation of a plane

Example 7.5

KDiscussion point A

=» Given the coordinates
of three points A,
Band Cinaplane,
how could you find
the equation of the

plane?

Find the cartesian equation of the plane which is parallel to the plane
3x —y+ 2z +5 = 0 and contains the point (1, 0, —2).

Solution
3
The normal to the plane 3x —y+22+5=01s | —1
2

Any plane parallel to this plane has the same normal vector, so the required
plane has equation of the form 3x — y + 2z +d = 0.

The plane contains the point (1, 0, —2), so

BXH)-0+2x-=2)+d=0

=d=1

The equation of the plane is 3x — y +2z+ 1= 0.

Notation

So far the cartesian equation of a plane has been written as
nx +ny +nz+d=0.
Another common way of writing it is ax + by + cz +d = 0.

a
In this case the vector | § |is normal to the plane.

c

ACTIVITY 7.2
Aplane ax + by + cz + d = 0 contains the points (1, 1, 1), (1, —1,0) and (=1, 0, 2).

Use this information to write down three simultaneous equations and use a matrix
method to solve these. Hence find the equation of the plane.

The angle between planes

The angle between two planes can be found by using the scalar product. As
Figures 7.12 and 7.13 show;, the angle between planes 7, and 7, is the same as
the angle between their normals, n, and n,.

‘Side on’ view

Figure 7.12 Figure 7.13



Example 7.6 Find, to 1 decimal place, the acute angle between the planes

w o 2x+3y+5z=8and m, : Sx + y — 4z =12

~]

Solution
2 5

The planes have normals n, = 3 |and n, = 1 |so the angle
5 —4

between the planes is given by n,.n, = |n1||n2| cos@

2 5

= 3 | 1 |=v4+9+25V25+ 1+ 16cosh
5 —4

= 10+ 3 — 20 = /38/42 cos@

= 6 =100.1°

9ceds Qg pue s10)23) £ J9ydey)

So the acute angle between the planes is 79.9°.

(D A plane has equation 5x — 3y + 2z + 1 = 0.
() Write down the normal vector to this plane.
(il Show that the point (1, 4, 3) lies on the plane.

(2 Find, in vector form, the equation of the planes which contain the point
with position vector a and are perpendicular to the vector n.

il a=3i+5j—2k n=i+j+k
il a=-3i+2j+k n=i+j+k
(i) a=3i+5j—2k n=—i-j-k
vy a=2i+7j—k n=2i+2j+2k

Find the cartesian equation of the planes in question 2.
Comment on your answers.

Find, to 1 decimal place, the smaller angle between the planes:

2 3

il re| 2 =4 and r.| -3 |=2
-3 -1
1 3

i) rel 2 =4and r.| -3 |[=2
-3 -1

il x+y—4z=4and 5x —2y+3z =13

(®) The plane 7, has equation —x + 3y — 2z — 13 = 0.
Find the cartesian and vector equations of the plane 7, that is parallel to 7T,
and passes through the point (3, 0, —4).
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The equation of a plane

Find the cartesian equation of the plane which contains the point (0, 1, —4)
and is parallel to the plane (r - (4i +2j— k)).(4i —5j+ 6k) = 0.
The planes x — 3y — 2z =5 and k’x + ky + 2 = 3 are perpendicular.
Find the possible values of k.
Two sloping roof structures must be constructed at an angle of exactly 60°.
The roof structures can be modelled as planes given by the equations
x+2y+2z=5
ax+y+z=2
where a is a positive constant.
Find the exact value of a.
Find the equation of the plane 7 which is perpendicular to the planes
3x—y—-2+4=0
x+2y+2z+3=0
and which passes through the point P(4, 3, 5).
The points A, B and C have coordinates (0,1, 2), (2,1, 0) and (5, 1, 1).
() Write down the vectors AB and AC.

1 1
(i) Show that AB.| —4 |=AC.| -4 |=0.
-3 -3

il Find the equation of the plane containing the points A, B and C.
(i) Show that the points A(1, 1, 1), B(3, 0, 0) and C(2, 0, 2) all lie in the
plane 2x + 3y + z = 6.
2 2
(il Show that AB.| 3 |=AC.| 3 |=o0-
1 1
il The point D has coordinates (7, 6, 2) and lies on a line perpendicular to
the plane through one of the points A, B or C.
Through which of these points does the line pass?
Three planes have equations
moiax+2y+2=3
T, x+ay+z=4
T, x+y+taz=5
Given that the angle between planes 7, and 7, 1s equal to the angle between
the planes 7, and 7,, show that a must satisty the quartic equation:
5a' +2a° —2a° =8a—-3=0
A plane 7 has cartesian equation 2x — 3y + 2z + 10 = 0.
(il Write down the normal vector n and the value of d = —a.n.
lil Find a possible position vector a to represent a point A in the plane.

i) Use your answers to parts (i) and (i) to write down a vector equation
for the plane 7 in the form (r — a).n = 0.



For example, the wall
and ceiling of a room
meet in a straight line.

Four planes are given by the equations
mo: 2x—=3y+52+4=0
T, 2x+3y+z2+4=0
o 4x —6y+102+4 =0
w,: 2x—=3y+z2+4=0

Determine whether each pair of planes is parallel, perpendicular or neither.

3 Intersection of planes

If you look around you will find objects which can be used to represent planes
— walls, floors, ceilings, doors, roofs and so on.You will see that in general the
intersection of two planes is a straight line.

T

L1 tECHNOLOGY

If you have access to
3D graphing software,
investigate the different
ways in which three
distinct planes can
intersect in three-
dimensional space.

In this section you will look at the different possibilities for how three planes can
be arranged in three-dimensional space.

Geometrical arrangement of three planes

There are five ways in which three distinct planes 7, 7, and 7; can intersect in
three-dimensional space.

If two of the planes are parallel, there are two possibilities for the third:

e [t can be parallel to the other two (see Figure 7.14).

The planes do

/ not intersect.

Figure 7.14

e [t can cut the other two (see Figure 7.15).

The planes
intersect in two
A/ parallel lines.
There are no
intersection

points that are
common to all

three planes.

Figure 7.15

~]
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Intersection of planes

~

Discussion point

=» Think of an example
from everyday life

of each of these
arrangements of
three planes.

[

If none of the planes are parallel, there are three possibilities.

e The planes intersect in a single point (see Figure 7.16).

Figure 7.16
e The planes forms a sheaf (see Figure 7.17).

N

The three planes share
a common line so there

/ are an infinite number

/ of points of intersection
of the three planes.
I
Figure 7.17
e The planes form a triangular prism (see Figure 7.18).
[

Each pair of planes
intersects in a straight

line; the three lines are
— | parallel. There is no
intersection point common
4 to all three planes.

The diagrams above show that three planes intersect either in a unique point, an
infinite number of points or do not have a common intersection point.

N

=
L

Figure 7.18

Finding the unique point of intersection of
three planes

You can use 3 X 3 matrices to find the point of intersection of three planes that
intersect in a unique point.

ACTIVITY 7.3

Make sure you remember how to find the inverse of a 3 x 3 matrix using your
calculator.

2 1 =2
Check that for the matrixM =| 1 1 1 , MM =L
1T -1 -3

In Chapter 6 you saw how to solve simultaneous equations using matrices. The
following example shows how this relates to finding the point of intersection of
three planes in three dimensions.




Example 7.7 Find the unique point of intersection of the three planes

2x+y—-2z=5

~]

x+ty+z=1
x—y—3z=-2

(®)
>
[}
) o
Solution The three planes can o
be represented by T
2 i = x 5 r'd this matrix equation. :
11 1 y |=| 1 _ _ - a
1 -1 -3 5 “ Solving the matrix equation will =
= - identify a point that the three planes =
have in common, i.e. the unique point :
of intersection of the three planes. =]
o
w
2 1 =2 o
The inverse of the matrix M =| 1 1 1 is %
I =1 =3 g
D
-0.5 1.25 0.75 Ui
=il
M = 1 -1 -1 | 4§ calculator
-0.5 0.75 0.25

pre-multiplying both sides of the matrix equation by M.

L

—0.5 1.25 0.75 2 1 =2 x -0.5 1.25 0.75
1 -1 -1 1 1 1 y |= 1 -1 -1 1
—0.5 0.75 0.25 1 -1 -3 > —-0.5 0.75 0.25 -2
1 0 O x —2.75
= 0 1 0 Yy | = 6
0 0 1 —2.25
x —2.75
=| vy |= 6
—2.25

So the planes intersect in the unique point (—2.75, 6, —2.25).

Determining the other arrangements of three
planes

In Example 7.7 you saw that the equations of three distinct planes can be
expressed in the form
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Intersection of planes

If M is non-singular, the planes intersect in a unique point. If M is singular, the
planes must be arranged in one of the other four possible arrangements:

three parallel planes
two parallel planes that are cut by the third to form two parallel lines
a sheaf of planes that intersect in a common line

a prism of planes in which each pair of planes meets in a straight line but
there are no common points of intersection between the three planes.

One of these cases is covered in the following example.

Example 7.8

L tEcHNOLOGY

Use 3D graphing software
to draw the three planes
in Example 7.8.

Three planes have equations
2x —=5y+32-2=0
x—y+z2-3=0
4x —10y+6z2-7=0

(i) Express the equations of the planes in the matrix form

1

2

=
No= m
I

3

(i1) Using your calculator, find det M and comment on your answer.

(ii1) By comparing the rows of the matrix M, determine the arrangement of
the three planes.

Solution

(1) The planes can be arranged in the matrix form

X 2 Notice that the constant
_ terms have been moved
My [5] 3 |4 to the right hand side of
z 7 each equation.
2 -5 3
where M= 1 -1 1
4 —-10 6
(i) detM =0

(1) The third row is a multiple of the first row, therefore the first and third
planes are parallel. The second plane is not parallel and so must cut the
other two to form two parallel straight lines.

In Example 7.8, you could see quite easily that two of the planes are parallel, but
the third is not, by comparing the coefficients of x, y and z. In the same way, you
would be able to identify three parallel planes.

If none of the planes are parallel, and the determinant of the matrix is zero, then
the planes form either a sheaf of planes or a triangular prism. If they form a



sheaf of planes, then equations are consistent: there are an infinite number of
solutions. If they form a triangular prism, then the equations are inconsistent:
there are no points which satisfy all three equations.

~J

Sometimes you may have additional information which will help you to decide
which arrangement you have. Otherwise, you can try to solve the equations
simultaneously to find out whether the equations are consistent or inconsistent.
The example below shows how this can be done.

Example 7.9 Three planes have equations

3x+2y—2=1 Q@
x+2y+2=3 @
x+y=2 ®

(i)  Show that the three planes do not have a unique point of intersection.
(i) Describe the geometrical arrangement of the three planes.

2ceds Qg pue s.a0)23p £ J91dey)

Solution
3 2 -1 x 1
(i) 1 2 1 y |=| 3
11 0 z 2
3 2 -1
Using a calculator, det| 1 2 1 |= 0 so there is no unique point of
11 0

intersection.

(1) First check if any of the planes are parallel.

The normal vectors to the three planes are all different, so none of the
planes are parallel. This rules out these two cases:

3 parallel planes

Figure 7.19

and 2 parallel planes with one crossing them.

L
V

Figure 7.20
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Intersection of planes

L tEcHNOLOGY

Use 3D graphing software
to draw the three planes
in Example 7.9 and

verify that they form a

triangular prism.

That leaves the two cases of

a sheaf of planes where they all meet in the same line

N

/

I
Figure 7.21

or a triangular prism.

I
N

=
[

Figure 7.22

line; the three lines are
— | parallel. There is no
intersection point common
4 to all three planes.

Now see if the planes meet in a single line.

Each pair of planes
intersects in a straight

Adding equations (D) and @) gives 4x + 4y = 4 | The value of x + y

=x+y=1 cannot be both 1 and 2,
so the equations are

Equation ®is x + y = 2. ¢

inconsistent.

So there are no points which satisty all three equations.
Therefore the planes form a triangular prism and not a sheaf.

0]

2 1 3
(i) Find the inverse of the matrix M =| 3 -1 -2
1 -2 -1

lil  Use your answer to part (i) to find the point of intersection of the

planes

2x +y+ 3z =20

3x —y—2z=10
x—=2y—2z =30

Using the same method as in question 1, find the unique point of

intersection of the three planes

4x =3y =2z =2
x+2y+2z=5
3x—3y—-2z=3



a (® Determine whether or not the following sets of three planes intersect in a
unique point and, where possible, find the point of intersection.

]l x—y—-2z-5=0 i) x+y+z—-4=0
2x+y+6z+12=0 2x+3y—4z2-3=0
2x+4y+62+3=0 5x+8y—-132-8=0

i) x+2y+4z=7 iv] 3x +y+z=4
3x +2y+5z =21 S5x—-y+9z =5
4x+y+2z2=14 x—yt4z=-1

(@) Three planes are given by the equations
—x+y+z=-1
2x+y+z2=6

x+y+z=4
a () Write the equations in the form
X d,
M| y |=]| d,
z d

3

By comparing the rows of the matrix M and calculating det M
determine which arrangements of these planes in three-dimensions are
possible.

(il  The point P (2,3,—1) is known to lie on at least one of the three planes.
By working out on which planes the point P lies, determine the
arrangement of the three planes.

il By changing the constant term in one of the plane equations show that
a different arrangement of the planes can be obtained.

a (® Three planes are given by the equations
x+2y—2=6
2x +4y+z2=5
3x + 6y — 3z =38
Worite the equations in the form
X d,
M| vy =| 4,
z d,
Determine the arrangement of the planes in three-dimensions.
(® The three planes
x—y+2z=k
3x—y—2=0
2x —y+z=m
are known to intersect at the point (=12, =29, =7).

