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Introduction 

The Nelson Mathematics for Cambridge International A Level series has been written specifically 

for students of Cambridge's 9709 syllabus by an experienced author team in collab01:ation with 
examiners who are very familiar with the syllabus and examinations. This means that, no matter 

which combination of modules you have chosen, the content of this series matches the content of the 

syllabus exactly and will give you firm guidelines on which to base your studies. 

In this book, the content of the Pure Mathematics 1 module is divided into 13 chapters that give a 

sensible order for your studies. The chapters begin with a list of objectives that show you what is 

covered. 

The following features help you to understand the concepts of the Pl module and to succeed in your 

exams. 

• The introductions to concepts are accompanied by examples of questions together with their 

solutions. These show each step of working along with a commentary on the reasoning processes 

involved. 

• There are numerous exercises for you to practise what you have learned and develop your skills. 

• There are three Summary exercise sections with more detailed questions covering the content of 

the preceding chapters. These questions are similar to those found in exam papers and all are from 

real exam papers. 

• Summaries of key information and formulae are at convenient points in the book to help you revise 

what you have covered in the last few chapters. 

• Answers to all questions are provided at the back of the book for you to check your answers to 

exercises. 

• Two sample examination papers have been created in the style of Cambridge's International 

A Level P1 exams to give you the experience of working through a full examination paper. 

1 Quadratic equations 

After studying this chapter you should be able to 

• carry out the process of completing the square for a quadratic polynomial ax2 + bx + c 

• find the discriminant of a quadratic polynomial ax2 + bx + c and use the discriminant, e.g. to 

determine the number of real roots of the equation ax2 + bx + c = 0 

• solve quadratic equations 

• solve by substitution a pair of simultaneous equations of which one is linear and one is quadratic 

• recognise and solve equations in x that are quadratic in some function of x, e.g. x 4 
- 5x2 + 4 = 0 

EXPRESSIONS AND EQUATIONS 

An expression is a relationship between terms. For example, 3x - 2 and ~;.} are expressions. 

An equation is formed when two expressions are equal. For example 3x - 2 = x - 1 and 2x - 1 = Sx 
' 2+x 

are equations. 

An equation has solutions. For example, x = .!. is the solution of the equation 3x - 2 = x - 1 because 
I . 2 ' 

when x = 2 the two expressiOns are equal. 

QUADRATIC EQUATIONS 

Any quadratic equation can be written as ax2 + bx + c = 0 where xis a variable and a, band care 

constants and a =I= 0. ' 

SOLUTION BY FACTORISING . ' 
The left-hand side of the quadratic ~quation x2 - 3x + 2 = 0 can be factorised, .. 
i.e. x 2 

- 3x + 2 = (x - 2)(x - 1) 

Therefore the given equation becomes 

(x- 2)(x - 1) = 0 [1] 

When the product of two quantities is zero then one, or both, of those quantities must be zero. 

Applying this fact to equation [ 1] gives 

x - 2 = 0 or .,. x - 1 = 0, 

i.e. x=2 or x=1 

This is the solution of the given equation. 

The values 2 and 1 are ~alled the roots of that equ ~ tion. 

, 

This method can be used for any quadratic equation in which the quadratic expression factorises. 
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2 Nelson Mathematics for Cambridge A Level 

Example 1a 

Find the roots of the equation :i2 + 6x - 7 = 0 

x2 +6x-7=0 

(x- 1)(x + 7) = 0 

x - 1 = 0 or x + 7 = 0 

x = 1 or x = -7 

The roots of the equation are 1 and -7. 

Exercise 1a 

Solve the equations. 

1 r+5x+6=0 

2 r+x-6=0 

3 r-x-6=0 

4 x2 +6x+8=0 

5 x2 -4x+3 = 0 

6 x2 +2x - 3 = 0 

7 2x2 +3x+l=O 

8 4x2
- 9x + 2 = 0 

Rearranging the equation 

9 x2 +4x-5=0 

10 x 2 + x - 72 = 0 

Find the roots of the equations. 

11 x2 - 2x-3=0 

12 x2 +5x+4=0 

13 x2 - 6x+S=O 

14 x2 + 3x- 10 = 0 

15 x2
- Sx- 14 = 0 

16 x2
- 9x + 14 = 0 

The terms in a quadratic equation are not always given in the order a:x? + bx + c = 0. When they are 

given in a different order they should be rearranged into the standard form . 

For example · x2 - x = 4 becomes x 2 
- x - 4 = 0 

3x2 - 1 = 2x becomes 3x2 
- 2x - 1 = 0 

x(x- 1) = 2 becomes 

Also collect the terms on the side where the x2 term is positive, for example 

2 - x 2 = 5x becomes 0 = x2 + 5x - 2 

i.e. x2 + 5x - 2 = 0 

Example 1b 

Solve the equation 4x - :i2 = 3 

4x- :i2 = 3 

0 =x2 - 4x +3 

;i2 - 4x + 3 = 0 =? (x - 3)(x- 1) = 0 

x-3=0 

X= 3 

or 

or 

x-1=0 

x=1 

Quadratic equations 3 

Losing a solution 

Quadratic equations sometimes have a common factor containing the unknown quantity. It is very 

tempting in such cases to divide by the common factor, but doing this results in the loss of part of the 

solution, as the following example shows. 

Correct solution 

;i2- Sx = 0 

x(x- 5) = 0 

x = 0 or x- 5 = 0 

x = 0 or 5 

Faulty solution 

x2 - 5x=O 

x - 5 = 0 (Dividing by x) 

X= 5 

The solution x = 0 has been lost. 

Dividing an equation by a numerical common factor is correct and sensible; dividing by a 

common factor containing the unknown quantity results in the loss of a solution. 

Exercise 1b 

Solve each equation, making sure that you give 10 6x2 +3x=O 

all the roots. 
11 x2 + 6x=O 

1 x2 + 10- 7x = 0 
12 x2 = !Ox 

2 15 - x2- 2x = 0 
13 x(4x + 1) = 3x 

3 x2-3x= 4 
14 20 + x(l - x) = 0 

4 12 - 7x + x2 = 0 15 x(3x- 2) = 8 

5 2x-1+3r=O 16 x2- x(2x- 1) + 2 = 0 

6 x(x + 7) + 6 = 0 ' 17 x(x + 1) = 2x 

7 2x2 - 4x = O 18 4 + x2 = 2(x + 2) 

8 x(4x + 5) = - 1 19 
< I 

x(x- 2) = 3 

9 2-x=3x2 20 1 - x2 = x(l + x) •• 

COMPLETING THE SQUARE 

We can make a perfect square by adding a constant to the x2 and x term of a quadratic expression. 

This is called completing the square. 

For example, :i2 - 2x: adding 1 gives ;i2 -'-- 2x + 1 

and x2 - 2x + 1 = (x- 1)2 which is a per'fect.square. 
,.; 

Adding the number 1 was not a guess, it was found by using the fact that 

x2 + 2ax + 0 ~ (x + a)2 

' I 

Hence the number to be added is always (half the coefficient of x)Z. 

:. :i2 + 6x needs 32 to be added to make a perfect square, 

r 
i.e. :i2 + 6x + 9 = (!X + 3)2 

To complete the square when the coefficient of :i2 i~ not I, first take out the coefficient of ;i2 as a 

factor, 

e.g. 2:i2 + x = 2(r + tx) 
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4 Nelson Mathematics for Cambridge A Level 

Now add (~ X ~) 2 inside the bracket, giving 

2(x2 + ~x + 116) = 2(x + t)z 

When the coefficient of x 2 is negative, take -1 out as a factor, 

e.g. 

Then 

-x2 + 4x = -(x2 - 4x) 

-(x2 - 4x + 4) = -(x- 2)2, :. -x2 + 4x- 4""' -(x- 2)2 

Completing the square can be used to solve a quadratic equation. 

Examples 1c 

I Solve the equation x2 - 4x - 2 = 0 

x2 - 4x - 2 = 0 =? x2 - 4x = 2 

No factors can be found, so isolate the two terms with x in. 

Add { ~ X ( -4) F to both sides, i.e. x2 - 4x + 4 = 2 + 4 

=? (x- 2)2 = 6, i.e. x- 2 = ±16 = ±2.4494 ... 

x = -0.449 or 4.45 (3 s.f.) 

2 Find the roots of the equation 2x2 - 3x - 3 = 0 

2( x2 - lx) = 3 =? x2 - lx = l 
2 2 2 

xz _ lx + _1_ = l + _1_ =? ( x _ l)z = 33 
2 16 2 16 4 16 

X- 0.75 = ±1.4361... 

the roots are -0.686 and 2.19 (3 s.f.) 

Exercise 1c 

Add a number to each expression so that the Solve the equations by completing the square. 
result is a perfect square. 

I3 r+8x=l 
I x2 - 4x 

14 x2 -2x-2=0 
2 x 2 + 2x 

15 x2 +x-1=0 
3 x 2

- 6x 
16 2x2 +2x=l 

4 x2 + lOx 

5 2x2- 4x 
17 x2 +3x+1=0 

6 x 2 + 5x 
18 2x2-x-2=0 l-·· .. 

7 3x2 - 48x 19 x2 +4x=2 

8 x 2 + 18x 20 3x2 +x-1=0 

9 2x2 - 40x 21 2x2 +4x=7 

10 x2 + x 22 x2 -x=3 

11 3x2 - 2x 23 4x2+x-1=0 ,. 
12 2x2 + 3x 24 2x2 -3x-4=0 

Quadratic equations 5 

THE FORMULA FOR SOLVING A QUADRATIC EQUATION 

Completing the square to solve the general quadratic equation gives a formula that can be used to 

solve any quadratic equation. 

Using completing the square for ax2 + bx + c = 0 gives 

ax2 + bx = -c 

i.e. a(xZ + %x) = -c 

x2 + !!.-x + (_!!._)2 = (_!!._)2 - ~ 
a 2a 2a a 

(
x + _!!._)2 

= ..!t_ _ ~ = b
2 

- 4ac 
2a 4a2 a 4a2 

b /b2
- 4ac 

x + 2a = ±y 4a2 

x = _ b + J b2 
- 4ac 

2a - 2a 

i.e. 
-b ± Jb2 - 4ac 

x = 2a 

Example 1d 

Use the formula to find the roots of the equation 2x2 - 7x - 1 = 0 

2x2- 7x- 1 = 0 

Comparing with ax2 + bx + c = 0 gives a= 2, b = -7, c = -1 
• I 

-b ± Jb2 - 4ac 7 ± ) 49- 4(2)(-1) 
x = 2a 4 

7 ± 157 
Therefore, x = .. 

4
, 

The roots are 3.64 and -0.137 (3 s.f.). 

Exercise 1d 

Use the formula to solve the equations. Find the roots of the equations. 
.:{? 

1 x2 +4x+2=0 9 ~ + 9x + 2 = 0 

2 2x2-x ,-2=0 10 . 2x2 - 7x + 4 = 0 

3 x2+5x+1=0 11 4x2- 7x- 1 = 0 

4 2x2 -x-4=0 12 3x=5-4x2 

5 x2+1=4x ·- 13 4x2+3x=5 
1 I 

6 2x2-x=5 \ 14 1=5x-5x2 

7 l+x-3x2=0 ! 15 8x-x2 =1 

8 3x2=1-x 16 x2 -3x=1 

} 
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6 Nelson Mathematics for Cambridge A Level 

EQUATIONS THAT ARE QUADRATIC IN A FUNCTION OF x 

An equation that is quadratic in a function of x can be reduced to a quadratic equation in x by 

replacing the function of x by y . 

For example, replacing x2 by y in the equation x4 + x 2 - 12 = 0 gives y2 + y - 12 = 0 

Then 

So 

y2 + y- 12 = 0 =} (y - 3)(y + 4) = 0 

y = 3 or y = - 4 

x 2 = 3 or x2 = - 4 · 

There are no real values of x for which x 2 = -4, so x 2 = 3 =? x = ± 1. 73 

Example 1e 

Solve the equation ~ - ~ + 36 = 0 

Provided that x -=1= 0, replacing .l by y gives y2
- 13y + 36 = 0 

~T hi s i: needed because l. is meaningless if x = 0 
X 

I 

y2 - 13y + 36 = 0 =} (y - 9)(y - 4) = 0 

. ·. y = 9 or y = 4 so .l = 9 or .l = 4 
X X 

=? x = .!. or x = .!. 
9 4 

Exercise 1e 

Solve the equations. 

I x2 + x4 = 20 

2 r(r + 1) = 12 

3 x4 = 4x2 - 4 

4 (4x2 - 5)(x2 - 2) = 10 

5 16.x4 = 81 

6 8x4-4x2 = 0 

7 1._- .l = 30 
x2 x 

8 9=!. - 1._ 
xz x4 

9 1._ - ]_ + 10 = 0 
x4 xz 

10 ]_ _ 1._ = 2 
x4 xz 

11 cx2- 1)2 - scx2 - 1) + 4 = o 

12 (x2 - 4)2 - 9 = 0 

13 x - 3x' + 2 = 0 

14 2x + s rx - 12 = o 

15 
1 1 

(xz -4)2 - x2 - 4 - 20 = 0 

16 Explain why the equation 3tf + 5x2 + 2 = 0 

has no real roots. 

PROPERTIES OF THE ROOTS OF A QUADRATIC EQUATION 

A number of facts can be found from the formula used for solving a quadratic equation. 

b Jb2
- 4ac 

X = -- + ---,---
2a - 2a 

The sum of the roots 

b Jb2
- 4ac b 

The separate roots are -
2
a + 

2
a and 

2
a 

Jb2 - 4ac 

2a 

Quadratic equations 7 

When the roots are added, the terms containing the square root disappear, giving 

sum of roots = _!!_ 
a 

This fact gives a useful check on the accuracy of roots that have been calculated. 

The nature of the roots 

In the formula there are two terms. The first of these, -:a' can always be found for any values of a 
and b. 

For the second term, i.e. J b
2 

; 
4

ac, there are three different cases to consider. 
. a 

1 If b2 - 4ac is positive, its square root can be found and it is a real number. 

The two square roots, i.e. ± J b2 
- 4ac have different (or distinct) values giving two different real 

values of x. So the equation has two different real roots. 

2 If b2 - 4ac is zero then its square root also is zero and x = - 2 ~ - J b
2 

;a 
4

ac gives 

x = _ _Q_ + 0 and x = _ _Q_ - 0 
2a 2a 

3 

i.e. there is just one value of x that satisfies the equation. 

For an example x 2 
- 2x + 1 = 0 

From the formula we get x ~ - ( ~ 2
) ± 0, i.e. x = 1 o.r 

By factorising we can see that there 'are two equal roots , 

i.e. (x - 1)(x - 1) = 0 =? x = 1 or .x = 1 

This type of equation has a repeated root. • 

' . ' 

If b2 - 4ac is negative we cannot find its square root because there is no real number whose square 

is negative. In this case the eguation has no real roots. 

Therefore the roots of a quadratic equation can be 

either 

or 

or 

real and different 

real and equal 

not real 

and it is the value of b2 
- 4ac that"determines the nature of the ~ ots. 

b2 - 4ac is called the discriminant. 

~ -

<:;ondition 

b2 - 4ac > 0 

b2 - 4ac = 0 

b2 - 4ac < 0 

Nature of Roots 
I 

Real and different 

Real and equal 
[ 

Nbt real 
\ 

Sometimes it matters only that the roots are real, in which case the first two conditions can be 
combined to give 

if b2 - 4ac ~ 0 the roots are real. 

. J 
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8 Nelson Mathematics for Cambridge A Level 

Examples 1f 

1 Find the nature of the roots of the equation r - 6x + 1 = 0 

r-6x+1=0 

a = 1, b = -6, c = 1 

b2 - 4ac = (-6Y - 4(1)(1) = 32 

b2 - 4ac > 0 so the roots are real and different. 

2 The roots of the equation 2r - px + 8 = 0 are equal. Find the value of p. 

2x2 -px+8=0 

a = 2, b = - p, c = 8 

The roots are equal so b2 - 4ac = 0 

i.e. c -p)2 - 4(2)(8) = 0 

p2 -64=0 =} p2 =64 p = ±8 

3 Prove that the equation (k - 2)r + 2x - k = 0 has real roots whatever the value of k. 

(k - 2)x2 + 2x - k = 0 

a = k - 2, b = 2, c = -k 

b2 - 4ac = 4- 4(k- 2)(-k) = 4 + 4k2 - 8k 

= 4k2- sk + 4 = 4(k2 - 2k + 1) = 4(k- 1y 

(k- 1Y cannot be negative whatever the value of k, so b2 - 4ac cannot be negative. 

Therefore the roots are always real. 

Exercise 1f 

Without solving the equation, write down the 9 2r-5x+3=0 

sum of its roots. 
10 x2-6x+9=0 

I x2-4x-7=0 
4x2 - 12x- 9 = 0 11 

2 3r+5x+l=O 
12 4x2 + 12x + 9 = 0 

3 2+x-x2=0 
13 x2+4x-8=0 t·· 

4 3r-4x-2=0 
14 x2 + ax + a2 = 0 

5 x2 +3x+l=O 

6 7+2x-5x2 =0 
15 x2- ax- a2 = 0 

In questions 7 to 16, without solving the 16 x2 + 2ax + a2 = 0 

equation, determine the nature of its roots. 17 The roots of 3r + kx + 12 = 0 are equal. 

Find k. " 7 x2 -6x+4=0 

8 3r+4x+2=0 18 x2 - 3x + a = 0 has equal roots. Find a. 

Quadratic equations 9 

19 The roots of x2 + px + (p - 1) = 0 are equal. 

Findp. 

21 Show that the equation ax2 + (a+ b)x + b = 0 

has real roots for all values of a and b. 

20 Prove that the roots of the equation 

kx2 + (2k + 4)x + 8 = 0 are real for all values 

of k. 

22 Find the relationship between p and q if the 

roots of the equation px2 + qx + 1 = 0 are 

equal. 

SOLUTION OF ONE LINEAR AND ONE QUADRATIC EQUATION 

We can solve a pair of simultaneous equations where one is linear and the other is quadratic by 

substitution. We use the linear equation to express one unknown in terms of the other and substitute 

this in the quadratic equation. 

Example 1g 

Solve the equations x - y = 2 

2x2 - 3y = 15 

x-y=2 

2x2
- 3y2 = 15 

Equation [ 1] is linear so use it for the subs titution. 

[1]=?-x=y+2 

Substituting y + 2 for x in [2] gives 

2(y t 2y - 3y2 = 15 

2(y2 + 4y + 4) - 3y2 = 15 

=?- 2y + 8y + 8 - 3y2 = 15 

[ 1] 

[2] 

' . ' 
Collecting terms on the side where y2 is positive gives 

0 = y2- 8y + 7 

=?- 0 = (y. - 7)(y- 1), y = 7 or 1 

We use x = y + 2 to find corresponding values of x. 

~ I ~ I ~ 
: . either x = 9 and y = 7 or x .= 3 and y = 1 

The values of x and y must be g i ~ ~ n in co rr es p o nd i~g · pa ir s. It is wrong t.cpwrite the answer as 

Y = 7 or 1 and x = 9 or 3 because y = 7 with x = 3 and y = 1 with x '= 9 are not solutions. 

Exercise 1g 

Solve the following pairs of equations. 

y-x=l 

2 yZ-r=s 

x+y=2 

·? 1 

1 
\ 

3 3x2 -y2 =3 

2x-y=1 

4 y=4x2 

y+2x=2 

> ) 

Downloaded by thomas donnay (kunal.ucluhsoc@gmail.com)

lOMoARcPSD|25403484



10 Nelson Mathematics for Cambridge A Level 

5 y2+xy=3 

2x+y=1 

6 x2 - xy = 14 

y=3-x 

7 xy = 2 

x+y-3=0 

8 2x-y=2 

x2-y=5 

9 y-x=4 

y2 - 5x2 = 20 

10 X+ y = 10 

X- 2y = 2 

11 4x+y=1 

4x2+y=O 

12 3xy-x=O 

X+ 3y = 2 

13 x2 + 4y2 = 2 

2y +X+ 2 = 0 

Mixed exercise 1 

Solve the equations. 

1 x2 -5x-6=0 

2 x2 - 6x-5 = 0 

3 2x2 + 3x = 1 

4 5 - 3r = 4x 

5 x(2 - x) = 1 

6 4r- 3 = 11x 

7 (x- 1)(x + 2) = 1 

8 x2 + 4x + 4 = 16 

9 x2+2x=2 

10 2(x2 + 2) = x(x - 4) 

In questions 11 to 16, solve the equations giving 

all possible solutions. 

11 x(x- 2) = 0 

12 x(x - 5) = 2(x + 5) 

13 x2(x2 + 3) = 0 

14 _!__1_+1=0 
x4 x2 

15 X+ 3/.X = 6 

16 (x2 - 1)2 - 6(x2 - 1) + 8 = 0 

14 X+ 3y = 0 

2x+3xy=1 

15 3x - 4y = 1 

6xy = 1 

16 x2 + 4y2 = 2 

X+ 2y = 2 

17 xy = 9 

X- 2y = 3 

18 4x+y=2 

4x+y2=8 

19 1+3xy=O 

X+ 6y = 1 

20 x2 -xy=O 

x+y = 1 

21 xy+y2=_2 

2x+y=3 

22 xy +X= -3 

2x + Sy = 8 

In questions 17 and 18 solve the pair of equations. 

17 2x2 -y2 =7 

x+y=9 

18 2x=y-1 

x2- 3y + 11 = 0 

For each equation, first find the value of - 12, 19 
a 

then use any method to find the roots of the 

equation and finally find the sum of the roots 

and check that it is equal to _Q_ 
a 

(a) x2-6x+8=0 

(b) 4x2 + 5x=3 

20 Determine the nature of the roots of the 

equations. 

(a) x2 +3x+7=0 

(b) 3x2 -x-5=0 

(c) ax2 + 2ax + a = 0 

(d) 2 + 9x- x2 = 0 

21 For what values of p does the equation 

pr + 4x + (p - 3) = 0 have equal roots? 

22 Show that the equation 2r + 2(p + 1)x + p = 0 

always has real roots. 
~ 

23 The equation x2 + kx + k = 1 has equal 

roots. Find k. 

2 Coordinate geometry 1 

After studying this chapter you should be able to 

• find the length, gradient and mid-point of a line segment, given the coordinates of the end-points 

• understand and use the relationships between the gradients of parallel and perpendicular lines. 

CARTESIAN COORDINATES 

Cartesian coordinates are used to give the position of a 

point in a plane. 

There are two perpendicular lines called the x-axis, Ox, and 

they-axis, Oy. The axes cross at a point 0, called the origin. 

The position of the point A is given as the ordered pair (3, 2) 

where 3 is the x-coordinate and 2 is they-coordinate. 

The x-coordinate gives the distance of a point from 0 

parallel to the x-axis and they-coordinate gives the distance 

of a point from 0 parallel to they-axis. 

4 3 - 2 

y 
~ -., 
~ 

A 3,2 
'" 
' 

tO 

~ 

'" 
~ 

y 
THE LENGTH OF A LINE JOINING TWO POINTS B (3, 4) 

The length of the line joining the points A(l, 2) and B(3, 4) can be found 

by using Pythagoras' tqeorem. 

==> AB2 = AN2 + BN2 

= (3 - 1 )2 + c 4 - 2)2 

=8 

Therefore AB = 18 = 2.83 (3 s.f.) 

. . ' 
A (I, 2) N 1 

...,..__i -----'-'---! 4 

_,J ,. j 
; 0+---3 X 

The length of the line joining any two points can also be found by using Pythagoras' theorem. 

y 

' 
f 

x2 x 

From the diagram, AB2 = AN2 + BN2 

f Cx2 - x1)2 + (y2 - Yl) J 

==> AB= J Cx2- xl)2 + (y2- Y1)2 
' 

the length of the line joining A(xh yJ to B(xh yJ is given by 

AB= V ~2- xJ2 + (y2- yJ2 
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5 y+xy=3 

2x+y=1 

6 x2 - xy = 14 

y=3-x 

7 xy = 2 

x+y-3=0 

8 2x-y=2 

x2 -y=5 

9 y-x=4 

y2 - 5r = 20 

10 X+ y2 = 10 

X- 2y = 2 

11 4x+y=1 

4r+y=o 

12 3xy-x=O 

X+ 3y = 2 

13 x2 + 4y2 = 2 

2y +X+ 2 = 0 

Mixed exercise 1 

Solve the equations. 

1 x2-5x - 6=0 

2 x2 - 6x - 5 = 0 

3 2x2+3x=1 

4 5 - 3x2 =4x 

5 x(2- x) = 1 

6 4x2- 3 = 11x 

7 (x- 1)(x + 2) = 1 

8 x2 + 4x + 4 = 16 

9 x2 +2x=2 

10 2(x2 + 2) = x(x - 4) 

In questions 11 to 16, solve the equations giving 

all possible solutions. 

11 x(x- 2) = 0 

12 x(x - 5) = 2(x + 5) 

13 x2(x2 + 3) = 0 

14 1 2 
.0-x2+1=o 

15 X+ 3/.X = 6 

16 (x2 - 1)2 - 6(x2 - 1) + 8 = 0 

14 X+ 3y = 0 

2x+3xy=1 

15 3x- 4y = 1 

6xy = 1 

16 x2 + 4y2 = 2 

X+ 2y = 2 

17 xy = 9 

X- 2y = 3 

18 4x+y=2 

4x+y2=8 

19 1+3xy=O 

X+ 6y = 1 

20 x2 -xy=O 

x+y = 1 

21 xy+y2 =_2 

2x+y=3 

22 xy + x = -3 

2x + 5y = 8 

In questions 17 and 18 solve the pair of equations. 

17 2x2-y2 =7 

x+y=9 

18 2x=y-1 

x2 - 3y + 11 = 0 

For each equation, first find the value of - !!.., 19 
a 

then use any method to find the roots of the 

equation and finally find the sum of the roots 

and check that it is equal to -!!... 
a 

(a) x2-6x+8=0 

(b) 4x2 + 5x=3 

20 Determine the nature of the roots of the 

equations. 

(a) x2 +3x+7=0 

(b) 3x2-x-5=0 
' 

(c) ax2 + 2ax + a = 0 

(d) 2 + 9x- x2 = 0 

21 For what values of p does the equation 

pr + 4x + (p - 3) = 0 have equal roots? 

22 Show that the equation 2x2 + 2(p + l)x + p = 0 

always has real roots. 
~ 

23 The equation x2 + kx + k = 1 has equal 

roots. Find k. 

2 Coordinate geometry 1 

After studying this chapter you should be able to 

• find the length, gradient and mid-point of a line segment, given the coordinates of the end-points 

• understand and use the relationships between the gradients of parallel and perpendicular lines. 

CARTESIAN COORDINATES 

Cartesian coordinates are used to give the position of a 

point in a plane. 

There are two perpendicular lines called the x-axis, Ox, and 

they-axis, Oy. The axes cross at a point 0, called the origin. 

The position of the point A is given as the ordered pair (3, 2) 

where 3 is the x-coordinate and 2 is they-coordinate. 

The x-coordinate gives the distance of a point from 0 

parallel to the x-axis and they-coordinate gives the distance 

of a point from 0 parallel to they-axis. 

THE LENGTH OF A LINE JOINING TWO POINTS 

4 3 - 2 

The length of the line joining the points A(l, 2) and B(3, 4) can be found 

by using Pythagoras' tl}eorem. 

=;. AB2 = AN2 + BN2 

= (3 - 1 ) 2 + c 4 - 2)2 

= 8 

Therefore AB = 18 = 2.83 (3 s.f.) 

; 

• • I 

y 

~ 

- ,y 

~ 
A 3,2 

' 

]0 
-,-
~ .. 
.., 

y 
B (3, 4) 

A (1, 2) N 1 
...,.__i ----'-'-l 4 

_,J .. j 
o-3 x 

The length of the line joining any two points can also be found by using Pythagoras' theorem. 

From the diagram, AB2 = AN2 + BN2 

f (xz - x1)2 + (yz - Yl) J 

'* AB= J Cxz- x1Y + (yz- YJ)2 
\ 

the length of the line Joining A(x1, yi) to B(xh yi) is given by 

AB= V(x2 - xi)2 + (y2 - yi)2 
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Examples 2a 

1 Find the length of the line joining A(- 2, 2) to B(3, -1 ). 

AB = J Cx2 - x1Y + CY2 - YI)
2 y 

A (-2, 2) 
= J C3- {-2lY + C-1- 2y 

1~ = J 52 + (-3)2 

t = /34 = 5.83 (3 s.f.) 

From the diagram, BN = 3 + 2 = 5 and AN = 2 + I = 3 + 
AB2 = 52 + 32 = 34 => AB = IN I 

=} t 
This confirms that the formula used above also works when N--2-
some of the coordinates are negative. 

THE MIDPOINT OF A LINE JOINING TWO POINTS 

M is the midpoint of the line joining A(l, 1) and B(5, 3). 

The diagram shows that triangles AMN and MBT are congruent. 

Therefore AN = MT, showing that N is the midpoint of AF. 

So S is the midpoint of CD. 

Therefore the x-coordinate of M is given by OS, where 

OS = OC + ~CD = 1 + ~(5 - 1) = 3 

Also, T is the midpoint of BF, so they-coordinate of M is given by 

SM (=DJ), where 

DT = DF + ~FB = 1 + ~(3 - 1) = 2 

Therefore M is the point (3, 2). 

y 

0 

~ 

~ B(3,:1) 
-----3-

When A(xi> y
1
) and B(.x2, y2) are any two points, then the coordinates of M, the midpoint of AB, 

can be found in the same way. 

At M, 

and 

X = os = OR + 1-RU 
2 

= x1 + ~(x 2 - x 1) = ~Cx1 + x0 

y = SM = UT= UV + ~BV 

= YI + ~(y2 - YI) = ~(yl + Y2) 

D X 

,.. 
The coordinates of the midpoint of the line joining A(x1, yJ and B(x2, y:J are [ ~(x 1 + x:J, ~(y 1 + y:J] 

These coord inates are easy to remember as the average of the coordinates of A and B. 

Coordinate geometry 1 13 

Examples 2a cont. 

2 Find the coordinates of the midpoint of the line joining A( -3, -2) and B(l, 3). 

The coordinates of M are [~Cx 1 + x2), ~CY1 + Y2)] 
y 

B (1, 3) 

= [ ~(- 3 + 1)' ~(- 2 + 3) l = ( - 1 ' ~) 

1 
Alternatively, from the diagram, M is half-way from A to B horizontally and vertically, 

i.e . at M x = - 3 + ~ ( 4) = - I and y = - 2 + ~(5) = ~ 

This confirms that the formula also works when some of the coordinates are negative. 5 

Exercise 2a 

1 Find the length of the line joining 

(a) A(l, 2) and B(4, 6) 

(b) C(3, 1) and D(2, 0) 

(c) 1(4, 2) and K(2, 5). 

2 Find the coordinates of the midpoints of the 

lines joining the points in question 1. 

3 Find (i) the ltmgth, (ii) the coordinates of the 

midpoint, of the line joining 

(a) A( -1, -4), B(2, 6)' 

(b) 5(0,0), T(- 1, -2) 

(c) £(-1, -4),F(-3, -2). • 

4 Find the distance from the origin to the point 

(7, 4). 

5 Find the length of the line joining the point 

(-3, 2) to tqe origin. 

6 Find the coordinates of the midpoint of the 

line from the point (4, -8) to the origin. 

7 Show, by using Pythagoras' theorem, that the 

lines joining A(l, 6) ~ ' 8( -1, 4) and f'(2, 1) form 

a right-angled triangle. 

GRADIENT 

A ( -3, -2)fl----+-___. 
---4--+-+-

X 

8 A, Band Care points (7, 3), ( -4, 1) and 

(-3, - 2) respectively. 

(a) Show that MBCis isosceles. 

(b) Find the midpoint of BC. 

(c) Find the area of MBC. 

9 The vertices of a triangle are A(O, 2), B(l, 5) 

and C( -1, 4). Find 

(a) the perimeter of the triangle 

(b) the coordinates of D such that AD is a 
' • I 

median of MBC 

The median of a triangle is the line from a 

vertex to the midpoint of the oppos ite side. 

(c) the length of AD. 

10 Show that the lines OA and OB are 

perpendicular where A and B are the points 

(4, 3) and (3, -4) respectively. 
( 

11 M is the midpoint of the line joining A to B. 

The coordinates of A and M are (5, 7) , 

and (0, 2) respectively. · f 

Find the coordinates of B. 

y 

The gradient of a straight line is a measure of its inclination with 

respect to the x-axjs. 

Gradient is defined as ! 

1 

the increase in y divided by the increase in ~ between one point 

and another point on the line. 

For the line passing through A(l, 2) and B(4, 3), 0 X 
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14 Nelson Mathematics for Cambridge A Level 

from A to B, the increase in y is 1, 

the increase in xis 3. 

Therefore the gradient of AB is t· 
The gradient of a line may be found from any two points on the line. 

For example, for the line through the points A(2, 3) and B(6, 1), 

y 

moving from A to B 
increase in y _ -2 _ 1 

increase in x - 4 - 2 

X 

Alternatively, moving from B to A 
increase in y _ 2 _ 1 

increase in x- -4- 2 

Therefore it does not matter in which order the two points are used, provided that their coordinates 

are used in the same order when calculating the increases in x and in y. 

These two examples show that the gradient of a line may be positive or negative. 

A positive gradient shows that the line makes an acute angle with the positive direction of the x-axis. 

y 

X 

A negative gradient shows that the line makes an obtuse angle with the positive direction of the x-axis. 

y 

X 

The gradient of the line passing through any two points A(x1, yJ and B(x2, yz) is 

the increase in y y 2 - Y1 

the increase in x x 2 - x 1 

As the gradient of a straight line is the increase in y divided by the increase in~ from one point on the 
line to another, /;,. 

y 

gradient measures the increase in y per unit increase in x, 

i.e. the rate of increase of y with respect to x. 

Coordinate geometry 1 15 

PARALLEL LINES 

If /1 and /2 are parallel lines, they are equally inclined to the positive 
direction of the x-axis, 

i.e. parallel lines have equal gradients. 

PERPENDICULAR LINES 

The perpendicular lines AB and CD have gradients m1 and m2 

respectively. 

AB makes an angle 8 with the x-axis so CD makes an angle 8 with 

they-axis. 

Therefore triangles PQR and PST are similar. 

The gradient of AB is ~I= m1 

d h d . t f CV. - PQ . PQ 
an t e gra 1en o IS QR = m2, 1.e. QR = - m2 

But ~I= ~~(triangles PQR and PST are similar) 

therefore m1 = --1- ,or m 1 ~ = -1 
mz 

A 

The product of the gradients of perpendiculaF lines is -1, 

i.e. if one line has gradient ni, any perpendicular line has gradient - l. ·• 
m 

,. 

Example 2b 

Determine, by comparing gradients, whether the following three points are collinear 
(i.e. lie on the same straight line). 

A(~, 1), B(l, ~), ~ (2, -1) 

j 

1 - l 
The gradient of AB is --2 

= -3 
~- 1 2 
3 

- 1 - l 
The gradient of BC is 2 

= -3 
2- 1 2 . 

~ I 

As the gradients of AB and BC are the same, A, B and Care 
collinear. \ 

The diagram, although not strictly necessary, gives a check that the answer 
is reasonable. 

y 

0 

A Ci. 1) 
X 

XC(2, - l) 

D 

X 
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Exercise 2b 

1 Find the gradient of the line through the pairs 2 Determine whether the given points are 

of points. collinear. 

(a) (0, 0) , (1 ' 3) 
(a) (0, - 1), (1, 1), (2 , 3) 

(b) (1 , 4) , (3, 7) 
(b) (0, 2), (2, 5) , (3, 7) 

(c) ( - 1, 4) , (2, 1), ( - 2, 5) 

(c) (5, 4), (2, 3) (d) (0 , - 3), (1, - 4), ( -t, - %) 
(d) ( - 1, 4), (3, 7) 

3 Determine whether AB and CD are parallel, 

(e) (-1, - 3), (-2, 1) perpendicular or neither. 

(f) (-1, - 6) , (0, 0) (a) A(O, - 1) , B(l, 1), C(1 , 5) , D( -1, 1) 

(g) ( - 2, 5) , (1, - 2) 
(b) A(l , 1), B(3, 2), C( - 1, 1), D(O, -1) 

(h) (3, - 2), ( - 1, 4) 
(c) A(3, 3), B( - 3, 1), C( - 1, -1), D(l, - 7) 

(d) A(2, -5), B(O, 1), C(-2, 2), D(3, - 7) 

(i) (h, k) , (0, 0) (e) A(2, 6), B( - 1, - 9), C(2, 11), D(O, 1) 

MIXED PROBLEMS 

Example 2c 

The vertices of a triangle are the points A(2, 4), B(l, -2) and C( -2, 3) respectively. 

The point H(a, b) lies on the altitude through A. Find a relationship between a and b. 

An altitude of a triangle is 

the line from a vertex to 

the opposite side and 

perpendicular to the 

opposite side. 

y 
A (2, 4) 

X 

B (1, - 2) 

His on the altitude through A, so AH is perpendicular to BC. 

:. the gradient of AH is 
4 

- b 
2-a 

3- (-2)- -5 
and the gradient of BC is _ 

2 
_ 

1 3 

...... 
' . ~ ~. 

Therefore ( ~ = ~)( -%) = - 1 
The product of the gradients of perpendicular lines is - 1. 