Determine the values of k and m.
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Intersection of planes

(@ Three planes are given by the equations

3x+4y+z =5
2x —y—2z=4
S5x + 14y +5z=7

(il Worite the equations in the form

X d,
M| y |=] d,
z d

3

By comparing the rows of the matrix M and calculating det M determine
which arrangements of the planes in three dimensions are possible.

i) The point P(3,—2, 4) is known to lie on at least one of the three planes.

By working out on which planes the point P lies, determine the
arrangement of the three planes.

The equations of three planes are
kx +my + nz = —6
2x —y—2z2=-9
x+y—z=-2
(il Determine the arrangement of the planes in three dimensions when
k=1, m = -1, n =1, providing as much detail in your solution as

possible.

(il State values for k, m and n which would produce an arrangement of
two distinct parallel planes cut by the third plane.

il Explain the arrangement of the planes in the case where k = 9, m = 3
and n = —3. State how this case differs from the arrangement in part (ii).

Two planes in three dimensions are said to be coincident if one lies on top of the
other, i.e. they are exactly the same plane. Coincident planes are not distinct.

Given any three planes, list the ways can they be arranged in three dimensions.

How many different possible arrangements are there in total?

LEARNING OUTCOMES

When you have completed this chapter you should be able to:

>

>

Y Y VY'Y

\/

find the scalar product of two vectors
use the scalar product to find the angle between two vectors

know that two vectors are perpendicular if and only if their scalar product
is zero

identify a vector normal to a plane, given the equation of the plane

find the equation of a plane in vector or Cartesian form

find the angle between two planes

know the different ways in which three distinct planes can be arranged in
3-D space

understand how solving three linear simultaneous equations in three

unknowns relates to finding the point of intersection of three planes in three
dimensions.




1

KEY POINTS
In two dimensions, the scalar product
q by
ab= . = ab, + a,b, = [a||b| cos6.
a4y b,
0 by
In three dimensions, a.b =| a, |.| b, |=ab+ ab, + ab; = [a||b| cos6.
a3 b

The angle 6 between two vectors a and b is given by

a.b
la|[b]

where a.b = ab, + a,b, (in two dimensions)

cosf =

a.b = a,b, + a,b, + a,b, [in three dimensions).

ithy
The cartesian equation of the plane perpendicular to the vector n = | =,
and passing through a point with position vector a is given by ",
mx +n,y +n,z+d =0 where d = —a.n.

The vector equation of the plane through the point with position vector a,

(L]
and perpendicular to the vector n =| 1, |isgivenby(r —a).n = 0 or
r.n = a.n. ",

The angle between two planes 7, and 7, is the same as the angle between
their normals, n, and n,. This angle can be found using the scalar product.

Three distinct planes in three dimensions will be arranged in one of five ways:

e meet in a unique point of intersection

e three parallel planes

e two parallel planes that are cut by the third to form two parallel lines
e asheaf of planes that intersect in a common line

e aprism of planes in which each pair of planes meets in a straight line but
there are no common points of intersection between the three planes.

Three distinct planes
ax+by+c¢z=d,

a,x + by + ¢,z =d,
ax + by +c,z=d,

can be expressed in the form

~J

2ceds Qg pue s.a0)23p £ J91dey)
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Vectors and 3D space

a b ¢
where M =| a, b, ¢,
a3 b3 C3

d]

_— If M is non-singular, the unique point of intersection is given by M_1 d,
d

FUTURE USES

m  Work on vectors

3

will be developed Otherwise, the planes meet in one of the other four possible arrangements.
further in the In the case of a sheaf of planes, the equations have an infinite number

A Level Further of possible solutions, and in the other three cases the equations have no
Mathematics book. solutions.
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(@ () Describe the transformation represented by the matrix
A= o . [1 mark]
0 -1

(il Describe the transformation represented by the matrix

[ 10 mar
B_( 0 1]. [1 mark]

(il Determine BA and describe the transformation it represents. |2 marks]

(iv) Determine (BA)™. What do you notice? Explain your answer

in terms of the transformation represented by BA. [3 marks]
@ @ Letz =a+biandz, =c+di.
() Find 2,2, [2 marks]
(i) Write down |z | and |z,]. [1 mark]
i) Prove that |2z, | = |2,]]z,]. [4 marks]
® o

Z Sa1jewaylep Jaylingd suolisanp asi3oeld

o Re'z

On the Argand diagram above, the point P is at 3 + 3i.
(il The circle centred on P represents a locus of points on the Argand
diagram. Write down its equation as a locus in terms of z.  [2 marks]

(il Write down the equation of the locus of points represented

by the half-line from P through A. [2 marks]
(il The sector PAB has area SZ. Find the equation of the locus of points
represented by the half line from P through B. [4 marks]

X 12
@ A pair of simultaneous equations is represented by R[ ] :( ; j where
Y

h

()l Write down the pair of equations. [1 mark]
. a1 4 —k
(i) Prove that R™' = 5o 2]«( 5 5 j [2 marks]
il For one particular value of k, R™ does not exist.

What is this value of k? [2 marks]

3 b X 12
(iv) For the value of k found in (iii), > 4 =1, has an infinite
Y

number of solutions. Find b and describe the relationship between
the lines represented by the pair of simultaneous equations. |3 marks]
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Practice Questions Further Mathematics 2

5
(®) The plane p contains the point (5, 0, 4). The vector | —1 |is perpendicular to p.
0
(i) Find the equation of p in the form ax + by + ¢z + d = 0. [2 marks]
(il Another plane, g, has equation 4x — 3y + 2 —3 = 0.
Find the angle between p and gq. [3 marks]
il Show that the point (5,0, —17) lies on both planes. [2 marks]

o (® A new skyscraper is built in the shape of square-based pyramid, standing on
its square base. In a model of the skyscraper, its four triangular faces are parts
of four planes and the ground on which is stands is the plane z = 0.

The summit of the skyscraper, where its four triangular faces meet, is
directly above the centre of its square base and has coordinates (5, 17, 20).

(il The faces of the skyscraper are modelled by these four planes:
20 +z =k
—20x +z =1
=20y —z=m
20y —z=mn

Find the values of k, [, m and n. [2 marks]

(i)  What angle does each of the skyscraper’s sides make to the
vertical? [4 marks]

(il The triangular sides of another skyscraper built in the form of a square
based pyramid are modelled as parts of these four planes.

25x + z = 150
—25x + z = =100
25y — z = 250
25y + z = 300

What are the coordinates of its summit? [3 marks]

(iv) The length of one unit in this question has not been defined.
Given that this is an extremely tall skyscraper, suggest and
justify an actual length for 1 unit. [3 marks]

@ The equations of three planes are:
5 =7y + 2z =280
ax —by =2z =¢

19x + 17y — 42 = 14

() State a set of values for a, b and ¢ for which two of the
planes are coincident. [3 marks]

(i) State a set of values for a, b and ¢ for which there are two
distinct parallel planes that are cut by a third plane. [2 marks]

il Ifa=1,b=-13 and ¢ = -2 show that the planes must meet
at a single point and find the coordinates of that point. [6 marks]



fAn infroduction fo radians

Radians are an alternative way to measure angles. They relate the arc length of
a sector to its angle. In Figure 1 the arc AB has been drawn so that it is equal to
the length of the radius, r. The angle subtended at the centre of the circle is one

radian. ¢
B
. 1 radian is sometimes
denoted as 1°, where c refers
r to ‘circular measure’.
A 1 radi
radian
p Lyl
O
Figure 1

Since an angle of 1 radian at the centre of the circle corresponds to an arc length
rit follows that an angle of 2 radians corresponds to an arc length of 2r and so
on. In general, an angle of 0 radians corresponds to an arc length of 16, as shown
in Figure 2.

i length 6

Figure 2

The circumference of a circle is 27r, so the angle at the centre of a full circle is
27 radians. This 1s 360°.

2zr
Figure 3 When working in radians,
So 360° = 27 radians 4 angles are often stated as a
180° = 7 radians fraction or multiple of 7.
90° = % radians
60° = % radians
45° = % radians

30° = % radians

169



360° = 27 and so 1 radian is equivalent to 360 = 27 = 57.3° to one decimal
place.

The fact that one radian is just under 60° can be a helptul reference point.
When a multiple of 7 is used the ‘c’ symbol is usually omitted, as it is implied
that the measure is radians.

b3

To convert degrees into radians you multiply by 180

180
50,

m (1) Express in radians, giving your answers as a multiple of 7:

(@) 120° (b 225° (c) 390°

,and to convert radians into

degrees you multiply by

(1)  Express in radians, giving your answers to 3 significant figures:

(@) 34° (b 450° (c) 1°

)
c
0
©
IS
| 98
o
it
c
o
i
(%)
S
°
o
|-
)
=
c
<<

(1))  Express in degrees, giving your answers to 3 significant figures where

appropriate:
@2 O (c) 3.4
Solution
() @ 60°=% radians so 120° = 22 radians
(b) 45° = % radians so 225° = 5 x 45° = %ﬂ
(€) 30° =% radians so 390° = 360° +30° = 27 + % = BT”

() (1) 34x % = 0.593 radians

T .
(b) 450 x 130 = 7.85 radians

(€) 1x % = 0.0175 radians
(i) (@ 3% x 18 =750
180 _ - o
®) sz x——=75
(©) 3.4 X % = 195°

0 When working in radians with trigonometric functions on your calculator,
ensure it is set in ‘RAD’ or ‘R’ mode.
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Exercise (1 Express the following angles in radians, leaving your answers in terms of 7

or to 3 significant figures as appropriate.

i 60° li) 45° i) 150° liv)  200°
v 44.4° (vi) 405° vii) 270° (viii)  99°
lix) 300° x)  720° (xi) 15° (xii)  3°

(@ Express the following angles in degrees, rounding to 3 significant figures
where appropriate.

(i % (i %—75[ (i) 4 (iv) 5?”
(v) % (vi) 2—76 (vi) 1.8° (viii) MTH
(ix) 777.[ x} 5rm (xi) %Tﬂ (xii) 117—2”

suelpe. 0} UOI}dINPOIIUI UY
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The identities sin[@ + ¢] and cos[O = ¢}

In Chapters 1 and 5 of this book you use the trigonometric identities known as
the addition formulae or compound angle formulae.The proofs of these
identities are given in the A Level Mathematics textbook.

These identities are:

sin(@ + @) = sinBcos ¢ + cosOsin ¢
sin(@ — @) = sin@cosp — cosOsin @
cos(0 + ¢) = cosBcosd — sinBsin @

cos( — @) = cosBcos¢ + sinBfsin ¢

Note the change of sign in the formulae for the cosine of the sum or difference
of two angles:

cos(0 + @) = cos@cos@ — sin O sin ¢

cos(@ — @) = cosBcos¢ +sinBsin @

Although these results are often referred to as ‘formulae’, they are in fact
identities (as indicated by the identity symbol =) and they are true for all values

of @ and ¢. However, it is common for the identity symbol to be replaced by an
equals sign when the formulae are being used.

These identities are used:

m in Chapter 1 to look at combinations of two rotations

m in Chapter 5 to look at multiplying two complex numbers in modulus-
argument form.

Use the compound angle formulae to find exact values for:

(1) sin15° (i) cos75°

Solution
(i) sin15°=sin (45° - 30°) =sin45°cos 30° — cos45° sin 30°
-1y 1
2

A3 1
22 242

V3-1 Je-2
= or
2V2 4
(i) cos75°=cos (45° 4 30°) = c0s45°cos 30° — sin45°sin 30°

_1 .3 1

=—xX=— X

N NG

- —X
2

&

N[ —

N —

V6 =2
=

This is the same as part (i) and so cos75° =



The exercise below 1s designed to familiarise you with these identities.

m (D Use the compound angle formulae to write the following in surd form:

(i) cos15° = cos(45° — 30°)

(i) sin105° = sin(60° + 45°)
(i) cos105° = cos(60° +45°)
(i) sin165° =sin (120° + 45°)

(@ Simplify each of the following expressions, giving answers in surd form
where possible:

(i) sin60°cos30° — cos60°sin 30°
li)  sin40°cos50° + cos40°sin 50°
(i) cos38cosf — sin360sin 6

(iv)  cos (E) cos (E) + sin (E) sin (E)
3 6 3 6

. T T T\ . T
(v]  2sin (Z) cos (E) — 2cos (Z) sin (K)

(vi) cos47°cos13° — sin13°sin47°

(¢ ¥6)S0d pue (¢ Fg)uls saUP! YL

(® Expand and simplify the following expressions:
(i) sin(6+45°)
(ii) cos(20 - 30°)

(i) sin(@ %)

(iv) cos(39 + %)
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Anstuers

Chapter 1 0210 0022
_ _ _ 3 g | 1021 @ 1000
Discussion point (Page 1) 02 0 2 2 0 0 1
3,2,1,0 1010 00 2 0

Discussion point (Page 4) (i)
When subtracting numbers, the order in which the

numbers appear is important — changing the order

changes the answer, for example: 3 — 6 = 6 — 3.

So subtraction of numbers is not commutative.

The grouping of the numbers is also important,
for example (13 —5) —2 = 13 — (5 — 2). Therefore
subtraction of numbers is not associative.

1
4 w=2,x=-6,y=-2,z=2

Matrices follow the same rules for commutativity
and associativity as numbers. Matrix addition is both
commutative and associative, but matrix subtraction
is not commutative or associative. This is true because 9 p=-1lor 6 q= +/5
addition and subtraction of each of the individual

elements will determine whether the matrices are 1 0 1 4 4
commutative or associative overall. 6 (i) 0O 0 1 0 2
You can use more formal methods to prove these 11075
properties. For example, to show that matrix 0 1.0 33
addition is commutative: 31 1 10 7
(a b)+(ef):(a+e b+f):(e+af+b):(ef)+(a b) 0O 0 4 2 10
cd gh ctgdth gtc h+d gh cd 311 11 8
~— 121 8 6
Addition of numbers is commutative
1 0 0 2 1
Exercise 1.1 (Page 4) il 110 32
1 (i) 3x2 (i) 3x3 [ii)1x2 00 1 1 2
(iv) 51 (v 2X4 (vi]3X2 01 1 2 3
2 (il 5 -8 (i 3 1 —4 City 2 vs United 1
2 -3 4 2 12 Rangers 2 vs Town 1
Rangers 1 vs United 1
iy | 753 5 3 7 15
-7 7 60 | 5 9 15 -3
| J—
(iv) Non-conformable  (v) ( _03 _09 1; ] 19 10 9 3

The matrix represents the number of

4
. o il 9 7 —17 jackets left in stock after all the orders
vi - vii 10 5 28 have been dispatched. The negative

element indicates there was not enough
of that type of jacket in stock to fulfil the

(vii) Non-conformable order.

ix) [ —15 8
—4 3



20 13 17 20
(ii) 15 19 20 12
19 10 14 8

12 30 18 O
(iii) 6 18 24 36
30 0 12 18

The assumption is probably not very realistic, as a
week is quite a short time.

Discussion point (Page 8)

The dimensions of the matrices are A (3 X 3), B

(3 X 2) and C (2 X 2). The conformable products
are AB and BC. Both of these products would have
dimension (3 X 2), even though the original matrices

are not the same sizes.
ag_|[ 2 [ -6 -
304 )l 21 —20 4
BA 2 -1 )_[ -8 4
3 4 -1 6

These two matrices are not equal and so matrix
multiplication is not usually commutative. There
are some exceptions, for example if

(20 (3 3
C—( 0 2 )andD—( 1 ]then
CD:DCZ( 6 6 )

2 -2
Activity 1.2 (Page 10)
-6 -1
Y
(i) BC=( — _8)
0 -1
-8 -15
—28

-12
—-15
-28

Activity 1.1 (Page 9)
—4 0

—4 0
-2 1

(il (AB)C = (
-8

(iv) A(BC) = ( —-12

(AB)C = A(BC) so matrix multiplication is
associative in this case

To produce a general proof, use general
matrices such as

e
A:(a bJ,B:[ f]and ?
c d g h 7]
3
i 2
C= . 0
k1
a b e f ae +bg af +bh
AB = =
c d g h ce+dg o +dh |
e f i ei + fk e + fl
BC = = , ,
g h k1 gi+ hk g+ hl
and so
+b + bh g
@aBc= | “th g b
ce +dg o +dh k1
aei + bgi + afk + bhk aej + bgj + afl + bhl
cei + cfk + dgi + dhk  cej + fl + dgj + dhl
and
- -
ame [ @ b ) @R
¢ d gi+hk gj+hl

cei + dgi + ¢fk + dhk

aei + afk + bgi + bhk
cej + dgj + ofl + dhl

acj + afl + bgj + bhl J

Since (AB)C = A(BC) matrix multiplication is
associative and the product can be written without
brackets as ABC.

Exercise 1.2 (Page 10)
T (i) (@) 3x3 [(b]1X3
e) 2X1 [f] 3X5
(ii) (a) non-conformable
(b) 3 X5
(c) non-conformable
(d 2Xx3
(e) non-conformable

(c] 2X3 (d2X4
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21 6
| i (=30 15
(i) ( 31 13 ) (ii) ( )

AB = 3 =56 BA — 25 8
20 =73 ) 28 —45

AB # BA 5o matrix multiplication is non-

commutative.
) -7 26 B 5 25
(i) > 34 (i) 16 22
26 37 16
31 0
[iii]( 65 18] (iv) 14 21 28
-8 =11 2
28 -—18
(v non-conformable (vi] [ 2¢ 2
16 25

=38 -136 -135
133 133 100
273 404 369

_ (2x2+12 —9) )
(i) i) x=2o0r3

16 15 B 211 2”_1
lo 1 ) WL o
iy [ 1024 1023 ) 2" 2¥ -1

0 0 0 1

1 1 2 0

(i 1010
1 1 0 2
00 10
4 3 3 4

(] 2 2 2 2 M? represents the
21 5 0 number of two-stage
11 0 2 routes between each

pair of resorts.

(iii) M? would represent the number of three-
stage routes between each pair of resorts.

. 8+ 4x 20+ x°
-8+ x -3-3x

(i) x=-3o0r4
-4 -11 24 -4
(iii) or

( -1 6 ) ( -4 -15 J

DA = (299 199 270 175 114)

1 229
i E=| , [AF=| 23!
263
1 334
1
1
0
il S=| o | DAS=(@413),
0
1
0
1
c=| , | DAC= (644
1
0
0.95
0.95
(iv)] P= 105 |
1.15
1.15

DAP = (1088.95) = £1088.95

b 1 0 0
(i) a (i) 0 0 1
c 0 1 0
0O 1 0 b
(i) 0 0 1 |, | ¢
1 0 0 a
0 1 c
(iv) 1 0 [|,| a
0O 1 0 b




The strands are back in the

S = O
—_ O O

1

(v) 0

0

original order at the end of Stage 6.
Discussion point (Page 17)

The image of the unit vector ( (1) ]is ( ¢ J and

the image of the unit vector ( (1) ) is (

The origin maps to itself.

Activity 1.3 (Page 17)

The diagram below shows the unit square with
two of its sides along the unit vectors i and j. It is
rotated by 45° about the origin.

=Y

You can use trigonometry to find the images of the
unit vectors i and j.
. . x

For A’, the x-coordinate satisfies cos45 = T so

1
X = cos45 = —=.

2

In a similar way, the y-coordinate of A” is %

For B’, the symmetry of the diagram shows that the

. . 1 . . 1
x-coordinate is ——= and the y-coordinate is —.
V2 ! 2

1
Hence, the image of ( 0 J is and the

0
image of [ | | is

and so the matrix representing an

i -

i~

1
V2

anticlockwise rotation of

1 1
V22
I

22

Rotations of 45° clockwise about the origin
and 135° anticlockwise about the origin are also

45° about the origin is

represented by matrices involving i%.

This is due to the symmetry about the origin.

(i) The diagram for a 45° clockwise rotation about
the origin is shown below.
YA

B
B

45°

and the image

1
V2
1

V2

1
The image of ( 0 ] is

1

of(O]is ﬁ
1 1

V2

and so the matrix

representing an anticlockwise rotation of

1
V2
1 1
V2 2
(i) The diagram for a 135° anticlockwise rotation

about the origin is shown below.
YA

45° about the origin is

~ 5=

=Y

slamMsuy
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178

1
NG
1

V2

1
The image of ( o |1 and the image of

and so the matrix representing

an anticlockwise rotation of 45° about the origin is

1 1
V2o 2
1 1

N

Discussion point (Page 18)
The matrix for a rotation of 0° clockwise about the

sin @
cos@

Activity 1.4 (Page 19)

L cosf
origin is

—sin6

(i) The diagram below shows the effect of the matrix

2 0
0 1

YA

) on the unit vectors i and j.

B’

=Y

Ol ._(1) A A’
0

You can see that the vector i has image ( 3 ) and

the vector j is unchanged. Therefore this matrix
represents a stretch of scale factor 2 parallel to the

X-axis.
(i) The diagram below shows the effect of the matrix

1 0
0 5

] on the unit vectors i and j.

YA

You can see that the vector i is unchanged and
. . 0 .
the vector j has image 5 . Therefore this

matrix represents a stretch of scale factor 5
parallel to the y-axis.

: m
The matrix ( 0 ) represents a stretch of scale

factor m

parallel to the x-axis.

The matrix ( (1) ) represents a stretch of scale

n
factor n

parallel to the y-axis.

Activity 1.5 (Page 20)
PointA:6 -2=3
Point B:6 ~2=3
Pont C:3 +1=3
Point D:3 +-1=3

The ratio is equal to 3 for each point.



Exercise 1.3 (Page 24)

1 (i) (&

(b)
(c)

(d)

(i) (a)

(b)
(c)

(d)

(iii) (a)

[b] A, = (_27 _1)7 B, = (_25 0)

(c)

(d)

YA
67 A
s |
4 F
sk
>

1k

(6] 1 2 3 4 5

A’=(3,6),B"=(0,6)
x"=3x,y =3y

(7 3)

YA

A’ =(1,-2), B'= (0, -2)

X =x,y ==y

(5]

YA
3+
s
1k
! B,I | | | >
-3 1 2 X
1 F
A
,2 -
3L

X —yy =—x

57

(iv) (a) A
s
>
1k
| | | | B > >
3 2 10 3 x =
-1 ’ E
A g
72— I
3

[b] A’ = (27 _1)’ B, = (29 0)

c) X' =y, 9y =—x

wl(o 1]
10

(v) (a)

(b) A"=(3,1),B"=(0, 1)

(c) ¥ =3x,y = %y

30
(d) 1
)

(i) Reflection in the x-axis

liil Reflection in the line y = —x

(iii) Stretch of factor 2 parallel to the x-axis and
stretch factor 3 parallel to the y-axis

liv] Enlargement, scale factor 4, centre the
origin

(v] Rotation of 90° clockwise (or 270°
anticlockwise) about the origin

(il Rotation of 60° anticlockwise about the
origin

(il Rotation of 55° anticlockwise about the
origin

(iii] Rotation of 135° clockwise about the origin

(iv] Rotation of 150° anticlockwise about the
origin
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4 i)
1 4 11 -1 -1
0 1 1 -1 -1 1

-3
-1

7 1) ACY3I-1,2) i) [ 1
0

H2272) 3

A’(4,5),B'(7,9), C'(3, 4). The original square and

so the transformed square would look like this: i :
the image both have an area of one square unit.
YA VA
- 9
- A | 'A
D’ A’ /
! ! ! L ! L l I Iy >
> = = = X
C B C B'[C [ ~ B

(i) The transformation is a shear with the x-axis

li) The gradient of A’C’ is %, which is the
fixed and the point A(1, 1) has image A’(5, 1).

reciprocal of the top right-hand entry of the
5 (i) (a) The image of the unit square has vertices matrix M.

0,0), (1, 5), (0, 1), (1, 6) as shown in the

di Rotation of 90° clockwise about the x-axis
iagram below.

10 (i)

(il Enlargement scale factor 3, centre (0, 0)

180

A lii) Reflection in the plane z =0
61— (iv] Three-way stretch of factor 2 in the
4 x-direction, factor 3 in the y-direction and
5 // factor 0.5 in the z-direction
Sl T T 1o oo 1.0 0
1M () 01 0 (ii) 0O 1 0
(b) The image of the unit square has vertices 0 0 -1 0 0 -1
(0,0, (1,0), (0.5, 1), (1.5, 1) as shown in
the diagram below. 12 (x, y) N (x, x)
A . .. 10
The matrix for the transformation is ( 10 ] .
1 . . 5 0
N 13 (i Any matrix of the form 0k |O
ol 05 1 15 x
k0
(il Matrix A represents a shear with the y-axis 0o 5 |
fixed; the point (1, 1) has image (1, 6). A has
shear factor 5. If k = 5 the rectangle would be a square.
Matrix B represents a shear with the x-axis
fixed; the point (1, 1) has image (1.5, 1). (ii) V2 1 , 10 ,
B has shear factor 0.5. 0 1 1 V2
0 -1 0 1 0 0
- , 1 2 or 0 1
6 i 10 0 i f{ o -1 0 1 0 ] [ N
0 0 1 0 0 1
3
10 0 00 -1 |7 % 0 3
il o -1 0 | wm|o1 o i s |, a5 ]
0 0 -1 10 0 0 3 2




Discussion point (Page 27)
(i) BA represents a reflection in the line y = x
(i) The transformation A is represented by the matrix

1 0
A= 0 -1 and the transformation
B is represented by the matrix

0 -1 .
B= 10 .The matrix product

0 -1 1 0 0 1
BA_(1 0 )(o —1)_(1 o)‘
This is the matrix which represents a reflection in
the line y = x.

Activity 1.6 (Page 28)

rax + rby + scx + sdy

-
ne )

pax + qex + pby + rdy

|
b

pa + qc

pax + pby + qex + qdy ]

pa+qc
ra + sc

pb+ qd
b + sd

oe -
:(

Discussion point (Page 28)

ra + sc

rax + scx + rby + sdy J Therefore UP=P”

AB represents ‘carry out transformation B followed
by transformation A.

(AB)C represents ‘carry out transformation C
followed by transformation AB,i.e. ‘carry out C
followed by B followed by A’.

BC represents ‘carry out transformation C followed
by transformation B’.

A(BC) represents ‘carry out transformation BC
tollowed by transformation A, i.e. carry out C
followed by B followed by A’.

>

3

Activity 1.7 (Page 29) s

D

=

_ | cos@ —sin@ v
t A_( sinf  cosO }’

| cos¢p —sin¢

B_( sing  cos¢ J

(ii)

cos@cos®h —sinfsing — sinOcosP — cosOsin P
sinfcos® + cosOsing — sinOsin@ + cosb cos

—~

0+ ¢) —sin (0 + q))
sin(@ + ¢)  cos(6 + ¢)

COS

i) C =

(iv) sin(O + ¢) = sinfBcos¢® + cosBsin @
cos(@ + q)) = cosB@cos¢® — sinOsin ¢

(v] A rotation through angle 6 followed by rotation
through angle ¢ has the same effect as a rotation
through angle ¢ followed by angle 6.