- 20 + 5b = - 1 
6- 3a 

5b = 3a + 14 

Exercise 2c 

1 y 

2 

c (4, 8) 

D(a, b)OB(S, 7) 

A (1, 3) 

0 X 

A(l, 3), B(5, 7), C(4, 8) , D(a, b) form a 

rectangle ABCD. Find a and b. 

y 

A (1 , 5) 

C(- 2, - 4) 

The triangle ABC has its vertices at the points 

A(l, 5), B(4, -1) and C( - 2, - 4) . 

(a) Show that MBCis right-angled. 

' 
(b) Find the area of MBC. 

3 y 

X 

B (1 , - 2) 

Show that the point ( -¥, 0) is on the . 

perpendicular height througft A of the triangle 

whose vertices are A(l, 5), B(l , - 2) and 

C(-2, 5) . 

4 Show that the triangle whose vertices are 

(1 , 1 ) , (3, 2), (2, - 1) is isosceles. 

5 Find, in terms of a and'i,b, the length of the line f 
joining (a, b) and (2a, 3b). 

6 

Coordinate geometry 1 17 

y 

X 

The point (1, 1) is the centre of a circle 

whose radius is 2. Show that the point (1, 3) 

is on the circumference of this circle. 

7 A circle, radius 2 and centre the origin, cuts 

the x-axis at A and B and cuts the positive 

y-axis at C. Prove that L ACE = 90°. 

8 Find in terms of p and q, the coordinates of 

the midpoint of the line joining C(p, q) and 

D(q, p). Hence show that the origin is on the 

perpendicular bisector of the line CD. 

9 The point (a , b) is on the circumference of 

the circle of radius 3 whose centre is at the 

point (2, 1). Find a relationship between a 

and b. 

10 y . ' 
,. 

0 

A(3,- l) 

ABCD is a quadrilateral where A , B, C and D 

are the points (3, -1), (6, 0) , (7, 3) and (4 ," 2) . 

Prove that the diagonals bisect each other at 

righ( angles and hence find the area of ABCD. 

11 Tli ~ vertices of a triangle are at the points 

A( a ,' 0), B(O, b) and C(c, d) and L B = 90°. 

Find a relationship between a, b, c and d. 

12 A point P(a, b) is equidistant from they-axis 

and the point (4, 0). Find a relationship 

\ . between a and b. 
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3 Coordinate geometry 2 

After studying this chapter you should be able to 

• find the equation of a straight line given sufficient information (e.g. the coordinates of two points on 

it, or one point on it and its gradient) 

• interpret and use linear equations, particularly the forms y = mx + candy - Y1 = m(x - x1) 

• understand the relationship between a graph and its associated algebraic equation. 

THE EQUATION OF A STRAIGHT LINE 

A straight line can be defined in many ways. 

• A line passes through (0, 3) and is parallel to the x-axis. 

The point P(x, y) is on this line if and only if y = 3. Any point whose 

y-coordinate is not 3 is not on this line. 

y = 3 is called the equation of the line. 

• A line passes through (- 2, 0) and is parallel to the y-axis. 

The point P(x, y) is on this line if and only if x = -2. Any point whose 

x-coordinate is not -2 is not on this line. 

x = -2 is called the equation of the line. 

• A line passes through the origin and has a gradient of ~· 

The point P(x, y) is on this line if and only if the gradient of OP is~

In terms of x and y, the gradient of OP is ~. so the statement above 
X 

can be written in the form 

P(x, y) is on the line if and only if ~ = ~· i.e. 2y = x t : ... 

- 10 

- 4 

y 

y 

6 

4 

2 

- 5 0 5 10 X 

- 2 

y 

6 

4 

2 

2 0 2 4 X 

- 2 

- 4 

- 6 

Therefore the coordinates of points on the line satisfy the relationship 2y = x, and the coordinates 

of points that are not on the line do not satisfy this relationship. 

2y = xis called the equation of the line. 

The equation of a line (straight or curved) is a relationship between the x and y-coordinates of all 

points on the line that is not satisfied by any other point in the plane. 

Examples 3a 

1 Find the equation of the line through the points 

(1, -2) and ( -2, 4) . B( - 2, 4) 

Coordinate geometry 2 19 

y 

P(x, y) 

0
\(1,-2) 

X 

P(x, y) is on the line if and only if the gradient of PAis equal to the gradient of AB (or PB) . 

y- (-2) y + 2 
The gradient of PA is = --

x-1 x-1 

The gradient of AB is 
1
-_! (--=_ ~) = -2 

Therefore the coordinates of P satisfy the equation y + 
2 

= -2 
x-1 

i.e. y + 2x = 0 

To find the equation of any line whose gradient is m and that 

cuts they-axis at a directed distance c from the origin, we start with 

' c is called .the intercept on they-ax is. 

P(x, y) is on this line if and on.ly if the gradient of AP is m. 

Therefore the coordinates of P satisfy the equation y - c = m 
X 7.- 0 

i.e. y = mx + c 

This is the standard form for the equation of a straight line. 

. ' 

y 

X 

An equation of the form y = mx + c represents a straight line with gradient m and intercept c on 

they-axis. 

Because the value of m and/or c may be fractional, this equation can be rearranged and expressed as 

ax + by + c = 0, i.e. 

ax + by + c = 0 where a, b and c are constants, is the equation of a straight line. 

In this form c is not the int ~rce pt. 
-' 

Examples 3a cont. .. 
2 Write down the,gradient of the line 3x- 4y + 2 =,o 

and find the equation of the line through (he origin 

that is perpendicular to the given line. 

I 
\ 

I 

y 

I 
' i 

X 
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In the last example the line perpendicular to 3x - 7y + 2 = 0 

has equation 7x + 3y - 13 = 0 

i.e. the coefficients of x and y have been transposed and the sign between the x and y terms has 

changed. This is a particular example of the general fact that 

given a line with equation ax + by + c = 0 then the equation of any perpendicular line is 

bx - ay + k = 0 

This property of perpendicular lines can be used to shorten the working of problems. For example, to 

find the equation of the line passing through (2, - 6) that is perpendicular to the line Sx - y + 3 = 0, 

the required line has an equation x + Sy + k = 0. We can use the coordinates (2 , - 6) which satisfy 

this equation to find the value of k. 

Exercise 3b 

1 Find the equation of the line with the given 

gradient and passing through the given point. 

(a) 3, (4, 9) (b) - 5, (2, -4) 

(c) ±· (4, 0) (d) 0,(- 1, 5) 

(e) - t,(t, 4) (f) -i. ( ¥· - %) 

2 Find the equation of the line passing through 

the points 

(a) (0, 1), (2, 4) 

(c) (3, - 1), (3, 2) 

(b) ( - 1' 2), (1 ' 5) 

3 Determine which of the following pairs of 

lines are perpendicular. 

(a) x - 2y + 4 = 0 and 2x + y = 3 

(b) x + 3y=6and3x + y + 2 = 0 

(c) x + 3y - 2 = 0 and y = 3x + 2 

(d) y + 2x + 1 = 0 and x = 2y - 4 

4 Find the equation of the line through the 

point (5, 2) and perpendicular to the line 

x-y + 2 = 0 

5 Find the equation of the perpendicular 

bisector of the line joining 

(a) (0 , 0), (2, 4) 

(b) (3, - 1), ( -5, 2) 

(c) (5, - 1), (0, 7) 

6 Find the equation of the line through the origin 

that is parallel to the line 4x + 2y - 5 = 0 

/ 

7 The line 4x - 5y + 20 = 0 cuts the x-axis at A 

and they-axis at B. Find the equation of the 

median through 0 of ~OAB . 

y 

X 

8 Find the equation of the perpendicular 

through 0 of the triangle OAB defined io 

Question 7. 

9 Find the equation of the perpendicular 

height from (5, 3) to the line 2x - y + 4 = 0 

10 The points A(l , 4) and B(5, 7) are two 

adjacent vertices of a parallelogram ABCD. 

The point C(7, 10) is another vertex of the 

parallelogram. Find the equation of the 

side CD. 
y 

A(l , 4) 

0 X 
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INTERSECTION 

The point where two lines (or curves) cut is called a point of intersection. 

If A is the point of intersection of the lines y - 3x + 1 = 0 ( 1] 

and y + x - 2 = 0 (2] 

then the coordinates of A satisfy both of these equations. 

A can be found by solving [ 1] and (2] simultaneously, i. e. 

(2] - [1] =? 4x - 3 = 0 =? x = l and y = 2 
4 4 

Therefore (t, ~ ) is the point of intersection. 

Example 3c 

A circle has radius 4 and its centre is the point C(S, 3). 

(a) Show that the points A(S, -1) and B(l, 3) are on the circumference of the circle. 

(b) Prove that the perpendicular bisector of AB goes through the centre of the circle. 

(a) From the diagram, BC = 4 

B is on the circumference. 

Similarly AC = 4 

A is on the circumference. 

(b) The midpoint, M, of AB is [ 5 ; 1, -l
2
+ 3 ] i.e. (3, 1) 

The gradient of AB is Sl - 3 = -1 
- 1 

y 

A(5, - 1) 

If I is the perpendicular bisector of AB, its gradient is 1 and it goes through (3, 1). 

the equation of I is y -:- l = l(x - 3) =? y = x - 2 

In equation [ 1], when x = 5, y =· 3, , 

the point (5, 3) is on I. 

i.e. the perpendicular bisector of AB goes through' C. 

' 

! 

[ 

<} 

' 

X 

[ll, 

' 
I I 

X 
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Exercise 3c 

1 Show that the triangle whose vertices are 

(1, 1), (3, 2) and (2, -1) is isosceles. 

2 Find the area of the triangular region enclosed 

by the x and y-axes and the line 2x - y - 1 = 0 

y 

3 Find the coordinates of the triangular region 

enclosed by the lines y = 0, y = x + 5 and 

X+ 2y - 6 = 0 

4 Write down the equation of the perpendicular 

bisector of the line joining the points (2, - 3) 

and ( - t, 3t)· 
y 

5 Find the equation of the line through A(5, 2) 

that is perpendicular to the line y = 3x - 5. 

Hence find the coordinates of the foot of the 

perpendicular from A to the line. 

6 The coordinates of a point Pare (t + 1, 2t - 1 ). 

Sketch the position of Pwhen t = - 1, 0, 1 and 2. 

Show that these points are collinear and write 

down the equation of the line on which they lie. 

7 The centre of a circle is at the point C(3, 7) 

and the point A(5, 3) is on the circumference 

of the circle. Find 

(a) the radius of the circle 

(b) the equation of the line through A that is 

perpendicular to A C. 

y 

8 The equations of two sides of a square are 

y = 3x- 1 and x + 3y - 6 = 0. (0, -1) is one 

vertex of the square. Find the coordinates of 

the other vertices. 

9 The lines y = 2x, 2x + y - 12 = 0 and y = 2 

enclose a triangular region of the .xy-plane. 

Find 

(a) the coordinates of the vertices of this 

region 

(b) the area of this region. 

4 Circular measure 

After studying this chapter you should be able to 

• understand the definition of a radian, and use the relationship between radians and degrees 

• use the formulae s = r8 and A = tr28 in solving problems concerning the arc length and sector area 

of a circle. 

THE RADIAN 

An angle is a measure of rotation and the units used so far are the revolution and the degree. 

There is another unit called the radian. This unit simplifies work in circles and in trigonometry and it 

is used in most further work in mathematics. 

0 is the centre of a circle and an arc PQ is drawn so that its length is equal to the radius of the circle. 

The angle POQ is called a radian (one radian is written 1 rad or 1 c). 

An arc equal in length to the radius of a circle subtends an angle of 1 radian at the centre. 

'Subtends an angle' means the angle enclosed by lines from the ends of the arc to the centre of the circle. 

It follows that the number of radians in a complete revolution is the·number of times the radius 
divides into the circumference. ·· 

The circumference of a circle is of length 27rr, so the number of radians in a revolution is 27rr..;. r 

which is 27T 

i.e. 27T radians = 360° 

Further, 7T radians = 180° and t7T radians = 90° 

-
2

1

7T can be written as!!. .?.7T as 27T and so on 
2' 3 3 ' . 

When an angle is given in terms of 7T we usually omit the radian symbol, 
i.e. we write 180° = 7T (notj80o = 7Trad). , 

If an angle is a simple fraction of 180°, it can ~asily be given ~ n terms of 7T 

e.g. 60° = -
3

1 of 180° = .!.7T =!!. and 135° =~of 180° '= ~7T = 37T 
3 3 4 ·, 4 4 

Conversely, 77T = 7..7T '= 7.. of 180° = 210° 
6 6 6 

and ~7T = ~of 180° = 120° 

1 

" ' 

,..., 
( 

f 
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Angles that are not simple fractions of 180°, or 'TT, can be converted by using 

the relationship 'TT= 180°, taking the value of 'TT from a calculator, 

e.g. 73o = 
1

7i
0 

x 'TT= 1.27 rad (correct to 3 s.f.) 

and 2.36rad = 2·36 x 180° = 135° (correct to the nearest degree) 
'TT 

Now 1 rad = l x 180° = 5T (correct to 2 s.f.) , 
'TT 

i.e. 1 radian is just a little less than 60°. This helps to 'see' the size of a radian. 

Examples 4a 

1 Express 75o in radians in terms of 'TT. 

75o = 75 X 1 ~ 0 radians = ~;radians 180° = 7T radians =;. I 
0 

= 1 ~ 0 radians; so to convert degrees to 

radians , multiply by 1 ~ 0 

2 Express 1 ~ 'TT radians in degrees. 

..!..'TT radians = ..!!.... X 
1800 = 45 o = 11.!. o 7T radians = 180° =;. JC = 

180, so to convert radians to degrees , 
16 16 'TT 4 4 7T 

multiply by 180 
7T 

Exercise 4a 

1 Express each of the following angles in 4 Express each of the following angles in 

radians as a fraction of 'TT. degrees correct to 1 decimal place. 

(a) 45° (b) 150° (c) 30° (a) 1.7rad 

(d) 90° (e) 270° (f) 120° (b) 3.32 rad 

2 Express each of the following angles in (c) 1 rad 

degrees. (d) 2.09 rad 

(a) .!.'TT 
6 

(b) 'TT (c) I 
TO 'TT (e) 5rad 

(d) 'TT (e) 27T (f) 1 (f) 6.28319 rad 
3 6 127T 

(g) 77T (h) 3 (i) 
'TT 5 Use your calculator to find 

6 47T 9 

0) 3 (k) ±'TT (I) 1 (a) sin 1.2 rad ~· / · .,. 

27T 9 47T 

(m) 37T .!.'TT 
(b) cos 0.35 rad 

5 
(n) 

8 
(c) tan 1.47 rad 

3 Express each of the following angles in 

radians correct to 2 decimal places. (d) cos 2.5 rad 

(a) 35° (b) 47.2° (c) 93° 
There is no need to change the angle to degrees: set 

the angle mode on your calculator to radians , then 

(d) 233° (e) 14.1 ° (f) 117° sin Orad can be keyed in direlfly. Similarly with the 

mode in radians , a calculator will give the angle in 

(g) 370° radians for which , say, sin 0 = 0.7 

Circular measure 27 

THE LENGTH OF AN ARC 

From the definition of a radian, the arc that subtends an angle of 1 radian at the centre of the circle is 

of length r. Therefore if an arc subtends an angle of ()radians at the centre, the length of the arc is re. 

B\\ 
rfJ 

!J 
The length of arc AB = rO 

Examples4b 

1 An arc subtends an angle of J at the centre of a circle with radius 4.5 cm. 

Find the length of the arc in terms of 'TT. 

Length of arc = re 

= 4.5 X J = 1.57T 

2 Find, in radians, the angle subtended at the centre of a circle of radius 4 cm by an arc of 

length 0.8 cm. 

Length of arc = r() 

0.8 = 4() () = 0.2 rad 

3 AB and AC are tangents to a circle of radius 5 cm 

and centre P. AP = 10cm as shown in the diagram. 

Find the length of the major arc BC. 

' . '6. I 

. 
••• 

In MBP, BP= 5 cm, AP = 10 cm and LABP = 90° 

Therefore cos APB = 2 = .!. 

The tangents AB and AC are perpendicular 

•. to the radii PB and PC respective ly. 

·' 10 2 

LAPB = 60° = .!.'TT 
3 

Similarly LAPC = .!.'TT 
• 3 
I J 

LB C =~'TT " 
3 

\ 
Hence the angle subtended at P by the major arc BC is 27T - ~'TT= ~'TT 

f, 

The length of major arc BC is 5 X ~'TT = 20.9 cm (3 s.f.) Using length of arc = re 

( 

f 
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Exercise 4b 

1 Find, in terms of TT, the length of the arc that 

subtends an angle of tTT radians at the centre 

of a circle of radius 4 cm. 

2 An arc subtends an angle of %7T radians at 

the centre of a circle of radius 10 cm. Find, in 

terms of TT, the length of the arc. 

3 Find, in radians, the angle subtended at the 

centre of a circle of radius 5 cm by an arc of 

length 12 cm. 

4 Find the size of the angle subtended at the 

centre of a circle of radius 65 mm by an arc of 

length 45 mm. Give your answer in radians. 

5 Find the radius of a circle in which an arc of 

length 15 cm subtends an angle of 7T radians at 

the centre. 

6 An arc of length 20 cm subtends an angle of 

t7T radians at the centre of a circle. Find the 

radius of the circle. 

7 Find, in terms of TT, the length of the arc that 

subtends an angle of 60° at the centre of a 

circle of radius 12 cm. 

THE AREA OF A SECTOR 

8 An arc of length 15 cm subtends an angle of 

45° at the centre of a circle. Find, in terms 

of TT, the radius of the circle. 

9 

10 

A sector of a circle of radius 2.5 cm subtends 

an angle of 1 radian at the centre. Find the 

perimeter of the sector. 

Two circles of radii 5 cm and 12 cm overlap 

so that the distance between their centres 

is 13cm. 

Find the perimeter of the shape. 

area of sector angle contained in the sector 
We know that . = _:::.._-,-----,-----=----

area of Circle complete angle at the centre 

A sector contains an angle of 8 radians at the centre of the circle. 

l '• 

The complete angle at the centre of the circle is 27T, hence 

area of sector 8 

area of circle 27T 

The area of the circle is TTr2 

area of sector = 
2 
~ X TTr2 = tr-8 

The area of sector AOB = ~r 2 8 

Circular measure 29 

Examples4c 

1 Find, in terms of TT, the area of the sector of a circle of radius 3 cm that contains an 

angle of~· 

Area of sector = .!re = .!(3)2(!!.) cm2 = 97T cm2 
2 2 5 10 

2 AB is a chord of a circle with centre 0 and radius 4 cm. AB is of 

length 4 cm and divides the circle into two segments. 

Find the area of the minor segment. 

A 

ABCis an equilateral triangle, so each angle is 60°, i.e. "Irad. To use the formula for the 

area of a sector, the angle 

must be in radians. To find the 

area of the minor segment, 
Area of sector AOB = tr-e = tC42)(t7T) = 8.3775 ... 

Area of MOB = trsin 8 = tC4)(4)(sin 60°) = 6.9282 ... 
we subtract the area of MOB 

from the area of sector AOB. 

Area of minor segment = area of sector AOB - area of MOB 

= 8.3775 .. 0 - 6.9282 .. 0 = 1.449 .. 0 

The area ofthe minor segment is 1.45 cm2 (3 s.f.) 

Exercise 4c 

1 A sector of a circle of radius 4 cm contains an 

angle of 3Qo. Find the area of the sector. 

2 A sector of a circle of radius 8 cm contains an 

angle of 135°, Find the area of the sector. 

3 The area of a sector of a circle of radius 2 cm 

is 7TCm2. Find the angle contained by the 
sector. 

4 The area of a sector of a circle of radi~s 5 cm 

is 12 cm2
. Find the angle contained by the 

sector. 

' 
5 A sector of a circle of radius 10 cm contains ~n 

angle of 57T 
6' 

Find the area cif the sector. t 
~ 

I 

6 An arc of length 15 cm subtends an angle 7T \ 
at the centre of a circle. Find the raclius of 

the circle and hence the area of th~ sector 
containing the angle 7T. 

. ' 
7 A sector of a circle has an area 37Tcm2 and 

contains an angle tTT· Find the radius of the 

circle. 

8 A sector of a circle has an area 67Tcm2 and 

contains an angle of'45°. Find the radius of 

the circle. 

9 

An arc of a circle is of length 57Tcm and the 

sector it bounds has an area of 207Tcm2. Find 

the radius of the circle. 

10 Calculate, in radians, the angle at the centre 

of a circle of radius 8.3 cm contained in a 

sector of area 9.74cm2
. 
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11 In a circle with centre 0 and radius 5 cm, AB 

is a chord of length 8 cm. Find 

(a) the area of MOB 

(b) the area of the sector AOB. 

12 A chord of length 1 cm divides a circle of 

radius 0. 7 cm into two segments. Find the 

area of each segment. 

MIXED PROBLEMS 

Example 4d 

The diagram shows a circle centre 0, radius r. 

LAOB = ()radians 

13 A chord PQ, of length 12.6 cm, subtends an 

angle of ~7T at the centre of a circle. Find 

(a) the length of the arc PQ 

(b) the area of the minor segment cut off by 

the chord PQ. 

14 Two circles, each of radius 14 cm, are drawn 

with their centres 20 cm apart. Find the 

length of their common chord. Find also the 

area common to the two circles. 

The area of MOB is twice the area of the shaded segment. 

Show that () = ~ sin () 

The area of MOB = ~y2 sin () 

The area of sector AOB = ~r2e 

Area of MOB = 2 x area of the shaded segment is 

given, so use this to find a relati.onship between the 

expressions for these areas. 

Therefore the area of the shaded segment is equal to ~r2e - ~y2 sin () 

Therefore ~y2 sin () = 2 X ( ~y2()- ~y2 sin e) This can be simplified by multiplying both 

sides by 2 and dividing both sides by 7'2. 

i.e. 

sin () = 28- 2 sin () 

3 sin () = 28 

() = .9. sin() 
2 

Exercise 4d 

1 A chord of a circle subtends an angle of 

'- 0-r~dians at the centre of the circle. The area 

Of the minor segment cut off by the chord is 

one-eighth of the area of the circle. Prove that 

40 = 7T + 4 sin e 

2 

AB is the diameter of a circle, centre 0. C is a 

point on the circumference such that 

LCOB = 0 radian ~ he area of the minor 

segment cut off by AC is equal to twice the area 

of the sector BOC. Show that 30 = 7T - sin 0 

3 

4 

B 

The diagram shows a sector of a circle, centre 

0, containing an angle of 1 radian. Find the 

area of the shaded region of the diagram. 

0 is the centre of a circle of radius rem. A 

chord AB subtends an angle of 0 radians at 0. 

(a) Show that the area of the minor segment 

cut off by AB is equa! to 

~r2( o - sin 0) 

(b) The area of the circle is 20 times the area 

of the minor segment. Show that 

sin 0 = 0 - ..!!... 
. ; 10 

5 B 

AB is a tangent to the circle centre 0. 

L AOC = 0 radians. Show that the perimet~r of · 

the section bounded by the lines AB, BC a'hd 

the arc AC is given by \ 

r(tan 0 + - 1- + 0 - 1) 
cos o 

6 

7 

8 

Circular measure 31 

Q 

0 

p 

The diagram shows two arcs, A and B. Arc A is 

part of the circle, centre 0 and radius OP. Arc 

B is part of the circle, centre M and radius PM, 

where M is the midpoint of PQ. 

(a) Write down the angle POQ in radians . 

(b) Show that the area enclosed by the two 

arcs is equal to 

• • I 

The diagram shows a sector of a circle of 

radi'us rem containing an angle of 0 radians. 

The area of the sector is A cm2 and the 

perimeter of the sector is 50 cm. 

(a) Find 0 in terms of r. 

(b) Show that A = 25r - r2 

A chord PQ of length 6 cm is drawn in a circle 

of radius 10 cm. The tangents to the circle at 

P and Q meet at R. Find the area enclosed by 

PR, QR and the minor arc PQ. 
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9 

10 

y 

8(12, 5) 

X 

The diagram shows a circle with radius 

13 cm whose centre is at the origin. The 

points A(5, 12) and B(l2, 5) are on the 

circumference of the circle. Find the length 

of the arc AB. 

D 

c 

The diagram shows a circle of radius 10 cm. 

AB and CD are perpendicular diameters of 

the circle. The arc CD is an arc of the circle 

centre A and radius AD. Find the area of the 

shaded region. 

11 

12 

T 

AT and BT are tangents to a circle, centre 0 

and radius 10 cm. The length of the arc AB is 

16cm. Find 

(a) the size of LAOB 

(b) the area of MBT. 

The minor sector AOB of the circle contains 

an angle of Orad. The perimeter of the minor 

sector is 60 cm. Find the area of the major 

sector. 

Summary 1 

QUADRATIC EQUATIONS 

The general quadratic equation is ax2 + bx + c = 0 

The roots of this equation can be found by factorising when this is possible, or completing the 

square, or by using the formula 

-b ±Jb2
- 4ac 

x = 2a 

When b2 - 4ac > 0, the roots are real and different. 

When b2 - 4ac = 0, the roots are real and equal. 

When b2 - 4ac < 0, the roots are not real. 

COORDINATE GEOMETRY 

Length of AB is J (x2 - x1)2 + CY2 - Y1Y 

Midpoint, M, of AB is [ tcxl + x2), tCY~ + Y2)] 

Gradient of AB is y2 
- Yi 

x2 - x1 

Parallel lines have equal gradients. When two lines are perpendicular 

the product of their gradient is -1. 

The standard equation of a straight line is y = mx + c, where m is its 

gradient and c its intercept on they-axis. 

Any equation of the form ax + by + c = 0 gives a straight line. 

The equation of a line passing through (x~> y 1) and with gradient m is 
. ' . t. j 

Y - Y1 = m(x - x1) 

0 

y 

0 

Given a line with equation ax + by + c = 0, then any perpendicular line has equation bx - ay + k = 0 

CIRCULAR MEASURE 

One radian (1 c) is the size of the angle subtended at the 

centre of a circle by an arc equal in length to the radius 
of the circle. 

The length of arc AB is' re. 

The area of sector AOB is tre. 

\ 

X 

X 
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Summary exercise 1 

1 

2 

3 

B 

The diagram shows a semicircle ABC with 

centre 0 and radius 6 cm. The point B is such 

that angle BOA is 90° and BD is an arc of a 

circle with centre A. Find 

(i) the length of the arc BD [ 4] 

(ii) the area of the shaded region. [3] 

Cambridge, Paper 11 Q5 N09 

A 

In the diagram, AB is an arc of a circle, 

centre 0 and radius rem, and angle 

AOB = (}radians. The point X lies on OB and 

AXis perpendicular to OB. 

(i) Show that the area, A cm2
, of the shaded 

region AXB is given by 

A = tr2 ( (} - sin (} cos 8) [3] 

(ii) In the case where r = 12 and (} = t1T, find 

the perimeter of the shaded region AXB, 

leaving your answer in terms of /3 and 1T. 
[4] 

Cambridge, Paper 1 Q7 N07 

c 

10crrv' 

O< 12cm 

F 

' 
' 
' 

The diagram shows a metal plate ABCDEF 

which has been made by removing the two 

shaded regions from a circle of radius 10 cm 

and centre 0 . The parallel edges AB and ED 

are both of length 12 cm. 

(i) Show that angle DOE is 1.287 radians, 

correct to 4 significant figures. [2] 

(ii) Find the perimeter of the metal plate. [3] 

(iii) Find the area of the metal plate. [3] 

Cambridge, Paper 13 Q7 110 

4 y 

5 

A 
( - 1, 2) 

D 

c (5, 4) 

X 

The diagram shows a rhombus ABCD in which 

the point A is ( - 1, 2), the point C is (5, 4) and 

the point B lies on they-axis . Find 

(i) the equation of the perpendicular 

bisector of AC [3] 

(ii) th'e coordinates of B and D [3] 

(iii) the area of the rhombus. [3] 

y 

0 

A 
(3, 8) 

Cambridge, Paper 13 Q8 JlO 

B (6, 2) c (10, 2) 

X 

The three points A(3, 8), B(6, 2) and C(l 0, 2) 

are shown in the diagram. The point D is such 

that the line DA is perpendicular to AB and DC 

is parallel to A ~ Calculate the coordinates of D. 
[7] 

Cambridge, Paper 1 Q6 N07 

6 y 

7 

8 

B (15, 22) 

X 

A (3, -2) 

The diagram shows a triangle ABC in which 

A is (3, - 2) and B is (15, 22). The gradients 

of AB, AC and BC are 2m, - 2m and m 

respectively, where m is a positive constant. 

(i) Find the gradient of AB and deduce the 

value of m. [2] 

(ii) Find the coordinates of C. 

The perpendicular bisector of AB meets BC 

at D. 

[4] 

(iii) Find the coordinates of D. [ 4] 

Cambridge, Paper 11 Q8 JlO 

The diagram shows a circle with cent[e 0 . 

The circle is divided into two regions , R1 

and R2, by the radii OA and OB, where angle 

AOB = (}radians. The perimeter of the region 

R 1 is equal to the length of the major arc AB. 

(i) Show that (} = 1r - 1 [3] 

(ii) Given that the area of region R1 is 30 cm2, 

find the area of region R2, correct to 

3 significant figures . [ 4] 

Cambridge, Paper 1 Q5 109 

y 

\ 

X 

9 

10 

Summary 1 35 

The diagram shows points A, B and C lying 

on the line 2y = x + 4. The point A lies on 

they-axis and AB = BC. The line from 

D(lO, -3) to B is perpendicular to A C. 

Calculate the coordinates of Band C. [7] 

Cambridge, Paper 1 Q8 109 

p 12cm 

The diagram shows a circle with centre 0 and 

radius 5 cm. The point Plies on the circle, PT 

is a tangent to the circle and PT= 12 cm. The 

line OT cuts the circle at the point Q. 

(i) Find the perimeter of the shaded region. 

[4] 

(ii) Find the area of the shaded region. [3] 

Cambridge, Paper 1 Q5 part one 108 

A X 

In the diagram, the points A and C lie on the 

x- and y-axes respectively and the equation 

of AC is 2y + x = 16. The point B has \ 

· coordinates (2, 2). The perpendicular from 

B to AC meets AC at the point X. · • • 
' j 

(i) Find the coordinates of X. [ 4] 

The point D is such that the quadrilateral 

ABCD has AC as a line of symmetry. 
' 

(ii) Find the coordinates of D. [2] 

(iii) Find, correct to 1 decimal place, the 

perimeter of ABCD. [3] 

Cambridge, Paper 1 Qll 108 
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11 

-

A 

In the diagram, OAB is a sector of a circle 

with centre 0 and radius 12 cm. The lines AX 

and BX are tangents to the circle at A and B 

respectively. Angle AOB = ~1T radians. 

(i) Find the exact length of AX, giving your 

answer in terms of !3. [2] 

(ii) Find the area of the shaded region, 

giving your answer in terms of 1T 

and !3. [3] 

Cambridge, Paper 1 Q5 J07 

12 c 

In the diagram, OCD is an isosceles triangle 

with OC = OD= 10 cm and angle COD= 0.8 

radians. The points A and B, on OC and OD 

respectively, are joined by an arc of a circle 

with centre 0 and radius 6 cm. Find 

(i) the area of the shaded region [3] 

(ii) the perimeter of the shaded region. [ 4] 

Cambridge, Paper 1 Q5 J04 

13 The curve y = 9 - §.and the line y + x = 8 
X 

intersect at two points. Find 

(i) the coordinates of the two points 

(ii) the equation of the perpendicular 

bisector of the line joining the two 

[4] 

points. [4] 

Cambridge, Paper 1 Q6 J04 

5 Functions 

After studying this chapter you should be able to 

• understand the terms function, domain, range, one - one function, inverse function and composition 

of functions 

• identify the range of a given function in simple cases, and find the composition of two given functions 

• determine whether or not a given function is one-one, and find the inverse of a one-one function in 

simple cases 

• illustrate in graphical terms the relation between a one-one function and its inverse 

• carry out the process of completing the square for a quadratic polynomial ax2 + bx + c, and use this 

form, e.g. to locate the vertex of the graph of y = ax2 + bx + c or to sketch the graph. 

MAPPINGS 

When the number 2 is entered in a calculator and then the x2 button is pressed, the display shows the 

number 4. 

2 is mapped to 4, which is denoted by 2 >--> 4 

Under this rule, that is, squaring the input number, 

3 >--> 9, 25 >--> 625, 0.2 >--> 0.04, -2 >--> 4 and (any real number) >--> (the square of that number) 

This is denoted by x r-> x2
, for x E IR x E IR means x is any real number. 

This mapping can be represeqted graphically by plotting values of 

x2 against values of x. 

The graph, and knowledge of what happens when we $quare a · • • 

number, show that one input number give ~ just one output number. 

But the mapping that maps a number t~ its •square root, , 

e.g. 4 >--> -2 and 2 gives a real output only when the input · 

number is g reater than or equal to zero (negative numbers do 
not have real square ro9ts). . 

1 

This mapping can be written as x r-> ±JX for x ~ 0, x E IR 

!he graphical repres~ntation of this mapping shows that one 
m put value gives two ,output values. I · 

' 
\ 

± ..[X 

0 

X 

I 

, I 

X 
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FUNCTIONS 

For the mapping x >--+ :x2, for x E IR, one input number gives one output number. 

The mapping x >--+ :±:/X for x ~ 0, x E IR gives two outputs for every one input number. 

The word function is used for any mapping where one input value gives one output value. 

A function is a rule that maps a single number to another single number for a defined set of 

input numbers. 

The mapping x >--+ :±:IX forx ~ 0, x E IR is not a function because it does not satisfy this condition. 

Using f for function and the symbol : to mean 'such that' we write f : x >--+ :x2 for x E IR to mean f is the 

function that maps x to x2 for all real values of x. 

Example 5a 

Determine whether these mappings are functions, for x E IR 

1 
X>-+-

X 
(b) x >--+ y where y2 - x = 0 (a) 

(a) For any value of x, except x = 0, l has a single value, 
X 

therefore x >--+ lis a function provided that x = 0 is excluded. 
X 

t is meaningless, so to make this mapping a function we have to exclude 0 as an input value. 

The function can be described by f: x >--> .!., x * 0, x E IR 
X 

(b) If, as an example, we input x = 4, then the output is the value of y given by y2 - 4 = 0 

i.e. y = 2 and y = - 2 

Therefore an input gives more than one value for the output, so x >--+ y where y2 
- x = 0 

is not a function . 

Exercise Sa 

Determine which of these mappings are 

functions . 

I x >-> 2x - 1, x E Ill 

2 X >-> r + 3, X E iR 

3 x >-> l-1 ,xEIR 
X 

DOMAIN AND RANGE 

4 x >-> t where t2 = x, x E Ill 

5 X >-> ./X, X E iR 

6 x >-> the length of the line from the origin to 

(0, x), X E iR 

We have assumed that we can use any real number as an input for a function unless some particular 

numbers have to be excluded because they do not give real numbers as output. 

The set of inputs for a function is called the domain of the function. ,. 
The domain does not have to contain all possible inputs; it can be as wide, or as restricted, as we 

choose to make it. Hence to define a function fully, the domain must be stated. 

Functions 39 

If the domain is not stated, we assume that it is the set of all real numbers (IR) . 

The mapping x >--+ :x2 + 3 can be used to define a function f over any domain we choose. Some 

examples, together with their graphs, are given. 

1 f : x >--+ x2 + 3 for x E IR f(x) 

2 f : x >--+ x2 + 3 for x ~ 0 

Note that the point on the curve where x = 0 is included, and 

we denote this on the curve by a solid circle. 

If the domain were x > 0, then the point would not be part of 

the curve, and we indicate this fact by using an open circle. 

3 f: x >--+ :x2 + 3 for x = 1, 2, 3, 4, 5 

This time the graphical representation consists 

of just five discrete ( i.e. separate) points. 

These three examples are not the same function , each is a different function. 

For each domain, there is a corresponding set of Olftput numbers. 

f(x) 

3 

0 

f(x) 

0 

The set of output nuni~ers is called the range of the function. 

The notation f_(x) represents the output values of a function , 

so for f: x >--+ x2 for x E IR we have f(x) = x2 

0 

• 
• 

• 

.. 

• 

• 

X 

X 

X 

For the function defined in (1) above, the range is f(x) ~ 3 and for the function given in (2), the 

range is also f(x) ~ 3. For the function defined in (3), the range is the set of numbers 4, 7, 12, 19, 28. 

\ 

Examples 5b • I .; 

1 f(x) = 2x2 
- 5, x E R Find f(3) and f( - 1). 

As f(x) is the output of the mapping, f(3) i;s the o~tput when '3 is the input, i.e. f(3) is the 
value of 2x2 - 5 when x = 3 . 

f(3) = 2(3)2 ..... 5 = 13 

f( - 1) = 2(-1)2 - 5 = - 3 

2 

1 
? . 

\ 

Sometimes a function can be made up from more than one mapping, where each mapping is defined 

for a different domain. This is illustrated in the next worked example. 
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Examples 5b cont. 

2 The function, f, is defined by 

and 

f(x) = x2 for x ~ 0 

f(x) = x for x > 0 

(a) Find f(4) and f( -4). (b) Sketch the graph of f. (c) Give the range of f. 