Exercise 1.4 (Page 30)
1 (i} A:enlargement centre (0,0), scale factor 3
B: rotation 90° anticlockwise about (0,0)
C: reflection in the x-axis

D: reflection in the line y = x

0 1
(i) BC = 1 0 J, reflection in the line
y=x
0o -1
CB = 1 0 ) reflection in the line
Yy =-x
DC = ( 0 - J,rotation 90°
1 0

anticlockwise about (0, 0)
( 9 0
A=

0 9
scale factor 9

1 0
0 -1

], enlargement centre (0, 0),

BCB=(

], reflection in the x-axis

181




Answers

182

1
DCD = ( ) returns the object to

0
0 1
its original position

(iii) For example, B, C* or D?

_ 10 | =10
0 X=1 4 4 Y= 0 1

-1 0
il XY :( 0 -1 ],rotation of 180°

about the origin

-1 0
[III]YX: ( 0 -1 )

(iv) When considering the effect on the unit
vectors 1 and j, as each transformation only
affects one of the unit vectors the order of
the transformations is not important in this

case.
_ [ -1 o0 | 01
i) P= 0 —1 Q= 10
y _[ 0 -1 . .
il PQ= 1o | reflection in the line
y=-x
0 -1
lii) QP = -1 0

(iv] The matrix P has the effect of making the
coordinates of any point the negative of
their original values,

1.e. (x, y) - (—x, —y)
The matrix Q interchanges the coordinates,

be (w.y) = (%)
It does not matter what order these two
transformations occur as the result will be

the same
1 0 O 1 0 0
4 i J=10 1 0 K= 0 0 -1
0 0 -1 01 0
-1 0 0 0O 0 1
L= 0O 1 0 M= 0O 1 0
0O 0 1 -1 0 0

(i) (@ LJ (b) MJ
(c) K2 (d JLK

(i) (_83 ;;J i) (32,-33)

0 1
Possible transformations are B = ( 1 0 }

which is a rotation of 90° clockwise about the
origin, followed by

30
A= ( 0 1 ), which is a stretch of scale factor

3 parallel to the x-axis. The order of these is
important as performing A followed by B leads

0 1
. Could also have

to the matrix ( 3 0

0 3
factor 3 parallel to the y-axis, followed by

10
B= ( ) which represents a stretch of

0 1
A= ( 1 0 ), which represents a rotation

of 90° clockwise about the origin; again the
order is important.

iee-( L]

1 0
il P= ( 0 -1 ] represents a reflection in

the x-axis.

(1
Q- !

y-axis fixed; point B(1,1) has image (1,—4).

(1) ) represents a shear with the

11
V22
1 1

V22

A matrix representing a rotation about the

X =

o cosf —sin6
origin has the form | and so
sin@  cos@
the entries on the leading diagonal would be
equal. That is not true for matrix X and so this
cannot represent a rotation.

I
S = O
e e
- o O



10

11

12

) 1 0
['](02)

(i) A reflection in the x-axis and a stretch of
scale factor 5 parallel to the x-axis

5 0
(iii) ( 0 - J

Reflection in the x-axis; stretch of scale
factor 5 parallel to the x-axis; stretch of scale
factor 2 parallel to the y-axis. The outcome
of these three transformations would be the
same regardless of the order in which they are
applied. There are six different possible orders.

1
= 0
v |
1
0 =3
1 -R,
W, 1
10
(i) _L
il R, 1
1 -R,
i) | _ 1 Ry
K R
R
1+R1 -R,
(iv) ’
1
_R_2 1

The effect of Type B followed by Type A is

different to that of Type A followed by Type B.

1

V2 +2 and b =
4 2(V2 +2)

D represents an anticlockwise rotation of 22.5°

a =

about the origin.

By comparison to the matrix

cos@ —sin6 . .
_ for an anticlockwise
sinf  cos6

rotation of 6 about the origin, a and b are the
exact values of cos22.5° and sin22.5° respectively.

13

14

] 1B
me=| 2 2 | Q=] 2 2
NER. NERN
2 2 2 2
1
143 2
2 2 .
lil QP = , which represents 0
NERS 5
2 2

a rotation of 60° anticlockwise about the
origin.

1 3

2 2
(i) PQ = , which represents a
V3
2 2

rotation of 60° clockwise about the origin.

A reflection in a line followed by a second
reflection in the same line returns a point to its
original position.

Discussion point (Page 33)
In a reflection, all points on the mirror line map to
themselves.

In a rotation, only the centre of rotation maps to itself.

Exercise 1.5 (Page 35)

1

(i) Points of the form (l, - 2/1)
(il (0, 0)
(iii) Points of the form (l, — 3/’1,)

(iv)] Points of the form (22,’ 3),)

(i] x-axis, y-axis, lines of the form y = mx

(i) x-axis, y-axis, lines of the form y = mx

(i) no invariant lines

(iv) y = x,lines of the form y = —x + ¢

(v y = —x,lines of the form y = x + ¢

(vi) x-axis, lines of the form y = ¢

(i) Any points on the line y = %x, for
example (0,0), (2,1) and (3, 1.5)

i) y=gx
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(i) Any line of the form y = —2x + ¢

liv) Using the method of Example 1.12 leads to

(i

the equations
2m* +3m—2=0=m=05 or—2

(442m)c=0=>m=-2 or c=0

Ifm=0.5thenc=()soy=%x is
invariant.

If m = =2 then ¢ can take any value and so
y = —2x + ¢ is an invariant line.

Solving 4 1 Tl Y | leads
11 4 Y Y

to the equations y = —% and y = _%.

The only point that satisfies both of these is
0,0).

i) y=xand y=—x

) y=x,y=-7x

(ii) YA
10 Af
8 r\\\ AL
(WA
.4 :
ol =
é
CYIA / >
4 200 4 ¢ 1 X
s
C/
il y=x« (i) y=x
(iii) A
X -
) C'
N/
B
1 ol/ 1A e
=1 N

() x"=x+a, y =y+b

(iii) (c) a=

=2b



Chapter 2

Discussion point (Page 39)

R Real numbers — any number which is not
complex

@Q Rational numbers — numbers which can be
expressed exactly as a fraction

Z Integers — positive or negative whole numbers,
including zero

N Natural numbers — non-negative whole
numbers (although there is some debate amongst

mathematicians as to whether zero should be
included!)

Discussion point (Page 40)

Any real number is either rational or irrational. This
means that all real numbers will either lie inside
the set of rational numbers, or inside the set of real
numbers but outside the set of rational numbers.
Therefore no separate set is needed for irrational
numbers.

The symbol Q is used for irrational numbers —
numbers which cannot be expressed exactly as a
fraction, such as 7.

Activity 2.1 (Page 40)

Rational

Integers

Natural numbers

7

Activity 2.2 (Page 40)

il x=2 Natural number (or integer)
i) x= % Rational number

(i) x =13 Integers

(iv) > =-1 Integer

(v} x =0, =7 Integers

Discussion point (Page 42)
You know i’ = —1
P=ixi=-1xi=-i
=P xiP=-1x-1=1

P=i"xi=1xi=1

Pxi=ixi=-1

._..
1

7 =i"xi=-1xi=-

The powers of 1 form a cycle:
i
-1 1
S

All numbers of the form i*" are equal to 1.

slamMsuy
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All numbers of the form i*"*! are equal to 1. 10

All numbers of the form i*"*? are equal to —1. \\ /

All numbers of the form i*** are equal to —i.

Discussion point (Page 42) 11\ ]
(5+~=15)(5 - v~15) \\? HIEETE
= 25— 5715 + 5v=15 — (-15) \\\\ //
=25+15 \ \ /II’ yEx]—4x+6
=40 \ /
Discussion point (Page 42) \ /]
If the numerators and denominators of two fractions
are equal then the fractions must also be equal.
However, it is possible for two fractions to be equal if .
the numerators and denominators are not equal, for v ] o=
example % = %
. i) (@& x=1 x=3
Exercise 2.1 (Page 43) b) x = 2+ 3
1 il 1 i) —1 (c] 2421
(i) —i v 1 i) The roots all occur in pairs that are of the
_ , ) . form x = 2 £k where k is either a real
2 (il 9-1i (i) =9+ 91 number or a real multiple of i
(i) 3+ 91 (iv)] =3 —1 M a=-7, b=11
3 (i) 24+21 (i) 2+241 The second root is 5 — 31. The coefficients of
(i) 20 + 481 (iv] 38 — 18i the equation are not real.
4 (i) (a)52 (b) 34 (c) 1768 Activity 2.3 (Page 45)
[ii] The answers are wholly rea.tl. 242" = (x+ i)+ (x — yi) = 2x which is real
(i) 92—-0601 (i) —414 +154i o ) )= ¥ . s .,
_ . N . . 2z = lxt+tyi){ix—y1) =x" —xpyityxi—y1T =x" t+y
i) —1xi (i 11i 2i (i) 2 &+ 3 which is real
(M -3%5i M Z£2i () 22 _ _ _
7 a=1ordb=—1or3 DISCUSS.IOH pomt (Page 46)
The possible complex numbers are T_1,1_ 1 _
149i 144, 16+9i, 16 +1 i i1 -l
- - -3 = 1_1,i _-1
a=3 b=50ra=-3 b=-5 F:FX%:T:_l

9 34+ 7iand =3 — 71
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1 1o =
— = — X == — =1
i3 i3 i3 _1
1 1 it 1
R

All numbers of the form 141,1 are equal to 1.

All numbers for the form 14,1% are equal to —1i.
All numbers of the form 14,1% are equal to —1.
All numbers of the form 14,%3 are equal to 1.

Exercise 2.2 (Page 46)

21, 3. 21 3.
1T () %4_%1 (ii) %—51
3 . 21. 321,
(iii) —%+%1 (iv) %+%1
9 19, 9 19,
2 [I] _B+El [II] 34 341
19 . 9 19 .
(iii) 3713 (iv) _ﬁ-‘_ﬁl
94  158. .. 204 |, 253.
8 W Etast il G5t es!
4 (i) 6 (i) 85
(i) 12 (iv) 45
(v] —4 (vi) 45
5 (i) 2 (ii) 3
(i) 2 =231 (iv] 6+ 41
(v] 8+1i (vi) =4 — 71
6 (i) 0O (i) O
(i) =39 (iv) =46 — 91
(v] —46 —9i (vi) 521
L 348 | 290. ., 322 65.
TSt et W59 T g9t
600 110 .
il =3757 * 3751
8 ()] 2-1 (i) 1
. . 35 | 149.
(i) 3+1 (iv) _ﬁ—kﬁl
_ .23 ., _ 15
9 oa=-73 b=-13
10 a=9, b=11
410 .10
11 [I] @ [II] 89

12 xzz_icyz

% a=2,b=2

15 2=0, 2=2, z=-1+/3i
16 z=8-06i, w=6-5i

Discussion point (Page 47)

A complex number has a real component and an

slamMsuy

imaginary component. It is not possible to illustrate

two components using a single number line.

Activity 2.4 (Page 48)
(i)

=]

77747_477‘.74 2 3 4

The points representing z and —z have half turn

rotational symmetry about the origin.

(i) ImA
) 5+ 4i
; 2+3i//\
.
Wy
4
3 2 10 2 3 4 5 6 7 Re
NN
>\ N
AN
. 2134 \
5704

The points representing z and 2" are reflections

of each other in the real axis.
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Exercise 2.3 (Page 50)
1

ImA
P A+
3
3 +2i
.
=5 3l
1
—f—f—4—~—§—0 4 6 7 | Re
—1
o)
3
473§
4
6 5i <
2
ImA
424 ) =24 4i
3
izt =412 ) iz442i
1
4 3 2 10 3 4 5 6 |Re
1
, -2 . .
—iz=—4r21 (iz)1=4|- 2i
2
4
—z*=-2 + 4 z=PR—4i
g
3
ImA
8 2
. /)(er =11+7
) 2= 10 + 5
);:,:1 >2i/ LXZ2—w=9H 31
10 8 -6 4 -2 [0 2 4 10 12 14 16 |Re
o)
XN —z=-29-3 i
-6
-8
L () x°—4x+3=0

i) x> —4x+5=0
i) x> —4x+13 =10

(iv) All of the form x° — 4x + k = 0 where

k eR

5 ImA
~(z%) F —x[+ yi z=p+yi
X /,%
N /
N /
/ N\
// \\
/ N\
/ N\
>(*z— X —|yi Tt =x— ><
6 (i)
n -1 0 1 2 3 4 5
a1 1. . . . .
255l 1 [14+1] 21 |2+21| 4 |4-4
Re
(iii)
n -1 0 1 2 3 4 5
" 1 1. . . . .
z 5—51 11 1+1|21|2+21| 4 |—-4—-4
Distance 1
from E 112 |2 242 4 42
origin

liv)] The half'squares formed are enlarged by a factor
of /2 and rotated through 45° each time.

7 i) r=+d*+b’

22" =(a+bi)(a—bi)=a +b =+
i) s=~c+d
(iii) zw = (a+ bi)(c + di) = (ac — bd) + (bc + ad)i

Distance from origin of zw is

\/(ac —bd)” + (be + ad)” = Vi + P& + 0 + &

= \/(az + bz)(c2 + dz)
=&+ +d =




Chapter 3

Discussion point (Page 53)

47 + x> —4x—-1=0

Looking at the graph you may suspect that x = 1 is
a root. Setting x = 1 verifies this. The factor theorem
tells you that (x — 1) must be a factor, so factorise the

cubic (x —1)(4x” +5x +1) = 0. Now factorise the
remaining quadratic factor: (x — 1)(4x + 1)(x + 1) = 0,

so the roots are x = 1L,-7,-1

45> + x5 +4x+1=0

This does not have such an obvious starting

point, but the graph suggests only one real root.
Comparing with previous example, you may spot
that x = _41_1 might work, so you can factorise giving

(4x + 1)(x> + 1) = 0. From this you can see that the
other roots must be complex. x* = —1, so the three

roots are X =~ , *i.