(a) For x > 0, f(x) = x 

f(4) = 4 

For x ~ 0, f(x) = x2 

f(-4) = (-4)2 = 16 

(b) To sketch the graph of a function, we can use what we know about lines 

and curves in the xy-plane. In this way we can inte rpret f(x) = x for x > 0, 

as that part of the line y = x which corresponds to positive values of x , 

and f(x) = x2 for x ~ 0 as the part of the curve y = x2 that corresponds 

to negative values of x . 

(c) The range off is f(x) ~ 0 

Exercise Sb 

f(x) 

0 

1 If f(x) = 5x - 4, x E IR, find f(O), f( -4). 

2 If f(x) = 3x2 + 25, x E IR, find f(O), f(8). 

6 The function f is such that 

f(x) = - x for x < 0, x E IR 

and f(x) = x for x ~ 0, x E IR 

X 

3 If f(x) = the value of x correct to the nearest 

integer, x E IR, find f(1.25), f( -3.5), f(12.49) . 
(a) Find the value of f(5), f( -4), f(- 2) and 

f(O). 

4 If f(x) = sin x, x E IR, find t( t1T), t( ~1T). 

5 Find the range of each of the following 

functions. 

(a) f(x) = 2x- 3 for x ~ 0, x E IR 

(b) f(x) = x2 - 5 for x :s 0, x E IR 

(C) f(x) = 1 - X for X :S 1, X E fR 

(d) f(x) = l for X~ 2, X E iR 
X 

CURVE SKETCHING 

(b) Sketch the graph of the function. 

7 The function f is such that 

f(x) = x for 0 :s x :s 5, x E IR 

and f(x) = 5 for x > 5, x E IR 

(a) Find the value of f(O), f(2), f(4), f(5) and 

f(7). 

(b) Sketch the graph of the function. 

(c) Give the range of the function. 

/''<if. 

When functions have similar definitions they usually have common properties and graphs of the same 

form. When the common properties of a group of functions are known, the graph of any one member 

of the group can be sketched without having to plot points. 

Quadratic functions 

The general form of a quadratic function is 

f(x) = ax2 + bx + c for x E IR 

where a, b and c are constants and a * 0 

Functions 41 

When the graphs of quadratic functions for a variety of values of a, b and c are drawn, the basic shape 

of the curve is always the same. This shape is called a parabola. 

Every parabola has an axis of symmetry that goes through the vertex, i.e. the point where the curve 

turns back upon itself. 

If the coefficient of x2 is positive, i.e. a > 0, then f(x) has a 

least value, and the parabola looks like this. 

If the coefficient of x2 is negative, i.e. a < 0, then f(x) has a 

greatest value, and the parabola is this way up. 

Examples Se 

I Express 2x2- 7x- 4 in the form a(x- b)Z- c where a, band care positive constants. 

Find the greatest or least value of the function given by f(x) = 2x2 - 7x - 4, x E IR, and 

hence sketch the graph of f(x). 

The simplest way to do this is to expand a(x - b)2 - c and compare the coefficients of x2 

and x and the constants. 
2x2 - 7x- 4 = a(x2 - 2bx + b2) - c f(x) 

= ax2 - 2abx + ab2 
- c 

a=2 

- 2ab = - 7 so b = 2 
4 

ab2 - c = -4 so c = 
49 + 4 = ~ 

• 8 8 

2x2 - 7x - 4 = 2(x - 2)2 - Bl 
4 8 

Alternatively, 2x2- 7;.; ·_ 4 = 2{(x2 - tx) - 2} 

= 2.{(x2 _ lx + 49) :... 2 _ 49} 
• 2 16 16 

. ' 
completing the square on x2 

- ix by adding i~ then s~btracting it 

= 2(x - ±Y - 881 

f(x) has a least value of - 8
8
1 when x = ± 

We now have one point on the graph of f(x) and we know that the curve is symmetrical about this value of x . 

However, to locate the curve more accurate ly we need another point and we use f(O) as it is easy to find . 

f(O) = -4 

2 Draw a quick sketch of the grap.h of f(x) = (1 - 2x)(x + 3), x E IR 
• I ,: 

"' The coefficient of x 2 is negative, so f(x) has a greatest value. 

Th~ curve cuts the x-axis when f(x) = 0 . 
When f(x) = 0, (1 - 2x)(x + 3) = 0 =? x = 1 or -3 

The average of these values is -%, so the curve is 

symmetrical about X = -~ t . · 

4 " 
We now have enough information to draw a quick sketch, but note that 

this method is suitable only when the quadratic fun ~ ti o n factoris es . We 

could, if needed, find the greatest value ojH(x) using x = - %which is 

the axis of symmetry. 

f(x) 

-3 

X 

X 
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Exercise Se 

To find the greatest or least values of f(x) use 

factorisation when possible. Otherwise use 

'completing the square'. 

The domain of every function in this exercise 

is x E IR 

I Find the greatest or least value of f(x) where 

f(x) is 

(a) x2
- 3x + 5 

(b) 2x2 - 4x + 5 

(c) 3-2x-x2 

2 Find the range of f where f(x) is 

(a) 7 + x - x2 

(b) x2 - 2 

(c) 2x - x2 

Cubic functions 

3 Sketch the graph of each of the following 

quadratic functions, showing the greatest 

or least value and the value of x at which it 

occurs. 

(a) .x2- 2x + 5 

(b) r+4x-8 

(c) 2x2 -6x+3 

(d) 4- 7x- x2 

(e) x2 - 10 

(f) 2- 5x- 3r 

4 Draw a quick sketch of each of the following 

functions. 

(a) (x - l)(x- 3) 

(b) (x + 2)(x - 4) 

(c) (2x- l)(x- 3) 

(d) (1 + x)(2 - x) 

(e) x2 - 9 

(f) 3x2 

The general form of a cubic function is 

f(x) = ar + bx2 + ex + d, x E iR 

where a, b, c and dare constants and a ;;f:. 0 

Drawing the curve y = ax3 + bx2 + ex + d for a variety of values of a, b, c and d shows that the shape 
of the curve is 

rJ when a > O and ~ whena<O 

Sometimes there are no turning points and the curve looks like this 

or 

Polynomial functions 

The general form of a polynomial function is 

f(x) = a,;xn + an _ 1xn - 1 + ... + a 2x
2 + a1x + a0, x E 1R 

where an, an _ 1> ... , a0 are rational constants, n is a positive integer and an =I= 0 

Examples of polynomials are "" 
f(x) = 3.0 - 2r + 5, x E !R, f(x) = x5 - 2r + x, x E IR, f(x) = x 2, x E iR 

The order of a polynomial is the highest power of x in the function. 

So .0 - 7 has order 4, and 2x - 1 has order 1. 

We have already looked at the graphs of polynomials of order 1. 

e.g. f(x) = 2x - 1 which gives a straight line 

and of order 2, 

e.g. f(x) = x2 
- 4 which gives a parabola 

and of order 3, 

e.g. f(x) = x3 - 2x + 1 which gives a cubic curve. 

Rational functions 

Functions 43 

X 

X 

X 

A rational function is one in which both numerator and denominator are polynomial. 

Examples of rational functions of x are 

x 3x2 + 2x' 
x' x2

- 1' X- 1 • I 

The simplest rational function is .f(x) = ~· x =I= 0, x E IR, We can find various properties of f(x) . 

I As the value of x increases, the value of f(x) gets closer to zero, 

e.g. when x = 100, f(x) = 
1
bo 

and when x = 1000, f(x) = 
10

1
00 

We write this as 'when x--> oo, f(x) --> 0' 

Also as the value of X decreases, i.e. as X --> -oo, the value of f(x) again gets closer to zero; 
i.e. when x--> -oo, f(x}---> 0 

l .. 

' "' 2 f(x) does not exist when x = 0, so this value of x must be excluded from 
the dpmain of f. 

x can get as close as we like to zero, however, and c~n approach zero in 
two ways. 

) then f(x) --> oo. If x --> 0 from ab9ve (i.e. from positive values, 
0 

t 

If x--> 0 from below (i.e. from negative 1alues, o ) then f(x) --> -oo. 

\ 
As x--> :too, the curve gets close to the x-axis but does not cross it. Also, 

' 0 

as x --> 0, the curve approaches thejo·-axis but again does not cross it. 

The x-axis and they-axis are called asymptotes to the curve. 

f(x) 

L 
X 
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Exercise Sd 

1 Draw sketch graphs of the following functions. 

(a) x2 + 4 

(b) (x + 2)(x- 5) 

(c) x3- 1 

(d) (x- 1)3 

INVERSE FUNCTIONS 

f is the function where f(x) = 2x for x = 2, 3, 4 

2 Find the values of x where the curve y = f(x) 

cuts the x-axis and sketch the curve when 

(a) f(x) = x(x- 1)(x + 1), x E ~ 

(b) f(x) = x(x- 1)(x + 1)(x - 2), x E ~ 

(c) f(x) = (x2
- 1)(2- x), x E ~ 

(d) f(x) = (x2 - 1)(4 - xZ), x E ~ 

The domain {2, 3, 4} maps to the range {4, 6, 8}. This is illustrated by the arrow diagram. 

- 1 0 2 3 4 5 6 7 8 9 

:· ~ :::~) 
- 1 0 2 3 4 5 6 7 8 9 

We can reverse this mapping, i.e. we can map each member of the range back to the corresponding 

member of the domain by halving each member of the range. 

- 1 0 1 2 3 4 5 6 7 8 9 

:::·= : 
- 1 0 2 3 4 5 6 7 8 9 

This reverse mapping can be expressed algebraically, i.e. for x = 4, 6, 8, x >--+ tx maps 4 to 2, 6 to 3 and 
8 to 4, and it is a function in its own right. It is called the inverse function of f where f(x) = 2x 

Denoting this inverse function by f- 1 we can write f- 1(x) = tx for x = 4, 6, 8 

For any function f, 

if there exists a function, g, that maps the output of f back to its input, i.e. g : f(x) >--+ x, 

then this function is called the inverse of f and it is denoted by f- 1
• 

THE GRAPH OF A FUNCTION AND ITS INVERSE 

The diagram shows the curve that is obtained by reflecting 

y = f(x) in the line y = x. The reflection of a point A(a, b) on 

the curve y = f(x) is the point A' whose coordinates are 

(b, a), i.e. interchanging the x- and y-coordinates of A gives 

the coordinates of A'. 

We can therefore obtain the equation of the reflected 

curve by interchanging x and y in the equation y = f(x) 

Now the coordinates of A on y = f(x) can be written as 

[a, f(a)]. Therefore the coordinates of A' on the reflected 
curve are [f(a), a], i.e. the equation of the reflected curve is 

such that the output of f is mapped to the input of f. 

Hence if the equation of the reflected curve can be written 
in the form y = g(X), then g is the inverse of f, i.e. g = f- 1 

X 

Functions 45 

Any curve whose equation can be written in the form y = f(x) can be reflected in the line y = x. 

However, this reflected curve may not have an equation that can be written in the form y = f- 1(x) 

The diagram shows the curve y = x2 and its reflection in the line 

y=x 

The equation of the image curve is x = y2 =;, y = ::J:::fi and x >--+ ::J:::fi 

is not a function. 

(We can see this from the diagram as, on the reflected curve, one 

value of x maps to two values of y. So in this case y cannot be 
written as a function of x.) 

A function such as f: x >--+ x2 for x E ~, where more than one value 
of x maps to a value of f(x), is called a many-one function. 

Therefore the function f: x >--+ x2 for x E ~ does not have an inverse, i.e. 

not every function has an inverse. 

If we change the definition off to f: x >--+ x2 for x E ~ + then the 

inverse mapping is 

X>--+ fi for X E ~ + and this is a function, i.e. 

f- 1(x) = fi for x E IR+ 

[R+ is the set of positive real 

numbers includ ing zero. 

The function f: x >--+ x2 for x E IR+ is such that only one value of x 

maps to a value of f(x). 

Any function where only one value of x maps to one value of y is 
called a one-one function. 

A function f has an inverse only if f is a one-one function. 

To summarise: 

y 

y 

y = X 

X 

X 

The inverse of a function undoes i:he .function, i.e. it maps the output of a function back to its input. 

The inverse of the function f is written f- 1. 

Only one-one functions have an inverse. · 
. . ' 

When the curve whose equation is y = f(x) is r~flected in the line y = X, the equation of the , .. 
reflected curve is x = f(y) · 

If this equation can be written in the form y = g(x) then g is the inverse off, i.e. g(x) = f- 1(x), and 
the domain of g is the range of f. 

Examples Se 

1 Determine whether there is an invers~ of the function f given by f(x) = 2 + .!, x =1= 0 
If f- l exists, express it as <('function ot'x.1 x 

; 

From the,sketch of f{x) = 2 +~,we see that one value.of ----------------Y-~_L ______________ _ f(x) maps to one value of x, i.e. f is a one-one fuqction. ' 

Therefore the reverse mapping is a function. 

The equation of the .reflection of y = 2 + .! can be written 
as !~ x I .. 

x=2+.! =;, y=-1-
y x-2 

\ 
Interchange x and y . 

l 

when f(x) = 2 + .!, f- 1(x) = -
1-, provided that x =1= 2 

x x-2 

0 X 

I ~ 
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2 Find f- 1(4) when f(x) = Sx- 1, x E IR 

y=Sx-1 

For the reflected curve x = Sy - 1 =>- y = iCx + 1) and iCx + 1) is a function. 

i.e. f- 1(x) = iCx + 1) 

f- 1(4) = iC4 + 1) = 1 

Exercise Se 

1 Sketch the graphs of f(x) and f - l(x) on the 

same axes. 

(a) f(x) = 3x - 1,xE IR 

(b) f(x) = 2 - X, X E iR 

(c) f(x) = _l- 3, X =t- 0, X E iR 
X 

(d) f(x) = l,x =t- O,x E IR 
X 

2 Which of the functions given in question 1 are 

their own inverses? 

COMPOSITION OF FUNCTIONS 

Two functions f and g are given by 

f(x) = x2, x E iR and g(x) = l, x =t- 0, x E IR 
X 

These two functions can be combined in several ways. 

1 They can be added or subtracted, 

3 Determine whether f has an inverse function, 

and if it does, find it when 

(a) f(x) =X+ 1, X E iR 

(b) f(x) = x2 + 1,x E IR 

(c) f(x) = .0 + 1,x E IR 

(d) f(x) = x 2 - 4, X~ 0, X E iR 

(e) f(x) = (x + 1) 4 ,x~ -1,x E IR 

4 The function f is given by 

- 1 f(x) - 1 - -, X =t- 0, X E IR. 
X 

Find 

(a) f- 1(4) 

(b) the value of x for which f- 1(x) = 2 

(c) any values of x for which f- 1(x) = x 

i.e. f(x) + g(x) = x2 + l, x =t- 0, x E IR and f(x) - g(x) = x2 
- l, x =t- 0, x E IR 

X X 

2 They can be multiplied or divided, 

( 1) f(x) x2 
i.e. f(x)g(x) = (x2) X x = x, x =t- 0, x E IR and g(x) = _l = .0, x =t- 0, x E IR 

3 The output off can be made the input of g, X 

i.e. x ,__.!._, x2 ~ ; 2 or g[f(x)] = g(x2
) = ~· x =t- 0, x E IR 

Therefore the function x >---> ~ is obtained by taking the function g of the function f. 
X 

This is a composite function, also called a function of a function, and is written as gf(x). 

For f(x) = x2, x E IR and g(.x) = 3x- 1, x E IR 

gf(x) means the function g of the function f(x), 

fg(x) means the function f of the function g(x), 

,. 
i.e. gf(x) = g(x2

) = 3x2 
- 1, x E IR 

i.e. f(3x- 1) = (3x- 1)2, x E IR 

Functions 47 

This shows that the composite function fg(x) is not the same as the composite function gf(x). 

For any composite function gf(x), f(x) is the range off and this range gives the input values of g. 

Therefore the range of f must be included in the domain of g. 

Exercise 5f 

1 f, g and h are functions defined by 

f(x) = x2
, x > 0, x E IR, g(x) = 2x + 1, X E IR, 

h(x) = 1 - X, X E iR 

Find as a function of x 

(a) fg (b) fh (c) hg 

(d) hf (e) gf 

2 f(x) = 2x- 1, x E IR and g(x) = .0, x E IR 

Find the value of 

(a) gf(3) (b) fg(2) 

(c) fg(O) (d) gf(O) 

3 f(.x) = 2x, X E IR, g(x) = 1 + X, X E IR, and 

h(x) = x2
, x E IR 

Find as a function of x 

(a) hg (b) fhg (c) ghf 

Mixed exercise 5 

1 A function f•is defined by 

f(x) = (1 - x)2
, X < 0; X E iR 

(a) Find the value off( -3). 

(b) Sketch the curve y = f(x) 
-. 

(c) Find f- 1(x) in terms of x and give the 

domain of f- 1
• 

2 Find the greatest or least value of each of the 

following functions, stating the value of x at 

which they occur. 

(a) f(x) = x2 - 3x + 5, x E IR 

(b) f(x) = 2x2 - 7x + 1, x E IR 

(c) f(x) = (x - r)(x + 5), x E IR ' 

State the range of f in each case. 

3 f(x) = 3x, X E !R, g(x) = 1 - x, x E iR and 

h(x) = 3x- 1, x E IR 

Find 

(a) fg(x) J 

" ' 
(b) gfh(x) \ 

(c) g- lf-l(x) I 

(d) (gf) - l(x) 

-· 

4 The function f is such that f(x) = (2 - x)2, 

x E IR. Find g and h as functions of x such that 

gh(x) = f(x) 

5 Repeat question 4 when f(x) = (x + 1)4, x E IR 

6 Express the function f(x) as a combination of 

functions g(x) and h(x), and define g(x) and 

h(x), where f(x) is 

(a) (3x - 2)2, x E IR 

(b) (2x + 1)3 , x E IR 

(c) (5x- 6)4
, X E IR 

(d) (x - 1)(.x2 
- 2), x E IR 

4 The function f is defined by 

f(x) = 2x - 3, x E IR 

(a) Sketch on the same diagram the graphs . . ' 
ofy := f(x) andy = f- l(,x-) 

.~ 

The functions g and h are defined by 

g : x f-.> x2 for x E IR and h : x f-> 4x for x E IR 

(b) Express hgf(x) in terms of x. 

(c) Sketch the graph of y = gf(x) 

5 The functions f and g are defined by 

f :X f-.> X - 1 for X E iR and g : X f-> ;---.::.:.....J.
2
·' X . for 

1 
~ +r1 

~ X E IR, X =t- -2 

6 

(a) Express f- 1(x) and g- 1(x) in terms of x. 

(b) Show that the equation fg(x) = x has no 

solution. 

The functions f and g are defined by 

f : x f-.> x - 2 for x E IR and g: x f-.> x2 + 4 for 

X E IR 

(a) Find the minimum value of fg(x). 

(b) Solve the equation gf(x) = 2x 
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7 The function f is defined by 

f : x >---> x2 - 3x + 4 for x E IR 

(a) Find the minimum value of f(x). 

The function g is defined by 

g: x >---> x2 - 3x + 4 for x ?: k, x E IR 

(b) Find the smallest value of k for which 

g- 1(x) exists. 

(c) Sketch on the saine diagram the graphs 

of y = g(x) and y = g- l(x) 

8 The function f is defined by 

f: x >---> 2x - 5x2 for x E IR. Find the range of f. 

9 The function f is defined by 

f: x >---> 2x2 - 12x + 21 for 0 ,; x,; k, x E IR 

(a) Find the value of k for which the graph of 

y = f(x) has a line of symmetry. 

(b) Find, for this value of k, the range of f. 

.. 
t·• 

6 Inequalities and intersection of curves 

After studying this chapter you should be able to 

• solve linear and quadratic inequalities in one unknown 

• use the relationship between points of intersection of graphs and solutions of equations (including, in 

simple cases, the correspondence between a line being tangent to a curve and a repeated root of an 

equation). 

MANIPULATING INEQUALITIES 

An inequality compares two unequal quantities. 

For example, the two real numbers 3 and 8 for which 

8 > 3 

The inequality remains true, i.e. the inequality sign is unchanged, when the same term is added or 

subtracted on both sides, e.g. 

8 + 2 > 3+2 =} 10>5 

~d 8 - 1 > 3 - 1 =} 7 > 2 

The inequality sign is unchanged also when both sides are multiplied or divided by a positive 

quantity, e.g. 

8 X 4 > 3 X 4 =? 32 > 12 

and 8 --c- 2 > 3--c-2 

When both sides are multiplied or divided by a negative 9uantity the inequality is no longer true. 

For example, if we multiply by - 1, the LHS becomes - 8 and the RHS becomes -3 so the correct 

inequality is now LHS < RHS, i.e. . ~ , 

8 X -1 < 3 X -1 =? - 8 < ~ 3 

Similarly, dividing by - 2 gives - 4 < - 1~ 

These examples ~ re illustrations of the following general rules. 

. ' ,. 

Adding or subtracting a term, or multiplying or dividing both sides by a positive number, 

· does not alter the inequality sign. 

Multiplying or dividing both sides by a negative number reverses the inequality sign. 

i.e. if a, b and k are real numb~rs, and a > b then 

a + k > b+k 

ak > bk 

ak < bk 

"'ior all values of-k. 

for positive values of k . 

for negative values of k. 
I 

SOLVING LINEAR INEQUALITIES 
I . 

Whe~ an inequality contains an unknown quanti~, the rules given above can be used to 'solve' it. The 

solutwn of an inequality is a range, or ranges, of values of the variable. For example, when x - 2 > 0, 

then adding 2 to each side gives x > 2. Ttlis gives the range of values for which the inequality is true 
and it is called the solution of the inequaity. 
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When the unknown quantity appears only in linear form, we have a linear inequality and the solution 

range has only one boundary. 

Example 6a 

Find the set of values of x that satisfy the inequality x - 5 < 2x + 1 

x - 5 < 2x+1 ==? x < 2x+6 adding 5 to each side 

==? -x < 6 subtracting 2x from each side 

x> -6 multiplying both sides by - 1 

So the set of values of x satisfying the given inequality is x > -6 

Exercise 6a 

Solve the following inequalities. 

x-4 < 3-x 

2 7 - 3x < 13 

3 1 - 7x > x + 3 

4 x+3 < 3x - 5 

SOLVING QUADRATIC INEQUALITIES 

5 x > 5x - 2 

6 2(3x- 5) > 6 

7 x<4x+9 

8 2x-1 < x - 4 

9 3(3 - 2x) < 2(3 + x) 

A quadratic inequality is one in which the variable appears to the power 2, e.g. x 2 
- 3 > 2x 

The solution is a range or ranges of values of the variable with two boundaries. 

If the terms in the inequality can be collected and factorised, a graphical solution is easy to find. 

Examples 6b 

1 Find the range(s) of values of x that satisfy the inequality r - 3 > 2x 

(x - 3)(x + 1) > 0 

or f(x) > 0 where f(x) = (x- 3)(x + 1) 

A sketch of the graph of f(x) shows that f(x) > 0 where the graph is above the 

x-axis . The values of x corresponding to these portions of the graph satisfy 

f(x) > 0. The points where f(x) = 0, i.e. where x = 3 and - 1, are not part of 

this solution and this is indicated on the sketch by open circles . 

From the graph we see that the ranges of values of x which 

satisfy the given inequality are x < -1 and x > 3 

f(x) 

Investigating the nature of the roots of a quadratic equation can result in a quadratic inequality. 

X 
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Examples 6b cont. 

2 Find the range(s) of values of k for which the roots of the equation kx2 + kx- 2 = 0 

are real. 

i.e. 

For real roots 'b2 
- 4ac' ~ 0 

k2 - 4(k)( -2) ~ 0 

k(k + 8) ~ 0 

Therefore the equation kx2 + kx - 2 = 0 has real roots if the 

value of k lies in either of the ranges k ~ -8 or k ~ 0 

The sketch shows solid circles where k = - 8 and k = 0 because these values 

are part of the solution. 

Exercise 6b 

Find the ranges of values of x that satisfy the 11 (x + 1)(x + 2) ~ 4 

following inequalities. 
12 (1 - x)( 4 - x) > x + 11 

I (x- 2)(x- 1) > 0 

k 

13 Find the values of p for which the given 

2 (x + 3)(x - 5) ;;, 0 equation has real roots. 

3 (x - 2)(x + 4) < 0 
(a) x 2 + (p + 3)x + 4p = 0 

(b) x 2 + 3x + 1 = px 

4 (2x - 1)(x + 1) ;;, 0 
14 Find the range of values of a for which the 

5 x2 - 4x > 3 
equation x2

- ax + (a + 3) = 0 has no real 

roots. 
~ I 

6 4x2 < 1 
15 What is the set of values of p fo h which 

7 (2 - x)(x + 4) ;;, 0 p(x2 + 2) < 2r + 6x + 1 for all real values 

of x? 

8 5x2 > 3x + 2 
16 The function f is defined by 

9 (3 - 2x)(x + 5) ~ 0 f: X >-> x2 + kx + 9 for X E ~ 

Find the range of values of k for which the 
10 (x- 1)2 > 9 range of f is f(x) ;;, 0 

INTERSECTION. OF A LINE AN.D A PARABOLA 
. ' ,#1 

A straight line can intersect a parabola at two separate points or it can 

just touch t,he parabola at one point or it might not intersect at any point. 

S~lving the equation of the parabola and the e~ua \ ion of ~he line 

Simultaneously finds the points of intersection. 

Solving Y = ar + bx + c and y = mx + c simultaneously gives the 
quadratic equation aJI!- + bx + c = mx + c t · · . ., ' 

When this equation has two separate roots, the liqe cuts the parabola at 
two separate points. 

Wh th· · l en Is equatiOn has a repeated root (only one solution), the line 

touches the parabola at one point, i.e. the line is a tangent to the curve. 

I 
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When this equation has no real roots , the line does not cut the parabola at any point. 

The same argument can be used for the intersection of any curve and a straight line. When solving the 

equations of the line and curve simultaneously gives a quadratic equation, the nature of the roots of that 

equation tells you whether the line cuts the curve, is a tangent to the curve or does not cut the curve. 

Examples 6c 

1 Determine the set of values of c for which the line y = 2x + c does not intersect the curve 

y=2.x2-3x+2 

Solving y = 2x + c and y = 2x2 
- 3x + 2 simultaneously gives 

2x2 - 3x+ 2 = 2x+ c 

2x2 -5x + 2-c = O 

The line does not intersect the curve when this equation has no real roots, i.e. when 

'b2 - 4ac < 0' =;. 25 - 8(2 - c) < 0 

=? c < -~ 
8 

2 Determine the values of m for which the line y = mx - 5 is a tangent to the curve 

y=.x2 - l 

Solving y = x 2 - 1 and y = mx - 5 simultaneously gives 

x 2 -1=mx-5 

The line is a tangent to the curve when this equation has a repeated root 

(i.e. one solution), 

m2 - 16 = 0 

m = ± 4 

Exercise 6c 

( 

/ 

Find the range of values of k for which the 

line intersects the curve at two separate 

points when the equation of the curve and the 

equation of the line are 

3 Find the values of k for which the line is a 

tangent to the curve when the equation of the 

curve and the equation of the line are 

(a) y = x 2 + k, y = 2x - 1 

(b) y = kx2 - 6, y =X- 5 

2 Find the range of values of k for which the 

line does not intersect the curve when the 

equation of the curve and the equation of the 

line are 

(a) y = x 2 + kx + 5, y = 5x 

(b) y=kx2 -2x+k,y=x-3 

(a) y = x2 - 4x + 4, y = 2x + k 

(b) y = kx2 + x + 1,y=5 - x 

4 Show that thE'ire are no values of k for which 

the line y = 3 - 2x can intersect the curve 

y=2x2 + kx+3 

5 Functions f and g are defined by 

f : x f--7 x2 - 4 for x E IR and 

g : x f--7 x - 2 for x E IR 

Find the range o(,values of k for which 

the curve y = fg(x) and the line y = x - k 

intersect at two separate points. 

6 Show that the line y = 2x - 1 is a tangent to 

the curve y = x2 

7 Show that the line y = 3 - x is a tangent to the 
1 

curvey = x _ 
1 

Mixed exercise 6 

Solve each of the inequalities given in questions 

1 to 10. 

1 2x+ 1 < 4 - x 

2 x-5> 1 - 3x 

3 6x- 5 > 1 + 2x 

4 (x - 3)(x + 2) > 0 

5 (2x- 3)(3x + 2) < 0 

6 x2- 3 < 10 

7 (x- 3)2 > 2 

8 (3 - x)(2 - x) < 20 

J 

\ 

J 

" I 

\ 
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8 A function f is defined by f: x f--7 _l__
2 

for 
x -

x E IR and x > 2 

Show that the line y = 1 - ~x does not 

intersect the curve y = f(x) 

9 x(4x + 3) > 2x - 1 

10 (x- 6)(x + 1) > 2x- 12 

11 For what values of k does the equation 

4r + 8x - 8 = k( 4x - 3) have real roots? 

12 (a) Show that, for all values of k , the line 

y = 3x - k intersects the curve 

y = -
1-

1 
at two points. 

x-

(b) Find the values of k for which the line 

y = kx + 3 is a tangent to the curve 

y = -1-
x - 1 

• I 
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7 Differentiation 

After studying this chapter you should be able to 

• understand the idea of the gradient of a curve, and use the notations f'(x) and ~~ 
• use the derivative of xn for any rational n, together with constant multiples, sums, differences of 

functions, and of composite functions using the chain rule 

• apply differentiation to gradients and normals, increasing and decreasing functions and rates of 

change (including connected rates of change). 

CHORDS, TANGENTS, NORMALS AND GRADIENTS 

A and B are any two points on any curve. 

Point of contact 

The line joining A and B is called a chord. 

The line that touches the curve at A is called the tangent at A. 

The word touch has a precise mathematical meaning. A line that meets a curve at a point and does not 

cross to the other side of the curve at that point, touches the curve at the point of contact. 

The line perpendicular to the tangent at A is called the normal at A. 

Gradient defines the direction of a line (lines can be straight or curved). 

The gradient of a straight line is constant. 

Moving from B to A along the curve in the diagram, the direction is 

changing all the time. If at A we continue to move, but without any 

further change in direction, we go along the straight line AT, i.e. along 

the tangent to the curve at A, so 

the gradient of the curve at A is the same as the gradient of the B 

tangent to the curve at A. 

A 

When the line or curve is drawn on a pair of x- and y-axes, the gradient is th'e rate at which y increases 

with respect to x. 

F · h 1· h" · f d b k" h d" f . d increase in y or a stra1g t me t IS IS oun y ta mg t e coor mates o two pomts an working out . . . 
mcrease mx 

For a curve, start with two points A and B on the curve. When A and 

B are fairly close, the gradient of the chord AB gives an approximate 

value for the gradient of the tangent at A. As B gets closer to A, 

the chord AB gets closer to the tangent at A so the approximation 

becomes more accurate. 

Differentiation 55 

Hence as B -+ A 

the gradient of chord AB -+ the gradient of the tangent at A 

or 

limit (gradient of chord AB) = gradient of tangent at A 
asB ~ A 

THE GRADIENT AT ANY POINT ON THE CURVE y = x2 
A(x, y) is any point on the curve y = x2 and B is a point close 

to A. The x-coordinate of B is x + ox 

lix means a small increase in the value of x . 

For any point on the curve, y = x2 

So, at B, they-coordinate is (x + ox)2 
= x 2 + 2xox + ( ox)2 

increase in y 
The gradient of chord AB is given by . . , 

mcrease mx 

(.x + ox)2 
- x 2 2xox + (ox)Z 

which is 
(x +ox)- X OX 

=2x+ox 

Now as B -+ A, ox -+ 0, therefore 

the gradient of the curve at A = limit (gradient of chord AB) 
asB ~ A 

= limit (2x + ox) 
as ox -+ 0 

= 2x 

X 

This process is called differentiation from first principles. You will not be asked to use it in the examination. 

This result can now be u,sed to find the gradient at any particular point on the curve with equation y = r 

e.g. at the point where x = 3, the' gradient is 2(3) = 6 and at.the point (4, 16), the gradient is 2(4) = 8 

The process of finding a general expression for the gradient of a curve at an )'I point is known as differentiation. 
. - ' 

The ?eneral e~pression for the gradient of a <;!Jrve y = f(x) is itself a functi·on so it is called t
1 

E( 

gradtent functwn. For the curve y = x 2, for exafu ple, the gradient function is 2x. 

Because the gradien_t function is derived from the given function, it is usually called the derived 

function or the derivative. '.· 

Notation 

The notation for the derivative of a function f(x) is f'(x) 

So when f(x) = x2 we write f'(x) = 2x 

The notation for the gradient ~ fa curve y ·= 'f(x) is ~ = f' (x) ~ 
d . 

So for y = x2
, we write d:' = 2x 
' X 

The symbol d is not a factor as it has no meaning on its 'own. 

The complete symbol d~ means 'the derivative with · r~spect to x of' 

s dy •. 
o dx means 'the deriva'live with respect to x offy' 

d I 

and dx (r- 3x) means 'the derivative with respect 'to x of x 2 - 3x'. 
J 

~he method used to find the gradient function of y = x2 can be used to find the gradient function of any curve, i.e. 

2. = r ( f(x + lix) - f(x)) 
dx .~x ' ~ o lix . However, you will not be asked to use this in the examination. 

I 

I ~ 
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DIFFERENTIATING xn WITH RESPECT TO x 

For any rational number n, differentiating y = x" gives ~~ = nx" - 1 

This rule can be verified for a particular value of n by following the same process used to find the 

derivative of x 2
• 

Therefore, for example, when y = .0, ~ = 4Xl 

Example 7a 

Differentiate with respect to x 

Cb) VCr) 

(a) Use ! (x") = nx" - 1
, where n = -1 

dy 1 - ~ - 1 1 - i 1 
- = --x 3 = --x 3 = --
dx 3 3 3xt 

(b) './(Xf) can be written x ~ . i. e. n = % 

Exercise 7a 

Differentiate with respect to x 

1 .x5 9 
1 

X' 
l 

2 x -3 10 x' 

4 l 

3 x' 11 x - ' 

4 _! 12 X 
X 

5 x10 13 R 

6 x2 14 x7 

R 
l 

7 15 x' 

8 
- l 

16 J(x2)3 X ' 

(\~ 

DIFFERENTIATING CONSTANTS AND MULTIPLES OF x 

Any line with equation y = c, where c is a constant, is a horizontal straight line whose gradient is zero, 

. dy 
1f y = c then dx = 0 

Any line with equation y = kx, where k is a constant, is a sloping line with gra<}ient k, 

. dy 
1f y = kx then dx = k 

When y is a constant multiple of a function of x, i.e. y = af(x) then ~~ = at' (x) 

dy 
e.g. if y = 3.x5, dx = 3 X 5.0 = 15.0 

and if y = 4x- 2 dy = 4 x -2x-3 = -sx-3 
'dx 

In general, if a is a constant 

~ axt' = anxt' - 1 

dx 

Differentiation 57 

A function of x that contains the sum or difference of a number of separate terms can be differentiated 

term by term, applying the basic rule to each in turn. 

For example, if y = .0 + l - 6x 
X 

dy d d - d 1 
then- = dx (.0) + -d (x 1

) - -d (6x) = 4Xl - 2 - 6 
dx X X X 

Exercise 7b 

Differentiate each of the following functions with 

respect to x. 

Xl-r+Sx-6 

2 3r + 7- .1 
X 

3 IX+ __!_ 
IX 

4 2X'- 4x2 

5 x3-2x2 -8x 

17 31X- 3x 

18 x - 2x- 1 - 3x- 3 

19 xiX- x 21X 

20 IX+.£. 
x2 IX 

6 x2 +SIX 
In questions 21 to 28, mu ltiply out the brackets before you 

d jff e r ~ nti a t e. · • ' 

7 
-1 l 

x'-x'+x ' 21 y = (x + 1)2 , ... 

8 3Xl - 4x2 + 9x - 1 0 22 y = x- 2(2- x) 

3 l l 

9 x2 - x' + x - 2 23 y = (3x - 4)(x + 5) 

10 1X+R 24 y=(4-x)2 

11 1 1 
x2 x3 

12 __!_- ~ 
IX X 

25 y = (~)Cx 2 + 1) 
,'.¥1 

I 
26 y = 2x(3x2 - 4) ; 

-' 3 
13 x 2 + 3x' "' 27 y ·= (x + 2)(x - 2) 

I l< ' 14 x'- x' 28 ' y = x 2(x- 1;) 

GRADIENTS OF TANGENTS AND NORMALS . 
i ' 

When the equation of a curve is known, and th ~ gradient function can be found, then the gradient, m 

say, at a particular point A on that curve can be caltulated. This is also the gradient of the tangent to 
the curve at A. ; 

The normal at A is perpendicular to the tangent at A, therefore its gradient is -! 
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Examples 7c 

I The equation of a curve is s = 6 - 3t - 4t2 
- t3. Find the gradient of the tangent and of the 

normal to the curve at the point ( -2, 4). 

s = 6 - 3t - 4t2 - t3 ==? ds = 0 - 3 - 8t - 3t2 

dt 

At the point (-2, 4), ~~ = -3- 8(-2)- 3(-2Y = 1 

Therefore the gradient of the tangent at (- 2, 4) is 1 and the gradient of the normal is 

-1 . 
-1-, t.e. -1. 

2 Find the coordinates of the points on the curve y = 2Xl - 3x2 
- 8x + 7 where the gradient 

is 4. 

y = 2Xl - 3x2 - 8x + 7 ==? dy = 6x2 
- 6x - 8 

dx 

When the gradient is 4, then ~ = 4 

i.e. 6x2 - 6x - 8 = 4 ==? 6x2
- 6x- 12 = 0 ==? x2 

- x - 2 = 0 

(x - 2)(x + 1) = 0 ==? x = 2 or -1 

When x = 2, y = 16- 12 - 16 + 7 = - 5 

when x = -1, y = -2- 3 + 8 + 7 = 10 

Therefore the gradient is 4 at the points (2, - 5) and ( -1, 10). 

Exercise 7c 

Find the gradient of the tangent and the gradient 

of the normal at the given point on the given 

curve. 

1 y = x2 + 4 where x = 1 

2 y = 1 where x = -3 
X 

3 y = VX where X = 4 

4 y = 2Xl where x = - 1 

5 y = 2 - l where x = 1 
X 

6 y = (x + 3)(x - 4) where x = 3 

7 y = x3 - x where x = 2 

8 y=x+x2 where x= -2 

9 y = x2 - .£ where x = 1 
X 

10 y = /X + .l_ where X = 9 
rx 

x2 - 4 
11 y =-- where x= -2 

X 

Find the coordinates of the point(s) on the given 

curve where the gradient has the value specified. 

12 y = 3- _£ • .!. 
x' 2 

13 y = x2 - Xl; -1 
t'':~ 

14 s = fl - 12t + 9; 15 

15 s = t + l. 
t' 

0 

16 s = (t + 3)(t - 5); 0 

17 y = ;2; ± 
18 y = (2x- 5)(x-'+ 1); -3 

19 y = x3- 3x; 0 

Differentiation 59 

INCREASING AND DECREASING FUNCTIONS 

The gradient of a curve at any point, ~~' measures the rate at which y is increasing with respect to x. 

When y = f(x), :x f(x), i.e f' (x), gives the rate at which f(x) is increasing with respect to x. 

f'(x) > 0 when f is increasing and f'(x) < 0 when f is decreasing 

So to determine whether a function is increasing or decreasing, we need to determine whether f'(x) is 

positive or negative. 

For example, given that f: x f-+ x2 for x E IR f(x) 

f' (x) = 2x ==? 2x > 0 when x > 0 and 2x < 0 when x < 0 

Therefore f is increasing when x > 0 and decreasing when x < 0 

The graph of f(x) = x2 confirms that the function f is increasing when 

x > 0 and decreasing when x < 0 

Examples 7d 

I A function f is defined by f: x f-+ x3 + 2x, x E IR. Show that f is an increasing function. 

so 

f(x) = x3 + 2x 

f'(x) = 3x2 + 2 

x2 is positive for all values of x, 

. ·. f' (x) > 0 for x E IR, so f is an increasing functj_on. • • j 

2 Find the range of values of x for whic the function f defined by 

f: x f-+ 2Xl :- 9x2 + 12x + 4, x E IR, is a decreasing function. 

f'(x) = 6x2 - 18x + 12 

= 6(x2 _:_ 3x + 2) 

= 6(x- 1)(x- 2) 

A sketch of the graph of f'(x) shows that f'(x) < 0 for 1 < x < 2 

· • f'(x) 

- 1 0 

J 

Therefore f is a decreasing function for 1 < x < 2 

3 X 

, , ... 

X 
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Exercise 7d 

I A function f is defined by f : x >---> l, 
X 

for x E IR, x # 0 

Show that f is a decreasing function. 

2 The equation of a curve is y = .x5 + 4x 

Show that the value of y increases when x 

increases. 

THE CHAIN RULE 

3 A function f is defined by f: x >---> -1, x > 0 
X 

Show that f is an increasing function. 

4 Find the range of values of x for which 

f : x >---> 3 + 4x - x2 is a decreasing function. 

5 Find the range of values of x for which the 

function f defined by f: x >---> 2.0 - 3x2 + 12x 

is an increasing function. 

To differentiate (2x- 1)3, we can expand the bracket and then differentiate term by term. However, 

this takes time and, for higher powers of x, it takes a very long time. 

(2x - 1 ) 3 is a composite function. Using f(x) = 2x - 1 we can write y = (2x - 1 ) 3 as y = (f(x))3. 

When we make the substitution u = f(x), then y = (2x- 1)3 can be expressed in two parts, 

i.e. u = 2x - 1 and y = u3 

Then to find ~~ we can use the rule 

dy dy du 
-=-X-
dx du dx 

This is called the chain rule. 

So, when y = (2x- 1)3 =? u = 2x- 1 and y = u3 

dy = 3u2 x 2 = 6(2x - 1 ) 2 

dx 

Proof of the chain rule: 

A small increase of i5.x in the value of x causes a corresponding small increase of ou in the value of u. 
Then if i5.x _, 0, it follows that ou __, 0 

Hence 

i.e. 

dy = li m ( oy ) = lim ( oy X ou) 
dx & ~ o i5.x .~x - o ou i5.x 

dy = ( lim oy) X ( lim OU) 
dx & - o ou & - o i5.x 

dy = dy X du 

dx du dx 

Examples 7e 

I Find ~~ if y = (2x - 4)4 

Using u = 2x - 4 then y = u4 

dy dy du . 
dx = du X dx gtves 

dy = ( 4u3)(2) = 8u3 

dx 

But u = 2x- 4 

dy = 8(2x - 4)3 

dx 

Differentiation 61 

This example is a particular case of the equation y = (ax + b)n. Using the chain rule shows that 

when y = (ax + b)n then :!: = an(ax + b)n - 1 

This fact is quotable, e.g. :x (3x - 2)5 = 3(5)(3x - 2)4 

Examples 7e cont. 

dy 
2 Given y = (x3 + 1)4 find dx 

When u = x3 + 1 then y = u4 

. dy dy du . 
Usmg dx = du X dx gtves 

dy = (4u3)(3x2) = 12x2u3 

dx 

Replacing u by .x3 + 1 we have 

dy = 12x2(.0 + 1)3 

dx 

3 Differentiate with respect to x the function (1 _
1 
x2) 5 

y = (1 - xZ) - 5 =? y = u- 5 where u = 1 - x 2 

dy dy du 
- = - X 
dx du dx 

gives! [ (1 _\ 2) 5 ] = ( -;- Su- 6)(- 2x) = lOx(u- 6
) 

!Ox 
. < I 

\ 

You will find that with practice the necessary substitution can be done mentally and the answer 

writt~n down directly, e .g. to differentiate (.0 - x)%, mentally use the substitutions u = x3 - x and 
y = u' giving 

!, (.0 - x)t = [~ Cx3- x) ~ ]C3x 2 - 1) 

Exercise 7e 

Use a substitution to differentiate each 

expressio9 with respect to x. 

1 (3x + 1)2 
2 (3- x)4 

3 (4x- 5)5 4 (x2 + 1)3 

5 (2 + 3x)7 
6 (2- 6x)3 

7 (2x4- S)t 
I 

8 (x2 + 3) - 1 " I 

9 ) 3x3- 4 1 \ 
10 

1 + 3x J 
11 3 

12 _1_ + x 
4=7" x+l 
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CONNECTED RATES OF CHANGE 

The chain rule is useful for solving problems where, for example, we know that y = f(x) and we know 

the rate of change of y with respect to u and want to find the rate of change of x with respect to u. 

You may also need to use the fact that : = ix 
dy 

Example 7f 

The volume, V cm3
, of a sphere of radius rem is given by V = ~m-3 

V is increasing at the rate of 1.5 cm3 per second. Find the rate of increase of r with respect to 

time when r = 2 

dV' dV 
dt = 1.5 and V = ~m-3 =? dr = 4~ 

Using dV = dV X dt 
dr dt dr 

gives 4~ = 15 X dt 
· dr 

dt - 4~ 
=? dr- --r:5 

When r = 2 dt = 16
7T 

' dr 1.5 

using ~~ = Jt' ~~ = 1
16: = 0.0298 (3 s.f.) 

dr 

The radius is increasing at the rate of 0.0298 cm per second. 

Exercise 7f 

1 The equation of a curve is y = x2 - 5x. 4 The volume, V cm3, of a cube of edge x cm is 

A point Pis moving along the curve so that increasing at the constant rate of 3 cm3 per 

the x-coordinate is increasing at the constant second. Find the rate at which xis increasing 

rate of 0.2 units per second. whenx = 10 

Find the rate at which they-coordinate is 5 The volume, V cm3, of a sphere of radius xcm 
increasing when x = 4 is given by V = i7Tr. The volume is increasing 

2 The equation of a curve is y = 4 - l. at the constant rate of 0.2 cm3 per second. 
X Find the rate of increase of the radius when 

A point Pis moving along the curve so that the radius is 5 cm. 
they-coordinate is increasing at the constant 

rate of 0.01 units per second. 6 The volume, V cm ~ ; p f a sphere of radius x cm 

Find the rate at which the x-coordinate is is given by V = i7Tr. The radius is increasing 

increasing when x = 1 at the constant rate of 0.01 cm per second. 

Find the rate of increase of the volume when 

3 The equation of a curve is y = ~ the radius is 0.8 cm. 
-x 

A point Pis moving along the curve so that 
7 A cuboid has a square base of side xcm. The 

they-coordinate is increasing at the constant 

rate of 0.5 units per second. 
height of the cuboid is 10 cm. Find the rate at 

which the volume, V crn3, is increasing when 

Find the rate at which the x-coordinate is xis increasing at the constant rate of 0.04 cm 

increasing when x = 1 per second and x = 10 

Mixed exercise 7 

Differentiate 3x2 + x with respect to x. 

2 Find the derivative of 

(a) x - 3 - x3 + 7 
I I 

(b) x'- x -, 

Cc) _l + 1_ 
xz x3 

(d) (4x- 2)4 

(e) (3x- 1)- 1 

CO 1 

x2 + 2 

3 Differentiate with respect to x. 

(a) y = (3x3 - 2)4 

(b) y = IX- ± + ~ 

(c) 1 1 
X IX 

4 Find the gradient of the curve 

y = 2x3 - 3x2 + 5x - 1 at the point 

(a) (0, - 1) 

(b) (1, 3) 

(c) (-1,- 11) 

5 Find the gradient of the given curve _at the 

given point. 

(a) y = x2 + X- 9; X = 2 

(b) s = t(t - 4); t = 5 

6 The equation of a curve is y = (x - 3)(x + 4). 

Find the gradient of the curve 

(a) at the point where the curve crosses the 
y-axis 

(b) at each of the points where the curve 

crosses the x-axis . 

7 The equation of a curv ~ is y = 2x2 - 3x - 2. 
Find 

the gradient at the point where x = 0 
[ 

(a) 

(b) " the coordinates of the points where the ' 

curve crosses the x-axis 
P, 

(c) the gradient at each of the points found 
in part (b). 

Differentiation 63 

8 Find the coordinates of the point(s) on the 

curve y = 3x3 - x + 8 at which the gradient is 

(a) 8 

9 Find ~~ when 

(a) y = x4 - xz 

(b) y = (3x + 4)2 

- 3 
(c) Y - IX- 1 

(b) 0 

10 Find the gradient of the tangent at the point 

where x = 2 on the curve y = (2 - J.x)Z 

11 Find the coordinates of the point on the 

curve y = x2 where the gradient of the 

normal is t· 

12 The equation of a curve is y = 4x2 + 5x. Find 

the gradient of the normal at each of the 

points where the curve crosses the x-axis. 

13 Find the coordinates of the points on the 

curve y = x3 - 6x2 + 12x + 2 at which the 

tangent is parallel to the line y = 3x 

14 The curve y .=, (x - 2)(x - 3)(x - 4) cuts 

: the x-a.xis at the 'points P(2 , 0), Q(3,. 0) and 

R(4, 0} Prove that the tangents at P'and 

R are parallel and find the gradient of the 

normal at Q. 

15 The equation of a curve is y = x + (2x + 1)4
. 

(a) 
dy . 

Express dx m terms of x . 

(b) Find the coordinates of the point O? t,he 

curve at which the gradient is 9. 

16 Given that f : x >--> (ax + b)3, x E ~ .and that 

When X = 2, f(x) = 1 and f' (X) = 6, find the 
' , 

values of a and b. 

17 Given that f: x >--> x - 1 
, x =!= 0, x E ~ and 

. g : X >--> x 2 + 2, X E ~ 

\ (a) find an expression for fg(x) .' 

The equation of a curve is y = fg(x). 

(b) Find an expression for~~ in terms of x. 
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18 The equation of a curve is y = x3 - 5 

(a) Explain why x3 - 5 is an increasing 

function. 

(b) Given that x is increasing at the 

constant rate of 0.1 units per second, 

find the rate at which y is increasing 

whenx = 2 

19 The equation of a curve is y = 2x - (
3
x ~ 

2
) 

(a) Show that f(x) = 2x- (
3
x ~ 

2
) is an 

increasing function. 

(b) Find the rate at which y is increasing 

when x is increasing at the constant 

rate of 0.01 units per second and x = 2 

Tangents, normals and stationary 
values 

After studying this chapter you should be able to 

t . f"( ) d d2y • use the nota 1ons x an dx2 

• apply differentiation to tangents and normals 

• locate stationary points, and use information about stationary points in sketching graphs 

• distinguish between maximum points and minimum points. 

THE EQUATIONS OF TANGENTS AND NORMALS 

We have seen how to find the gradient of a tangent at a particular point, A, on a curve. We also know 

that the tangent passes through the point A. Therefore the tangent is a line passing through a known 

point and having a known gradient and its equation can be found using y - y 1 = m(x - xJ) 

The equation of a normal can be found in the same way. 

Examples Sa 

1 Find the equation of the normal to the curve y = i at the point where x = 1 
X 

4 dy 4 
y = :x '* ctx= x2 

When x = 1, y = 4 and dy = - 4 
dx 

The gradient of the tangent at. (1, 4) is -4, therefpre the • 1 

gradient of the normal at (1, 4) is .-: ~ 4 , i.e.±· -. 

The equation of the normal is given by y - y 1 = m(x - x 1) 

i.e. .Y - 4 = ±ex- 1) =;. 4y = x + 15 

y 

•• X 

2 Find the equation of the tangent to the curve y = r - 6x + 5 at each of the points where th ~ 

curve crosses the x-axis. Find also the coordinates of the point where these tangents meet. I 

The curve crosses-the x-axis where y = 0 

l - "' 
i.e. where x 2

- 6x + 5 = 0 =;. (x- 5)(x- 1) = 0 · 

=> x = 5 and x = 1 

Therefore the ~urve crosses the x-axis at ~ (5, 0) and (1, 0). 

Y = X2 
- 6x + 5 =;. dy = 2x - 6 

• dx 

At (5, 0), the
1
gradient of the tangenl is given ~y dy = 10- 6 = 4 

\ dx 
therefore the equation of this tangent is 

J 
Y - 0 = 4(x - 5) =;. y = 4x - 20 

.. 
'. 0 

y 
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At (1, 0) the gradient of the tangent is given by ~~ = 2 - 6 = -4 

Therefore the equation of the tangent is y- 0 = -4(x- 1) =? y + 4x = 4 

The two tangents meet at P, so at P, 

y + 4x = 4 and y- 4x = -20 

Solving these equations simultaneously gives 2y = -16 =? y = -8 

Usingy = -8 iny + 4x = 4 gives -8 + 4x = 4 =? x = 3 

Therefore the tangents meet at (3, -8). 

Exercise Sa 

In each question from 1 to 6 find, at the given 12 Find the equation of the tangent to the curve 

point, y = x2 + 5x - 3 at the points where the line 

(a) the equation of the tangent 
y = x + 2 crosses the curve. 

(b) the equation of the normal. 13 Find the coordinates of the point on the 

curve y = 2x2 where the gradient is 8. 

I y = x2 - 4 where x = 1 Hence find the equation of the tangent to 

2 y = x2 + 4x - 2 where x = 0 
y = 2x2 whose gradient is 8. 

3 1 14 Find the coordinates of the point on the y = - where x = - 1 
X curve y = 3x2 - 1 where the gradient of the 

4 y = x2 + 5 where x = 0 tangent is 3. 

5 y = x2 - 5x + 7 where x = 2 15 Find the equation of the tangent to the curve 

y = 4x2 + 3x whose gradient is - 1. 
6 y = (x- 2)(x2 - 1) where x = - 2 

16 Find the equation of the normal to the curve 
7 Find the equation of the normal to the curve y = 2x2 - 2x + 1 whose gradient is t· 

y = x2 + 4x - 3 at the point where the curve 

cuts they-axis. 17 Find the value of k for which y = 2x + k is a 

8 Find the equation of the tangent to the curve 
tangent to the curve y = 2x2 - 3 

y = x2 - 3x - 4 at the point where this curve 18 Find the equation of the tangent to the curve 
cuts the line x = 5 y = (x - 5)(2x + 1) that is parallel to the 

x-axis. 
9 Find the equation of the tangent to the curve 

y = (2x- 3)(x - 1) at each of the points 19 Find the coordinates of the point(s) on the 
where this curve cuts the x-axis. Find the curve y = . .¥ ~ - 5x + 3 where the gradient of 
point of intersection of these tangents. the normal is t· 

10 Find the equation of the normal to the curve 20 A curve has the equation y = x3 - px + q. 
y = x2 - 6x + 5 at each of the points where The tangent to this curve at the point (2 -8) 
the curve cuts the x-axis. is parallel to the x-axis . Find the values of p 

11 Find the equation of the tangent to the curve 
and q. 

y = 3x2 + 5x - 1 at each of the points of Find also the t oordinates of the other 

intersection of the curve and the line point where t e tangent is parallel to the 

y=x-1 x-axis. 

Tangents, normals and stationary values 67 

STATIONARY VALUES 

For a function f, the derived function, f' (x), expresses the rate at which f(x) increases with respect to x. 

At a particular point, 

if f' (x) is positive then f(x) is increasing as x increases, whereas if f' (x) is negative 
then f(x) is decreasing as x increases. 

There may be points where f' (x) is zero, i.e. f(x) is momentarily neither increasing nor decreasing with 

respect to x. 

The value of f(x) at such a point is called a stationary value 

i.e. f'(x) = 0 =? f(x) has a stationary value. 

Look at the graph of the curve with equation y = f(x) 

At A and B, f(x), and therefore y, is neither increasing 

nor decreasing with respect to x. So the values of y at 

A and B are stationary values, 

i.e. : = 0 =? y has a stationary value. 

The point on a curve where y has a stationary value is 

called a stationary point and at any stationary point, 

the gradient of the tangent to the curve is zero, i.e. the 

tangent is parallel to the x-axis. 

To sum up: 

l 
y, or f(x) has a stationary value 

. . dy . f'l·) . . at a stationary pomt dx' or vX' , IS zero 

the tangef!-t is parallel to the x-axis_. 

Example 8b 

Find the stationary values of the function x3 - 4x2 + 7. 

If f(x) = x3 - 4x2 + 7 

then f' (x) = 3x2 - 8x 

At stationary points, f '(x) = 0 i.e. 3x2 - 8x = 0 
' 

y 

"* x(3x - 8) = 0 =? x = 0 and x = §. 
3 ' 

Therefore there.are stationary points where x = 0 and x = ~ 

When x = 0, if(x) = 0 - 0 + 7 = 7 J 
I 

When x = ~, f(x) = (~)3- 4(~)2 + 7 = -2~~ 

Therefore the stationary values of :J- 4x2 - 5 are 7 and -2~~· 

\ , , .. 

X 

I 

f 

Downloaded by thomas donnay (kunal.ucluhsoc@gmail.com)

lOMoARcPSD|25403484

https://www.studocu.com/en-gb?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=nelson-mathematics-pure-maths-1-rs


68 Nelson Mathematics for Cambridge A Level 

Exercise 8b 

Find the value(s) of x at which the following 

functions have stationary values. 

4 4Xl-3x-9 

6 .x3-3x - 5 

Find the value(s) of x for which y has a stationary 

value. 

7 y=x2 -8x+l 

8 y =x+ ~ 
X 

9 y=2Xl + x2 - 8x+l 

TURNING POINTS 

10 y = 9.0 - 25x 

11 y = 2.0 + 9x2 - 24x + 7 

12 y = 3.0 - l2x + 1 

Find the coordinates of the stationary points on 

the following curves. 

14 y = .x3- 2x2 + x- 7 

15 y = (x - 3)(x + 2) 

3 I 

16 y=x2 -x2 

17 y=I.X+_l_ 
rx 

18 y = 8 + ~ + i 
4 X 

In the immediate neighbourhood of a stationary point a curve can have any one of the shapes shown 

in the diagram. 

Moving through A from left to right, the curve is rising, then turns at A and begins to fall, i.e. the 

gradient changes from positive, to zero at A, and then becomes negative. 

At A there is a turning point. 

The value of y at A is called a maximum value and A is called a maximum point. 

Moving through B from left to right the curve is falling, then turns at B and begins to rise, i.e. the 

gradient changes from negative, to zero at B, and then becomes positi;ve. 

At B there is a turning point. 

The value of y at B is called a minimum value and B is called a minimum point. 

The tangent is always horizontal at a turning point. 

A maximum value of y is not necessarily the greatest value of y overall. The terms maximum and 

minimum apply only to the behaviour of the curve near a stationary point. ,.. 
At C the curve does not turn. The gradient goes from positive, to zero at C and then becomes positive 

again, i.e. the gradient does not change sign at C. C is not a turning point, it is called a point of inflexion. 

Tangents, normals and stationary values 69 

Distinguishing between turning points 

Method I 

This method compares the value of y at the stationary point with values of y at points on either side 
of, and near to, the stationary point. 

For a maximum value, e.g. at A 

yatA 1 < yatA 

yatA2 <y atA 

For a minimum value, e.g. at B 

yatB1 > yatB 

yatB2 > yat B 

Collecting these conclusions we have: 

Maximum 

y values on each side both smaller 
of the stationary point 

Minimum 

both _larger 

If y does not satisfy one of 

these conditions, there is 

not a turning point. 

The points chosen on either side of the stationary po!nt must be suth that no other stationary point, 
nor any break in the graph, lies between tbem. · · ,. 

Method 2 

This method looks at the sign of the gradient at points close to, and on either side of, the stationary 
point. 

For a maximum point, A 

dy 
dx at A1 is +v.e, 

dy 
dx at A2 is -ve 

For a minimum point, B 

dY, t B . ciX a 1 Is -ve, 
dy 
dx at B2 is +ve 

Collecting these conclusions in a table gives 

Sign of Passing through Pas$ing through 
dy maximum 

I 

dx 
minh;num 

+ 0 - - 0 +-
; 

Gradient of tangent I 
-

\ \ I 
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Method 3 

dy 
This method uses the rate of change of dx' 

f f dy 0 d ( dy) h' h 0 'tt d
2
y 

The rate o change o dx IS dx dx w IC IS wn en as dxz· 

d
2

y
2 

is the second derivative of y with respect to x. 
dx 

0 0 dy 0 dy 0 

For the maximum pomt A: at A 1 dx IS +ve and at A 2 dx IS -ve 

dy 0 dy 
so, passing through A, dx goes from + to -, I.e. dx decreases, 

f h f 
dy 0 0 

therefore the rate o c ange o dx IS negative 

A 
d2y 0 0 

=;. at , dx2 IS negative. 

For the minimum point B: at B1 ~~ is -ve and at B2 ~~is +ve 

dy 0 dy 0 

so, passing through B, dx goes from - to +, I.e. dx mcreases, 

therefore the rate of change of :is positive 

B 
d2y 0 't' 

=;. at , dx2 IS pOSl IVe. 

Summing up method 3 we have: 

Maximum Minimum 

0 d2y 
S1gn of dx2 

negative e or zero) positive e or zero) 

d2 
There are stationary points where d:Z = 0, but you will not be examined on these. 

Examples Se 

1 Find the coordinates of the stationary points on the curve y = 4.x3 + 3x2 
- 6x - 1 and 

determine the nature of each one. 

y=4.x3+3x2 -6x-1 

dy 
=;. - = 12x2 + 6x- 6 

dx 

A 
0 0 t dy 0 

t statiOnary pom s, dx = 

i.e. 12x2 + 6x - 6 = 0 

=;. 6e2x - 1)ex + 1)=0 

. ·. there are stationary points where x = t and x = -1 

When x = t. y = -21 and when x = -1, y = 4 

i.e. the stationary points are et. -2%) and e -1, 4). 

;·· 
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Differentiating: with respect to x gives 

d
2
y = 24x + 6 

dx2 

Whenx =.!. 
2 

~~ = 12 + 6 which is positive 

'* et. -2%) is a minimum point. 

Whenx = -1 

~ = -24 + 6 which is negative 

=;. e - 1, 4) is a maximum point. 

2 Show that 3x" - 8.x3 + 6x2 
- 3 has a stationary value when x = 0 and determine its nature. 

fex) = 3x"- 8.x3 + 6x2
- 3 =;. f'ex) = 12.x3- 24x2 + 12x 

At stationary values f' ex) = 0 

i.e. 12.x3- 24x2 + 12x = 0 =;. 12xex2
- 2x + 1) = 0 

=;. 12xex - 1)ex- 1) = 0 

=;. x = 0 or x = 1 

therefore there is a stationary value when x = 0 

Differentiating f'ex) with respect to x gives 

f"ex) = 36x2
- 48x + 12 = 12e3x2 - 4x + 1) · d(f ' (x)) 

f"(x) is the notation for--
~ 1 dx 

When x = 0, f"ex) = 12 which is PO?itive 

=;. fex) = -3 is a minimum value. 

3 The function f is given by x f---7 ax2 + bx + c, x E ~ 

\ 

f' ex) = 4x + . 2 and f has a stationary value of 1. Find the values of a, b and c. 

fex) = ax2 + bx + c =;. f'ex) = 2ax + b 

But we know that f'.Gx) = 4x + 2·. 
~ 

2ax + b is identical to 4x + 2 

i.e ... a = 2 and b = 2 

The stationary value of fex) occurs when r:ex) = 0 

i.e. when 4x + 2 = 0 =;. x = -.!. 
2 

the stationary, value of fex) is 2( -t ~ + 2( -t) ·+ c = -t + c 
, 

But the stationary value of fex) is also 1, \ 

-t + c = 1 '* c = ~ ;, 

I. 
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4 A cylinder has a radius r metres and a height h metres. The sum of 

the radius and height is 2 m. The volume of the cylinder is V cm3
• 

(a) Show that V= ~(2- r) 

(b) Find the maximum value of V. 

(a) V= ~h and r + h = 2 

V= ~(2 - r) = 1T(2r2 - r3) 

(b) V is maximum when ~~ = 0 

i.e. 17( 4r - 3r2) = 0 =? 1Tf( 4 - 3r) = 0 

Therefore there are stationary values of V when r = 0 and r = ~ 

h 

It is obvious that, when r = 0, V= 0 and no cylinder exists, so we check the 

sign of ~
2

J only for r = ~ 

~
2

J = 17(4- 6r) which is negative when r = ~ 

Therefore the maximum value of V occurs when r = ~ 

. . ( 4 )2 ( 2 4) - 32 The maximum value of V IS 1T 3 - 3 - 27 
17 

Exercise Se 

Find the coordinates of the maximum and 

minimum points on the following curves and 

determine their nature. 

1 y=2x-x2 

2 y=3x-x3 

3 y=~+x 
X 

4 y = r(x- 5) 

5 y = x2 

6 y=x+tx2 

7 y=2x2 -x4 

8 y = x4- 32x 

9 y = (2x + l)(x- 3) 

10 y = x5- 5x 

11 y = r(x2 
- 8) 

Find the stationary value(s) of each of the 

following functions. 

13 X+ l 
X 

14 3- X+ r 

15 4x3- x4 

16 8- x3 

17 x3 + 7 ,. 

18 x2(3x2 - 2x - 3) 

19 Show that the curve with equation 

y = x5 + x3 + 4x - 3 has no stationary 

points. 

20 The curve y = ax2 + bx + c crosses the 

y-axis at the point (0, 3) and has a stationary 

point at (1, 2). Find the values of a, band c. 

21 The gradient of the tangent to the curve 

y = pr - qx- rat the point (1, -2) is 1. 

If the curve crosses the x-axis where x = 2, 

find the values of p, q and r. Find the other 

point of intersection with the x-axis and 

sketch the curve. 

22 y = ax2 + bx + c. The line y = 2x is a tangent 

23 

to the curve at the point (0, 6). The turning 

point on the curve occurs where x = -2. 

Find the values of a, band c. 

xcm 

A wire, 80 cm long, is bent to form three 

sides of a rectangle against a fixed wall as 

shown in the diagram. The area enclosed is 

Acm2• 

(a) Show that A = tx(80 - x) 

(b) Find the value of x for whfch A has its 

' maximum value. 

Mixed exercise 8 

Find the gradient of the curve with yquation 

Y = 6x2 - x at the poinf where x = 1 · ' • 

Find the equation of the tangent at this point. 

Wher ~ does this tangent meet the line y = 2x? 

' 
2 Find the equation of the normal to the curve ~ 

Y = 1 - x2 at the point where the curve 

crosses the positive x-axis. Find also the 

coordinates of the point where the normaf 

meets the curve again. ' 

3 Find the coordinates of the points on fhe 
curve Y = x3 + 3x where the gradient is 15. 

\ 

Tangents, normals and stationary values 73 

24 

The diagram shows a cylinder of radius rem 

and height 2h cm cut from a solid sphere of 

radius 3 cm. The volume of the cylinder is 

Vcm3. 

(a) Show that r = j g - h2 and hence that 

V= 21Th(9 - hZ) 

(b) Given that h varies, find the stationary 

value of V and determine its nature. 

25 ~,_____/)hem 

._l _______ _.,0m 
xcm 

An open box in the shape of a cuboid has a 

square base of side xcm and height h cm. The 

volume, Vcm3
, inside the box is 4000cm3. 

(a) Sh~w that h = 4000 
• . 1 • x2 . . 

(b) Given that x varies, show t t).at 

dh = - 1000 when x = 2 
dx 

/·,~ 

4 Find the equations of the tangents to the 

~ rve y = x3 - 6x2 + 12x + 2 that are para le! 

to the line y = 3x 

5 ~. Find the equation of the normal to the curve 

y = x2 - 6 that is parallel to the line 

X+ 2y- 1 = 0 

6 Locate the turning points on the curve 

y = x(x2 - 12), determine their nature and 

draw a rough sketch of the curve. 

7 Find the stationary values of the function 

x + land sketch the function. 
X 
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8 

I 

A rectangle of width 2rm has a semicir:le of 
radius rm joined to one side as shown m the 

diagram. 

The perimeter of the shape is 7 m. 

(a) Show that the height, h m, of the 
rectangle is given by 2h = 7 - r(2 + n) 

(b) Show that the area of the shape is a 
7 

maximum when r = 4 + 7r 

' 
t'·, 

Summary 2 

FUNCTIONS 

A function f is a rule that maps a number x to another single number f(x). The domain of a function is 
the set of input numbers, i.e. the set of values of x. When x E IR1, x can have any value. 

The range of a function is the set of output values, i.e. the set of values of f(x). 

The general form of a quadratic function is 

f(x) = ax2 + bx + c where a =I= 0 

If a > 0, f(x) has a minimum value where 

-b 
x=za 

If a < 0, f(x) has a maximum value where 

-b 
x=za 

The general form of a polynomial function is 

f(x) = G,x" + Gx _ 1x" - I + ... + G
0 

where n is a positive integer and am an _ 1, are rational constants. 

The general form of a rational function is ;~~ 

where f(x) and g(x) are polynomials. 

The function that maps the output of f to its input is called the inverse function of f, and is denoted 
by f- 1

, i.e. f- 1 
: f(x) 1--7 x. The range of f is the domain of f- 1. 

When the mapping is not one-one, the function does pot have an inverse. 

When a function g is applied to a function f, the result is a comp.osite function denoted by gf. 
. "', ' 

INEQUALITIES 

If a > b then a + k > b + k for all values of k 

ak > bk for all positive values of k 

CURVES 

A chord is a straight line joining two points on a curve. 

A tangent to a curve is a line that touches the curve at one point, 
called the point of contact. . , . 

l . "' 
A normal to a curve is the line perpendicular to a tangent and 
through its point of contact. . . 

The gradient of a curve at a point on the curve )s the gradient of the 
tangent at that point. • 

INTERSECTION OF A LINE AND A CURVE 
" ' 

The c~ordinates of the points of intersecti'on o{, a line and a curve can be found by solving the 
equations of the line and the curve simultaneously. 
w j 

hen there are no real roots the line does not intersect the curve. 

When a root is repeated, the line is a tangent to the curve. 
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DIFFERENTIATION 

Differentiation is the process of finding a general expression for the gradient of a curve at any point 

on the curve. 

This general expression is called the gradient function, or the derived function or the derivative. 

The derivative is denoted by ~~ or by f' (x) 

When y = x", ~~ = nx" - 1 

dy 
When y = ax", dx = anx" - 1 

dy 
Wheny = c - = 0 

'dx 

THE CHAIN RULE 

When y = fg(x) , where u = g(x) soy = f(u) 

dy dy du 
then dx = du X dx 

STATIONARY VALUES 

A stationary value of f(x) is its value where f' (x) = 0 

The point on the curve y = f(x) where f(x) has a stationary value is called a stationary point. 

At all stationary points, ~~ = 0. 

TURNING POINTS 

A, Band Care stationary points on the curve y = f(x). 

The points A and Bare called turning points. 

The points C is called a point of inflexion. 

At A, f(x) has a maximum value and A is called a 

maximum point. 

At B, f(x) has a minimum value and B is called a minimum point. 

There are three methods for distinguishing stationary points. 

Max M in 

1 Find value of y on each side Both smaller Both larger 

of stationary value 

2 Find sign of ~~ on each side + 0 - - 0 + 

of stationary value 

I 
-

\ \ I Gradient -

3 
d2y 

Find sign of dx2 at 
-ve (or 0) + ve (or 0) 

stationary value ,... 

Method 3 is the easiest to apply but it fails if ~~ is zero. However, you will not be examined on this . 

Summary exercise 2 

1 The function f is defined by 

f : x >--> 3x - 2 for x E IR 

(i) Sketch, in a single diagram, the graphs 

of y = f(x) and y = f - 1(x), making clear 

the relationship between the two 

graphs. [2) 

The function g is defined by 

g : x >--> 6x - x2 for x E IR 

(ii) Express gf(x) in terms of x , and hence 

show that the maximum value of gf(x) 

is 9. 

The function h is defined by 

h : x >--> 6x - x2 for x ? 3 

[5] 

(iii) Express 6x - r in the form a - (x - b)2, 

where a and bare positive constants. [2] 

(iv) Express h- 1(x) in terms of x. [3] 

Cambridge, Paper 1 Q10 NOS 

2 The equation of a curve is y = x
2
1.; 

3 

(i) Obtain an expression for ~~ [2) 

(ii) Find the equation of the normal to the 

curve at the po!nt P(l , 3). [3) 

(iii) A point is moving along the curve in 

such a way that the x-COf?rdinate is 

increasing at a constant rate of 0.012 

units per second. Find the rat ~ of 

change of they-coordinate as the 

point passes through P. [2) 

Cambridge, Paper 11 Q7 N09 

3 The function f is defined by 

f: x >--> 2x2 - 8x + 11 for x E IR 

(i) Express f(x) in the form a(x + b)2 + c, 

where a, b a11<;1 care consta~ts .' (3] 

! [1) (ii) State the range of f. · 

(iii) Explain why f does not have an inverse. 

[1) 

The function g'is defined by 

g: x >--+ 2x'! - 8x + 11 for x ""' A, where A is a constant. 

(iv) State t!.e largest value of A for which g . 
I • 

has an Inverse. ,r~ [ 1) 

(v) When A has this value, obtain an \ 

expression, in terms of x, for g- l(x) and 

state the range of g- 1• ( 4] 

Cambridge, Paper 1 Qll N07 

4 

Summary 2 77 

y 

B 

The diagram shows part of the curve 

y = 2 -
2
}! 

3
, which crosses the x-axis at A 

and they-axis at B. The normal to the curve at 

A crosses they-axis at C. 