Activity 3.1 (Page 54)

Equation Two Sum of | Product
roots | roots of roots

G 2 -32+2=0 [1,2 3 2

G) 22 +z-6=0 |2,-3 |[-1 -6

(i) 2 —62+8=0 |24 6 8

(iv)z>=32-10=0{-25 |3 -10

W) 2:2=3x+1=0 |»1 |3 2

(vi)2°—4z+5=0 |2+i |4 5

Discussion point (Page 54)
If the equation is ax* + bx + ¢ = 0, the sum appears
to be — g and the product appears to be %.

Discussion point (Page 55)
You get back to the original quadratic equation.

Activity 3.3 (Page 57)

(i -3+ /31 —3+z\/—
—
i) 2E47 5% J‘
3 3
Exercise 3.1 (Page 57)
1 (i) 05+B=—%, off =3

. _l __l
[ll]a+/3—5, off = s
i) a+p=0, aﬁz%
24 _
(|V]O!+ﬁ——?, off =0 g
W at+f=-11, of=-4 <
8 2
(vi) a+ﬁ=—3, off =2 0
2 (i) 22-102+21=0
li] 2°=32-4=0

(i) 22* +192+45=0
liv)] 2> =52 =0
) 22 =62+9=0
i) 2> =62+13=0
3 () 22" +152-81=0
(i) 22> =52-9=0
i) 22 +132+9=0
iv) 2> =72 =12=0
4 (i) Roots are real, distinct and negative (since

off > 0= samesignsandx + 3 < 0 =
both <0)

lil o«=-p
(i) One of the roots is zeros and the other 1s _b
a

(iv] The roots are of opposite signs.
5 Letaz” + bz + ¢ = 0 have roots o and 20r.

Sumofrootsa+2a—3a——éso oc——i
a 3a
Product of roots a X 2a = 20 = < so
b 2_(
ZX( 3a) T a

Then 2b° = 9ac as required.

6 (i) az® +bkz+ck> =0
(i) az® + (b — 2ka)z + (K’a — kb +¢) = 0

7 i) 22 -G+20+0O+71)=0

Exercise 3.2 (Page 61)
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Answers

(ii)

3
2 () 22-72+142-8=0 5
L, ~ i) >
il 27 =32z"—-42z+12=0
(i) 22° +72° +62 =0 (iv) 2
iv) 22° —132° +282-20=0 2 (i) 2'-62"+72+62-8=0
W) 2*=192-30=0 li] 42 +202° + 2> =602 = 0
03 2 _
Wil = =527 492 =5 =0 lii) 42" +122° =272 =542 +81=0
0 222’25’2 iv) 2" =52 +102 =6 =0
[] = __7_72 .
1T 3 () 24427 -6 +82+48=0
li) 2 =2-23,2,2+23 (i) 22* +122° + 212 + 132 +8 =0
[iv]z:%,%,% 4 (i) Letw=x+1thenx=w—-1
new quartic: x* — 6x> + 9
4 () z=w-3 ; . .
(il Solutions to new quartic are x = +/3
(i) (w—=3+w-3>+2w-3)-3=0 (each one repeated), solutions to original
(i) w® — 8w’ + 23w — 27 = 0 quartic are therefore: ot = f = /3 — 1 and

y=6=—/3-1.

5 (i) a=-1, B=+/3
i) p=4andg=-9

(iv] ¢ +3,8+3,7+3

5 w —4uw+4w—-24=0

6 1) 2w’ 16w’ + 37w —27 =0 (i) Use substitution y = x — 3¢ (i.e.
(i) 2w’ + 24w’ + 45w + 37 = 0 y = x + 3 then x = y — 3) and
3 2
7 TherootsareSZ,g k:477 y =8y  +18y —12=0
113 6 ) a+B+y+s+e=-2
8 ==7373 D grhry a
9 a=-l,p=7,q=8or0=p=q=0 PoPf +oy+od+ae+ Py+ PO+ Pe+
¢
10 Roots are —p and +,/—q (note +,/~¢ is not Yo+ e+ de =
necessarily imaginary, since q is not necessarily >0) > 0By + oS + afe + 0y + o + e +
L 1 )
o P—‘S(“Jfﬂ*ﬁ) P16+ Bre + poe + yoe =
= 8|5 +aﬂ+ ﬁ ) _ ¢
1 > o}y + Byde + yoea + Seoff + eafy = -
r=—4
P > (xﬁy&s:—g
1 9
(i) r=9;x=1,=,-=2
! 2" % N Sa=-t
- 13
=—6;x =-2,— 15
12 z—%,%,—Z
|| Xafy=
13 =bd
139 e
4 2 7 5 =2
T2 =P
Exercise 3.3 (Page 64) f
Y opyde = —=
1) -3 !
2
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Exercise 3.4 (Page 67)

1

0 g o O

10

1

4 + 51 is the other root.
The equation is 2> — 8z + 41 = 0.

2—1-3
7,4 £ 21
Im A
4
4+2i
2+ X
7
| l | .
(6] 2 4 6 8 Re
2+ X X
4-2i
(i) z=-3
I 5, J11.
=-3,2+M1
(i) = 3,2_ 51

k = 36, other roots are —% + %i

p =4, q=-10, other roots are 1 + 1 and —6
22—2-6 =0
z=3%21,2*1

Im A
4
3+2i
2 2+i X
X
| | | [
O 1 2 3 4
e Re
o 2-1 X
3-2i

(i) w?=-=2i,u" =-2-2i,w=—4

i) p=-4,9=2
lii) z=-4,-1,1 %1
(i} z=43,%3i
(i) Im A
41
3i
2+
-3 3
I I | L5
-4 2 O 2 4  Re
_2 -
—3i

] a>=-3-4,0°>=11-21

12
13

14
15

L

+

)

=
S
I

O Re

—1-2i X2

slamMsuy

A false, B true, C true, D true
a=2,b=2,z=-2*1,1%t2

> =13i,4+5
] a?=-8—-6i,a°=26—18i
(i) w =20

z = — 5 , — =
[“|] ! 3

(iv) Im A
-1+3i
3 -

_3_

-1-3i

16 b=-9,c=44,d=—174,¢ = 448, f= —480

Chapter 4

Discussion point (Page 72)
Start at 2 and add 3 each time.

Exercise 4.1 (Page 75)

1

il 6,11,16,21,26

Increasing by 5 for each term
(i) =3,-9,—-15,-21,-27

Decreasing by 6 for each term
(i) 8,16,32, 64,128

Doubling for each term
(iv) 8,12,8,12,8

Oscillating
v) 2,5,11,23,47

Increasing

12555

MR S
Decreasing, converging to zero

1
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9
10
11

i) 21,25,29,33

(i) wy,=1u,, =u +4

(i) u, = 4r -3

il (a) 0,-2,-4,—-6
(b) u, =10, u,,,
(c)u =12 =2r
(d] =28

lii) (a) 32,64, 128,256
(b) u, =1, u

=u, —2

r+1 = 2“7
(€ u =2

(d) 524288
(i) (a) 31250, 156250, 781250, 3906250
(b) u, =50,u,,, = 5u,

> T+l

(c) u, =10x5"
(d) 9.54 x 10"

i) 25

(iii) 363
7

il )56 - 6r) (i) 224

r=1

2500

(i) =150
(iv] =7.5

il -5,5,-5,5,-5,5
Oscillating

(i) (a) O (b] =5

i) =2+ 2 (=1’

(i) 0,100,2,102,4, 104
Even terms start from 100 and increase
by 2, odd terms start from O and increase
by 2.

(i} 201

(iii) 102

749 cm

%n(n3 +1)

10,5,16,8,4 (This will reach 1 at ¢, and then

repeat the cycle 4,2, 1)

Exercise 4.2 (Page 78)

1

2

i 1,3,5 i) n?

() 4,14,30 (i) n(n+1)’

30 212,36 (i) (e + D3 + Tn +2)
4 nt

%n(n 1)+ 2)
6 Lo+ 1m+2)m+3)

7
1

7 En(?m +1)

8 n’(4n+1)(5Bn+2)

(i) 7 layers, 125 left over
10 () £227.50

i) 5y n(35(n + 1)+ 301)

Discussion point (Page 81)

As n becomes very large, the top and bottom of
n
11 are very close, so the sum becomes very close to

1 (it converges to 1).

Discussion point (Page 84)

As n becomes very large, the expression
n(3n +7) 3t .
20+ D(n+2) becomes close to oy (since terms

in #” are much bigger than terms in n). So the

3/ 3
sum becomes very close to = (it converges to E .

2

Exercise 4.3 (Page 84)

T () 1-0)+U-D+0O-4)+ ... +
[(n=2)" = (n=3)"]+
[(n=1) = (n =2+ [0’ = (n=1)"]
(i) n?
2 (i) First term:r =1, last term:r = 10
. 20
(iii) 31
3 (i) n(ﬂ2 + 4n + 5) (iv) 99
4 ) Mer2
(n+1)
5 (i) —"Gn+5)

4(n+1)(n+2)



(i) 0.7401,0.7490, 0.7499.The sum looks as if =~ Exercise 4.5 [Page 92)

it is approaching 0.75 as n becomes large. 5 (il M is a shear, x-axis fixed, (0, 1) maps to (1, 1).
6 (i) % M" is a shear, x-axis fixed, (0, 1) maps to (n, 1).
i 1,1, _1
7 (i n(n+3) 6 i) y = 5,0y = 3,00y = g
4(n+1)(n+2) ) 1 g
(i) 0.24995...,0.2499995... The sum looks as ilw, =2 2
L . =
if it is approaching 0.25 as n becomes large. ;0 Ao 3 _g e 5 _12 g
i) 8n’ +12n° + 61 ! - 2 5 ’ - 3 7
(i) 160" + 320 + 241> + 8n
7 0
. 1 1 8 (I M'= :
10 (il A=5,B=—5 | (0 7}
L (Bn+2)(n—1)
(iii) Gr+2)(n=1) _
. Tn(n+ 1) Mo 7 2| 400
3 21 7 0 49
(iv] As yy — oo, the sum — )
- 2 1 0 2m+1 1 -1 2
. . . (i) m>" =7" M =7
Discussion point (Page 85) ( 0 1 ] ( 301 )
If she was 121 last year then it would be fine,but we 9 (i) 3,5 17,257, 65537

don’t know if this is true. If she were able to provide
any evidence of her age at a particular point then we Practice Questions Further
could work from there, but we need a starting point. Mathematics 1 [Page 95)

Ac1t|V|ty14.1 (Page 86) 1 (i) Points plotted at 1 + 2i, —3 + 4i, 41,%
Tx2 "2 (11, [11, {11, 2]
1o 1 2 i), w—w 1
X2 2x3°3 i) w2, w = w [1]
Lo, 1 .13 2 Either
X2 2X3 3x4 4 Cubic has real coefhicients [1]
1 1 1 1 4 —j
+ + + =2 so 3 —1ia root [1]
Ix2 7 2Xx3  3x4 4x5 5 Sum of 3 +1and 3 —1i1s 6; sum of all
- 3 roots 1s 9 [1]
Activity 4.2 (Page 89) so real root is 3 (1]
(i) Assume true for n = k, so Or
2
2444+ 64+ ... +2k=(le+l)- z = 3 a root by trying factors of 30 [1]
2 Factor theorem (z — 3) a factor of cubic [1]
Forn =k +1,
D4+ 6+ .. + 2’=92°+282-30 = (2 —3)(z°—62 +10) [1]
. Roots of quadrati 3+1,3-1 1
2k+2(k+1):(k+%) +2(k+1) OO OF quadiatic ate ' ' ]
1 3 (i) = =6 X436 20 [1]
=k2+k+z+2k+2 T 2(2+1)
9 -5 -1
= k> + 3k + = =
4 2+1 M 2+1 [1]
3 2
=(’€+§) _ 5(2-1) ~(2-1i)
> T+ T2 -1
( 1) (1]
=|k+1+ )

=—(2—-1)or= —%(2 — 1): both solutions
It 1s not true for n = 1.