(i) Show that the equation of the line AC 

is 9x + 4y = 27 [6) 

(ii) Find the length of BC. [2) 

Cambridge, Paper 11 Q7 JlO 

5 The function f is defined by 

f:x >--> 2x2- 12x + 7 for x E IR 

(i) Express f(x) in the form a(x + b)2 - c (3] 

(ii) State the range of f. [ 1) 

(iii) Find the set of values of x for which 

·f(x) < 21 [3) 

The fun-ction g is defined by 

·--· 
g : x >--> 2x + k for x E IR 

(iv) Find the value of the constant k for which', 

the equation gf(x) = 0 has two equal 

roots. [4) 
Cambridge, Paper 11 Q9 110 

6 The function f is defined by 

f :x >--> ~ - 12x + 13 for 0 ""' x ""' A, wher.e.A is a constant. 
. . I 

(i) Express f(x) in the form a(x +,b)'/ + c, 

.41 where a, band care constants. [3] 

(ii) State the value of A for which the graph 

of y = f(x) has a line of symmetry. [ 1) 

(iii) When A has this value, find the range 

of f. [2) 

The function g is defined by 

g:x >--> 2x2 - 12x + 13forx ? 4 

(iv) Explain why g has an inverse. [ 1) 

(v) Obtain an expression, in terms of x, 

for g- 1(x). [3) 

Cambridge, Paper 1 Q10 J09 

Downloaded by thomas donnay (kunal.ucluhsoc@gmail.com)

lOMoARcPSD|25403484



78 Nelson Mathematics for Cambridge A Level 

7 The equation of a curve C is y = 2x2 
- 8x + 9 

and the equation of a line L is x + y = 3 

(i) Find the x-coordinates of the points of 

intersection of L and C. [ 4] 

(ii) Show that one of these points is also 

the stationary point of C. [3] 

Cambridge, Paper 1 Q4 JOB 

8 The function f is such that f(x) = (3x + 2)3 - 5 

for x ~ 0 

(i) Obtain an expression for f ' (x) and hence 

explain why f is an increasing function . [3] 

(ii) Obtain an expression for f- 1(x) and state 

the domain of f- 1 
[ 4] 

Cambridge, Paper 1 Q6 JOB 

9 y 

10 

------2Y = f(x) 

0 X 

The diagram shows the graph of y = f(x), 

where f : x f-> 
2
x: 

3 
for x ~ 0 

(i) Find an expression, in terms of x , for f' (x) 

and explain how your answer shows that 

f is a decreasing function. [3] 

(ii) Find an expression, in terms of x, for 

f- \x) and find the domain of f- 1 
[ 4] 

(iii) Copy the diagram and, on your copy, 

sketch the graph of y = f- 1(x) , making 

clear the relationship between the 

graphs. [2] 

The function g is defined by g: x f-> tx for x ~ 0 

(iv) Solve the equation fg(x) =% [3] 

Cambridge, Paper 1 Qll J07 

The diagram shows a glass window 

consisting of a rectangle of height h m and 

width 2rm and a semicircle of radius rm . 

The perimeter of the window is 8 m. 

(i) Express h in terms of r. [2] 

(ii) Show that the area of the window, A m2, 

is given by 

A = Br - 2r2 - l'17'r2 
2 

Given that r can vary, 

(iii) find the value of r for which A has a 

stationary value 

[2] 

[4] 

(iv) determine whether this stationary value 

is a maximum or a minimum. [3] 

Cambridge, Paper 1 Q8 J04 

11 The functions f and g are defined as follows : 

f: X f-> x2 - 2x, X E !ffi 

g : X f-> 2x + 3, X E !ffi 

(i) Find the set of values of x for which 

f(x) > 15 [3] 

(ii) Find the range of f and state, with a 

reason, whether f has an inverse. [ 4] 

(iii) Show that the equation gf(x) = 0 has 

no real solutions. [3] 

(iv) Sketch, in a single diagram, the graphs 

of y = g(x) and y = g- \x), making clear 

the relationship between the graphs. [2] 

Cambridge, Paper 1 Q10 J04 

12 Determine the set of values of the constant 

k for which the line y = 4x + k does not 

intersect the curve y = x2 [3] 

Cambridge, Paper 1 Q1 N07 

13 Find the set of values of k for which the line 

y = kx - 4 intersects the curve y = x2 
- 2x 

at two distinct points. [ 4] 

Cambridge, Paper 1 Q2 J09 

14 Find the value. of the constant c for which ,.: .. 
the line y = 2x + c is a tangent to the curve 

y2=4x [4] 

Cambridge, Paper 1 Q1 J07 

9 Trigonometry 1 

After studying this chapter you should be able to 

• sketch and use graphs of the sine, cosine and tangent functions for angles of any size and using 

either degrees or radians 

• use the exact values of the sine, cosine and tangent of 30°, 45°, 60° and related angles. 

THE TRIGONOMETRIC FUNCTIONS 

The general definition of an angle 

A line can rotate from its initial position OP0 about the point 0 to any 

other posit ion OP. 

The amount of rotation is measured by the angle between OP
0 

and OP, i.e. 

an angle is a measure of the rotation of a line about a fixed point. 

The anticlockwise sense of rotation is taken as positive and clockwise rotation is negative. 

It follows that an angle formed by the anticlockwise rotation of OP is a positive angle. 

The rotat ion of OP can be more than one revolution, so an angle can be as big as we want to make it. 

p 

/p 
oft_ 

X' 

0~ . 
' ~p . 

X 

~ I 

.•. , 
If 0 is any angle, then 0 can be measured either in degrees or in radians and in either case e can take 
all real values. . 

The trigonometric functions 

Since angles are no longer restricted in size, we also need general definitions for the sine, cosine a ~ d 
tangent of an angle that are valid for angles of all values . . 1 

If OP is drawn on x- and y-axes as show~ 

and, for al~ values . of e, the length of OP is t ~ nd the "coordi'}}tes of Pare (x, y), 

then the sme, cosme and tangent functions are defined as follows . 

y 

' P(x, y) 

X 

sinO=~ 
r i 

cos 0 =:! 
r 

tan 0 =I ~ 
X \ 

.. 
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THE TRIGONOMETRIC RATIOS OF 30°,45°,60° 

The sine, cosine and tangent of 30°, 45° and 60° can be expressed exactly in surd form and are worth 

remembering. 

This triangle shows that 

cos 45° = __!_ 
!2 

tan 45° = 1 

And this triangle gives 

sin 60° = l3 sin 30° = ! 
2' 2 

cos 60° = ! cos 30° = 13 
2' 2 

THE SINE FUNCTION 

From the definition f( 8) = sin 8, and measuring (} in radians, 

we can see that: 

for 0 ~ (} ~ ~ 77, OP is in the first quadrant; 

y is positive and increases in value from 

0 to r as (} increases from 0 to ~ 77. 

Now r is always positive, so sin (} increases from 0 to 1. 

For~ 77 ~ (} ~ 77, OP is the second quadrant; 

again y is positive but decreases in value from r to 0, 

so sin (}decreases from 1 to 0. 

For 77 ~ (} ~ ~ 77, OP is the third quadrant; 

y is negative and decreases from 0 to - r, 

so sin (} decreases from 0 to -1. 

P(x,y) 

P(x,y) 

y 

P(x, y) 

Trigonometry 1 81 

For~ 77 ~ (} ~ 277, OP is the fourth quadrant; 

y is still negative but increases from - r to 0, 

so sin (}increases from -1 to 0. 

P(x,y) 

For (} > 277, the cycle repeats itself as OP travels round the quadrants again. 

For negative values of 8, OP rotates clockwise round the quadrants in the order 4th, 3rd, 2nd, 1st, 

etc. So sin (}decreases from 0 to -1, then increases to 0 and on to 1 before decreasing to zero and 
repeating the pattern. 

This shows that sin (}is positive for 0 < (} < 77 and negative when 77 < (} < 277 

Also, sin (}varies in value between -1 and 1 and the pattern repeats itself every revolution. 

A plot of the graph of f(8) = sin (}confirms these observations. 

sin 0 

A graph of this shape is called a sine wave and shows the following properties of the sine function. 

The curve is continuous (i.e. ~t has no breaks). 

-l~sinO~l 

~ ' 
The shape of the curve from (} = 0 to_(} ~ 277 is repeated for ea!=h compfete revolution. Any function 

with a repetitive pattern is called periodic or,,cyclic. The width of the repeating pattern, as fheasured 
on the horizontal scale, is called the period. 

The period of the sine function is 21r. 

Other properties of the sine function shown by the graph are as follows . 

sin 8 = 0 when (} = n17 where n is an integer. 

The curve has rotational symmetry about the origin so, for any angle a 

sin (-a) = -sin a, e.g. sin ( -30°) = -sin 30° = - .!. 
2 

An enlarged section of the graph for · sin o 
0 ~ 8 ~ 277 shows further relationships. 

The curve is symmetrical about the 
I. I 
me (} = 2 77, so 

sin (77- a)= sin a 

e.g. sin 130o = sin (l&Oo - 130°) = sin soo 

Th ' e curve has rotational symmetry 
about(}= 77 

so 

and 
sin (77 + a) = -sin a 

sin (277- a) = -sin a 

I 

" I 
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The graph of f(6} = sin k6 

The following table gives pairs of corresponding values of e and f(e) = sin 2e 

0 0 7T -
4 

20 0 7T 
2 

f(O) 0 1 

Plotting these points gives this graph. 

f(O) = sin 20 

7T 37T 
2 4 

37T 
7T 2 

0 -1 

57T 37T 77T 
7T 4 2 4 

27T 
57T 37T 

77T 
2 2 

0 1 0 -1 

27T 

47T 

0 

2n 0 

The graph has the following properties. 

(a) f(e) =sin 2e is a cyclic and its period is 1r (i.e. 
2
2
7T). 

(b) The greatest and least values are 1 and -1. 

(c) The shape is a sine wave. 

(d) Within the range 0.;:;; e.;:;; 27Tthere are two complete curve patterns compared with only one for 

the basic function f(e) =sine, i.e. the complete cycle appears with twice the frequency. 

When the graph of f(e) =sin 3e is plotted we find that the function is cyclic with a period 
2t, so that 

three complete cycles occur between 0 and 27T. In fact, the graph of the function f(e) =sin ke is a sine 

wave with a period of 2k7T and a frequency k times that of f(e) = sin e 

The graph of f(6} = sin (6- a} 

For the function f(e) =sin (e- a) where a is a positive constant, we have 

f(e) = 0 when since- a) = 0, 7T, 27T, 37T, ... 

i.e. when e = 0 + a, 7T + a, 27T + a, 37T + a, ... 

f(e) = 1 when since- a) = ~· 5
; .... 

h e 7T 57T 
i.e. w en = 

2 
+ a, 2 + a, .. . 

f(e) = -1 when since- a) = 
3

27T' 
7

27T' ... 

h e 37T 77T 
i.e. w en = 

2 
+ a, 2 + a, ... 
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So when a = *' the graph of 

f(e) = sin ( e- *) is the same shape 

as the graph of y = sin e but moved 

by* along in the positive direction of 

the x-axis. 

So for any positive value of a, the graph 

of f(e) = since- a) is the same shape 
as the graph of y = sin e but moved by 

a along in the positive direction of the x-axis. 

f(x) 

When f(e~ = s~n (e.+ a), the graph is the same shape as graph of y =sin e but moved by a along in 
the negatwe d1rect10n of the x-axis. 

The graph of f(6} = k + sin 6 

For any graph, Y = f(x), the graph of y = f(x) + k where k is a constant, has the same shape as the 

graph of Y ~ f.(x) but mov~d b~ k units in the direction of the positive y-axis. When k is negative, the 
movement IS m the opposite direction. 

The diagram shows the graphs of f(e) = 0.5 +sine and f(e) = -0.7 +sine 

f(x) 

The graphs of.f{6} = -sin 6 and f(6} =sin (-6} 

Comparing the equation y = f(x) 

with the equation y = -f(x) 

X 

f(O) = 0.5 + sin 0 

f(O) = sin 0 

f(O) = - 0.7 + sin 0 

[ 1] 

[2] 

shows that, for the same value of x, the value of y in [2] is minus the 
value of y in [ 1]. . . 

'I 

·~· 

y = f(x) 

X .. 
,,.... i 

X 

So the curves Y = f(x) and y ~ = -f(x) taken,tqgether are symmetrical 
about the x-axis. ) "' ,., 

y ~ --if(x) 

f(x) <· 

f(O) =-sin 0 

X 

f(O) =sin 0 
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Comparing the equation y = f(x) [ 1] 

with the equation y = f(- x) [2] 

shows that, for the same value of y, the value of x in [2) 

is minus the value of x in [1]. 

So the curves y = f(x) and y = f(-x) taken together are symmetrical about they-axis. 

f(x) 

The Graph of f(O) = k sin 8 

Comparing the equation y = f(x) 

with the equation y = k f(x) 

shows that, for the same value of x, the value of y in [2] 

is k times the value of y in [ 1]. 

So the curve y = k f(x) is the curve y = f(x) stretched by 

k units parallel to they-axis. 

f(8) = sin ( -8) 

[ 1] 

[2] 

X 

f(8) = sin 8 

f(x) = 3 sin 8 

f(x) = sin 8 

X 

These facts about the graph y = sin 8 also apply toy = cos 8 and y = tan 8 

Examples 9a 

1 Find the exact value of sin ~ 7T. 

.4 •( I) ·1_/3 sm
3

7T= sm 1r+ 3 1r = -sm37T- -2 sin(/'"' 

X 

8 
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2 Sketch the graph of y = 2 -~sin 8 for 0 ~ 8 ~ 27T. 

Start with the graph of y = ~sin IJ, then the graph of y = - ~sin IJ. Finally move the graph 2 units up they-axis. 

y 

3 

y = 2 - tsin8 

- 1 

3 Sketch the graphs of y = 1 + sin 8 and y = 8 for - 7T ~ 8 ~ 7T. 

Hence state the number of solutions of the equation 8 = 1 + sin e. 

There is one solution. 

Exercise 9a 

Find the exact value of -

2 sin -27T 

• I 
- 1.5 

- 2 

- 2.5 

There is only one point of intersection. 

9 sin - 1200 

"' 

. ' ·•· 

sin 1200 

3 sin 3000 4 sin -210° 
1 

5 Write down all the values of 8 between 0 and 
61r for which sin (J = 1 

'. Sketch each of the following curves for values of 
' (J in the range 0 ~ (J ~ 37T 

11 y =sin 28 12 y =sin ( - e) 

6 Write down all the values of e betweerfO and 13 y = sin ( 7T - e) 14 y = - sine 
-47T for which sin e = -1 \ 

Expres · ; s m terms of the sine of an acute angle 
15 y = 1 - sine 16 y = -2 +sin (J 

7 sin 1250 8 sin 2900 17 3- 4 sine 18 2 sin 38 
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THE COSINE FUNCTION 

For any position of P, cos e = ~ 
r 

When Pis in the first quadrant , x decreases from r to 0 as 

e increases, so cos e decreases from 1 to 0. 

When Pis in the second quadrant, x decreases from 0 to - r, 

so cos e decreases from 0 to - 1. 

When pis in the third quadrant, cos e increases from - 1 to 0, 

and when pis in the fourth quadrant, cos e increases from 0 to 1. 

The cycle then repeats itself, and we get this graph of f(8) = cos e 
cos 8 

The properties of this graph are as follows. 

The curve is continuous. 

-I~ cos (J ~I 

It is periodic with a period of 21T. 

P(x , y) 

P(x, y) 

P(x, y) 

P(x, y) 

8 

•' 
t .'lit-

It is the same shape as the sine wave but is moved a distance t 'TT to the left. Such a move of a sine 

wave is called a phase shift. 

e- 1 1 3 5 cos e = 0 when - ... - 2 'TT, 2 'TT, 2 'TT, 2 'TT, ... 

The curve is symmetrical about e = 0, so cos ( - a) =cos a 

The curve has rotational symmetry about 8 = t 'TT, so 

cos ('TT - a) = - cos a 

Further considerations of symmetry show that 

Trigonometry 1 87 

cos ('TT + a)= -cos a and cos (27T - a) = cos a 

Exercise 9b 

I Write in terms of the cosine of an acute angle 

(a) cos 123° (b) cos 250° 

(c) cos ( - 20°) (d) cos ( - 154°) 

2 Find the exact value of 

(a) cos 150° (b) cos f 'TT 

(c) cos% 'TT (d) cos 67T 

3 Sketch each of the following curves. 

(a) y = cos (8 + 'TT) (b) y = cos ( 8 - ±'TT) 

(c) y =cos ( - 8) 

4 Sketch the graph of y = 3 cos 28 for 0 :s: 8 :s: 'TT. 

5 On the same set of axes" sketch the graphs 

y = cos 8 and y = 3 cos 8 for 0 :s: 8 :s: 27T 

THE TANGENT FUNCTION 

For any position· of P, tan 8 = ~ 
X 

1 

6 On the same set of axes , sketch the graphs 

y = cos 8 and y = cos 38 for 0 :s: 8 :s: 27T 

7 Sketch the graphs of f(8) = cos 48 for 

0 :s: 8 :s: 'TT. Hence find the values of 8 in this 

range for which f(B) = 0 

8 Sketch, for 0 :s: 8 :s: 27T the graphs of 

(a) 5 - 4 cos 8 

(c) cos48 

(b) 2 + 3 cos(} 

9 Sketch the graph of y = cos ( 8 - ±'TT) for 

values of 8 between - 7r and 'TT. Use the sketch 

to find the values of 8 in this range for which 

(a) cos ( 8 - ±'TT) = 1 

(b) cos ( 8 - t 'TT ) = - 1 

(c) cos ( 8 - t 'TT ) = 0 

"I 
\. 

P(x, y) 

As OP rotates through the first quadrant, x decre ~ ses from r to 0, while y increases from 0 to r . This 

means that the f rac t i-o n~ increases from 0 t9 very large values indeed. In fact, as 8 ---> t 'TT, tan 8 ---> oo. 
I X " . 

Looking at the behaviour of~ in the other ~uadrants shows that in the second quadrant, tan 8 is 

negative and increases from x_ oo to 0; in!t:he third quadrant, tan 8 is positive and increases from 0 to 

~ ; ~nd in the fourth quadrant, tan 8 is negative and increases from -oo to 0. The cycle then repeats 
1 

se and we can draw the graph of f(B) = tan 8 
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tan 6 

From the graph we can see that the properties of the tangent function are different from those of the 

sine and cosine functions . 

I I 3 
It is not continuous, being undefined when 6 = ... -2 TT, 2 TT, 2 TT, 

The range of values of tan (}is unlimited. 

It is periodic with a period of TT (not 2TT as in the other cases). 

The graph has rotational symmetry about 8 = 0, so 

tan (-a) = - tan a 

I .. 
The graph has rotational symmetry about 8 = 2 1T, g1vmg 

tan (1r - a) = - tan a 

The cycle repeats itself from 8 = 1T to 21T, so 

tan (1r + a) = tan a and tan (21T - a) = - tan a 

Example 9c 

Express tan 1

4

1 1r as the tangent of an acute angle. 

tan ( 1
4

1 
1r) = tan ( 21T + % 1T) = tan (% 1T) 

Exercise 9c 

= tan ( 1r - i 1r) 

= - tan .!.1r 
4 

1 Find the exact value of 2 Write in terms of t 'te tangent of an acute angle 

(a) tan~ 1r (b) tan 120° (a) tan 220° (b) tan .!1.1r 
7 

(c) tan - ~ 1r (d) tan± 1r (c) tan 310° (d) tan - i 1r 

Trigonometry 1 89 

3 Sketch the graph of y = tan (}for values of (} 

in the range 0 to 21r. From this sketch find the 
values of (}in this range for which 

4 Sketch, for 0 ~ (} ~ 27T, the graphs of 

(a) tan 28 (b) - tan (} (c) 1 + tan (} 

(a) tan (} = 1 

(c) tan(} = 0 

(b) tan(} = - 1 

(d) tan(} = oo 

5 Using the basic definitions of sin 8, cos (}and 

tan 8, show that, for all values of 8, 

tan(} = sin(} 
cos(} 

RELATIONSHIPS BETWEEN sin 0, cos fJ AND tan fJ 

Because each trigonometric function is a ratio of two of the three quantities x, y and r , we expect to 

find several relationships between sin 8, cos 8 and tan 8. Here is a summary of the results so far. 

If the graph of cos 8 is shifted by~ 1r to the right we get the graph of sin 8. 

So cos ( 8 - ~ 1r) = sin 8 

But 

Therefore 

Two angles that add up to~ 1r (i.e. 90°) are called complementary angles . 

i.e. the sine of an angle is equal to the cosine of the complementary angle and vice-versa. 

Now sin 8 = ~ . cos 8 = ~ and tan 8 = ~ 
r r x 

i.e. 

y 

sin 8 r .Y 
-- = - = - = tan 8 -
COS 8 ~ X 

r 

for all values of 8 tan (} = sin (} 
cos(} 

. ' 
We have also seen that the sign of each trigo ~ ometric ratio depends on 

the size of the angle, i.e. the quadrant in which Pis . We can summarise 
the sign of each ratio in a. quadrant diagram. 

Examples 9d . i 

'.. 

Give all the values of x between 0 and 360° for which sin x = -0.3 

The value given for x b'y a calculator is - 17.5". 

From the graph, we see that, when s in x = - 0.3, 

the values of x in the specifi ed range are 

180" + 17.5" and 36(1" - 17.5". t 

I <I 

.. 
'I sinx 

'· 

I 

When sin x = - 0.3, x = 197.SO and 342.SO \ 

When the range of values is given in degrees . ~ 
the answer should also be given in degrees 

and the same applies for rad ians. 

sin + ve •"-· All + ve 

tan + ve cos + ve 

X 
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2 Find the smallest positive value of (}for which cos (} = 0. 7 and tan (}is negative. 

If cos (} = 0. 7, the possible values of (}are 

45.6°, 314.4°, ... 

cos IJ 

Now tan (}is positive if (}is in 

the first quadrant and 

negative if (} is in the 

fourth quadrant. 

Therefore the required 

value of(} is 314.4°. 

cos+ 

tan + 

cos + 

tan-

3 The function f(x) is such that f(x) = 1 - 2 sin x for 0 ~ x ~ 21T 

(a) Sketch the graph of f(x) and use your sketch to give the maximum and minimum 

values of f(x). 

(b) Solve the equation f(x) = 0 

(a) f(x) 

4 

(b) 

The maximum value of f(x) is 3 and the minimum 

value is -1. 

1 - 2 sinx = 0 

. 1 
smx = 

2 
1T 51T 

x=6, 6 

4 f(x) is defined by f(x) = 2 + a cos (2x - 1r) for 0 ~ x ~ 1T 

The maximum value of f(x) is 5. 

(a) Find the value of a and state the minimum value of f(x). 

(b) Sketch the graph of f(x). 

Start with a sketch of y = 2 sin x: 

f(x) 

2 

- 1 

Then reflect this curve in the x-axis 

to give the graph of y = - 2 sin x and 

move it up they-axis by 1 unit. 

(a) The maximum value of cos (2x- 1r) is 1, and so the maximum value of 

a cos (2x - 1r) is a 

Therefore the maximum value of f(x) is 2 + a, 

2+a=5=?a=3 

The minimum value of 2 +a cos (2x- 1r) is 2 +a( -1) = 2- a 

minimum value of f(x) is -1. 
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(b) f(x) Start with a sketch of 

y = cos (2x - 1r) 
f(x) 

X 

X 
Stretch this curve by 3 units 

parallel to they-axis to give 

the graph of y = 3 cos (2x - 1r) 

f(x) 

Move the second curve 

2 units up parallel to 

they-axis. 

Exercise 9d 

1 Within the range -27T ~ (} ~ 21T, give all the 

values of (}for which 

(a) sin (} = 0.4 

(c) tan(}=l.2 

(b) cos(} = - 0.5 

2 Within the range 0 ~ (} ~ 720°, give all the 

values of ()for which 

(a) tan (} = -0.8 

(c) cos e = 0.1 

(b) sine= - 0.2 · 

3 Find the smallest angle (positive or negative) 
forwhich • : 

(a) cos e = 0.8 and sin e ~ 0 

(b) sin e = - 0.6 and tan e ~ 0 

(c) tan e = sin t7T 

4 Using tan e = sin e, show tha~ the equatidf.l 
cos e · 

tan e = sin e can be written as 

sine (cos e- 1) = 0, p~;ovided that cos e * 0 
' 

Hence find the values of e,between 0 and 27T 
for which tan e = sin e ' 

5 Sketch the graph of y = sin 28. Use your 

sketch to help find the ~~ lues of e in the range J 
0 ~ e ~ 360° for which sin 28 = 0.4 ' 

6 Sketch the graph of y = cos 38. Hence find tlie 

values of e in the range 0 ,; e,; 27T for which 
cos 3() = - 1 

X 

-3 

7 Sketch the graph of y = 2 sin ( x - -¥) for 

O !S X ~ 7T 

Hence find the values of x for which 

2 sin ( x - -¥) = 0 in the range 0 ,; x ,; 7T 

8 Sketch the graph of f(x) = 5 - cos 2x 

for 0 ~ x ~ 360° 

• 4 

9 Sketch tJ:!e graph oi y = 1 + 2 sin X 

for 0 ,; x·,; 1T 

State the maximum and minimum values of y. 

10 Sketch the graph of f(x) = 3 - sin 2x 

for 0 ~ x ~ 27T 

11 The function f: x >-+ 3 + a cos x for 0 ~ x ~ 27T 

Find the range of values of a for which the 

equation f(x) = 0 has no solution. ! ·" 

12 Sketca the graphs of y = e and y = 2 cos e 

for values of e in the range -7T ~ e ,; 1T 

State the number of solutions of the 

equation 2 cos e' = e 
Repeat this question with e measured in 

degrees. Will the solutions be the same? 

13 Measuring the angles in radians, sketch 

\ graphs to show, approximately, the value of 

e for which 

(a) 2e=4sinf) (b) sin8=ff2 

(c) cos8=8-1 
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After studying this chapter you should be able to 

• use the identities sin 8 == tan 8 and sin2 8 + cos2 8 == 1 
cos 8 

• find all the solutions of simple trigonometric equations lying in a specified interval 

• use the notations sin - 1, cos- 1 
'· tan - 1 to denote the principal values of the inverse trigonometric 

relations. 

TRIGONOMETRIC IDENTITIES 

In this chapter we look at some trigonometric identities and some of their uses. Remember that an 

identity is the equivalence between two different forms of the same expression. One such identity is 

on page 89, that is 

tan 0 = sin 0 
cos (J 

THE PYTHAGOREAN IDENTITY 

For any angle 8, 

. 8 y 8 X and tan 8 = 2::: 
Sin = r' COS = r X 

Also, in right-handed triangle OPQ, x2 + y2 
= r (Pythagoras) 

2 (y)2 x2 + y2 
Therefore, (cos 8)2 +(sin 8)2 = (7) + r = --,:z- = 1 

Using the notation cos2 8to mean (cos 8)2
, etc., we have 

cos2 0 + sin2 0 = I 

These identities can be used to 

• simplify trigonometric expressions 

• eliminate trigonometric terms from pairs of equations 

• derive a variety of further trigonometric relationships 

y 

P(x,y) 

• calculate other trigonometric ratios of any angle for which one trig ratio is known 

• solve some trigonometric equations. 

Examples 1 Oa 

I Simplify sin 8 
1 - cos2 8 

sin 8 - sin 8 
1 - cos2 8 = sin2 8 

=sin 8 
Using sin2 

() + cos2 
() = I 

2 Eliminate 8 from the equations X = 2 cos 8 and y = 3 sin 8 

X 
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cos 8 = ~ and sin 8 = ~ 

Using cos 2 
() + sin2 

() = I gives 

(~r + (~r = 1 

'* 9r + 4y2 
= 36 

In Example 2, both x and y initially depend on !J, a variable angle. Used in this way, ()is called a parameter , and is a 

type of variable that plays an important part in the analysis of curves and functions . 

3 If sin A = -~and A is in the third quadrant, find cos A without using a calculator. 

There are two ways of doing this problem. The first method involves drawing a quadrant diagram and working 

out the remaining side of the triangle, using Pythagoras ' theorem. 

From the diagram, X = - u2 

cos A = ~ = - 2/2 
r 3 

The second method uses the identity 

cos2 A + sin2 A = I giving 

cos2 A+ .l = 1 
9 

cos A = + {§_ = + 212 -gj - 3 

As A is between 7T and% 7T, cos A is negative, i.e. 

cos A=- 2/2 
3 

-1 

4 Prove that (1 .:_ cos A) ( 1 + - 1-) == sin A tan A 
. cosA 

\ 

Because the relationship has yet to be proved, we must not assume it is true by using the complete identity in 

our working. The left- and r ight-hand sides must be isolated throughout the proof, preferably by working on only 

one of these sides. Star t with the more complicated side. lt often helps to express all ratios in terms of sine 

and/or cosine as, usually, these are easier to work with. ! *" 

Consider the left-hand side: ' i 

(1 ,- cos A) (1 + - 1-) == 1 + (-1-) - cos A '-:-- cos A 
cos A cos A .. cos A 

,• 
~ 

1 l, 

==---cos A 
cos A 

_ 1 - cos2 A _ sin2 A· 
= cosA = fOSA 

cos2 A + sin2 A = I 

== sin A [ ~~~ ~] == sin A tan A == right-hand side 
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EQUATIONS INVOLVING MULTIPLE ANGLES 

Many trigonometric equations involve ratios of a multiple of e, for example 

cos 2e = ~, tan 3e = -2 

Note that cos 28 = ~ *' cos 8 = ±• etc . 

Simple equations like this can be solved by finding first the values of the multiple angle and then, by 

division, the corresponding values of e. 

f 
· d ·n the range a < e ~ {3 then values of the multiple angle, ke say, 

However, if values o e are reqmre I ~ ' . < < k{3 
must be found in a range that is multiplied by the same factor, I.e. ka ~ ke ~ 

e.g. if values of e are required for 0 ~ e ~ 360° 

then 2e must be found in the range 0 ~ 2e ~ 720° 

.!. e must be found in the range 0 ~ ~ e ~ 180°, and so on. 
2 

Examples 1 Oc 

1 Find the values of e in the range -1r ~ e ~ 1r, for which cos 2e = ~ 

Using 2e =X gives cos X=~ 
As values of e are required in the range - 7T ~ e ~ 7T, we want values of x (i.e. 28) in the range - 27T ~ x ~ 27T 

In the range - 21r ~ x ~ 21r the solutions of cos x = ~are 
+ I + 5 - 31T, - 31T. 

But X= 2e, therefore 2e = :±: t 1T, :±: ~ 1T 

e-+' +~1T - - 61T, - 6 

2 Find the solution of the equation tan ( t e - 90o) = 1 for which 0 ~ e ~ 540o 

Using t e - 90° = X gives 

tan ( t e - 90o) = tan X 

As e is required in the range 0 ~ e ~ 540° we must find x in the range 

:\- (0) - 90o ~ X ~ :\- (540o) - 900 i.e. - 90o ~ X ~ 90o 

The solution of the equation tan x = 1 is 

But 

so 

i.e. 

X = 45o 

x = .!.e- 90° 
3 

.!. e- 90° = 45° 
3 

.!. e = 135° 
3 

e = 405° 

tanx 

X 
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Exercise 1 Oc 

Find the solutions of the following equations, for 

values of e in the range 0 ~ e ~ 180° 
Solve the equations for values of e in the range 
-180° ~ e ~ 180° 

1 tan 2e = 1 7 tan 2e = 1.8 

2 cos 3e = - 0.5 
8 sin3e=0.7 

9 cos ~ e = 0.85 

3 sin .!.e = - 12 
2 2 

4 cos (2e - 45°) = o 
Solve the equations for values of e in the range 
o~e~1r 

10 tan 4e = -13 
5 sin (~e + 30°) = -1 

11 cos ce + ~ 1T) = t 
6 tan ce- 60°) = 0 12 tan ( 2 e - t 1T) = - 1 

THE INVERSE TRIGONOMETRIC FUNCTIONS 

The function f is given by f: x f--> sin x for x E IR 

The inverse mapping is given by sin x f--> x but this is not a function because one value of sin x maps 

to many values of x, so f(x) = sin x does not have an inverse function for the domain x E IR 

f(x) 

X 

• 
If we now look at the function f: x f--> sin x ·for - ~ 1T ~ x ~ ~ ;., it is a ~ one-one function so the in V,~r se 

mapping, sin x f--> x, is such that one value of sin x maps to only one value of x. Therefore f: x f--> sin x 

for - i 1T ~ x ~ i 1T doe? have an inverse, so f- 1 exists. 

The equation of the graph_ off is y = sin x for - ~ 1T ~ x ~ i 1T and the curve y = f- 1(x) is obtained by 
reflecting y = sin x in the line y = x 

Therefore interchanging x and y gives the equation of this curve, 

i.e. sin y = x, soy = the angle between - i 1T and i 1T whose .sine is x. 

Using sin _, to mean 'the angle between - i 1T 'and11T wh?se sin ~ s', 

we have y = sin- 1x 

Thus if 

then 

f:x t-t sin x 
,• 

f- 1 :x t-t sin- 1 x 

-.!.1T~X~.!.1T 
2 2 

-1~x~1 

It is important to realise that sin- 1 xis an angle, and that this angle 

is in the interval [- i 1r, i 1rj{ The angles in this int~val are called 

the principal values of sin- 1 x. ' \ 

So, for example, sin- 1 0.5 is the angle between .- i 1T and ~ 1rwhose sine is 0.5, 

i.e. sin- 1 0.5 = -!;1r 

y 
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EQUATIONS INVOLVING MULTIPLE ANGLES 

\ttany trigonometric equations involve ratios of a multiple of 8, for example 

cos2e=~, tan38= -2 

Note that cos 20 = ~ =P cos 0 = ~. e t c . 

. . . b 1 d by finding first the values of the multiple angle and then, by 
Simple equat10ns hke th1s can e so ve 

division, the corresponding values of e. 
· d · the range a < 8.;; f3 then values of the multiple angle, k(J say, 

However if values of e are reqmre 10 ~ ' . k < ke < kf3 
must be found in a range that is multiplied by the same factor, 1.e. a ~ ~ 

if values of e are required for 0 .;; e .;; 3600 e.g. 

then 2e must be found in the range 0.;; 2(].;; 720o 

.!. e must be found in the range 0.;; ~e.;; 1800, and so on. 
2 

Examples 1 Oc 

I Find the values of 8 in the range -1r.;; e.;; 1r, for which cos 28 = ~ 

Using 2e = x gives cos x = ~ 
. < < e want values of x (i.e. 20) in the range - 21r ~ x ~ 21T 

As values of 0 are required m the range - 1r - () - 1T, w 

In the range - 21r.;; x .;; 21r the solutions of cos x = ~are 

:±: ~ 1T, :±: } 1T. 

2{} 1 +~1T But x = 2e, therefore u = :±: 31r, - 3 

· ( I 8 - 90°) = 1 for which 0 :S: 8.;; 540° 
2 Find the solution of the equatiOn tan 3 

1 900 . Using 3 e - = X gives 

tan ( ~ (J - 90°) = tan X 

As 0 is required in the range 0 ~ () ~ 540° we must find x in the range 

}CO) - 900 ~ x ~ } (5400) - 900 i.e. - 900 ~ x ~ 900 

The solution of the equation tan x = 1 is 

But 

so 

i.e. 

X= 45o 

x = .!.e- 90° 
3 

.!. e- 90° = 45° 
3 

.!. e = 135° 
3 

8 = 405° 

tanx 

X 
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Exercise 1 Oc 

Find the solutions of the following equations, for 

values of e in the range 0 .;; 8.;; 180° 
Solve the equations for values of 8 in the range 
-180° .;; 8.;; 180° 

1 tan 28 = 1 7 tan 28 = 1.8 

2 cos 38 = - 0.5 
8 sin 38 = 0.7 

9 cos ~ 8 = 0.85 

3 sin .!.8 = _12. 
2 2 

4 cos (28- 45°) = 0 

Solve the equations for values of 8 in the range 
0 .;; 8 .;; 1T 

10 tan 4(] = -13 
5 sin (±8 + 300) = - 1 

11 cos (8 + ± 1T) = ~ 

6 tan ( 8 - 60°) = 0 12 tan ( 2 e - ~ 1T) = - 1 

THE INVERSE TRIGONOMETRIC FUNCTIONS 

The function f is given by f: x ~--+ sin x for x E IR 

The inverse mapping is given by sin x ~--+ x but this is not a function because one value of sin x maps 

to many values of x , so f(x) = sin x does not have an inverse function for the domain x E IR 

f(x) 

,' 

X 

If we now look at the function f: x ~--+ sin x·for - 4 1T.;; x.;; 4 ;, it is a ~ one-one function so the in V,~r se 

mapping, sin x ~--+ x, is such that one value of sin x maps to only one value of x. Therefore f: x ~--+ sin x 

for - ~ 1T.;; x.;; 4 1r doe~ have ~n inverse, so f- 1 exists. 

The equation of the graph. off is y =sin x for-~ 1T.;; x.;; 4 1T and the curve y = f- 1(x) is obtained by 
reflecting y = sin x in the line y = x 

Therefore interchanging x and y gives the equation of this curve, 

i.e. sin y = x, soy = the angle between - ~ 1T and 4 1T whose .sine is x. 

Using sin - I to mean 'the angle between - ~ 1T ' and ~ 1T wh ~ se sin<;js', 

we havey = sin- 1x 

Thus if 

then 

f: x ~---+ sin x 

(-I: X 1--+ siri-I X 

-!1To;;;xo;;;!1T 
2 2 

-},;;;X,;;; 1 

It is important to realise that sin- 1 xis an angle, and that this angle 

is in the interval [- 4 1r, ~ 1T'J The angles in this intwval are called 

the principal values of sin- 1 x. ' \ 

So, for example, sin- 1 0.5 is the angle between ~ 4 1T and ~ 1r whose sine is 0.5, 

i.e. sin- 1 0.5 = i1r 

y 
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Now consider the function given by f: x ~-> cos x, 0 ,;:; x ,;:; 'TT 

y 

X 

y = COS X 

f is a one-one function so f- 1 exists and it is denoted by cos-
1 
where cos-

1 
x means 'the angle 

between 0 and 'TT whose cosine is x'. 

Thus if 

then 

f:x ~--> cosx 

Note that cos- 1 xis an angle in the interval 0,;:; x,;:; 'TT. The angles in this interval are called the 

principal values of cos- 1 x. 

So, for example, cos - 1 
( -0.5) = x x=~'TT 

3 

Similarly, if f: x ~-> tan x for - ~'TT ,;:; x ,;:; ~'TT, then f-
1 

exists and is written tan- 1 where tan-
1 x means 

'the angle between - ~'TT and ~'TT whose tangent is x'. 

The angles between - ~'TT and ~'TT are called the 

principal values of tan- 1 x. 

Note that the domain of tan- 1 xis all values of x. 

Exercise 1 Od 

Find the value, in terms of 'TT, of 

1 tan- 1 13 

2 sin- 1 ( -1) sin- 1 (t) 

3 cos - 1 0 

4 sin-
1 
(- ~) 

5 cos- 1 
(- ~) 

6 tan- 1 ( - 1) 

9 

10 

11 

y ":' tanx 

' 
y 

' 
' I 

------- ----:---- z:rr 

tan- 1 1 

f(x) = 4 - 2 cos x for 0 ,;:; x ,;:; 7T 

(a) Sketch the graph of y = f(x) 

(b) State whether f has an inverse. 

Give a reason f~ f; · our answer. 

f :x ~->tan ~x 

(a) Sketch the graph of y = f(x) 

for -7r,;:;x,;:; 27T 

(b) Explain why, for the domain 

X 

-7r,;:; x,;:; 27T, f does not have an 

7 sin- ' ( Jz) inverse. ,. 
(c) State the domain for which f does have 

8 cos- 1 
( 1) an inverse. 

Mixed exercise 10 

I Eliminate a from the equations x = cos a 

y = ___ 1_ , 
sma 

2 If cos {3 = 0.5, find possible values for sin {3 

and tan {3, giving your answers in exact form. 

3 Simplify the expression 

1 + 1 
1 + cos 1J 1 _ cos e· Hence solve the 

equation 1 + 1 = 4 for 
1 + cos (J 1 - cos (J 

values of IJ in the range 0 ,;:; 1J,;:; 27T 

4 On the same set of axes, sketch the graphs of 

y = 2 sin x and y = x for -'TT ,;:; x ,;:; 'TT 

Hence give the number of solutions of the 

equation 2 sin x = x 

5 Solve the equation tan- 1 1 = 38- 1 

6 Find the values of IJ for which 

tan ( 31J - t 7T) = 1 in the interval [ -7r, 'TT]. 

7 Eliminate IJ from the equations x - 2 = sin 1J 

y + 1 =cos (J , 

8 f(x) = 1 - cos X: for 0 ,;:; x ,;:; 1J 

(a) State the maximum value of IJ for which 

f- 1 exists. 

(b) Find the value of f- 1(1). 

•' 

i 

I 

\ 

{, 

Tri onomet 2 

9 Prove that 

(cos A+ sin A)2 +(cos A- sin A)2 = 2 

10 Simplify (1 + cos A)(l - cos A). 

11 Find the solution of the equation 

tan IJ = 3 sin IJ for values of IJ in the range 

-180° ,;:; (J,;:; 180° 

12 The function f(x) is given by 

f(x) = (a sin bx) + c for 0,;:; x,;:; 7T 

f(x) has a maximum value 8 and a minimum 

value of -2. 

There are four values of x for which f(x) = 0 

Find the values of a, b and c. 

13 Solve the equation cos 31J = ~13 giving 

values of IJ from 0 to 180°. 

14 Find, in the range -180° ,;:; 1J,;:; 180°, the 

values of IJ that satisfy the equation 

2 cos2 IJ - sin IJ = 1 

15 Find the solutions, in the range from 0 to 7T 

of the equation tan ( 21J- ~ 7T) = t 13 ' 

16 f: x ~-> 1 - 2 sin .!.x 
2 

(a) Sketch the graph of y = f(x) 

for - 271",;:; x,;:; 27T 
~ I 

(~) Give a domain for f for which f- I exists . . ~. 

to¥~ I 
; 

'• 
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11 Sequences and series 

After studying this chapter you should be able to 

• recognise arithmetic and geometric progressions 
• use the formulae for the nth term and for the sum of the first n terms to solve problems involving 

arithmetic or geometric progressions 
• use the condition for the convergence of a geometric progression, and the formula for the sum to 

infinity of a convergent geometric progression 

• use the expansion of (a+ bl where n is a positive integer. 

Sequences 

A sequence is an ordered set of numbers, for example 2, 4, 6, 8, 10. 

There is a first term, a second term and so on. 

A sequence is also called a progression. 

ARITHMETIC PROGRESSIONS 

Each term of the sequence 5, 8, 11, 14, 17, ... 29 is 3 more than the term before it. 

So this sequence can be written as 5, 5 + 3, 5 + 2 X 3, 5 + 3 X 3, 5 + 4 X 3, ... 5 + 8 X 3. 

This sequence is an example of an arithmetic progression. 

An arithmetic progression (AP) is a sequence where each term differs from the next term by a 

constant called the common difference. 

For example, the first six terms of an AP whose first term is 8 and whose common difference is -3 are 

8, 5, 2, -1, -4, -7. 

The first four terms of an AP whose first term is a and whose common difference is d are 

a, a + d, a + 2d, a + 3d. 

The nth term is a + (n- 1)d. 

So 

Examples 11 a 

an AP with n terms can be written as 

a, (a +d), (a + 2d), ... , [a + (n - l)d] 

1 The eighth term of an AP is 11 and the 15th term is 21. Find the common difference, the 

first term of the series, and the nth term. 
(1 

The first term of the series is a and the common difference is d, so the eighth term is a + 7 d, 

a+ 7d = 11 

and the 15th term is a+ 14d, 

a+ 14d = 21 

[ 1] 

[2] 

[2]- [1] gives 7d = 10 =? d = \
0 

and a= 1 

so the first term is 1 and the common difference is \
0

• 

Hence the nth term is a+ (n - 1)d = 1 + (n - 1) 
1

~ = t (IOn - 3) 

Sequences and series 1 

2 The nth term of an AP is 12 - 4n. Find the first term and the common difference. 

The nth term is 12 - 4n, so the first term (n = 1) is 8. 

The second term (n = 2) is 4. 

Therefore the common difference is -4. 

THE SUM OF AN ARITHMETIC PROGRESSION 

The first ten even numbers is an AP. 

Writing the sum of the AP first in normal, then in reverse, order gives 

5 = 2 + 4 + 6 + 8 + ... + 18 + 20 

5 = 20 + 18 + 16 + 14 + ... + 4 + 2 

Adding gives 25 = 22 + 22 + 22 + 22 + ... + 22 + 22 

As there are ten terms in this series, so 

25 = 10 X 22 5 = 110 

Applying this method to a general AP gives formulae for the sum, which can be quoted and used. 

5n is the sum of the first n terms of an AP with last term 1 , 

Therefore 5 = n • 
a + (a+ d) + (a+ 2d) + + (1- d) + 

reversing 5 = n + (1- d) + (1- 2d) + + (a+ d) + 

adding 25n = (a+ I) + (a+/) . + (a+ I) + + (a+ {)1 + 
'·· 

as there are n terms, 25n = n(a + I) 

=} 

,. 

i.e. 5n =(number of t~rms) X (half the sum of the first and last terms) 

Also, because the nth term, I, is equal to a + (n - 1)d, 

5n = in[a +a+ Cn - l)dJ 

a 

(a+ I) 

,._·.t 

! ..-. r 
f 

.,<· sn = ~n[2a + (n - l)d] 

Either of these formulae can now be used to fi~d the ;urn of t ~ e first n terms of an AP. 

\. ; i.e 

•' 

Examples 11 a cont. 

3 Find the sum of t e following sequences/ 

(a) an AP of 11 terms whose first term is 1 a~d whose last term is 6 

(b) i£o z 10 
1 

3' 3' , 3· ... 3 
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(a) We know the firs t and last terms, and the number of terms, so use 5, = ~ n(a + I) 

=? 511 = '2' (1 + 6) = 727 

(b) 
4 2 2 10 
3' 3' O, - 3· . . . - 3 

4 d 2 This is an AP where a = 3' = - 3 

_.!.Q.=i+(n-1)X-~ 3 =? 
3 3 

n = 8 Using nth term = a + (n - l )d 

5 = .!. X 8 X ( .± - .!.Q.) = - 8 
8 2 3 3 . 

4 The sum of the first ten terms of an AP is 50 and the fifth term is three times the second 

term. Find the first term and the sum of the first 20 terms. 

a is the first term and d is the common difference, and there are n terms. Using S = ~ n[ 2 a + (n - l )d] gives 

510 =50= 5(2a + 9d) [ 1] 

Using un =a+ (n- 1)dgives 

u
5 

= a + 4d and u2 = a + d where Un is the nth term 

Therefore a + 4d = 3(a + d) 

I 
From [1] and [2]: d = 1 and a= 2 

[2] 

So the first term is ~ and the sum of the first 20 terms is 520 where 

520 = 1 0(1 + 19 X 1) = 200 

5 The sum of the first n terms of a progression is given by 5n = n(n + 3) 

Find the fourth term of the progression and show that the terms are in arithmetic 

progression. 

If the terms of the progression are a~> a2, a3, .. · , an 

then 5n = al + a2 + .. . + an = n(n + 3) 

So 

and 53 = a 1 + a2 + a3 = 18 

54 - 53 = a4 = 28 - 18 

Hence the fourth term, a4, is 10. 

+ + a + a = n(n + 3) Now 5n=a 1 +a2 ... n - 1 n 

and 5n - I = a1 + a2 + ... +an-I= (n- 1)(n + 2) 

Hence the nth term, an, is given by 5n - 5n - 1 

an = n(n + 3) - (n - 1)(n + 2) = 2n + 2 

Replacing n by n - 1 gives the (n- 1)th term 

· an _ 1 =2(n-1)+2=2n t.e. 

Then an - an - I = (2n + 2) - 2n = 2 

replac ing n w.ith n - I 

/: .. 

i.e. there is a common difference of 2 between successive terms, showing that t ~ 

progression is an AP. 

Exercise 11 a 

Write down the fifth term and the nth term of 
the following APs. 

(a) first term 5, common difference 3 

(b) first term 6, common difference - 2 

(c) first term p, ,common difference q 

(d) first term 10, last term 30, II terms 

(e) I, 5, .. . 

CO 2, It, .. . 

(g) -4, - I, ... 

2 Find the sum of the first ten terms of each AP 
given in question I. 

3 The ninth term of an AP is 8 and the fourth 

term is 20. Find the first term and the common 
difference. 

4 The sixth term of an AP is twice the third 

term and the first term is 3. Find the common 

difference and the tenth term. 

5 The nth term of an AP is t (3 - n) . 

Write down the first three terins and the 20th 
term. 

GEOMETRIC PROGRESSIONS 

The sequence 

12, 6, 3, 1.5, 0.75, 0.375, ... 

Sequences and series 103 

6 Find the sum, to the number of terms given, 

of each of the following APs. 

(a) I + 2t + ... , six terms 

(b) 3 + 5 + ... , eight terms 

(c) a 1 + a2 + a3 + ... + a8 where 

an= 2n + I 

(d) 4 + 6 + 8 + .. . + 20 

(e) 5n = n2 
- 3n, eight terms 

7 The sum of the first n terms of an AP is Sn 

where Sn = n2 
- 3n. Write down the fourth 

term and the nth term. 

8 The sum of the first n terms of a progression 

is given by Sn where Sn = n (3n - 4). Show 

that the progression is an AP. 

9 In an arithmetic progression, the eighth term 

is twice the fourth term and the 20th term 

is 20. Find the common difference and the 

sum of the terms from the eighth to the 20th 
inclusive. 

10 The sum of the first n terms of a progression 

is sn where sn = 2n2 - n 

Prove that the progression is an AP, stating 

the first term and the common difference. 
~ ' 

is such that each term is half the preceding term. The sequence can be written 

I2, 12(~). 12(~)
2

, I2(~t. I2(~t 12(~r. ... ....¥> ; 
~ · . . \ 

This sequence is an example of a geometric p;ogressioJ (GP). 1'f.. geometric progression is one where 

each term is a constant multiple of the term immediately before it. This constant multiple is called the 
common ratio and it can nave any value. ' 

~ ' Hence, if a GP has a first term of 3 and a common ratio•of - 2, the first four terms are 

i.e. 

3, 3( -2), 3( -2)2, 3( -2)3 

3 -6 12 -24 '1 , , , 

\ 

When a GP has a first term a, and a common r tio r, the first four terms are a, ar, ar2, ar3 and the nth 
is arn-l, 

i.e. a GP with n terms can be written a, ar, ar, ... ' arn- I 
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THE SUM OF THE FIRST n TERMS OF A GEOMETRIC PROGRESSION 

The sum of the first eight terms, Ss, of the GP with first term 1 and common ratio 3 is given by 

Ss = 1 + 1(3) + 1(3)2 + 1(3)3 + .. . + 1C3Y 

~ ~ 
=? 3S8 3 + 32 + 33 + + 37 + 38 

Hence S8 - 3Ss 1 + 0 + 0 + 0 + + 0 3s 

So Ss(l - 3) 1 - 3s 

1 - 3s 38 - 1 
=? Ss= -- = --

1 - 3 2 

This process can be applied to any GP. 

The sum, Sm of the first n terms of a GP with first term a and common ratio r 

is given by Sn = a + ar + . . . + a~ - 2 + a~ -
1 

Multiplying by r gives 

Hence Sn - rSn = a - a~ 

=? Sn(l - r) = a(l - ~) 

a(I - rn) 
Sn = __:_I __ .:... 

-r 

ar + ar2 + .. . 

If 
a(~ - 1) 

r > 1 the formula can be written r _ 1 . 

Examples 11 b 

+a~ - I + a~ 

I The fifth term of a GP is 8, the third term is 4, and the common ratio is positive. 

Find the first term, the common ratio, and the sum of the first ten terms. 

For a first term a and common ratio r, the nth term is arn -
1 

Therefore ar4 = 8 (n = 5) 

and ar2 = 4 (n = 3) 

dividing gives r2 = 2 

=? r = 12 and a = 2 

, 
r\• 

Using the formula 
a(rn - 1) 

S = gives 
n r- 1 

s
10 

= 2[ ( 12)
10 

- 1] = ____{g_ = 150 (3 s.f.) 
/2 - 1 /2-1 

#: 

2 The sum of the first n terms of a series is 3n - 1. Show that the terms of this series are in 

geometric progression and find the first term and the common ratio. 

Sequences and series 105 

If the series is 

then Sn = al + a2 + ... + an - I + an = 3n - 1 

and S n - I =a, + a2 + .. . 

thereforeSn - sn - I gives an = 3n - 1 - (3n - I - 1) 

i.e. the nth term is 3n - 3n - 1 = 3n - 1(3 _ 1) = (2)3n - l 

The first term is given by n = 1 =? a = 2(30) = 2 

Similarly an - I = (2)3n - 2 so an -7- an - I = 3 

showing ~hat s.uc~essive terms in the series have a constant ratio of 3 
Hence this senes IS a GP with first term 2 and common ratio 3. . 

Exercise 11 b 

I Write down the fifth term of the following GPs. 

(a) 2, 4, 8, ... 

(b) 2, 1, ~ • .. . 

(c) 3, - 6, 12, ... 

(d) first term 8, common ratio - ..!. 
2 

(e) first term 3, last term tJ-, six terms 

2 Find the sum, to !he number of terms given, of 
the following GPs. . · 

(a) 3 + 6 + ... , six terms 

(b) 3 - 6 + .. . , eight terms 

1 + ~ + i + .. . , 20 terms (c) 

(d) first ter~ 5, common ratio t. five terms 

(e) first term ~ : common ratio - ~ · ten terms 

first term 1·, common ratio - 1 

2001 terms ' 
CO 

3 The sixth term of a GP is 16 and the third term 

is 2. Find the first term and the common ratio. 

4 Find the common ratio, given that it is 

negative, of a GP whose first term is 8 and 
whose fifth term is ..!. 

2' 

5 The nth term of a GP is ( - ~ r 
Write down the first term and the tenth term. 

6 Find the sum to n terms of the following 
yrogressions. 

(a) x, x 2,'x 3, ... . ' (b) 1 
X , 1, -, . . . 

X 

(c) ~ 1, y, y 2, .. :· , ... 
7 Find the sum of the first n terms of the GP 

2 + ..!. + ..!. + 2 s ... 

8 The sum of the first three terms of a GP is 14. If 

the first term is 2, find the sum of the first five 

terms, given that the common ratio is positir e. 

THE SUM TO INFINilY OF A GEOMETRIC PROGRESSION I ; 

I 

Any GP can be written as a ar ar2 ' ' ' ... 
' 

The sum of the first n te~ms, Sn, is given by Sn = a(l - rn)'. . 
l - r 

When - 1 < r < 1 a t 1 '· , s n ge s arger, ~ gets closer to zero, so lim (rn) = 0 
n -> oo 

So lim sn = lim [a(l - rn)l =_a_ 
n -> oo n -> oo 1 - r 1 - r 

J This is not true when r > 1 or r < - 1. because 

as n gets larger r' does not get closer to zero. 

r \ 
n!Poo Sn is called the sum to infinity and is d~noted by s oo 

for a GP, Soo = -I a provided that I r 1 < I 
-r 
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Examples 11 c 

1 Find the sum to infinity of the GP 1, - ±• + 1
1
6, - ~ 4 • + ··· 

1 - .!. + _l_, - 614' + ... = 1, + (- ±), + ( - ±)2, + ( -±t + .. . , 4' 16 
a = 1 and r =-± 

0 4 
5 

_ _ a_ = 1 = -

00- 1 - r 1 -(- ±) 5 

f GP · 1 The third term is the mean of the first and second terms. 2 The first term o a 1s . . fi . 
t · fi 't F1'nd the common ratio and the sum to m mty. TheGPhasasum om my. 

a = 1 so the GP is 1, r, r2
, r 3

, ... 

r2 = ~ (1 + r) 

2r2 - r - 1 = 0 

(2r + 1)(r - 1) = 0 

The GP has a sum to infinity, . ·. r = - ~ 

S = _a_ = 1 - 2 00 
1 - r 1 -(-~)- 3 

Exercise 11 c 

1 Find the sum to infinity of the progressions. 

4 4 
(a) 4, 3' 32' ... 

(b) 20, - 10, + 5, - 2.5, + ... 

5 5 5 
(c) TO' 100 ' 1000' .. . 

1 1 
(d) 3, - 1, + 3, - 9, + .. . 

2 The sum to infinity of a GP is twice the first 

term. Find the common ratio. 

3 The sum to infinity of a GP is 16 and the sum 

of the first four terms is 15. Find the first four 

terms. 

4 Find the sum to infinity of the GP 

1 1 I 
1, - 2• 4• - 8• .. . 

Series 

The remaining questions involve APs and GPs. 

5 Find the sum of the progression 

2, - (2)(3), (2)(3)2, - (2)(3)3, .. . , (2)(3)10. 

6 The fourth term of an AP is 8 and the sum of 

the first ten terms is 40. 

Find the first term and the tenth term. 

7 The second, fourth and eighth terms of an AP 

are the first three terms of a GP. 

Find the common ratio of the GP. 

8 Find the value of x for which the numbers 

x + 1, x + 3, x + 7 are in geometric progression. 

9 The second term of a GP is t and the sum to 

infinity is 4. . 

Find the first term and the common ratio of 

the GP. 

A series is formed when the terms of a progression are added together. 

For example, 1, 5, 9, 13, .. . is a progression, 

and 1 + 5 + 9 + 13 + ... is a series. 

. f d hen (a + b)n is expanded, where n is a positive integer. The sum of We now look at the senes orme w 
two terms, such as a + b is called a binomial. 

• Sequences and series 107 

Pascal's Triangle 

We can expand, for example, (a + b)5 by multiplying out the brackets , but a quicker method is to use 
Pascal's Triangle. 

First look at these expansions: 

(a + b) 1 =a + b 

(a + b)2 = a2 + 2ab + b2 

(a + b)3 = a3 + 3a2b + 3ab2 + b2 

(a + b)4 
= a4 + 4a3b + 6a2b2 + 4ab3 + b4 

Notice that the powers of a and b form a pattern. 

From the expansion of (a + b)4 you can see that the first term is a4 and then the power of a decreases 

by 1 in each succeeding term while the power of b increases by 1. In all the terms, the sum of the 

powers of a and b is 4. There is a similar pattern in the other expansions. 

Now look at just the coefficients of the terms. Writing these in a triangular array gives 

1 1 

1~/2 

4 3~6/3 
4 

This array is called Pascal's Triangle and it also has a pattern: 

each row starts and ends with 1 and each other number is the sum of the two numbers in the row 
above it as shown. 

Now you can write down as many rows as you need. 

For example to expand (a + b)6
, go as far as row 6: 

2 

3 

4 6 

5 10 

6 15 20 

3 1 1 

4 

10 5 

15 6 1 

Using what we know about the pattern of the powers and using row six of the array gives 

(a + b)6 
= a6 + .6a5b + 15a4b2 + 20a3b3 + 15a2b4 + 6ab5 + b6 

THE BINOMIAL THEOREM 

,., 
~~' 

~"" t 
~ I 

We could use Pascal's Triangle to expand (a + b)n for any positive integer n, but this can take lots o( tirhe. 
' 0 ~ 

l " ,; 
The binomial theorem gives a method for expanding (a + b)n. 

The binomial theorem 'states that when n is a positive integer, 
' I 

•' n(n - 1) rl'(n - 1)(n - 2) 
(a + b)n =an + nan- lb + 2 X 1 an -2b2 + , 3 X 2 X 1 an- 3b3 + .. . + bn 

The right-hand side of,t.his identity is called the series expansion of (a+ b)n. The coefficients of the 
I . 

powers of a and bare alled binomial coeffici ~ ts . The denominators of these coefficients involve the 

product of all the positive integers from the poweJ\of b down to 1. We can write these using factorial 
notation. 

' The product 4 X 3 X 2 X 1 is called 4 factorial and is written 4! 
8! means 8 X 7 X 6 X 5 X 4 X 3 X 2 X 1 
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. n(n - l)(n - 2) be written as n(n - l)(n - 2) 
The binomial coefficient 

3 
X 

2 
x 

1 
can 3! 

or even more concisely as ( ~)· 

n(n - l)(n - 2)(n - 3)(n - 4)(n - 5) 
So (~)means 6! 

Therefore we can write the expansion of (a+ b)n as 

n- Ib+ ( n) an - 2b2 + ( n) an -3b3 + ( n) an - 4b4 + ... + bn (a + b)n = an + na 2 . 3 4 

Notice that 

1 the expansion of (a + b)n is a finite series with n + 1 terms, 

n(n - l)(n - 2) ·· · (n - r + 1) has r factors in the numerator, 
2 the coefficient of b', i.e. r! , 

t · · b2 I·s the third term the term in b3 is the fourth term, and so on, 3 the term con ammg , . r n-r 

. t · 1 · e the coefficient of an- 'b' is equal to the coefficient of a b 4 the coefficients are symme nca , 1. . 

(you can see this in Pascal's Triangle). . 

To expand (1 + x)IO in ascending (i.e. going up) powers of x as far as the term in :x! we replace n with 

10, a with 1 and b with x to give 

10 X 9 8 2 10 X 9 X 8 (1)7 x3 + + x10
1 

(1 + x) 10 = 1(1)1° + 10(1)9 
X+ 2XT (1) X + 3 X 2 X 1 ... 

= 1 + I Ox+ 45x2 + 120x3 + · · · + X
10 

To expand (1 + x)IO in descending (i.e. going dow~) powers of~ as far a.s the term in x3, first write 

(1 + x)IO as (x + 1)10. Then replace n with 10, a with x and b with 1 to give 

10 X 9 )8 (l)2 10 X 9 X 8 (x)7 (1)3 + (1 + x)IO = (x + l)lo = l(x)l 0 + 10(x)9 (1) + 2XT (x + 3 x 2 x 1 ··· 

= xw + 10x9 + 45x8 + 120x7 + ... + 1 

The worked examples show how other expressions can be expanded. 

Examples 11 d 

1 Write down the first three terms in the expansion in ascending powers of x of 

(a) 1--( 
x)IO 
2 

(b) (3- 2x)8 

(a) Use (a + b)" and replace a with 1, b with -1 and n wi th 10. 

( 1- ~t = po + (10)(1)9 ( -~) + 12o: 19 (1)8 ( -~r + ... 

= 1 - 5x + ~x2 + ... 

(b) Use (a + b)" and rep lace a with 3, b with - 2x and n with 8. 

(3- 2x)8 = 38 + 8(3)1( -2x) + 8 ~ 7 (3)6( -2x)2 + ... 

= 38- 16(37)x + 112(36)x2 + ... 

Sequences and series 109 

2 Find the fourth term in the expansion of (a- 2b)20 as a series in ascending powers of b. 

The fourth term in the expansion of (a + b)" is ( ~ ) a " - 3b3 so replace b with - 2b and n with 20. 

The fourth term is (
2

0) a 17
( - 2b)3 = 20 X 19 X 18 a 17( -8b3) = -9120a17b3 

3 3X2Xl 

3 Write down the first three terms in the binomial expansion of 

(1 - 2x)(l + ~X ro 

( 1 ) 10 ( 1 ) (1 0) (9) ( 1 ) 2 1 + z-X = 1 + (10) z-X + 
2
! z-X + ... 

The third term in the binomial expansion is 

the term containing x 2
, so start by expanding 

( 1 + tx)
10 

as far as the term in x 2 

=1+5x+~ 5 x 2 + ... 

(1 - 2x) ( 1 + ~xt = (1 - 2x) ( 1 + 5x + ~ x2 + ... ) 

= 1 + 5x + ~ 5 x2 + ... -2x- 10x2 + ... 
We do not write down the 

product of - 2x and ~x2, as 

terms in x3 are not required. 
= 1 + 3x + fx2 + .. . 

Exercise 11 d 

I Write down the first four terms in ascending 

power of x of t,he binomial expansion of 

(a) (1 + 3x) 12 

(b) (1 - 2x)9 

(c) (2+x) 10 

(d) (1-§t 

(e) (2- 2:r 
eo (~ + 2xr 

2 Write down the term indicated in the binomial 

expansion of each of the following .functions. ,. 
(a) (1 - 4x) 7

, third term 

(b) ,( 1 - ~t· second term 

(c) (2- x) 15
, 12th term 

(d) (p- 2q) 10, fifth term 

(e) (3a + 2b) 8 ,' ~ econd term 

CO (1 - 2x) 12, the term in x4 

(g) ( 2 + ~) 
9

, the term in x5 

(h) (a+ b)8
, the term in a3 

I 

! 
(I 

' 
\ 

3 Write down the binomial expansion of each 

function as a series of ascending powers of x 

as far as, and including, the term in x2 

(a) (1 + x)(l - x)9 (b) (1 - x)(l + 2x) 10 
• I 

(c) (2+i)(l-~t (d) o ,:, x)2(1-5x)14 

4 Find the first three terms and the last term 
in the expansion of (1 + 2x)9 

5 Find the coefficient of x2 in the expansion 

of (x + ~r 

6 The coefficient of x2 in the expansion of ~ 
(1 + 2x2)(a + x) 10 is 47. Find the value of a 

given that it is positive. , ; 

-11 

7- The coefficients of b2 and b3 in the expansion 

of (a + b)6 are equal. Find the value of a. 

I 

8 Find the first three terms in the expansion of 

(1 + b)
5

. Use the substitution x = I + b, to 

find the coefficient of b2 in the expansion of 
(1 + b- 2b2)5 

9 There is no term in x in the expansion of 

(1 - x)(l - cx) 10
• Find the value of c. 

10 Find the coefficient of x4 in the expansion of 
(1 + x2) (I + 2x2) 10 
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12
. 
Integration 

After studying this chapter you should be able to 

• understand integration as the reverse process of differentiation, and integrate (ax + b)n (for any 

rational n except - 1), together with constant multiples, sums and differences 

• solve problems involving the evaluation of a constant of integration 

• evaluate definite integrals (including simple cases of 'improper' integrals) 

• use definite integration to find: the area of a region bounded by a curve and lines parallel to the axes, 

or between two curves; a volume of revolution about one of the axes. 

DIFFERENTIATION REVERSED 

When x2 is differentiated with respect to x the derivative is 2x. 

So if the derivative of an unknown function is 2x then the unknown function could be x 2
. 

This process of finding a function from its derivative, which reverses the operation of differentiating, 

is called integration. 

The constant of integration 

As seen above, 2x is the derivative of x 2, but it is also the derivative of x 2 + 3, x 2 
- 9 and, in fact, the 

derivative of x 2 + K, where K is any constant. 

Therefore the result of integrating 2x, which is called the integral of 2x, is not a unique function but is 

of the form 

x 2 + K where K is any constant 

K is called the constant of integration. 

This is written j2x dx = x 2 + K 

where J. .. dx means 'the integral of ... with respect to x'. 

Integrating any function reverses the process of differentiating, so for any function f(x) we have 

J !t(x) dx = f(x) + K 

For example, because differentiating x1 with respect to x gives 3x2 we have J3x
2 

dx = x
3 + K 

and it follows that Jx2 dx = ±x3 + K 

It is not necessary to write } Kin the second fo rm, as K represents any constant in either express ion. 

In general, the derivative of xn + I is (n + 1)xn so fxn dx = n ~ 1 xn + I + K 

so to integrate a power of x, increase that power by 1 and divide by the new power. 

This rule can be used to integrate any power of x except -1. 

Integration 111 

Integrating a sum or difference of functions 

We know that a function can be differentiated term b · . 
differentiation, integration also can be done term by ~e:%~· Therefore, as mtegratwn reverses 

Examples 12a 

1 Find the integral of 1 + x7 + l_ - rx 
x2 

j( 1 + X 7 + ; 2 - IX) dx = j( 1 + x 7 + x- 2 - xf) dx 

= j1 dx + Jx
7 

dx + jx- 2 dx- Jxt dx 

= x + lxs + - 1-x- 1 - lxt + K 
8 -1 3 

2 

= x + lxs -l- ~xt + K 
8 X 3 

2 Find Jr - x dx 
rx 

J x
2

~ x dx = !(:; -) ) dx = J xt dx - J xf dx 

2 §. 2 l 
, = sx'- 3x' + K 

Integrating (ax + b)n 

Look at the function_f(x) = (2x + 3)4 

To differentiate f(x) ~e mak:e a substitution 

i.e. 

giving 

Hence 

u = 2x + 3 f( =? x) = u4 

d 
dx (2x + 3)4 = (4)(2)(2x + 3)3 

J(4)(2)(2x + 3)3 dr·= (2x + 3i +· K 

f(2x + 3)3 dx = -
1- (2x + 3)4 + K 

(2)(4) 

Therefore f(x) = (ax + b)n : 1 gives the general result ~ 

0 I 

dividing by (2)(4) 

f(ax + b)" dx = 1 
(qx + b)"+ 1 + K 

(a~ (n + 1) 

\ 

I 

' • 
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Exercise 12a 

te with respect to x 

(2 - 3x)(l + 5x) I6 1 + x Integra 
1 I5 rx 2 

x5 I :x5 
1 - 2x 1 +x + Xl 

I7 I8 4 x-3 
~ rx 3 'rx 

20 x(l + x)(l - x) 1 

I9 (1 - x)2 6 x-2 
5 5 

1- rx 22 (x + 3)- 2 x' 2I -;z-8 
~ 7 xi 

1 

(1 + 3x)5 23 (1 + x)' 24 
1 + x2 IO x + x2 

9 

26 (3x + 5)3 
I2 1 + _!_ 25 (2 - 5x)4 

11 2x - IX x2 

13 
x2 + 1 

X2 
I4 x(l + x) 

1 

27 (2x- 9)- 2 28 J(4x + 1) 

. in the constant of integration . 

F.nd g - x2 + K which is not the equation of a particular curve. 
dy == zx we know that Y - ' 

When dx , d t know the coordinates of a point on the curve. 
ation of the curve we nee o 

To find the equ 

E mple 12b . 
xa . h dy = 3 + zx and (1, 5) is a pomt on the curve. 

ation of a curve IS such t at dx The equ 

Find the equation of the curve. 

dy == 3 + Zx y == Jc3 + 2x) dx 

dx 

y == 3x + x2 + K 

5 = 3 + 1 + K 
(1, 5) is on the curve so 

y == 3x + x2 +1 

Exercise 12b 

t·on of a curve is such that 
I The equa I 

dy = 3x- 4Xl 
dx 

and the curve passes through (1, 2). 

Find the equation of the curve. 

t·on of a curve is such that 
2 The equa I 

dy = 2 + 3/X 
dx 

and the curve passes through (4, - 1). 

Find the equation of the curve. 

t o n of a curve is such that 
3 The equa 10 

dy - 1 + ]_ 
dx - x2 

K = 1 

and the curve passes through (3, - 1). 

Find the equation of the curve. 

4 The equation of a curve is ,s·\!,ch that 

dy = 2x(l + 3x) 
dx 

and the curve passes through (1, 8). 

Find the equation of the curve. 

5 The equation of a curve is such that 

dy = (2- 3x)3 

dx ,.. 

and the point (2, 10) lies on the curve. 

Find the equation of the curve. 

Integration 113 

USING INTEGRATION TO FIND AN AREA 

The area shown in the diagram is bounded by the curve y = f(x), the x-axis and the lines x = a and x = b 

y 
y = f(x) 

0 

x=a 

This area can be estimated by dividing the area into thin vertical strips and treating each strip, or 
element, as being approximately rectangular. 

y 
y 

X 
X 

The sum of the areas of the rectangular strips then gives an approximate value for the area. 
The thinner the strips are, the better the approximation is. 

Every strip has one end, on the x-axis, one end on th.e curve and two vertical sides, so all the strips 
have the same type of boundaries. We call these strips ele111ents. 

Look at an element bounded on the left by the vertical line through y 
• j any point P(x, y) on the curve, then ·. 

the width of the element represents a small increase in 

the value of x and so can be called Sx. 

Also, if A representsJ he part of the area up to the vertical line 
through P, then 

the area of the element represents a small increase in the 

value of A and so can be called oA. 

The element is approximately a rectangle of height y and width ox. 

Therefore, for any element .M=yi>x · .. 
I 

The equation . OA = y ox can be written as ~A = y 
, uX 

' 
This becomes more accurate as ox gets smaller, giving lim ~A = y 

<, 8x~ O uX 

But lim OA is dA so dA = y 
.sx ~ o ox dx dx 

•7 I 

A= Jydx 
<I Hence I 

\ 

Ox = a 

A 

The boundary values of x defining the total area are x = a and x = b and we show this by writing 

total area = t y dx 

I < 
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DEFINITE INTEGRATION 

The area bounded by the x-axis, the lines x = a and x = band the 

curve y = 3x2 is given by A = J 3x2 dx, i.e. A = Xl + K 

From this area function we can find the value of A corresponding 

to a particular value of x. 

Hence 

and 

usingx =a 

usingx = b 

gives 

gives 

Aa = a3 + K 

Ab= b3 + K 

Then the area between x = a and x = b is given by Ab - Aa where 

Ab - Aa = (b3 + K) - (a3 + K) = b3 - a3 

Ab - Aa is called the definite integral from a to b of 3x2 and is denoted by 

Lb3x 2 dx, i.e. Lb3x 2 dx = (x3)x =b- (x3)x =a 

y 

x=a 
x = b 

The right-hand side of this equation is usually written in the form [ x 3 ]~ where a and bare called the 

boundary values or limits of integration; b is the upper limit and a is the lower limit. 

Lby dx is called the definite integral from a to b of y with respect to x. 

Whenever a definite integral is calculated, the constant of integration disappears. 

A definite integral can be found in this way only if the function to be integrated is defined for every 

value of x from a to b, for example 

J 
1 -4 dx cannot be found directly as ~ is undefined when x = 0 

- l X X 

Example 12c 

1
4 1 

Evaluate 
1 

x2 dx 

J
4

l_ dx = j\-z dx 
1 x2 1 

= [ - x - 1 ] ~ = { - 4 - l} - { - 1 - 1 } = - { + 1 = % 

Exercise 12c 

Evaluate each of the following definite integrals. 

1 J
0

2

Xldx 2 J
1

2

&5dx 7 J_ol (1 - x)2 dx 8 J2
3x+ldx 

1 /X 

3 J
2 

4 

(x2 + 4) dx 4 J
4 

9 

.fX dx 9 J_
0

1 
(2 + 3x)2 dx 10 J~

1 

(3- 2x)
3 

dx ,.. 

5 J
0

3 
(x2 + 2x- 1) dx 6 J

0

2 
(Xl- 3x) dx 

Integration 115 

FINDING AREA BY DEFINITE INTEGRATION 

The area bounded by a curve y = f(x) th r -
definite integral , e mes x - a, x = b, and the x-axis, can be found from the 

tf(x) dx 

Example 12d 

Find the area of the shaded region shown in the diagram. 

The required area s tarts at they-axis, i.e. at x = 0 and ends where the 
curve crosses the x-axis, i.e. where x = 1 y 

Area = f (1 - x
2
) dx = [ x - r t = ( 1 _ -k) _ (0 _ O) = ~ 

The area is~ of a square unit. 

Exercise 12d 

In each question find' the area with the given 
boundaries. 

1 The x-axis, the curve y = x2 + 3 and the lines 
x = 1,x = 2 

- 2 

y 

10 

8 

0 
2 4 X · 

.-<- . ' l ~ 

2 The curve y = /X, the x-axis and the lines 
X= 4, X= 9 

y 

4 •' 

-2 0 
2 4 10 X 6 8 

X 

3 The x-axis, the lines x = -1, x = 1, and the 
curvex2 + 1. 

~ ' 

- 2 0 

"' 4 The curve y = x2 + x, the x-axis ;nd the line 
x=3 

y 

4 X 
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5 The positive x- and y-axes and the curve 

y=4-x2 

-4 

y 

6 

4 
X 

6 The lines x = 2, x = 4, the x-axis and the curve 

y = .x3 

X 

The meaning of a negative result 

7 The curve y = 4 - x2, the positive y-axis and 

the negative x-axis. 

y 

X 

8 The x-axis, the lines x = 1 and x = 2, and the 

curve y = t.il + 2x 

y 

8 

6 

2 
X 

9 The x-axis and the lines x = 1, x = 5 and 

y = 2x. Check the result by sketching the 

required area and finding it by calculating the 

area of a trapezium. 