(i) It breaks down at the inductive step.
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are in the form A(2—-i) with A = —1 and

=_1 1
A=-g (1]

(i) By substituting the roots into the
equation. [1]

() a+1,B+1,7+1 satisfy
(y=1+3(y=1)"=6(y—1)-8=0 [1]

vy =3y’ +3y—1+3y* -6y +3—6y

+6-8=0 (11, [1]
y'=9y=0 [1]
(i) y* =9 =0 (1]
Yy =3)y+3)=0 (1]
y=20,3-3 [1]
(i) x =-1,2,— 4 [2]
(i) Diagram or calculation showing image
of shape/points
Rotation 90°... [1]
.. about (0, 0), anticlockwise [1]

(i) Rotation 45° anticlockwise about (0, 0),
when repeated, gives transformation

corresponding to B. [1]
Diagram showing, for example, unit
square or unit vectors rotated by 45°.  [1]
I S
V2 2
B (1]
NN
5+(6+1)=—§:>b* = (6 + (5 + 1))
=a (8" +2606 + )+ (5 +1))
=a (48 + 46 +1) [1]
00+1) = g = ac
=a’ (88 +1))
= (8 + ) 1]

LHS = b — 4ac

a*(46% + 45 +1-4(5* +5))

a*(1) (1]
=a’ (1]

RHS [complete argument, well set out]

i) 3,6,11,20,37 1]

(i} To prove u = 2"+n
When

n=1LHS =3 RHS =2"+1
=24+1=3 [1]
So it is true for n = 1
Assume it is true for n = k,so
w, =28 +k [1]
Want to show that u,,, = 2""" + k + 1.
U, =2u, —k+1
=202+ k) —k+1 1]
=2+ 2k —k+1
= 2" + k + 1 as required (1]

So, if the result is true for y = kthen it is
true for p = kb + 1 (1]

Since it is true for n = 1, by induction
it is true for all positive integers n. [1]

(il Calculations or image correct for

three points [1]
Totally correct plot of (0, 0) (0.6, 0.8)
(0.2,1.4) (0.8,0.6) [1]
W3 a
5 5 x | | x
4 3 7 Y
5 5
34
5Y 75N T [1]
4 3
ERE R
= 2x
! }from both equations [
y =2x
y = 2x is equation of line of invariant
points. (1]
(iii) Perpendicular line to this, through origin, is
-1
y=- 2 x
34 3.2,
55 Yol 3775
4 3 | -3 4.3
5 5 577107



9

X
O I B

1. . . . .
So y = —75 IS an invariant line, and is
perpendicular to line of invariant points, and

both go through the origin. [1]

(iv)] Two points marked, where image of
unit square intersects unit square, at
(0,0) and (0.5, 1). [1],[1]

(i)

LHS

= L+ )+ A +5) = £+ 2+ ) + 4)

r+3)(r+Hr+5-71-2) [1]

(r+3)(r + 4)(3)

A= Q\|—

= S0+ 3 +4)

— RHS (1]

(i) il(;’ + 3)(r + 4) :i{l(r + 3)(r + 4)
y=12 r=1 0

(r+5) =L +2)(r + )+ 4) }

1 1

= 6.4.5.6 — 63.4.5
1 1
1 _ = 1
+6.5.6.7 64.5.6 [1]
1 1

+...

F+ D+ 20+ 3)

FL(n+ 2+ 3)(n+ 4) -
F () + 40+ 5) = 40+ 2)(n + 3+ 4)

(1]
- %(n +3)(n + 4)(n + 5) — %.3.4.5

(1]
(1]

(Some indication of telescoping)
= 2(n+ 3)(n+4)(n +5) ~ 10

(iii) 4%X54+5X6+6X7+... to 20 terms

20

=2 S+ 3)(r +4)

r=1

(1]

= 2x {2(23)24)(25) - 10}
— 4580

Chapter 5

Discussion point (Page 99)
It is not true that arg 2 is given by arctan (%) For

slamMsuy

example the complex number —1 + 1 has

3r dy__=m
T but arctan(_1) =-7 A

diagram 1s needed to ensure the correct angle

argument

1s calculated.

Activity 5.1 ([Page 102)

n T r

6 4 3
. 1 1 NE)
sin 2 \/5 T

NG e 1

2 72 2
t L 1 \/5

an \/3

Exercise 5.1 (Page 104)

1 z =4 or4(cosO + 1sin0)
z, = =2+ 4i or 24/5(c0s2.03 + isin 2.03)
z,=1-3ior

\/E(cos (=1.25) + isin(—1.25))

2 (i) |z =13 arg z = 0.588
i) |z] = V29 arg z = 2.76
(i) |z| = V13 arg z = —-2.55
(iv) |z] = <29 arg z =-1.19

3 |z|=V13  argz =0.588
|2,|=13  argz, = —0.588
|23|=\/B arg z, = —2.16
|z4|=\/ﬁ arg z, = 2.16
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z, = z, Reflection in real axis

z; = z; Reflection in the line y = —x

z, — z, Rotation of 90° anticlockwise

about the origin

(i) —4i

(i) _%Jr%i
i) —¥+%
(iv) #—%i

(i) 1(cosO + isin 0)

(ii) 2(cosm + isin 7)
(iii) 3(cos( + 1sin % )
( T

2

(v 4(cos(-§) +isin ))

cos— + 1sin )

(i) \/_ cos—+1sm ST)

V2o
|

o ol el
|

(iv) V2| cos TE + 1sin (_4—7[))

(i) 12(c056 + isin g)
(i) 5(cos(—0.927) + isin(—0.927))

i) 13(cos2.75 + isin 2.75)
(i) 65 (cos1.05 + isin1.05)

V12013 (cos(2.13) + isin(-2.13))

() 210 (c0s0.322 + i sin0.322)

(ii) \/—( 0s(—0.266) + i sin(— 0266))

i) 220 (cos (~1.63) + i sin(-1.63))

9 () =21 0or 0+ 21

ImA

w

-2 -1 0 1

=

(iii) =z =

— + =1

N[~

g
i<
>

P W A W

—

5 4 3 2 1

—_—

(iv] z =

— (3] (98]

|
—_ o
X




5 _ 5V3. -
Mz=-5- T\/_l Activity 5.3 (Page 106)
Im J (i) Rotation of 90° anticlockwise about the
) origin
. ImA
4 3 2 10 3 |Re
; : 24 3i g
3 —3+2i : g
p D
X ) ~C | / w
= 3 2 10 2 3 4 ke
—1
)
(vi) 2 = =2.50 — 5.461
im4 (i) Rotation of 90° anticlockwise about the
1 origin and enlargement of scale factor 2
N ImA
-4 -3 2 -10 Re
B -6 4i )
. NERE
5 \\ U/
X
—6 >
8 7 6 5 4 3 2 10 4 Re
-7 |
M0 () -(r-—a)ora—-= (i) —o liii) Rotation of = anticlockwise and
il 7 -« (iv] % —a enlargement of scale factor /2
(v) % + o ImA
M) |z|=5  argz=0927 ~1fesi)
3n 4
|22|:\/§ argzz :T \“r 24 3i
’ g A _1_7, \
il (@) 2,2, 1 5 2 51 \i //
(b) |z122‘ =52 arg(z,2,) = =3.00 R
3 2 10 4 | Re
Al 52 2= 143 !
z, 5 arg ol
lii) |2,2,] = |2|2| and Zil = % Exercise 5.2 (Page 108)
’ () |w =2 argw = %
argz, + argz, = 3.28 which is greater than 7,
but is equivalent to —3.00 |z] =2 argz = —%
Le.argz, +argz, = argz,x " — __
! 2 Z 172 (i) (a) |we] =242 arg(wz) 5
argz, —argz, = arg(2—1) (b) K‘ -1 wy_ 7%
’ A2 arg(z) 12
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[ii i] ImA
2
X
- >
-2 - ? [\y 4 Re
; \ . wo

(i) 6(cos—

(ii) %(cos(%) + isin (%))
(iii) %(cos(—%) + isin (—%))

(iv) 1 cos(—%) + 1sin (—%))
(i) =3
(i) %

(i) 4(cos(—%) +1 sin(—%))

(ii) 7776(cos(%) +1 sin(s?ﬂ))

(i) 10368(cos(—1) +i sm(—l))
(iv) 3O(cos(27”) + isin(ZTn))

(v] 2\/§(c050 + isin O)

\377
13
of rotation —1.36 radians (i.e.1.36 radians

(i) Multiplication scale factor ,angle

clockwise)

3

(i) Multiplication scale factor

,angle of
7

rotation —1.33 radians (i.e. 1.33 radians
clockwise)

arg(%) = argw — argz = arg(%)

=argl —argz = 0 —argz = —argz
The exceptions are complex numbers for which
both Im(z) =0 and Re(z) £0
since —180° < argz < 180°

7 () Real part = #
Imaginary part = 1 +4\/§
(ii) x/z(cos(%r) + isin(%r))

(iii)
-1+1

1+ 31

~1+43  1+43
-7 4
57:) Y3 -1 (5;:) Y3 +1
= dad O _
Cos(lz 22 12 2

8  For the complex numbers
w = 71(60561 + 1sin6, ) and
z =1, (c0502 + isinez) we have proven that
wz = i, |:(cos(91 +6,) +1sin(0, + 92)]
So,
wzp = nr,[(cos(B, + 6,) + 1sin(6, + 6,)] X r, (cos@3 + isin93)
= nnnfcos(0, + 6,)cosf, + isin(f, + 6,)sind, +

isin(6, + 6,)cos, + i’sin(6, + 6,)sin6, ]

1’11’21’3{[COS(91 + 60,)cosf, — sin(6, + Gz)sinOS]
+i[cos(6, + 6,)sin6, + sin(6, + 6,)cosé, |}

nin{cos[ (8, + 6,) + 6, ]+ isin[(6, + 6,) +6,]}

Therefore, |wzp| = |w| |z| |p| and

arg(wzp) = argz + argw + arg p.

Activity 5.4 (Page 113)

() m A

ENE

argz = % represents a half line. The locus is a

half line of points, with the origin as the starting
point.



—2 — 21 has argument —%T” and so it is not on this

half line.

lii) Calculating = — 2 for each point and finding
the argument of (2 — 2) gives:

(a) z =4 z—2=2 arg(z —2)=0
b)z=3+i z=2=1+i arg(l+i)=7
(c) z=41 z—2=41-2arg(-2+4i) =
[4) 2 =8+6i 2=2=6+06iarg(6 +6i) = T

e)z=1-1 z-2=-1-1arg(-1—-1)=-

So arg(z = 2) = 7 issatisfied by = = 3+
and z = 8 + 61.

liiil z — 2 represents a line between the point z
and the point with coordinates (2, 0).

So arg(z —2) = % represents a line of points

from (2, 0) with an argument of T Thisis a
, _ 4
half line of points as shown.

Im J

ENE

The line is a half line because points on the
other half of the line would have an argument

of —% as was the case in part (ii) (e).

Activity 5.5 (Page 115)
The condition can be written as
|z = (3 + 4i)|=|z — (-1 + 2i).
|z — (3 + 4i)| is the distance of point z from the point
3 + 4i (point A) and |z — (=1 + 2i)| is the distance of
point z from the point —1 + 2i (point B).

Im A

These distances are equal if z is on the
perpendicular bisector of AB.

Y3

4

Exercise 5.3 (Page 118)

1

2.03

(i)

(ii)

(iii)

(iv)

(i)

ImA

2

i

=
=
o

ImA

2 (98]

w

ImA

T ™\
(—2—10\1 2 |Re
1

T T

(]
7 i -2 ) |

Im A

W[y

slamMsuy
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Answers

(ii) ImA (iii) Im J
4
> ° 2
o) ‘\ /
1 L >
=5 o Re
-2 - 0 4 Re
) 3¢
T o)
(iv) Im A
ImA
(iii) 14
| / >
o] 73 III O Re
1 2
2 -10 4 Re / \
1 ‘
o) . =5+

(iv) ImA
T 4 i) -0+19)|=3
1 li) arg(z +2i) = %Tﬂ
21 01 2 3 rRe (i) |z + 1] = |z = (3 + 2i)|
-2 5 (i) |[2=(4+i)| <]z —(1+6i)
(ii) —% <arg(z+2-1)<0
3 (i) mA
(i) |2 = (=2 +31)| < 4
6 Im A
Iy 1§ : R
> 0 12
0 4 8 Re A *
B
(i) Im\;

|z| 1s least at A and greatest at B. Using
Pythagoras’ theorem, the distance OC is

J(=5)° + 12> = 13.We know AC = 7 and so

OA=13-7=6.
So, minimum value of |z| is OA = 6 and
> maximum value of |z] is OB = 6 + 14 = 20.
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(i)

(i)

(iii)

(i)

(ii)

Im J

(iii)

(iv) Im A

.

Y
.

10 () (@&]z+1+2i=3
(b) |z + 6] = |z + 4]

i) |z +1+2i <3and |z + 6] 2|z + 41|

1 Im
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Answers

202

. 27
12 =2
(i) 3
(ii) Im A
w
2¢-
o Re
13 ImA
—7

14

15

SIS N

/|

. >
=2 =l © 4 6 Re
=i
-2
Im A
10
AN
1510\5_) 05 19 15 2 Re
%5
\}9.__,/
15

There are no values of z which satisty both
regions simultaneously.

The diagram shows |z — 5 + 4i| = 3. The
minimum value i1s 7 and the maximum

value 1s 13.
Im /
X, 2
| | >
-3 (6] 5 Re
74 |

16 (i) Centre is (3, —12), radius 6

(ii) Im A
L >
(6] 3 Re
12 e

Chapter 6

Discussion point (Page 124)
The triangles are all congruent to each other.
256 yellow triangles make up the purple triangle.

Activity 6.1 (Page 125)
The diagram shows the image of the unit square
OIPJ] under the transformation with matrix

The point A(1, 0) is transformed to the point I’ (a, ¢);
the point C(0, 1) is transformed to the point ]’ (b, d).
P’ has coordinates (a + b, c + d).

The area of the parallelogram is given by the area of
the whole rectangle minus the area of the rectangles
and triangles.

Area of rectangle = b X ¢
Area of first triangle = % xXbxd

Area of second triangle = % X aXc
Area of whole rectangle = (a + b) X (¢ + d)

Therefore the area of the parallelogram is

(a+b)><(c+d)—2(bc+%bd+%ac = ad — bc.

a b
c d )

vA

3 P

6.5 units?
) units? //?
4 units? )
o P 8 units’
1 / I
| — 2.5 units?
o [ 3 4 1 ¢ 7 5



Discussion point (Page 127)
(i} A rotation does not reverse the order of the
)
1 0 f
detA = 1 which is positive.
(i) A reflection reverses the order of the vertices,

e.g. for B =( (1) —Ol ),

detB = —1 which is negative.

vertices, e.g. for A =

liii} An enlargement does not reverse the order of

the vertices, e.g. for C = >0 )
0 2

detC = 4 which is positive

Discussion point (Page 128)
The matrix has determinant 8.
8 represents the volume scale factor of the

transformation in three dimensions. If you think
about the effect of the transformation represented

2 00
by the matrix [ 0 2 0 | on each of the unit
0 0 2
1 0 0
vectors i=| 0 | j=| 1 Jandk=| 0 |,
0 0 1

the three edges of the unit cube have each
increased by a length scale factor of 2. The overall
effect would be that the volume would increase by
a scale factor of 2 X 2 X 2 = 8.

Discussion point (Page 129)

A 3 X 3 matrix with zero determinant will
produce an image which has no volume, i.e. the
points are all mapped to the same plane.

Exercise 6.1 (Page 129)

1 (il (a) yA
|
41/ -
A
//'7 /
C’é C é
A >
-4 -3 2 - O1 2 4 X

(b)  Area of parallelogram = 11

(c) 11
(i) (a) YA
6
5
“
. \\ B’
2
1C B
A >
- ? ~2_3 5 6 X
1 N
9)

(b)  Area of parallelogram = 16

slamMsuy

(c] 16
(iii) (a)
A
2
lc B
B | A’
=W £ = = = 4‘7./7'/4? 4 :
— B )
0// -2
&
3
4
(b) area of parallelogram = 0
(c) O
(iv] (a)
A
3
C& 2
%\ }C B
\ \\ _
8 7 6 5 4 X2 -10 4 5 x

N

(b) area of parallelogram = 11
(] —11

2 x=2,x=6

203



Answers

9 )
3 ) AZ(l O)CZ(O 1] v A
0 -1 1 0
B=| D= - I | -
(O 1] (_1 0 J 1C - /A
A

(il no solution required L >
-7 -6 -5 4 3 2 — 2 3 4 5 ¢ P
(i) A yA 1
B
J P 2
1 o C' }
0 I x 4
J P’ 1
(i) The image of all points lie on the line.y = X
B v A The determinant of the matrix is zero which
ol P shows that the image will have zero area.
5p—10
r L 10 () ( P ]
¢ x —-p+2q
i) y=-1
1 y Sx
(i) detN = 0 and so the image has zero area
© o monoT=| ! 2|
3 6
J P
v F detT =(1x6)—(3%x2)=0
1) o
x x’ 1 2 | «x
Y 36 LY
D A yer x'=x+2y , i
J P = =y =3x
y = 3x+ 6y
- — (i) (3,9)
T 12 | |=]“ b o =
y c d Y Y
2
4 66bem ax + by x" = ax + by
5 dd =1 = =
o+ dy Yy = cx +dy
6 |13 Solving simultaneously and using the £ -
0 1 olving simultaneously and using the fact ad — bc = 0

gives the result.
(i) determinant = 1 so area is preserved

13 (i) y=3x—3s+t
7  determinant = 6 so volume of image 9 3 3 1
6 X5=30cm’ (i) P’(gs—gt, gs—gt)
8 (i) detM = -2, detN =7 9 3
9 13 ip | 8 8 | which has determinant
(il MN = , det(MN) = —14 3 1
8 10 s %
and 14 = -2 X7
9 1 3 3\ _
(§x-5)-(§x-3)=0
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Activity 6.2 (Page 132)

(10

(i) P—(O —l]
1 0

b2

(i) P (O 1)

lii) Reflecting an object in the x-axis twice
takes it back to the starting position
and so the final image is the same as the
original object. Hence the matrix for the
combined transformation is I.

Activity 6.3 (Page 133)
a b d =b _ ad — bc 0
c d — a 0 ad — bc

To turn this into the identity matrix it would need
to be divided by ad — bc which is the value |[M].

Therefore M™! = 1 d b
ad — bc —C a

Activity 6.4 (Page 134)

0 oaaT=df 132
4 6 2 -6 11
40 0 4

Ala-ll 2 -3 11 3
41 -6 11 6 2

A4 0y
4o 4

1 b
ad —bc|  d

ad — be

_ 1 ad — be 0 _ 1 0 _1
ad — be 0 ad — be 0 1

MM = 1 d -b a b
ad—bc| —c a c d
1 da—bc  db—bd
ad—bc —chb+ad

—ca+ac

1 ad—bc 0
ad—bc 0 ad—bc

i)

Discussion point (Page 134)

First reverse the reflection by using the transformation
with the inverse matrix of the reflection. Secondly,
reverse the rotation by using the transformation with
the inverse matrix of the rotation.

(MN)"' = N"'M"'

Exercise 6.2 (Page 135)

1 ) (10,-6)
i) _1( 0 1
=31 5
i) (1,2)
2 (i} non-singular, %(i —63)
(i) singular
. 1 11 -3
[fll] r%on—smgular, m[ 5oy J
(iv) singular
(v) singular
(vi) singular
(vii) non-singular, 1 —8  —Ha
16(1—ab)| —4b -2
provided ab # 1
1 21 10 27
3 non—singular,m -7 —50 -9
14 20 =2
(i) singular
| =17 15 6
(iii) non—singular,m —91 2 25
46 -5 -2

slamMsuy
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Answers

i 3 -6
4 ) 1
iy [ 200
0 7
i 7 =19
v L
"5l —10 28)
wi L 71> 63 ]
6l 12 50
i 2 2
5 () L
"3 -3 1 )
o1 2 2
(ii) MM—S( P

7 21 0 -1
10 =3 4

1 -1 =5
[ll] E( 2 8 )
. 50 63
(iv)

( -12 -15 J
[vn-l( 1563
6 12 50

a1 7 =19
(viii) =
61 -10 28

N—o

8 il (3,1),(1,1) and (-6,-2)
YA
3
4B BN
-6 -5 4 3 _2°4 1A 2 3 4 5
a

(i) ratio ofareaT’toTis3:1.50r2:1

=Y

The determinant of the matrix M = 2 so the area

is doubled.
i) M = %( _11 ‘31

9 [”] Mn — (a +d)n—1M
0 3

10 (iii)
1 _1
6 10
18 -9 4

11 () 1 =7 2
-1 -4 1

)

1 a+7 b+7c+4
i [ o 1 c+2
0 0 1
1 =7 10
(iii) 0o 1 =2
0o 0 1
1 0 0
v | =3 1 0
11 4 1
1 =7 10
(v) -3 22 =32
-11 81 -117
12 k=23

Activity 6.5 (Page 139)

2 -2 3 x 4
(i) 5 1 -1 Y |=] —6
3 4 2 = 1
-1
x 1 2 g -1 4
Y =3 7 =13 17 —6
17 —-14 12 1

2 -2 3 x 4
(ii) 5 1 — =| —¢
3 3 —4 > 1
x 2 2 3 || 4
Yy | 5 1 -1 —6
3 3 -4 1

The equations cannot be solved as the determinant of
the matrix is zero, so the inverse matrix does not exist.
Using an algebraic method results in inconsistent
equations, which have no solutions.

Exercise 6.3 (Page 140)

1 3 1
1y -2 3

i) =1, y=1

1 0



2 (i) x =2, y=-1
il x=4, y=15

0.5 0 =05
3 ) -0.8 0.2 14
03 02 041

(i) x=-2, y=4.6, z=-0.6

4 x=4 y=-1 z=1
5 (i Single point of intersection at (8.5, —1.5)
(i) Lines are coincident. There are an
infinite number of solutions of the form
(6-24, ).
(i) Lines are parallel and therefore there are
no solutions.

6  k = 4,infinite number of solutions
k = —4, no solutions

k=1 0 0

-1 3k+8 4k+10

A= 2 2k+20 3k+25
1 —11 —14
where b # 1
[l x=8, y=6, 2=0
8 a# tb
_ 3+ 4b

T -9 Ty o
b =—-1or—3butsince a # £b, b = -1

Chapter 7

Discussion point (Page 145)
Could also draw lines perpendicular to the x-axis
to the points P and Q as shown.

A
PG, 5)

Q7. 1)

=Y

Using trigonometry on the two right-angled
triangles, find ZPOA and ZQOB and calculate
the difference between these values, which equals 6.

Activity 7.1 (Page 145)

(OA[" + OB - AT} >
cosf = S Dt B Z
2 x |OA| x |OB| :
0
= cosh = (af - ai) +(b12 + bZZ) — [(b1 —a) + (b, - ﬂz)z]
2o+ a) (o +12)
= cosh = 2(a1b1 + a2b2) _ ab, + a,b,

olar + )57 +13)  lal[v]

Discussion point (Page 147)

- 2 o 8
4 0
2 8

which is the same
answer as in Example

—4 0 72

Exercise 7.1 (Page 148)

1 () —4 (i) 4
(iii) 1 liv) 7

2 o4.7°

3 (i) 66.6° li) 113.4°
(i) 113.4°

4 (i) 0°The vectors are parallel.

(i) 180° The vectors are in opposite direc-
tions (one is a negative multiple of the

other).
5 -17
6 —2,-3
7 52.2°,33.2° 94.6°
8 35.8°,71.1°, 60.9°
9 (i) (0,4,3)
-5
i | 4 | 52
3
(iii) 25.1°
10 () A®4,0,0) C(0,5,0)
F(4,0,3)  H(0,5,3)
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Answers

208

(i) EPF not vertical as the points do not have
the same y-coordinate. The roof sections

form trapezia.
(iii) cosO = _1 Area = 2.2

3
(iv) 68.9°
12 16+(a-b)-c

Discussion point (Page 151)
The pencil is at right angles to any line in the plane.
It would not alter.

Discussion point (Page 154)

One method would start by calculating the vectors
AB and AC . Use the scalar product to find a vector

perpendicular to these two vectors, which can be
”1
used as the normal | #, to the

s

plane. Substitute one of the points A, B or C into the

equation n,x + n,y + n,z + d = 0 to find the value of d.

Alternatively, substitute the three points into the
equation ax + by + ¢z +d = 0 to form three
simultaneous equations and use a matrix method to
solve these equations and hence find the equation of
the plane.

Activity 7.2 (Page 154)

a+b+c=-d

a—b=-d
—a+2c=—d
1 1 1 a —d
1 -1 0 b |=| —d |=
-1 0 2 ¢ —d
a 04 04 02 —d
b [=| 04 06 -0.2 —d
c 02 02 04 —d
—-0.6d
=| 0.4d
—-0.84

The plane has equation
—0.6x + 0.4y — 0.8z +1=0.

Exercise 7.2 (Page 155)

5

i) GXx)-Bx4H+2x3)+1=0

1
2 (i r.|] 1 [=6 (i) .| 1 [=0
1
-1 2
i) r-| -1 [=-6 [y r| 2 |=16
3 i) x+y+z=6 (i) x+y+z=0
(i) —x—y—2=-6

(iv) 2x + 2y + 22 =16

The planes are parallel to each other; parts
(1) and (iii) represent the same plane.

4 () 80.4° (i) 90° (i) 69.9°
5 r(-i+3j-2k)=5 -x+3y-2z=5
6 4x-5y+6z+29=0
7 -1, 4
g 16+9J6
5
9 x—4y+7z =27
2 5
10 ) AB=| 2 AC=| 2
-2 -1
(i) x—4y—3z=-2
11 (il B
2
13 () | =3 |10
2
-1
(i) eg. | 2
(i) e.g. -1

(r—(-i+2j-k)).(2i-3j+2k) =0
14 7 and 7, are parallel.

Pairs 7, and 7, and 7, and 7, are
perpendicular.



Discussion point (Page 158) 3 4 1 x 5

Some examples are: 7 ) 2 -1 -1 y |=| 4
m three parallel planes — bookshelves 5 14 5 . v
B intersection at a unique point — three walls
meeting in the corner of a room detM = 0 and none of the planes are par- >
m sheaf of planes — pages of a book allel to each other, so they form a prism or 5
. . . a sheaf. g
m triangular prism — the two sloping walls and the ) . o
floor of a loft located within a roof space, or the (i) P lies on all three planes, so the planes form w
sides and base of a triangular-shaped tent. a sheaf.
8 (i) The planes intersect in the unique point
Exercise 7.3 (Page 162) 5 gl 1
2 43,5}
0.15 0.25 -0.05 i) k=2, m=-1 n=-2 orany multiple
1 (i) -0.05 025 -0.65 of these would make planes 1 and 2 parallel
025 -0.25 0.25 and cut by the third plane.
. liii) The first plane is coincident (the same
li) (4, ~18,10) as) the third plane, the second plane
1 0 -1 cuts through this plane. In part (i1) there
2 4 -1 -5 (-1,-12, 15) were two parallel planes but they would
45 15 55 not be coincident unless the values
coU _d o 2,4
3 () Intersectat (1.8,3, -3.1) k=3, m==3, n=—3 werechosen.
(i) Do not intersect at a unique point 9 There are 8 possible arrangements:
[i”] IntersecF at (3, ~14, 8) 4 . m  The planes intersect in a unique point.
[V Do not intersect at a unique point m  Two planes are parallel and are cut by the
-1 11 X -1 third plane to form two parallel lines.
4 i 2 11 y |=| 6 m  All three planes are parallel.
111 < 4 m The planes form a prism where each pair
None of the planes are parallel and of planes meets in a straight line.
det M = 0 so the planes form either a sheaf m  The planes form a sheaf with all three
or a prism of planes. intersecting in one straight line.
(i) P lies on the second and third planes but m  Two planes are coincident and the third
not on the first; the planes form a prism. cuts through them.
(i) Changing the first plane to be m  All three planes are coincident.
—x +y+z =0 means P lies on this plane m  Two planes are coincident and the third is
too and so they now form a sheaf. parallel to these.
1 2 -1 X 6 . )
5 2 4 1 y |=1 5 Practice Questions Further
36 -3 > 8 Mathematics 2 (Page 167)

The third row of the matrix is a multiple of the
first row, but not a multiple of the second row;
the first and third planes are parallel and the
second plane cuts through them to form two
parallel straight lines.