Look at the area bounded by y = 4.x3, the x-axis and the lines 

(b) The area of B is 

I 
1

y dx= I -1 

4.x3 dx 
- 2 - 2 

= [ x4J=~ 

= 1- 16 

= -15 

(a) x = 1 and x = 2 (b) x = -2 and x = - 1 

This curve is symmetrical about the origin so the two shaded areas are equal. 

y 

(a) The area of A is 

112 y dx = 112 4.x3 dx 

= [x4]~= 16-1 = 15 

y 

Ox 
0 X 

This integral has a negative value because, 

from -1 to -2, the value of y that gives 

the length of the strip is negative. An area 

cannot be negative so t~ minus sign just 

means that the area is below the x-axis. 

The actual area is 15 square units. 

Integration 117 

Example 12e 

Find the area enclosed between the curve y = x(x - 1 )(x - 2) and the x-axis. 

The curve crosses the x-axis at x = 0, x = I and x = 2. The area enclosed between the curve and the x-axis is the 
sum of the a reas A and B. 

y 

The area of A is fy dx = { (.x3 - 3x2 + 2x) dx 

= [x4 - .x3 + x2]1 = .!. 
4 0 4 

The area of B is {y dx = f (x3 - 3x2 + 2x) dx 

= [ ~ - x
3 + x 2J: = (4- 8 + 4) - (±- 1 + 1) = -± 

The negative sign means that the area of B is below the x-axis . The actual area of B is .!. of a square unit 
4 0 

The total area is(±+±) square unit=~ square unit 

Exercise 12e • I 

•• I Find the area below the x-axis and abov~ the 
curvey = x2 - 1 

(b) the area below the x-axis and above the 

2 Find the area bounded by the curve y = 1 - .x3, 

the x-axis and tqe lines x = 2 and x = 3 

3 Find the area between the x and y axes and 
the curve y = (1 - x)2 

4 Sketch the curve y = x(X2 - 1), showin'g t 
where it crosses the x-axis. 

Find , 

(a) 
,• 

the area enclosed above the x-axis and 
below the curve 

I 
I 

l 

'· 

curve 

(c) the total area between the curve and the 
x-axis. 

5 Repeat question 4 for the curve y = x( 4 - ~ 

6 Find ' 

' ,; 
(a) f (x- 2) dx (b) f (x- 2) dx 

Cc) t (x - •2) dx 

Interpret your results with a sketch. 

\ 

Finding the area between a curve. and they-axis 

The area between a curve and they-axis can be found by subtracting the area between a curve and 

the x-axis from the area of a rectangle. The next worked example shows how to do this. 
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Examples 12f 

I Find the area enclosed by the curve y = x3 + 1, they-axis and the line y = 9 

y = x3 + 1 and y = 9 intersect where 9 = x3 + 1, i.e. where x = 2 

y 

10 A 

8 
B 

6 

4 

2 

c 
0 2 

Area between the curve, the x-axis, x = 0 and x = 2 is 

fo2 (x3 + 1) dx 

and the area of rectangle OABC is 18. 

Therefore the shaded area is 

18 - fo2(x3+ 1)dx = 18 - [ ~ +x]: 

= 18- 6 = 12 

Finding compound areas 

X 

Compound areas can also be found by subtracting one area from another. 

Examples 12f cont. 

2 Find the area between the curve y = x2 and the line y = 3x as shown in the diagram. 

y 

Integration 119 

The line and curve meet where x2 = 3x, i.e. where x = 0 and x = 3 

Area between the curve, the x-axis, x = 0 and x = 3 is fx2 dx 

and the area between the line, the x-axis, x = 0 and y = 3 is f 3x dx 

the shaded area is f3x dx- fr dx = f (3x- x2) dx 

= [lr - -'-r] 3 = 27 
- 9 = 4-'-

2 3 0 2 2 

3 Find the area between the curve y = x3 and y = 4x - 3x2 
shown in the diagram. 

The curves meet where r=4x-3x2 

r+3x2-4x=O 

x(x2 + 3x - 4) = 0 

X= 0 Or X= 1 Or X= -4 

- 1 

The diagram shows the area between the curves from x = 0 to x = 1 

The area between y = Xl, the x-axis and the line x = 1 is . x3 dx · · • , 1
1 • I . 

. 0 , . 

and the area between y = 4x - 3x2, the x-axis and the line x = 1 is f ( 4x - 3x2) dx. 

The require<;! area is 

r
1

(4X- 3x2) dx- fl_x3 dx = f\4x- 3x2 - r) dx = [2x2 - _x3 - -'-_x-4] I = 1_ 
Jo Jo Jo 4 04 

Exercise 12f 
• I ~ 

I Find the shaded area in the diagram that is 

enclosed by the cur.ve y = x(2 - x), they-axis 
and the line y = 1 

,• 
y 

I 
I 

3 X 

I 

\ 

;#I 

2 Calculate the area bounded by the curve 

y.= rx, they-axis and the line y = 3 

y 

4 

2 

2 4 6 8 10 X 

X 

I 
; 
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3 Find the area bounded by 

(a) the x-axis, the line x = 2 and the curve 

y = .x2 

y 

X 

(b) they-axis, the line y = 4 and the curve 

y = .x2 

4 A region in the .xy-plane is bounded by the 

x-axis, the y-axit, the lines y = 1 and x = 2 and 

the curve y = .x2 

Find its area. 

y 

2 

2 X 

5 Find the area between the curves Y = 1 - X
2 

andy = 1 - x 

y 

6 Calculate the area in the first quadrant between 

the curve y2 = x and the lines x = 9, Y = 0 

y 

5 

4 

3 

2 

4 6 8 10 X 

7 Find the area between the x-axis, x = -1 and 

the curve y = (1 - x)t 

y 

3 

2 

- 1 2 X 

- 1 

8 Evaluate the area between the line Y = x - 1 

and the curve 

(a) y = x(l - x) 

y 

X 

(b) y = (2x + 1)(x- 1) 

- 2 X 

- 3 ,. 

- 4 

Integration 121 

9 Calculate the area of the region of the .xy-plane 

between the curves y = (x + 1)(x - 2) and y = x 
10 Calculate the area between the curves y = .x2 

andy = x(2 - x) 

y 

4 X 

-3 

Improper integrals 

In this diagram the shaded area is bounded by the curve y = f(x) , 

the x-axis and the two lines x = a and x = b. Both vertical lines 

intersect the curve, so the area is clearly defined and can be 

evaluated using tf(x) dx. 

But the area may not always be so clear. 

For example, the area bounded by the curve y = -4, the x-axis and 
X 

the line x = 1. In this case a = 1 and, as the x-axis is an asymptote 

to the curve, b is infinitely large and therefore indeterminate. 

We cannot be sure what happens to the area as x --> 09, so we will 
first take a large, finite value for b, b = X say. 

Finding this area gives 

lx 1 _ [ - 1 ]x -dx--
I _x2 X I 

Now as X appioaches :infinity, *approaches 0. 

Therefore the value of the area converges to 1, and we say that 

l
oo 1 

1 
.x2 dx is convergent and equal to 1. 

Now consider the area b ~ · unded by the ' s ~ me curvey =~ ,the 
y-axis and the line~ = 1 

This time they-axis is- an asymptote, and we an'j not su;e what 

happens to the area as x --> 0, so we take a ver/ small value 
for a, a = Z say. 

Integrating as befo r~ gives I 

1
1

_!_dx= [-=-!.] 1 
=;. -1 +..!. 

zx2 x z Z 

\ 

"I 

y 

0 

y 

0 

y 

oz 

a 

Y = .l. 
x' 

X 

b 

·~ l 
I. I 

As Z --> 0, ~ --> oo, so the value of the area becomes infinitely large, so f) dx is indeterminate. 

y = f(x) 

X 

X 

X 
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Each of these cases is an example of an improper integral and 

they show that some, but not all, improper integrals can be 

found. Any definite integral that has one of its limits at a value 

of x where there is an asymptote, is an improper integral, 

whether or not the limit is zero or infinity. 

An example of this type is J_1

1
(x ~ \y dx. 

Exercise 12g 

Find the value, if it exists , of each of the 

following integrals. 

1 J oo _!_dx 
tx' 

3 f
2 

_!_dx 
Jo IX 

2 f
1

_!_dx 
Jo x3 

5 J
4 

1 
dx 

1 (1 - x2
) 

VOLUME OF REVOLUTION 

When an area is rotated about a straight 

line, the three-dimensional object formed 

is called a solid of revolution, and its 

volume is a volume of revolution. 

-

y 

The line about which rotation takes place is always an axis of symmetry for the solid of revolution. 

Also, any cross-section of the solid that is perpendicular to the axis of rotation is circular. 

Look at the solid of revolution formed when the shaded area is rotated about the x-axis. 

y 

X 

To calculate the volume of this solid we can divide it into 'slices' by 

making cuts perpendicular to the axis of rotation. 

If the cuts are close together, each slice is approximately a cylinder. 
,. 

Integration 123 

Think about an element formed by one cut 

through the point P(x, y) and the other cut 
distant ox from the first. 

The volume, oV, of this element is approximately 
that of a cylinder of radius y and 'height' ox, 

i.e. 

giving 

Therefore 

ov = 77}'
2 ox 

dV 2 
dx = 77}' 

V= J77}'2 dx 

When the equation of the rotated curve is y = f(x) , this integral can be evaluated. For example when 

y = x 2
, V= J7T(x2)2dx 

When the area is rotated about they-axis, we can use a similar method based on slices perpendicular 

to they-axis, giving V = J 7TX2 dy 

Examples 12h 

1 Find the volume generated when the area between y = x2 the line x = 2 and th · · 
rotated about the x-axis. ' e x-axts ts 

We are integrating with respect to x so the limits of the integral are 
the limits of'x, i.e. x = 0 and x = 2 · 

y 

4 

.. ' 
V = f7Ty 2dx = f7Tx4dx 

'· 
= [k7Tx5J: = 3 ~7T = 20.1 (3s.t.) 2 

Theref~re the volume generated is 20.1 cubic units. 

0 
2 3 X 

2 Thhe are~ de~ned by the inequalities·y ;. x2 + 1, x ;. 0, y ~ 2 is rotated completely ab0ut 
t e y-axis. Fmd tlile volume of tbe.solid generated 

I . 

y 

•' 

I 
I 

\ 

0 0 X 
X 

Rotating the shaded area about they-axis gives the solid shown. This time we use horizontal cuts to form 
approximate cylinders with radius x and thickness oy. 
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We cannot integrate x:2 with respect toy so we need to 

express x:2 in terms of y . 

Using the equation of the curve, y = :x? + 1 gives x2 = y - 1 

V= 1T I 2 

(y- 1) dy = 1T [ ~ y2 - y ]~ 

= 1T [ (2 - 2) - ( ~ - 1) l = ~1T 

The volume of the solid is ~7T cubic units. 

3 Find the volume generated when the area between the 

curve y2 = x and the line y =xis rotated completely 

about the x-axis. 

The defined area is shown in the diagram. 

oy 

y 

When this area rotates about Ox, the solid generated is bowl-shaped on the outside, with a conical hole inside. 

The cross-section this time is not a simple circle but is an annulus, i.e. the area between two concentric circles. 

For a typical element the area of cross-section is 

11}'12 _ 11}'22 

Therefore the volume of an element is given by 

oV "" 7T{ YI2 - Y22} ox 

dV = 1r(y
1
2 _ y22) 

dx 

V= 1T foi(yi2- Y22) dx 

Yz 

YI = rx and Y2 = X 

V= 1T J
0

1

(x- xZ) dx = 1r[ ~x 2 - ±x 3 ]~ = t7T 

The volume generated is t 1T cubic units. 

y 

The volume in Example 3 can also be found by calculating separately 

(1) the volume given when the curve y2 = x rotates about the x-axis; 

(2) the volume of a cone with base radius 1 and height 1 and subtracting it from (1). 

The method in which an annulus element is used, however, applies whateve ~ the shape 

of the hollow interior. 

X 

X 

Exercise 12h 

In each of the following questions, find the 

volume generated when the area shown by the 

following diagrams is rotated completely about 

the x-axis. 

2 

I y 

y 

2 

0 ' 2 X 

3 

X 

..,. 
4 y 

X 

\ 

I 
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In each of the following questions , the area 

bounded by the curve and line(s) given is 

rotated about they-axis to form a solid. Find the 

volume generated. 

5 y = x2,y = 4 

6 y = 4 - x2, y = 0 

7 y = x3, y = 1, y = 2, for x ~ 0 

8 Find the volume generated when the area 

enclosed between y = rx and x = 1 is rotated 

about the x-axis . 

9 (a) The area enclosed between the line 

y = x2 and the line y = 2x is rotated 

about the x-axis. 

Find the volume generated. 

y 

•• 
X 

(b) Find the volume generated when the area 

given in (a) is rotated about they-axis. 

'"" ' 
i 
I 
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Mixed exercise 12 

Integrate with respect to x 

3 v'X+ Jx 

Evaluate 

6 J
3

6

(6 - x)2 dx 

4 x' - 1 
:>(2 

7 J32('i.x - _1_) dx 
l Tx 

Find the areas specified in questions 8 to 10. 

8 Bounded by the x- and y-axes and the curve 

y = 1 - x' 

y 

X 

9 Bounded by the curve y = (x + 4) ~ and the 

x- and y-axes. 

y 

- 4 - 2 X 

10 The area between the curve 

y = (x - 1)(x - 2) + 1 and the line 

2y = X + 1 

y 

X 

11 Find the volume generated when the area 

defined in question 8 is rotated about the 

x-axis . 

12 (a) Find the volume generated when the 

area defined in question 9 is rotated 

about the x-axis. 

(b) Find the volume generated when the 

area defined in question 9 is rotated 

about they-axis. 

I J
oo 1 dx 

13 Eva uate 
1 

(1 + x)2 · 

13 Vectors 

After studying this chapter you should be able to 

• use standard notations for vectors, i.e. (~).xi + Y.i, (t)· xi + Y.i + zk, AB, a 

• carry out addition and subtraction of vectors and multiplication of a vector by a scalar, and interpret 
these operations in geometrical terms 

• use unit vectors, displacement vectors and position vectors 

• calculate the magnitude of a vector and the scalar product of two vectors 

• use the scalar product to determine the angle between two directions and to solve problems 
concerning perpendicularity of vectors. 

VECTORS 

A vector is a quantity which has both magnitude and a specific direction in space. 

A scalar quantity is one that is fully defined by magnitude alone. Length, for example, is a scalar 

quantity, as the length of a piece of string does not depend on its direction when it is measured. 

A vector can be represented by a straight line segment where the length of the line represents the 
magnitude and the direction of the line represents the direction of the vector. 

--> 

The vector can be denoted by AB, where A and B are the end points of the line ~d the arrow shows 

the direction, i.e. from A to B. A vector in the opposite direction is denoted by BA. The vector can also 
be denoted by, for example, a . 

B 

/ 
B B 

· ~~ 
A . A A 

PROPERTIES.OF VECTORS 

The modulus of a vector 

The modulus of a vector a is its magnitude and is written Ja J or a i.e. Ja J is the length of the line 
representing a. 

Equal vectors .. ..:· 
'i , 

Two vectors with the same magnitude· and the same direction are equal. 

i.e. ' . 
a = b {:} {JaJ = JbJ and · . , 

the directiorl:; of a and b are the same. 
•' 

It follows that a vector can be represented by 

aay line of the right length and direction, 

r ~ ardless of position, i. e ~ each of the lines 

in the diagram opposite represents the vector a. 

.,. 
I 

' ; • 

Downloaded by thomas donnay (kunal.ucluhsoc@gmail.com)

lOMoARcPSD|25403484

https://www.studocu.com/en-gb?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=nelson-mathematics-pure-maths-1-rs


128 Nelson Mathematics for Cambridge A Level 

Negative vectors 

If two vectors, a and b, have the same magnitude but opposite directions then 

b =-a 

i.e. - a is a vector of magnitude la l and in the direction opposite to that of a. 

a and bare called equal and opposite vectors . 

Multiplication of a vector by a scalar 

If A. is a positive real number, then A.a is a vector in the same direction as a and of magnitude A- I a l. 

It follows that -A.a is a vector in the opposite direction, with magnitude A. la l. 

Addition of vectors 

If the sides AB and BC of a triangle ABC represent the vectors p and q then 

the third side AC represents the vector sum, or resultant, of p and q , which 

is denoted by p + q. 

Note that p and q follow each other round the triangle (in this case in the 

clockwise sense) , whereas the resultant, p + q, goes the opposite way 

round (anticlockwise in the diagram). 

The order in which the addition is performed does not matter, as we can 

see from a parallelogram ABCD. 

B..-----ib~-- --7 B 

b + a 

a + b 

c 

A 

- - ----------- ---- - - '-D A'· '- --~---~D 

b 

____, ____, 

Becau~ the OE_£OSite sides of a parallelogram are equal and parallel, AB and DC both represent 

a and BC and AD both represent b. 
____, ____. 

lnMBC AC= a+ b andinMDC AC= b +a 
~/:..-

Therefore a + b = b + a 

POSITION VECTORS AND DISPLACEMENT VECTORS 

Usually a vector has no specific location in space and is called ~isplacement vector. Some vectors, 

however, are constrained to a specific position, e.g. the vector OA where 0 is a fixed origin. 
____. lr 
OA gives the position vector of A relative to 0. 

This displacement is unique and cannot be represented by any other line of equal length and direction. 

Vect~rs such _as OA, representing quantities that have a specific 

locatiOn relative to the origin, are called position vectors. 

A ~ector t~at gives the displacement of one point relative to another 
pomt that IS not the origin is called a displacement vector. 
___, 0 

A 

~B 
0 

~ gives the displacement of A from 0 so OA is the position vector of A. In this diagram. 0 is the origin. 

AB is a displacement vector as it gives the displacement of B from A . 

THE LOCATION OF A POINT IN THREE DIMENSIONS 

Any point_P in a_ plane can be located by giving its distances from 

a _fixed pomt 0, m each of two perpendicular directions. These 
distances are the Cartesian coordinates of the point. 

To locate a point in three dimensions we start from a fixed point 

?· Any other point can be located by giving its distances from 0 ' 

m each of t~ree mutually perpendicular directions , i.e. we need 

three coordmates to locate a point in 3-D. So we use the familiar 

x- and_y-axes, together with a third axis Oz. Then any point has 
coordmates (x, y, z) relative to the origin 0. 

Cartesian unit vectors 

A unit vector is a vector whose magnitude is one unit. 

Now when 

i is a unit vector in the direction of Ox 

j is a unit vector in.the direction of Oy 

k is a unit vector in the direCtion of Oz 

z 

~hen the po:i~ion vector, relative to 0 , of any point p can be give ~ I 

m terms of 1, J and k, · '-· 

e.g. the point distant 

3 units from 0 io the direction of Ox 

4 units from 0 in the dfrection of Oy 

5 units from 0 in t~e direction of Oz 

has coordinates (3, 4, 5) and GP = 3i + 4j + 5k 

This can also be written as GP = (~) : 

,<· 5 . ' 

When Pis any point (x, y, z) and GP= r 

then r = xi + Y.i + zk 

r = (~) 
•' 

or 

and r is the position xector of P. 

} 

~ . 
Displacement vecto~s can be given in the sa ~ e way. . 

For example, the vector 3i + 4j + 5k can represe ~ t the p ·t· 
vector of th · P(3 OSI IOn 

e pomt ' 4, 5) but it can equally well r~resent 
any vector of length and direction equal to those of OP. 

z 

z 

(0, 0, I) 

P(3, 4, 5) i 

' 
' 

-------- .J.-

y 

' 

Unless a vector is specified as a position vector it is taken to be a displacement vector. 

y 

(0, I , 0) 

i ( 1, 0, 0) 

I' 

' ' ' ,' ' 

,'P(x, y, z) i 
' ' 

X 

X 

X 
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OPERATIONS ON CARTESIAN VECTORS 

Addition and subtraction 

To add or subtract vectors given in i j k form, the coefficients of i, j and k are added or subtracted 

separately, 

e.g. if v 1 = 3i + 2j + 2k and v2 = i + 2j- 3k 

then v 1 + v2 = (3i + 2j + 2k) + (i + 2j - 3k) 

= (3 + 1)i + (2 + 2)j + (2 - 3)k 

= 4i + 4j- k 

and V 1 - V2 = (3 - 1)i + (2 - 2)j + (2 - { -3})k 

= 2i + Sk 

Modulus 

The modulus of v, where v = 12i - 3j + 4k, is the length of OP where Pis the point (12, -3, 4). 

Using Pythagoras twice we have 

OB2 = OA2 + AB2 = 122 + 42 

Qp2 = OB2 + Bp2 = (122 + 42) + ( -3)2 

For any vector v = ai + bj + ck 

lvl = Ja2 + b2 + c2 

Parallel vectors 

Two vectors v 1 and v2 are parallel if v 1 = A.v2 

e.g. 

and 

2i - 3j - k is parallel to 4i - 6j - 2k 

i + j + k is parallel to -3i - 3j - 3k 

Equal vectors 

(A.= 2) 

(A.= -3) 

z 

y 

When two vectors v 1 = a1i + bJ + c1k and v2 = a2i + bzi + c2k are equal then 

a 1 = a2 and b1 = b2 and c1 = c2 

Examples 13a 
.. 

X 

1 Given the vector v where v = Si - 2j + 4k, state whether each of the following vectors is 

parallel to v, equal to v or neither. 

(a) lOi - 4j + 8k 

(b) -~(-10i + 4j- 8k) 

(c) -Si+ 2j- 4k 

(d) 4i - 2j + Sk 

(a) lOi - 4j + 8k = 2(Si - 2j + 4k) 

lOi - 4j + 8k is parallel to v. 

(b) -~(-lOi + 4j- 8k) =Si- 2j + 4k 

(A.= 2) 

- ~( - lOi + 4j- 8k) is equal to v. 

(c) -Si + 2j- 4k = -(Si- 2j + 4k) (A. = -1) 

- Si + 2j - 4k is parallel to v. 

(d) 4i - 2j +Skis not a multiple of Si- 2j + 4k. 

4i - 2j + Sk is not equal or parallel to v. 

Vectors 131 

2 A triangle ABC has its vertices at the points A(2, -1, 4), B(3, -2, S) and C( -1, 6, 2). 

Find, in the form ai + bj + ck, the vectors AB, BC and CA and hence find the perimeter of 
the triangle. 

Hence 

AB=AO+OB 
AB=OB-C5A 

= (3i - 2j + Sk) - (2i - j + 4k) 

=i-j+k 

oc=oe-OB 
= ( -i + 6j + 2k) - (3i- 2j + Sk) 

= - 4i + 8j- 3k 

CA= OA- QC 

= (2i - j + 4k) - c -i + 6j + 2k) 

= 3i - 7J + 2k 

AB= IABI = / (1)2 + (-1)2 + (1)2 = 13 

BC= IBq = / C-4)2 + (8)"\ + (-3)2 = 189 

~A = ICAI = / (3)2 + C- 7)2 + (2)2 = 162 

The perimeter = /3 + 189 + 162 = 19.0 units (3s.f.) 

C(- 1, 6, 2) 

0 

The coordinate axes are not drawn in this 

diagram as they complicate the diagram 

when two or more points are illustrated. 

The origin should a lways be included, 

however, as it provides a reference point. 

AB is '~ lockwise ' , AO and OB are 
'anticlockwise'. . ' 

'· .. , 

Two-dimensi?nal problems can be solved by using the same principles as for three-dimensional cas t:1s 
but the workmg tends to be easier because it involves fewer terms. I 

Examples 13a con( . I f 

3 Given that p = i .+ 3j, q = 4i - 2j, OA =;o 2p and OB ;;= 3q, find 

(a) IOAI ,• '· ' 
A 

(b) lOBI 

0 

I 

B 
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(a) lOA! = 2/i + 3j / = 2/1 2 + 32 = 2110 = 6.32 units (3 s.f.) 

(b) (OB! = 3/4i- 2j / = 3J42 + ( -2)2 = 6/5 = 13.4 units (3 s.f.) 

Cc) AB= Ac5 +OB= OB- 0A = 3(4i- 2j) - 2Ci +3D = lOi- 12j 

!AB!= / 102 + 122 = 2/6f = 15.6 units (3s.f.) 

Exercise 13a 

I Write down, in the form ai + bj + ck, the 

vector represented by GP when Pis a point 

with coordinates 

(a) (3, 6, 4) 

(c) (1, 0, -3) 

(b) (1, - 2, - 7) 

2 GP represents a vector r. Write down the 

coordinates of P when 

(a) r = Si - 7j + 2k 

(b) r = i + 4j 

(c) r=j - k 

3 Find the length of the line OP when Pis the 

point 

(a) (2, - 1, 4) 

(c) ( - 2, - 2, 1) 

(b) (3, 0, 4) 

4 Find the modulus of the vector V when 

(a) V= 2i - 4j + 4k 

(b) V = 6i + 2j - 3k 

(c) V = 11i - 7j - 6k 

5 If a = i + j + k, b = 2i - j + 3k, 

c = - i + 3j - k find 

(a) a+ b (b) a - c 

(c) a+ b + c (d) a- 2b + 3c 

In questions 6 to 8, OA =a = 4i- 12j and 

OB= b = i + 6j 

6 Which of the following vectors are parallel 

to a? 

(a) i + 3j 

(c) 12i - 4j 

(e) i - 3j 

(b) -i + 3j 

(d) -4i + 12j 

7 Which of the following vectors are equal 

to b? 

(a) 2i + 12j 

(b) -i - 6j 

(c) AE if E is (5, -6) 

(d) AFif Fis (6, 0) 

8 When OD = JcOA, find the value of A for 

which OD + OB is parallel to the x-axis. 

9 Which of the following vectors are parallel to 

3i- j- 2k? 

(a) 6i - 3j- 4k (b) -9i + 3j + 6k 

(c) - 3i - j - 2k (d) -2(3i + j + 2k) 

(e) 3 • I• k 2 1 - 21- CO - i + l.j + ~k 
3 3 

10 Given that a = 4i + j - 6k, state whether 

each of the following vectors is parallel or 

equal to a or neither. 

(a) Si + 2j - 10k 

(b) -4i - j + 6k 

(c) 2(2i + ti- 3k) 

11 The triangle ABC has its vertices at the 

points A( - 1, 3, 0), B( -3, 0, 7), C( - 1, 2, 3). 

Find in the form ai + bj + ck the vectors 

representing 

(a) AB (b) AC (':~ (c) CB 

12 Find the lengths of the sides of the triangles 

described in question 11. 

13 Find la - b l where a = i - j + 2k, b = 2i - j 

14 A, B, C and Dare the points (0, 0, 2), 

( -1, 3, 2), (1, 0, 4) and ( -1, 2 ~ 2) 

respectively. Find the vectors representing 

:48, BB, m, Al3. 

15 
DA--------,;C 

16 

Ef----T---'-<'F 

3cm 

OABCDEFG is a cube of side 3 cm. 0 is the 

origin and unit vectors i, j, and k are parallel 

to OA, OG and OE respectively. 

Express each of the vectors OB, OC and GF 
in terms of i, j, and k. 

F 

c 

A 

ABCDEF is a triangular prism with the 

dimensions shown in the diagram. 0 is 

the origin and the midpoint of AB. G is the 

midpoint of DE. The unit ·vectors i, j, and k 

are parallel to OB, OG and OC respectively. 

Express each of the vectors 0£, EF and f5i in 
terms of i, j, and k. 

FINDING A UNIT VECTOR 

The vector v = 6i + 2j + 3k represents GP. 

·' 

!vi is / 6
2 

+ 2
2 

+ 32
, i.e. ~pis 7 units long. J 

Vectors 133 

17 
E 

18 

B 

OABCDE is a triangular prism with the 

dimensions shown on the diagram. The unit 

vectors i, j, and k are parallel to OA, OC and 
OD respectively. 

Express each of the vectors 0£, EB and EA in 
terms of i, j, and k. 

OABCDE is a cube with a side of 6 cm. 

P and Q are the midpoints of DC and BC 

respectively. The unit vectors i, j, and k are 

parallel to OA, OG and OE respectively. 

(a) Express each of the vectors GP, 0Q 
and•PQ tp terms of i, j and k. 

(b) · Calculate the perimeter of t ~ iangl e OPQ. 

Therefore t v is a vector of unit magnitude and is denoted by v 
i.e. v=~ 

/v/ 
J 

In general a unit vector in the direction of v is given by ~ 

/v/ 
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Example 13b 

Find the vector GP given that GP is of length 5 units and is in the direction of the vector 

2i- j + 4k. 

2i - . + 4k 
The unit vector in the direction of 2i - j + 4k = J = r.!-, (2i - j + 4k) 

J 4 + 1 + 16 v21 

GP = -
5- C2i - j + 4k) 

m 

Exercise 13b 

1 Find a unit vector in the direction of each of 

the vectors . 

(a) 2i+2j - k 

(c) 3i + 4k 

(e) 3i + 4j 

(b) 6i - 2j - 3k 

(d) i + 8j + 4k 

2 Relative to an origin 0 , the position vectors of 

points A and B are OA = 3i + 2j - k and 
____, 

OB = i - j + 2k respectively. 

Find the unit vector in the direction of AB. 

THE ANGLE BETWEEN TWO VECTORS 

3 Relative to an origin 0 , the position vectors of 
~ 

points A and Bare OA = - i + 2j + k and 

OB = i - aj + k respectively. 

(a) Fin~the unit vector in the direction 

of AB in terms of a. 

(b) Find the value of a for which IABI = 2 

4 Relative to an origin 0, the position vectors of 

points A and B are OA = i + 2j + 3k and 

OB = i - 3j + bk respectively. 

Find the values of b for which IABI = 5 

There are two angles between two lines, i.e. a and 180° - a . 

The angle between two vectors , however, is defined as the angle 

between their directions when the lines representing them both 

converge or both diverge (see diagrams a and b). 

~ 
d 

(a) (b) 

___ ...._ __ 

(c) 

In some cases one of the lines may have to be extended in order to mark the cortt!ct angle 

(see diagram c). 

THE SCALAR PRODUCT 

The scalar product of two vectors a and b is denoted by a . b and defined as 

ab cos (}where (}is the angle between a and b. 

i.e. a . b = ab cos 6 

As ab cos (} = ba cos (} it follows that a . b = b . a 

Vectors 135 

Parallel vectors 

If a and b are parallel then 

either a. b = ab cos 0 or a . b = ab cos 7T 

a 
a 

b 
b {l0., a 

----..... -.r-----....L.::: ---- .. ---- -
___ ___ ._ ____ _ 

i.e. 

and 

a 

for like parallel vectors 

for unlike parallel vectors 

In the special case when a = b 

a. b =ab 

a. b =-ab 

a· b = a. a = a2 (sometimes a. a is written a2) 

For the unit vectors i , j and k, 

i.i=j.j=k.k=l 

Perpendicular vectors 

If a and b are perpendicular then (} = .!. 7T 

2 ' a . b = ab cos .!. 7T = 0 
2 

i.e. for perpendicular vectors a . b = 0 

For the unit vectors i, j and k, 

i.j=j.k=k.i=O 

CALCULATING a . b. IN CARTESIAN FORM 

When a = xti + Yd + z 1k and b = x2i + y
2
j + z

2
k 

a· b = Cxtx2 + Y1Y2 + Zt ZV 

i.e. 
(xli + ~ d + Z t ~) · (x2i + Y2j + Z2k) = X1X2 + YtY2 + z 1z 2 

• I 

So (2i - 3j + 4k). (i + 3j - 2k) = (2)(1) + ( - 3)(3) + (4)( - 2) = - 15 

Examples 13c 

·~· 

. ..,.. . ' j I 

1 Fmd the scalar product of a = 2i - ' 3j + 5k and b = i - 3i + k a d h fi d h 
between a and b . ~ n ence n t e angle 

•. 

a .-b = (2)(1) + ( - 3)( -3) + (5)(1) = 16 

But a · b = !alibi cos (} 

la! = J 4 + 9 4' 25 = J38 and lbl = J 11 + 9 + 1 = JIT 
t 

Hence cos(} = ~- 16 - 0 \ 
!alibi - JIT /3'8 - . 7825 . .. 

e = 38S (1 d.p.) 
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__, 

2 Relative to an origin 0, the position vectors of points A and B are OA = i + 2j + 3k 

and OB = i - 3j + 2k respectively. State whether angle AOB is acute, obtuse or a right

angle. 

so 

__, __, 

OA . OB = 1 - 6 + 6 = 1 

[OA[ X [OB[ X cos LAOB = 1 

1 . 
cos LAOB = __, __, which is positive. 

[OA[[OB[ 

LAOB is acute. 

3 Find the value of a for which the vectors (-nand (-~)are perpendicular. 

(-n. ( -~) = 4- a- 2 

The vectors are perpendicular when 4 - a - 2 = 0 

a=2 

Exercise 13c 

I Calculate a . b if 4 In a triangle ABC, AB = i + 2j + 3k and -
(a) a = 2i - 4j + Sk, b = i + 3j + Sk BC= - i + 4j 

(b) a = 3i - 7j + 2k, b =Si+ j- 4k Find the cosine of angle ABC. 

(c) a = 2i - 3j + 6k, b = i + j 

What conclusion can you draw in part b? 

Find the vector AC and use it to calculate the 

angle BA C. 

5 Show that i + 7j + 3k is perpendicular to both 

2 Find p . q and the cosine of the angle between i - j + 2k and 2i + j - 3k. 

p and q if 
6 Show that 13i + 23j + 7k is perpendicular to 

(a) p = 2i + 4j + k, q=i+j+k both 2i + j - 7k and 3i - 2j + k. 

(b) p = -i + 3j - 2k, q = i + j- 6k 7 The magnitudes of two y · ctors p and q are S 

(c) p = -2i + Sj, q = i + j and 4 units respectively. 

(d) p = 2i + j, q = j- 2k The angle between p and q is 30°. 

Find (a) p.q 

3 The cosine of the angle between two vectors 
(b) d 0 4 

the magnitude of the vector p - q 
v 1 an v2 IS 21 

If v 1 = 6i + 3j - 2k and v2 = -2i + A.j - 4k, 8 Calculate the acute angle b).tween the vectors 

find the positive value of A ( -1) and ( = n 

9 The diagram shows a cube where the length 
of each edge is 4 cm. 

Er------~D 

A B 

(a) Express in terms of i, j and k the 
vectors 

(i) A£ 

oo :4G 

(b) Given that His the midpoint of AB, find 

the angles of the triangle AEH. 

10 OABCDEFG is a cube where the length of 
each edge is 4 cm. 

11 

His the point where the diagonals of the 
face BCDG meet. 

(a) Express in terms of i, j and k the 
vectors 

(i)AE 

(ii) Aft 

(b), Find the angle EHA. 

In triangle OAB, 'o is the origin, 

OA = 4i - 3j + 4k and OB = i + 6j - 2k 

(a) Show thai· triangle OAB is isoscelE\5 . 
I 

(b) Find angle AOB correct to the nearest 
degree. 

(c) Hence or otherwise find the area of 
triangle OAB. 
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12 The points A, B, C have position vectors 

a = 2i + j - k, b = 3i + 4j - 2k, 
c =Si- j + 2k 

respectively, relative to a fixed origin 0. 

(a) Calculate the scalar product 

(a- b). (c- b) and hence calculate 
the angle AB C. 

(b) Given that ABCD is a parallelogram: 

(i) determine the position vector of D· 

(ii) calculate the area of ABCD. ' 

(c) The point E lies on BA produced so 

that BE = 3BA 

Write down the position vector of E. 

The line CE cuts the line AD at X. Find 
the position vector of X. 

13 

14 

The diagram shows a right circular cylinder. 

The height of the cylinder is S cm and the 

radius Of ~he base is S cm. AB and EF are 

parallel di~meters of the circlf)ar ends. 

CD and CH are parallel diameters and are 

perpendicular to AB and £Frespectively. 

The unit vectors i, j, and k are parallel to OA 

OG and 0£ respectively. ' 

Calculate the size of angle AOD. 

E 

OABCDE is a triangular prism with the 

dimensions shown on the diagram. pis the 

midpoint of AB. The unit vectors i, j, and k 

are parallel to OA, OC and OD respectively. 

(a) Calculate the size of the angle EOP. 

(b) Calculate the area of triangle OEP. 
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TRIGONOMETRIC RATIOS OF 30o' 60o' 45o 

30° 60° 45° 

1 13 1 
sin 

2 2 12 
13 1 1 

cos 
2 2 12 

tan 
1 

13 
13 

TRIGONOMETRIC FUNCTIONS 

The sine function, f(x) =sin x 

is defined for all values of x 

is periodic with a period 21T 

f(x) =sin x 

has a maximum value of 1 when x = ( 2n + t) 1T 

and a minimum value of -1 when x = ( 2n + ~) 1T 

is zero when x = n1r 

The cosine function, f(x) = cos x 

is defined for all values of x 

is periodic with a period 21T 

f(x) =cos x 

has a maximum value of 1 when x = 2n1T 

and a minimum value of -1 when x = (2n + 1)1T 

is zero when x = t (2n + 1) 1T 

The tangent function, y = tan x 

is undefined for some values of x, 

f(x) =tan x 

these values being all odd multiples oft 1T, 

is periodic with a period 1T. 