6 k=3 m==-2

1 (i} Reflection in the line y = 0. [1]

(i) Reflection in the line x = 0. [1]
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Answers

210

-1 0
i) BA =
(iii) ( 0 1 ) [1]
It represents rotation of 180 about
the origin. [1]

liv) (BA)" = ( o [11. [1]

)-on
A rotation of 180° about the origin followed
by another rotation of 180° about the origin. Is
equivalent to one full turn about the origin, which
has no effect. This means, the inverse of a rotation

of 180° about the origin is another rotation of 180°
about the origin. [1]

= (a+ bi)(c + di)
= ac — bd + (ad + bc)i

2 (i} zpz,

(11, [1]
(i) |z1| =Aa + b7, |z]| =+ d° [1]

(i) | 2,2, = yJ(ac — bd)’ + (ad + be)’ (1]

= \/azc2 — 2abed + b*d* + a*d® + 2abed + b7

=@ + V& + ad® + b [1]
|z]|2.| = Na* + b+ d°
= \/(a2 + 172)(52 + dz)

=i + B8 + &d* + b2 (1]
= |22 =[2l=| ]
3 (i) [z=3-31=3 (1], [1]
(i) arg(z —3—3i) = % (1], [1]
(i) 3r'0 = 3%
- =
r=3=0-= e
N, T _ ST
= arg(z — 3 - 31) = 3t 12 =12
So the half-line has equation
., _ 5S¢
arg(z —3-31)= R (1]
4 (i) 3x+ky=12 (1]
2x +4y =1b

(i) RR- :( 3
2

(11, 1]
(11, 1]

=[é ?)=1

[ii) 12-2k=0=>k=6

(iv)] 3x + 6y =12 [1]
2x+4y =0

For an infinite number of solutions, b = 8

and the two lines are coincident. [1], [1]

(i(] 5x—y—=25=0 [1],11]
5 4 5 4

(i) | -1 =3 |=|| -1 -3 ||cosO
0 1 0 1

= 23 = /2626 cosf = %—2 = cos@

= 0 =27.8° [1],[1]
(i) 5%5—-0-25=0and

4X5-3x0+(-17)=3=0  [1],[1]

(i)

20 0 1 S k 120
20 0 1 || 5 |2 1 |2| 80
0 =20 -1 | m ~360
0 20 -1 n 320

= k =120, [ = =80, m = =360, n = 320 [1], [1]

There is no need to use matrices, you could
simply substitute the coordinates of the vertex,
which must be in all four planes, into the
equation of each plane to find k, [, m and n.

(il Because the summit is directly above the
centre of the square base, each face makes
the same angle to the vertical.

20 0 20 0
0 | = 0 0 |lcos® [1]
1 1 1 1



= 1=+/401cos0 = 0 = cos_l(L) = 87.1°

\401
(1], [1]
So each face makes an angle of 2.9° to the
vertical. [1]

(i) The summit of the skyscraper is where any
three of the four triangular faces intersect.

) [1]

2otz =150 Adding gives z = 25 [1]

-25x + z = =100

25y — z = 250 . .

Adding gives y =11
25y + z = 300
25x + 2 =150 Substituting in y = 11
25y — 2 = 250 and adding gives x = 5

So the coordinates of the summit are (5, 11, 25)
2]
(iv] A very tall skyscraper might be 300 m high.
(1]

The z coordinate of the summit is 25,

suggesting each unit might be 300 = 12m.
(1], [1]

25
Other answers, suitably justified, are acceptable.
(il a=-10,b=14,c = -160,0r

az_%,b:_%’c=7 (11, 11, [1]
(i) @ =-10, b = 14, cis any number other
than -160
or a = D b= 7 ¢ is any number
27 27
other than 7 [2]

(iii) If the planes meet at a single point, the
point (x, y, 2) where the three planes meet
can be represented by the matrix equation

-7 1

X
1 =13 =2 Y
19

17 4 >
80 X
= -2 =\ vy
—14 2
-7 1Y)

1
80

= 1 -13 -2 -2
1,1
19 17 -4 —14 L

Using a calculator,

5 =7 1 | 86 —-11 27
1 —-13 =2 =93 34 -39 1
19 17 -4 264 -218 —58
Since this inverse matrix exists, the >
planes must meet at a single point. [1] 3
| 86 —11 27 80 §
Y [=93; 34 -39 1 -2 (1] n
z 264 -218 58 -14
| 6524 7
=933 2796 |=| -3 [1]
22368 24
So the planes meet at (7, — 3, 24) [1]

An introduction to radians
Exercise (Page 171)

1 0 % (i) % (iii) %ﬂ
(iv) an v 0.775¢ (3 s.L)m (vi) Tﬂ
(vii) 37” i 1.73¢ (3 s.£) or%
(ix) 57” (x) 47
i) 15 i I or 0.0524° (3 5.£)
2 () 20° (i) 24°
(i) 229° 3s.£) (v 300°

(v 25.7° 3s.f.) (vi] 9°

(vii) 103° (3 s.f.)  [viii) 220°
lix] 630° (xJ 900°
(xi] 405° (xii) 255°

The identities sin(6+ ¢) and cos (6 £ ¢)
Exercise (Page 173)

1o 1ENE ) L3
22 22

(iii) 13 (iv) V3 1
242 242

21



S 1 . .
2 5 i) 1 3 %(sm&+cos@)

(iii) cos 46 (iv) NEl
iii) cos v 5 (ii) ﬁcos 20 + lsin29
(v) V3 -1 vi) £

2 2
V2 2 (i) gsine - %cos@

(iv) %cos39 - gsinfie
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Index

A

angle between planes

154-5, 165
angle between two vectors 144-5, 146, 147, 165
174-211
area of a parallelogram 125
area scale factor 125, 126—7, 128
Argand diagrams 48,51, 97, 98, 99
110-13
argument of complex numbers
99-101, 123

associativity 4, 9,28, 37,174

Bombelli, Rafael 42

C
calculators, use of 3,10, 103

Cardano, Gerolamo 42

ansSwers

loci in

cartesian coordinates 47
cartesian equation of a plane 152—4, 165
circumference of a circle 169

139, 142

commutative 37,145,174

complex conjugates  44-5, 48

coincident lines

complex numbers (z and w) 40-3
adding 41,51
arguments  99-101
conversion 103
division 44-6,51, 102,103, 1067, 123
equality of 42-3
geometrical representation 47-8,51
modulus of 98-9
modulus—argument form 102, 103, 1067, 123
multiplying 42,51, 102,103, 106-7, 123
notation 41
real and imaginary parts, Im(z) and Re(z) 41, 42-3,
45,51
representing sum and difference  48-9
subtracting 41,51
complex plane 48,51, 67,97, 98,99
complex roots 52,53, 65-7,70
composite transformation  27-9, 38
compound angle formulae 106, 172
conjecture 867, 88
counter—example 86
conjugates  44-5
convergence 191

18,102, 144

cubic equations 58,59, 60-1
graphs 52,53
roots (y) 58, 60-1, 69-70

D

degrees to radians 170
Descartes, René 42
determinant of a matrix
127,128
square 128
zero 129,133,138, 141,142
direct routes 1,5

cosine

125,126-7, 128, 141

negative

division of complex numbers 446,51, 106—7
dot product 145

E

electrical networks 32
elements of matrices 2
13,16,17,22

equal matrices 3

enlargement

equation of a plane  150-4, 165
three planes 159, 160
equations, cubic 52,53, 58,59, 69-70
forming new  60-1
equations, equivalent  33—4
equations, forming new  55-7, 60—1
equations, graphic representation ~ 52-3
equations, quadratic 40, 41, 55
forming new 55-7
roots 54-5, 6970
equations, quartic  62—4
graphs 53
roots 63—4, 67,69-70
equations, simultaneous  33—4
137-9, 142
160, 161
equivalent equations  33—4
Euler, Leonard 42

G

geometrical interpretation in two dimensions

solving with matrices

in three unknowns

geometrical representations
complex numbers 47-8,51
to solve simultaneous equations  137-9

gradient 20

graphs, equations  52-3

graphs, turning points on 53

137-9
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| solving simultaneous equations 137-9, 142

I (position) 15, 16 singular and non—singular 133, 141

identities 58,63, 172
identity matrices (I) 3,37, 1314
image 13

special  2-3
square  2,37,128, 134
subtracting 3, 37

representing transformations  14—18, 38
zero 3,37,133
modulus—argument form, complex numbers 102, 103,
106-7,123

imaginary axis (Im) 48

X
)
°
£

imaginary numbers (i,j) 41

induction, mathematical 86—9
induction, proof by  85-92, 94
inductive definition 72 N
integers (Z) 40

. .. natural numbers (N) 40
series of positive 73,75 . .
. . negative determinant 127, 128
intersection of planes 157-62, 165 .

negative numbers 41

invariance - 33-5 square roots of 41,43

invariant lines  34-5, 38 .
non—conformable matrices 3
normal to a plane (n) 151, 152,154-5

notation

invariant points  33—4, 38
inverse of a matrix 131-4

Lvi i 137-
. SO_ ving equations  137-9 complex numbers 41
irrational numbers 40 .

equation of planes 154

J roots 59
sequences and series 72
sigma  70,72,73-4,75

nth term in a series 74

j (imaginary number) 41
J (position) 15,16

L number system, extending  40-3
lines, coincident 139, 142 numbers, irrational 40
numbers, natural 40

numbers, rational (Q) 40, 42

numbers, real 40, 45

lines of invariant points 34

loci in Argand diagrams  110-13
loci, circles  110-13,123

loci, half-line  114-15 0
loci, perpendicular bisector 11516, 117, 123
loci |z=a|= | z|115-17,123

loci |z—a|= 6 113-15,123

object 13

order of matrices 2,37

order of polynomials 52

M P

Mandlebot set 97

mapping 13,17,23,37
to self 33,34

mathematical induction 869

P (position) 16
parallel lines 138
parallel planes 153,157, 160, 161
mathematicians 42, 62 parallelogram, area 125
perpendicular vectors  147-8
planes 22-3

angle between 154-5, 165

arrangements of three 157-61, 165

matrices 2—4
adding 3,37
determinant of 125,126-7,128
with determinant zero 129, 133, 138, 141, 142
identity (I) 3,37,131-4
inverse of 131—4, 137-9
multiplying 3, 69, 37
order of 2,37

equation of 150—4

equation of three 159, 160
intersection of 157—62, 165
normal to (n) 151, 152,154-5
parallel 153,157,160, 161
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sheaf of 158,160-1, 162
three, point of intersection 1589, 161
in triangular prisms 158, 161, 162
vector equation of 151-2, 154, 165
polar form of complex numbers 102, 103, 123
polynomial equations
complex roots 52, 65-7,70
graphs 52-3
roots (o, B) 52-3,54-5
polynomial expressions 52—4
position vectors 14,18, 19,37, 151
principle argument 99-101, 123
proof by induction 85-92, 94
proof, trigonometrical 28-9
properties of roots  55—6, 58
of higher order polynomials 58

Q

quadratic equations 40, 41,55
forming new  55-7

roots 54-5,69-70
quadratic formula 41,55, 66
quartic equations 62—4
graphs 53

roots 63—4,67,69-70

R
radians 99, 169-70
converting to degrees 170
rational numbers (Q) 40, 42
real axis (Re) 48
real numbers (R) 40, 45
real part of a complex number Re(z) 41
real roots 53
reflection 13,15,16,17,22,128
in three dimensions 22-3
roots, complex 52,53, 657,70
roots, properties of  55-6, 58
roots, real 53
roots, symmetric function of 59
rotation 13,15,22,132
represented by matrices 18
in three dimensions 23—4
rugby scores 7

S

scalar product  145-6, 164
scale factor 13,16,17, 141

area 125,126-7,128

stretch of 19,22

volume 128,141, 142
sequences 72-3, 86

notation of 72
sum of () 72,734
terms of 93
series  72,73—4,93—4
method of differences 80-3
nth term in = 74
of positive integers 73,75
sum of 74-5,77,78
terms in 74
sheaf of planes 158, 160-1, 162
shear factor 21
shears 14,19-21
Sierpinsky triangle 124
sigma notation  70,72,73-4,75
simultaneous equations  33—4

Xapu|

solving with matrices 137-9, 142
in three unknowns 160, 161
sine 18,102
singular and non—singular matrices 133, 141
square matrices 2,37, 128, 134
square roots of negative numbers 41, 43
stretch 14, 19,22
sum of roots (X) 59
sum of squares 88-9
sum, telescoping  81-3, 94
surds 102
symmetric function 59,70

symmetric matrices 12

T

telescoping sum  81-3, 94
terms in series 74
term—to—term definition 72
transformations  13—18
composite 27-9, 38
in two dimensions 22
in three dimensions 22-3
represented by matrices 14-18, 38
successive  27-9
triangles, right—angled 18
triangular prisms of planes 158, 161, 162
trigonometrical proof 28-9
turning points on graphs 53
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U position 14,18,19,37,151
magnitude of 14, 144
unit 14,19

Vieta’s Formulae 62

volume scale factor 128,141, 142

y4

z—coordinate 22

unit matrices 3,37,131-4
unit vectors 19
in three dimensions 14

\
variable (w) 60-1
vector equation of a plane 1512, 165

vectors 14 zero matrices 3,37,133

angle between two 1445, 146, 147, 165
perpendicular  147-8
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