INVERSE TRIGONOMETRIC FUNCTIONS 

· · - I cos - 1 x tan - 1 x The inverse trigonometric functiOns are s10 x, • · 

f(x) 

f(x) 

· I < 8 ~ .!_ 1T whose sine is X'· sin- 1 x means 'the angle 10 the range- 21T ~ 2 

cos- I x means 'the angle in the range 0 ~ e ~ 1TWhose cosine is x'. 

· I < 8 < .!_ 1T whose tangent is X'· tan -I x means 'the angle 10 the range - 2 1T ~ ~ 2 

X 

X 

X 
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Trigonometric identities 

tan e = sine 
cos e 

sin2 e + cos2 e = 1 

ARITHMETIC PROGRESSIONS 

In an arithmetic progression, each term differs from the preceding term by a constant (called the 
common difference). 

An AP with first term a, common difference d and n terms is 

a, a + d, a + 2d, ... , {a + (n - 1)d} 

The sum of the first n terms is given by 

sn = tn(a + 0 where lis the last term 

= tn{2a + (n- 1)d} 

GEOMETRIC PROGRESSIONS 

In a geometric progression each term is a constant multiple of the preceding term. This multiple is 
called the common ratio. 

A GP with first term a, common ratio rand n terms is 

a, ar, ar2, ... , am - 1 

The sum of the first n terms is given by 
' 

5 
= a(l -m) 

n 1 - r 

The sum to infinity is given by S = 
1 
~ r provided that - 1· < r < ! • I 

The binomial theorem 

If n is a positive integer then (a + b)n can be expanded as a finite series, where 

(a + b)n = an + na~ - 1 
b + (~)an- 2 b2 + G) an - 3 b3 + ... + bn 

and where 

(~) = n(n - 1)(n- 2~ ... (n - r + 1) 

In particular, 

INTEGRATibN 
•' 

Standard integrals 

Function lptegral 
I 

<1 

xn -
1
-xn + 1 (n =F -1) \ 

n + 1 ' 
?. 

(ax + b)n 1 
(ax + b)n + 1 n =F -1 

a(n + 1) ' 

o I 

~~· 

l 
; 

, 

I 

' li 
(1 

,, 
,, 
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Area 
The area bounded by the lines x = a and x = b and 

the curve y = f(.x) is given by 

Area= Lbf(.x) dx 

Volume of revolution 
The volume formed by rotating the area bounded by the 

curve y = f(x), the lines x = a and x = b and the x-axis 

is given by 

Volume = Lb 17}'
2 dx 

y y 
y = f(x) 

X 0 

VECTORS 

y 

0 a b X 

A vector is a quantity with both magnitude and direction and can be represented by a line segment. 

If lines representing several vectors are drawn 'head to tail' in order, then the line (in the opposite 

sense) which completes a closed polygon represents the sum of the vectors (or the resultant vector). 

A position vector has a fixed location in space. 

Cartesian unit vectors 

i, j and k are unit vectors in the directions of Ox, Oy and Oz respectively. 

Any vector can be given in the form ai + bj + ck. 

(a
1
i + bJ + c1k) ::!:: (a2i + b:J + c2k) = (a 1 ::!:: aJi + (b1 ::!:: bJj + (c1 ::!:: c2)k 

I ai + bj + ck I = J a 2 + b2 + c2 

For two vectors v1 = a1i + bJ + c1k and v2 = a 2i + b:J + c2k 

v 1 and v2 are parallel if v 1 = A.v2 

i.e. a1 = A.a2, b1 = A.b2, c1 = A.c2 

v1 and v2 are equal if a 1 = a 2, b1 = b2, c1 = c2 

The scalar product of two vectors 

If e is the angle between two vectors a and b then 

a . b = I a I I b I cos e 

a and b are perpendicular =? a . b = 0 

If a = x
1
i + yJ + z 1k and b = x2i + y:J + z2k then 

a. b = X1X2 + Y1Y2 + Z1Z2 

y 

k 0 

z 

X 

Summary exercise 3 

1 Find the value of the coefficient of x2 in the 

expansion of(~+ ~r. [3] 

Cambridge, Paper 1 Q1 NOS 

2 Prove the identity 

1 + sin x + cos x = 2 
COS X 1 + sin X - COS X ( 

4J 

Cambridge, Paper 1 Q2 NOS 

3 The first term of an arithmetic progression 

4 

is 6 and the fifth term is 12. The progression 

has n terms and the sum of all the terms is 90. 
Find the value of n. [ 4] 

Cambridge, Paper 1 Q3 NOS 

F 

A -~~.:::::...~_D\-~--- 2~cm---------

The diagram shows a semicircular prism 

with a horizontal rectangular base ABCD. 'fhe 

vertical ends AED and BFC are semicircles of 

radius 6 cm. The length of the prism is 20 cm. 

Th: mid-point of AD is the origin o, the mid

pomt of BC is M and the mid-point 0f DC is N. 

The points E and Fare the highest p'bints of 

the semi~ircular ends of the prism. The point 

Plies on:EF such that EP = s cm 

Unit vectors i, j and k are parallel to OD, OM 

and 0£ respectively. 

(i) Express each of the vectors '0\ and m in 

terms of i,j and k. [3] 

(ii) Use a scalar pr.0duct to calculflt~ 

angle APN. l (4] 

Cambridge, Paper 1 Q4 NOS 

5 Solve the equatfon 3 tan(2x + 15°) = 4 for · 
0° ~X~ 1S0o 

1
[4) 

Cambridge, Paper 11 Q1 N09 

1 l 

6 The equation of a curve is y = 3 cos 2 ~ . The 

equation of a line is x + 2y = 7T. On the sa~e 
diagram, sketch the curve and the~ine for 
O~X~7T [4] 

Cambridge, Paper 11 Q2 N09 

7 

8 

9 
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G .::;-;--------F 

B 
k 

The diagram shows a cube OABCDEFG in 

which the length of each side is 4 units. The 

unit ~ctors i, j and k are parallel to OA, QC 
and OD respectively. The mid-points of OA 

and DC are P and Q respectively and R is the 

centre of the square face ABFE. 

(i) ~xpress each of the vectors PR and PQ 
m terms of i, j and k. [3] 

(ii) Use a scalar product to find 

angle QPR. [4] 

(iii) Find the perimeter of triangle PQR, 

giving your answer correct to 1 decimal 

place. (3] 

Cambridge, Paper 1 Q10 N07 

y • ' 

0 

\ . \ / ~ x + 1 

A~ 8 -y = 5 

M 

X 

The diagram shows part of the curve 

Y = x + ~ which has a minimum pdinl at M. 

The line y = 5 intersects the curve at the 
points A and B. 

(i) Fi~d the coordinates of A, Band M. [5] 

(ii) Find the volume obtained when the 

shaded region is rotated through 360° 

about the x-axis. [6] 

Cambridge, Paper 13 Q9 J10 

(i) Find the sum to infinity of the geometric 

progression with first three terms 0.5, 

0.53 and 0.55 [3] 
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(ii) The first two terms in an arithmetic 

progression are 5 and 9. The last term in 

the progression is the only term which 

is greater than 200. Find the sum of all 

the terms in the progression. [ 4] 

Cambridge, Paper 1 Q7 109 

10 (i) Show that the equation 

2 tan2 (}cos (} = 3 can be written in the 

form 2 cos2 (} + 3 cos (}- 2 = 0 [2] 

(ii) Hence solve the equation 

2 tan2 (}cos (} = 3, for oo ~ (} ~ 360° [3] 

Cambridge, Paper 1 Q2 108 

11 The function f is defined by 

12 

f(x) = a + b cos 2x, for 0 ~ x ~ 1r. It is given 

thatf(O) = - 1 and f{t 7T) = 7 

(i) Find the values of a and b. [3] 

(ii) Find the x-coordinates of the points 

where the curve y = f(x) intersects the 

x-axis. [3] 

(iii) Sketch the graph of y = f(x). [2] 

Cambridge, Paper 1 Q8 107 

y 
I 

y = 3x4 

0 4 X 

The diagram shows the curve y = 3xt. The 

shaded region is bounded by the curve, the 

x-axis and the lines x = 1 and x = 4. Find 

the volume of the solid obtained when this 

shaded region is rotated completely about 

the x-axis, giving your answer in terms of 7T 

13 Prove the identity 

[4] 
Cambridge, Paper 1 Q2 107 

1- tan2x = 1-2 sin2x [4] 
1 + tan2 x 

Cambridge, Paper 1 Q3 107 

14 Relative to an origin 0, the position vectors 

of the points A, B, C and D are given by 

C5A=(J).oo=(-noc=(l) and 

oo=(-g) 

where p and q are constants. Find 

(i) th~nit vector in the direction 

of AB [3] 

(ii) the value of p for which angle 

AOC = 900 [3] 

(iii) th~alues of q for which the length 

of AD is 7 units. [ 4] 

Cambridge, Paper 1 Q9 104 

List of formulae 

Algebra 

For the quadratic equation ax2 + bx + c = 0: 

x = -b 2:: Vb2
- 4ac 

2a 

For an arithmetic series: 

Un =a+ (n- 1)d, 
Sn = in(a +f) =in {2a + (n- I)d} 

For a geometric series: 

S = a(l - rn) 
n 1 _r (r¥1), 

Binomial expansion: 

S =-a
oo I - r (/r/ < 1) 

(a+ b)n =an+ (n) an - ! b + (n) an - 2bz + (n) n- 3 3 . 

1 2 3 a b + · · · + bn, where n IS a positive integer 

and (n) = n! 
r r!(n - r)! 

(1 + x)n = 1 + nx + n(n - I) 2 + n(n - I)(n- 2) 
2! x 3! x3 ... , where n is rational and Jxj < 1 

Trigonometry 

Arc length of cir~le = re ( e in radians) 

Area of sector of circle= f r2e (e in radians) 

tan e = sine 
cos e 

cos2 e + sin2 e = 1' 1 + tan2 e = ~ec2 e, 

sin(A 2:: B) = ~in A cos B 2:: cos A sin B 

cos(A 2:: B) = cos A cos B + sin A sin B 

tan(A 2:: B) = tan A 2:: tan B 
1 +tan A tan B 

sin 2A = 2 sin A cos A 

. ' 
cot

2 e + 1 = cosec2 e 

cos 2A = cos2 A - sin2 A = 2 cos2 A :- 1 = 1 - 2 sin2 A 

tan 2A = 2 tan A "'. ~ 
I - tan2 A 

Principal v~lues: 
-I ,::: . - I I 

2 1r ~ sm x ~ 
2 

1r 

0 ~ COS - I X ~ 7r 

I - I 1'7 - 2 1r ~ tan x < - 7r 
2 

.• 

J ., 

I, 

\ 

.. 
•i>' 

\' 
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Differentiation 

f(x) f'(x) 

x" n:x!' - 1 

lnx 
X 

ex ex 

sinx COSX 

COS X -sinx 

tanx sec2 x 

uv dv + v du 
u dx dx 

du dv v- - u-
!:!_ dx dx 

V v 2 

dy dy . dx 
If x = f(t) and y = g(t) then dx = dt _,.. dt 

Integration 

Jt(x) dx f(x) 

:x!' + 1 
(n # - 1) xn -- + c 

n+ 1 

X 
In lx l + c 

ex ex + c 

sinx - cosx + c 

COSX sinx + c 

sec2 x tan x + c 

I dv dx = uv - Jv du dx 
u dx dx 

J
f'(x) dx = In jf(x) l + c 
f(x) 

Vectors 

If a = a 1i + azj + a3k and 

a.b = a 1b1 + a2bz + a3b3 = la ll b l cos (} 

Numerical integration 

Trapezium rule: 

b - a Lb f(x) dx = ~h { Yo + 2(y1 + Yz + .. . + yn - 1) + yn }, where h = -n-

Sample examination papers 

Time allowed 1 hour 45 minutes 

Answer all the questions. Give non-exact numerical answers correct to 3 significant figures, or 1 decimal 

place in the case of angles in degrees, unless a different level of accuracy is specified in the question. The 

use of an electronic calculator is expected, where appropriate. You are reminded of the need for clear 
presentation in your answers. 

The number of marks is given in brackets [ j at the end of each question or part question. 

The total number of marks for this paper is SO. 

Note: The number of marks for each question reflects the amount of working required in the answer. 

Sample paper 1 

Q I The function f is defined by 

f(x) = x2 
for all real values of x, 

and the function g is defined by 

g(x) = 4 - x 

(i) Find 

(a) fg(x) 

for all real values of x. 

(b) gf(x) 

(ii) State the range of each of (a) fg(x) and (b) gf(x) . 

Q2 The diagram shows points A and B on the circumference of a circle 

with centre 0 and radius 4 cm. The angle AOB is (}radians. • , 
The area of the sector AOB is 12 cm2. Find 

(i) (} 

(ii) the perimeter of the sector AOB. 

Q3 Solve the equations 

y = 3 - 2x 

x2 + xy + y2 = 3 .,. 
. i 

[2] 

[2] 

Q4 (i) The second ter.m of an arithmetical progression is. 30 and the fifth term is 15. 
Find' the common difference and the first term. · ' ,• 

I, 

(ii) The second term of a geometrical progression is 10 and the sum to infinity is 45. 
Find the two possible values of the common ratio. 

Q5 The points A, B, C have coordinates ( -2, 3), (1, ~ 4), (8, -1) respectively. 
P. 

(i) Show that AB is perpendicular to BC. 

(ii) Find the point at which the line through B parallel to AC meets the x-axis. 

[2] 

[2] 

\ (5] 

[3] 

[4] 

[3] 

[5] 
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Q6 G 

A 

In the diagram, OABCDEFG is a cuboid in which OA = 6 units, OC = 4 units and OD = 2 units. 

Unit vectors i, j, k are parallel to OA, OC, OD respectively. The mid-points of OA and EF are Land 

M respectively. 

(i) Express each of the vectors LM and CM in terms of i, j, k. 

(ii) Show that the acute angle between the directions of LM and CM is 48.8°, 

correct to the nearest 0.1 o . 

Q7 (i) Solve the equation 

QS 

2 sin (2e + 10°) = 1 for oo ,;; e,;; 360° 

(ii) Prove the identity 

sin A + 1 + cos A= _2_ (cos A =1= -1). 
1 + cos A sin A sin A' 

A curve has equation 

y=x+li 
X 

(i) Find the coordinates of the stationary points on the curve. 

(ii) Determine whether each of the stationary points is a maximum point or a 

minimum point. 

Q9 (i) (a) Write down the first three terms in the binomial expansion of (1 - 2x)8
. 

(b) Hence deduce the value of 0.988 to three decimal places. 

(ii) Show that 

(x + y)5 - (x- y)S = 10.x4y + 20x2y3 + 2y5 

and deduce the value of (12 + 1)5
- (12- 1)5

. 

QIO A curve has equation 

Y =1+2_ 
x2 

(i) Find the area of the region bounded by the curve, the 

lines x = 1, x = 3 and the x-axis. [ 4] 

(ii) Find the volume generated when the area found 

in part (i) is rotated through 360° about the x-axis. [7] 

y 

10 

2 

0 

9 
y = l + .r 

3 
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X 
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Sample paper 2 

QI A sector with an angle of~ 1T radians is cut from a circle of radius 12 cm. Calculate 

(i) the perimeter of the sector 

(ii) the area of the sector. 

(Leave 1T in your answers.) 

Q2 (i) The fourth term of an arithmetic progression is 21 and the common difference is -3. 
Find the first term and the sum of all the positive terms. 

(ii) The sum to infinity of a geometric progression is five times the first term. 
Find the common ratio. 

[2] 

[2] 

[3] 

[2] 

Q3 The :oordinates of the points A, B, Care ( -1, 2), (5, 1), (3, -4) respectively. Find the equation of 

the !me through Band the mid-point of AC in the form ax + by = c, where a, b, care constants to 
be found. [5] 

Q4 Solve the equation 

x6- 7Xl- 8 = 0 

Q5 (i) Sketch the graph of the curve with equation y = 2 cos (x- 45°) = -1 for oo ,;; x,;; 360° 

(ii) Solve the equation 

2 cos (~ - 45°) = -1 for oo ,;; x,;; 360° 

Q6 A spherical balloon is being inflate<;! at a steady rate of 8 cm3s - 1: Find the rate of increase of the 
surface area of the balloon when its radius is 4 cm. • ' \ . 

(For a sphere: Volume~ 7TT3, Surface area = 47TTz). 

Q7 The function f'ls defined by 

f(x) = 4x for all real values of x, 

and the function g is defined by 

g(x) = ~x + 1 for all real values of x. 

Find the inverse functiOQS f- 1 and g - la,n~ verify that (fg) - 1 = g- 1f- 1 
~ l ;#I 

QS The dia~ram shows a curve Cwith equatio~ 

y = 5 + 4x - x2 .• 

'· 
and a line I with equation 

y=9-x 

(i) Find the x-coordinates for the intersection~ 
of C and/. 

P, 

(ii) Find the area of the region enclosed between 
Cand /. 

[4] 

[6] 

y 

[6] 

[3] 

[4] 

[7] 

8] 

X 
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Q9 The points A and B have position vectors 3i - 4j and i - 2j + 2k respectively, relative to an 
origin 0. 

(i) Find the lengths of OA and OB. 

(ii) Find the scalar product of OA and OB, and find the angle AOB. 

(iii) Find the position vector of M, the mid-point of AB and verify that 

OA2 + OB2 = 2(AM2 + OM2) 

QIO (i) Find the coordinates of stationary points on the curve with equation 

y = 3x2 + l2x- 2x3 + 1 

(ii) Determine the nature of the stationary points. 

(iii) Sketch the curve. 

' ~· /:.;# 

[3] 

[4] 

[4] 

[7] 

[3] 

[3] 

P1 Answers 

Numerical answers that are not exact are given 

correct to 3 significant figures or 1 decimal place in 

the case of angles in degrees, unless a different level 

of accuracy is specified in the question. 

Chapter 1 

Exercise la 

I x= -2orx= -3 

2 x = 2 or x = -3 

3 x = 3 or x = -2 

4 x= -2orx= -4 

5 x = 1 or x = 3 

6 x = 1 or x = -3 

7 x = -1 or x = -l 
2 

8 x = 2 or x = l 
4 

9 x =I or x = -5 
IO x = 8 or x = - 9 

11 - 1,3 

I2 - 1, - 4 

I3 1, 5 

I4 2, - 5 

I5 - 2, 7 

I6 2, 7 

Exercise lb 
I x = 2 or x = 5 

2 x = 3 or x = -5 

3 x = 4 or x = - 1 

4 x = 3 or x = 4 

5 x = for x = -1 

6 x = -1 or x = 7 6 

7 x = 0 or x = 2 

8 x = -1 or x = -l 
4 0 

9 x =.?.or x = -1 
3 

IO x = 0 or x = -l 
2 

11 x = 0 or x = -6 
I2 x = 0 or x = 10 ..,. 
I3 x = 0 or x = l 

2 
I4 x = 5 or x = -4 

I5 x = 2 or x = -i 
3 

I6 x = 2 or x = - 1 .. 
I7 x = 0 or x = 1 
IS x = 0 or x = 2 
I9 x = 3 or x = -1 ·? 
20 x = - 1 or x = l ' I 

3 9 

4 25 

5 2 

6 25 

4 
7 192 

8 81 

9 200 

IO 1 

4 

11 1 

3 

I2 9 

8 
I3 x = -8.12 or 0.123 
I4 x= -0.732or2.73 
I5 x = -1.62 or 0.618 
I6 x = 0.366 or - 1.37 
I7 x = - 2.62 or -0.382 
I8 x = 1.28 or -0.781 
I9 x = 0.449 or -4.45 
20 x = - 0.768 or 0.434 
2I x = 1.12 or -3.12 
22 x = 2.30 or - 1.30 
23 x = -0.640 or 0.390 
24 x = 2.35 or -0.851 

Exercise Id 
I .x = - 3.41 or - 0.586 
2 x = - 0.78I or 1.28 

3 X = - 4.79 ~t -tQ.209 

4 x = T..69 or - 1.19 

5 x = 3. 73 or 0.268 

6 x = 1.85 or - 1.35 
7 x = 0. 768 or - 0.434 
8 x = -0.768 or 0.434 
9 x = - 0.260 or -1.540 

IO x = 2.781 or 0.719 
11 x = 1.883 or - 0.133 
I2 x = 0.804 or - 1.554 
I3 x = 0.804 or - 1.554 

.. I4 x :r; 0. 724 or 0.276 
I5 x = 7.873 or 0.127 
I6 x = 3.303 or -0.303 

·~ .. Exercise I e 
I 2 or -2 

2 -1.73 or 1.73 

3 ' 1.41 or - 1.41 
2 

Exercise le I 

\ 4 0, 1.802 or - 1.802 

5 1.5 or -1.5 

4 

2 1 

6 0, 0. 707 or -0.707 

7 0.167 

8 0.577 or - 0.577 

, .. ;.f 
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9 0.707, -0.707,0.447 or -0.447 

10 1 or -1 

11 2.45, -2.45, 1.414, -1.414 

12 2.65, -2.65, 1 or -1 

13 1 or 4 
9 

14 4 

15 2.049, -2.049, 1.94 or - 1.94 

16 There are no real values of x as :i2 is negative. 

Exercise If 
4 

2 

3 
4 

4 3 

5 

3 

5 -3 

6 t 
7 real and different 

8 not real 

9 real and different 

10 real and equal 

11 real and different 

12 real and equal 

13 real and different 

14 not real 

15 real and different 

16 real and equal 

17 k = ::'::12 

18 a= 2t 
19 p = 2 

22 q2 = 4p 

Exercise lg 

1 ; I 
-2 

- 1 

2 x= -1,y = 3 

3 X = 2,y = 3 

4 

; I ~I • 

5 
X I 2 

6 

7 

8 
X I -] 

9 X= 1, y = 5 

1 

2 

1 

2 

2 

-2 

5 

2 

3 

4 

10 
X 6 

y 2 

11 X= I•Y = -1 

12 

X I ' 
1 13 x=-1,y=-2 

1 14 x= 1,y= -3 

15 1 

3 
X I 
y -t 

16 X= 1, y =I 

17 

; I =: I 
18 

: I _, I 
19 

20 

21 

22 

Mixed exercise 1 
1 -1,6 

2 6.74 or -0.742 

3 0.281 or - 1.78 

4 0.786 or -2.12 

5 1, 1 

6 -±, 3 

7 1.30 or -2.30 

8 -6,2 

9 0.732 or - 2.73 

10 -2, -2 

11 0, 2 

12 8.22 or -1.22 

13 0 

14 1 or -1 

15 1.88 

16 x= ::'::2.24or::'::l.73 

-6 

-4 

0 

2 

3 

2 

3 
1 

4 

6 

3 

2 

1 

4 

3 

2 

1 

6 

0 

J.!. 
2 

-4 

7 
5 

17 x=4,y=5orx= -22,y=3J.,. 

18 x = 2, y = 5 or x = 4, y = 9 

5. _5 +m 19 (a) 6; 4, 2 (b) - 4• 8- 8 

20 (a) not real 

(c) real and equal 

21 4, -1 

(b) real and different 

(d) real and different 

23 2 

Chapter 2 

Exercise 2a 
1 (a) 5 

2 (a) (f,4) 

3 (a) 10.4, (t. 1) 

(b) 1.41 

(b) (f.t) 
(c) 3.61 

(c) (3, ~) 

(b) 2.24, (- t. -1) 

(c) 2.83, (-2, - 3) 

4 8.06 

5 3.61 

6 (2, -4) 

8 (b) ( -3t, -t) (c) 17I square units 

9 (a) 7.63 

(c) zt 
11 ( - 5, -3) 

(b) (o, 4t) 

Exercise 2b 
(a) 3 

(d) f 
(g) -f 

2 (a) yes 

(c) yes 

(b) l2 ()1 c 3 

(e) -4 (f) 6 

(h) - t (i) ~ 

3 (a) parallel 

(c) perpendicular 

(e) parallel 

Exercise 2c 
I a= 0, b = 4 

2 (b) 22I square units 

5 / a2 + 4b2 

8 (p + q p + q) 
2 ' 2 

9 (a - 2)2 + (b - 1)2 = 9 

10 8 

11 b(d - b) = ac 

12 b2 = 8a- 16 
; 

Chapter 3 

Exercise 3a 

(a) y = 2x 'f 
(c) 3y = x 

(e) y = 0 

2 (a) 2y + x = 0 

(c) 2x + y = 0 

3 (a) 5x- y- 17 = 0 

.• 

(b)_ no 

(d) yes 

(b) perpendicular 

(d) neither 

(b) y + 2x = 0 

(d) 4y +X= 0 

(f) x = 0 I 

(b) 2x- 3y = 0 

(b) X+ 7y + 11 = 0 

J 
I 

\ 

,, 

Exercise 3b 

(a) y = 3x- 3 

(b) 5x + y- 6 = 0 

(c) x- 4y- 4 = 0 

(d) y = 5 

(e) 2x + 5y - 21 = 0 

(f) 15x + 40y + 34 = 0 

2 (a) 3x - 2y + 2 = 0 

(b) 3x - 2y + 7 = 0 

(c) x = 3 

3 a, c and d 

4 x+y-7=0 

5 (a) x + 2y - 5 = 0 

(b) 16x - 6y + 19 = 0 

(c) 10x- 16y + 23 = 0 

6 2x+y=O 

7 4x- 5y = 0 

8 5x- 4y = 0 

9 X+ 2y- 11 = 0 

10 3x-4y+19=0 

Exercise 3c 

2 t square units 

3 ( -~, ¥). (-5, 0), (6, 0) 

4 10x- 26y - 1 = 0 

5 x + 3y - 11 = 0 (.!l li) 
' 5' 5 

6 y=2x-3 

7 (a) 120 · 
(b) X - 2y + 1 = 0 

9 (a) (1, 2), (5, 2) , (3, 6) (b) 8 

Chapter 4 

Exercise 4a 

. 1 (a) :!!. 
4 

<j) ¥ 
2 (a) 30° 

': (d) 60° 

(g) 210° 

G) 270° 

(m) 108° 

3 (a) 0.61 

(d) 4.07 

(g) 6.46 

4 (a) 97.4o 

(d) 119.r 

5 (a) 0.932 

(c) 9.89 . 

(b) 57T 
6 

(e) 37T 
2 

(b) 1800 

(e) 150° 

(h) 135° 

(k) 80° 

(n) 22.5° 

(b) 0.82 

(e) 0.25 

(b) 190.2° 

(e) 286S 

(b) 0.939 

(d) -0.801 

(c) if 
(f) ~7T \ 

(c) 18° 

(f) 15° 

(i) zoo 
(I) 45° 

(c) 1.62 

(f) 2.04 

(c) 57.3° 

(f) 360.0° 
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Exercise 4b 
27T cm 
3 

2 257T cm 
2 

3 2.4rad 4 0.692 rad 

5 licm 6 25cm 
1T 1T 

7 47TCm 8 60cm 
1T 

9 7.5cm IO 85.6cm 

Exercise 4c 
I 4.19cm2 2 75.4cm2 

3 1T 

2 
4 0.96 rad 

5 1257T cm2 
3 

6 licm 225 cm2 
1T , 27T 

7 6cm 8 4J3cm 

9 8cm IO 0.283rad 

11 (a) 12cm2 (b) 23.2cm2 

I2 14.5mm2, 139mm2 

I3 (a) 15.2cm (b) 32.5cm2 

I4 19.6cm, 108cm2 

Exercise 4d 
3 17.8cm2 

6 (a) :!!.. 
3 

7 (a) (50- 2r) 

r 

8 0.989cm2 

9 10.2cm 

IO 57.1 cm2 

11 (a) 1.6rad (b) 53.0cm2 

I2 236cm2 

Summary exercise 1 

I (i) 6.67 cm (ii) 10.3 cm2 

2 p = 18 - 6J3 + 27T 

3 (ii) 61.1 cm (iii) 281 cm2 

4 (i) y - 3 = -3(x- 2) 

(ii) B(O, 9), D(4, -3) (iii) 40 

5 (6.2, 9.6) 

6 (i) 2, m = 1 (ii) C( -1, 6) (iii) D(S, 12) 

7 (ii) 58.0 cm2 

8 B(6, 5), C(l2, 8) 

9 (i) 25.9 cm (ii) 15.3 cm2 

IO (i) (4, 6) (ii) (6, 10) (iii) 40.9 

II (i) 4J3 (ii) 48J3 - 247T 

I2 (i) 21.5cm2 (ii) 20.6cm 

I3 (i) ( -3, 11), (2, 6) (ii) y =X+ 9 

Chapter 5 

Exercise 5a 
I yes 

2 yes 

3 no, undefined when x = 0 

4 no 

5 yes, x? 0 

6 no, undefined when x < 0 

Exercise 5b 
I -4, -24 

2 25,217 

3 1, not defined, 12 

4 1)3 
, 2 

5 (a) f(x)? -3 

(c) f(x)? 0 

6 (a) 5,4,2,0 

7 (a) 0,2,4,5,5 

Exercise 5c 

I (a) lf 

(b) f(x) ? -5 

(d) 0 < f(x),;; t 
(b) y 

(b) f(x) 

(b) 3 (c) 4 

X 

2 (a) f(x),;; .?f (b) f(x)? -2 (c) f(x),;; 1 

3 (a) 

(c) 

(e) 

\L/ 
~ 

y 

y 

X 

(b) y 

(d) y 

(f) y 

X 

4 (a) y (b) y 

(c) Y (d) y 

(e) y (f) y 

X 

X 

Exercise 5d 
I (a) (b) 

2 

-3-2- !0 
-2 

I 2 3 X 

(c) 

.:· 

X 

(d) 
f 

-4 4 X 

? 

X 

I, 

J 

"' I 

\ 
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2 (a) 

(b) 

(c) 

(d) 

Exercise 5e 
I (a) (b) 

2 

3 

4 

(c) 

band d 

y 

4 

(a) f- 1(x) = (x- 1) 

(b) no 

(c) f - 1(x) = ~x- 1 

(d) 

4x -x 

(d) f- I(x) = /x + 4, X? -4 

(e) f - 1(x) = ;rx- 1, x? 0 

(a) - 1 (b) .!. 
3 2 

(c) there isn't one 
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Exercise 5f 

I (a) (2x + 1)2 ,x E IR (b) (1 - x)2 ·x E IR 

(c) - 2x, xE IR (d) 1-x2 

(e) 2x2 + 1, x E iR 

2 (a) 125 

(c) - 1 

3 (a) (1 + x)2 

(c) 1 + 4x2 

4 g(x) = x2, h(x) = 2 - x 

5 g(x) = .0, h(x) = (x + 1) 

(b) 15 

(d) - 1 

(b) 2(1 + x)2 

6 (a) f(x) = gh(x), g(x) = x2, h(x) = 3x - 2 

(b) f(x) = gh(x) , g(x) = .0, h(x) = 2x + 1 

(c) f(x) = gh(x), g(x) = .0, h(x) = 5x- 6 

(d) f(x) = g(x)h(x), g(x) = x - 1, h(x) = x2 
- 2 

Mixed exercise 5 

I (a) 16 (b) y 

10 

8 

6 

4 

2 

X - 2- 1.5 - 1- 0.5 0 

(c) t- 1(x) = 1 - rx 

2 (a) ..!..!.whenx = l 
4 2 

f(x) ~ 1~ 

(b) - ilwhenx = l 
8 4 

f(x) ~ - -¥-
(c) - 9whenx = - 2 f(x) ~ - 9 

3 (a) 3 - 3x (b) 4 - 9x 

(c) 1 - ~ (d) t (1 - x) 
X 

4 (a) (b) 4(2x - 3)2 

(c) 

5 (a) t- 1(x) = x + 1, g- 1(x) = 
1 
~ 

2
x 

6 (a) 2 (b) x = 2 or 4 

7 (a) 1.75 (b) 1.5 

(c) g(x) 

6 

4 

2 

0 2 

8 f(x) ,:; 0.2 

9 (a) 6 

Chapter 6 

Exercise 6a 
I X < 7._ 

2 

3 x < - .!. 
4 

5 x < .!. 
2 

7 x > - 3 

9 x > l 
8 

Exercise 6b 

I x > 2 and x < 1 

2 x ~ 5 andx ,:; - 3 

3 - 4 < x < 2 

4 x ~ ~and x ,:; - 1 

4 6 X 

(b) 3 ,:; f(x) ,:; 21 

2 x > - 2 

4 x > 4 

6 x > ~ 
3 

8 x < - 3 

5 x > 2 + 17 and x < 2 - 17 

6 - ..!. < x < ..!. 
2 2 

7 -4 ,:; x ,:; 2 

8 x > 1 andx < -i 
9 x ~ %andx ,:; -5 

IO x > 4 andx < - 2 

11 ~ c-3 - l f7) ,:; x ,:; ~ c-3 + m) 
I2 x > 7 andx < - 1 

I3 (a) p ~ 9 and p ,:; 1 

(b) p ~ 5 and p ,:; 1 

I4 -2 < a < 6 

I5 7 
p <-1, p > 2 

I6 - 6 ,:; k ,:; 6 

Exercise 6c 

I (a) k > 0 

2 (a) 5 - /20 < k < 5 + /20 

3 (a) - 8 

5 k < 6.25 

Mixed exercise 6 

I X< 1 

2 x > l 
2 

(b) k > --.t 
(b) k = -4 ~ 4/2 

(b) - t 

3 x > l 
2 

4 x > 3 andx < -2 

5 -.?. < x < l 
3 2 

6 -/IT < x < liT 
7 x > 3 + /2 and x < 3 - /2 
8 -2 < X < 7 

9 all values of x 

10 x > 6 andx < 1 

11 k ,:; 3 and k ~ 4 

I2 k = - 9and -1 

Chapter 7 

Exercise 7a 
I 5.0 

2 - 3x- 4 

3 ixi!3 
3 

4 - 1 
x2 

5 10x9 

6 - 2 
.x3 

7 l rx 
2 

8 - ..!.x - ~ 
2 

9 - 4 
x" 

IO ..!.x -~ 
3 

11 -..!.x-i 
4 

I2 

I3 ~ f.X5 

7 
I4 - x8 

I5 ..!. X -~ 
7 

I6 3x2 

Exercise 7b 
I 3x2 -2x+5 

2 6x + _! 
x2 

3 1 1 
2rx- 2xrx 

4 8.0 ~ 8x 

5 3x2 - 4x-8 

6 2x + - 5-
2/X 

7 I • ~ 

7 -lx- 4 -lx- 4 +h 
4 4 

8 9x2- 8x + 9 

9 3 l I -l I -l 
2x' - 2x ' - 2x ' 

IO _1_ + 3/X 
2rx 2 

•' 

"'' • j 

., 

I 
\ 

I 

11 -1..+1._ 
x3 .0 

I2 --=-!__ + 1.. 
2R x2 

I3 - ..!.x -% + 2.xt 
2 2 

I -l I - .i 
I4 4x ' - sx s 

I5 _g_ + 3x2 
.0 4 

I6 _j_ _lQ + ~ 
x2 .x3 .0 

I7 _;3__3 
2/X 

I8 1 + 2x- 2 + 9x-4 

I9 lrx - §.xrx 
2 2 

20 - 3rx + 3rx 
2x3 2 

2I dy = 2x + 2 
dx 

dy -
22 dx = - 4x 3 + x-2 

23 dy = 6x + 11 
dx 

24 dy = 2x - 8 
dx 

25 dy = 1 - _!_ 
dx x2 

26 dy = 18x2 - 8 
dx 

27 dy = 2x 
dx \ 

28 
dy 2 
dx = 3x - 2x 

Exercise 7c 
2· -..!. 

' 2 

2 -..!.· 3 
3' 

3 ..!_. - 4 
4' 

4 6· - ..!. 
' 6 

5 1; - 1 

( 5· -..!. 
' 5 

7 11; --& 
' 8 -3·..!. 

' 3 

9 4· -..!. 
' 4 

IO ...±_. _.?.]_ 
27' 4 

11 2· -..!. 
' 2 

I2 (2,2)and(-2,4) 

I3 (1, 0) and (- t. zi) 
I4 (3, 0) and ( -3, 18) 

I5 (-1,-2)and(1,2) 

I6 (1, -16) 

----------------------------·----------~------
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I7 ( -2, t) 
I8 (0, -5) 

I9 (1, -2) and (-1, 2) 

Exercise 7d 
4 x>2 

5 x < -1 andx > 2 

Exercise 7e 
I 6(3x + 1) 

2 -4(3- x)3 

3 20(4x- 5)4 

4 6x(x2 + 1)2 

5 21(2 + 3x)6 

6 -18(2- 6x)2 

7 4x3(2x4 - 5) -i 
8 -2x(x2 + 3)-2 

9 9x2 

2v3x3- 4 

IO 
-3 

(1 + 3x)2 

11 6x 

(4 - x2)2 

I2 -1 + 1 
(x + 1)2 

I3 -10(4- 2x)4 

I4 4x(x2 + 3) 

I5 21(3x- 4)6 

I6 4x(x2 + 4) 

I7 - 12x(l - 2x2)2 

I8 -12x2(2 - x3)3 

I9 tx(2 + xZ) - ~ 

20 3(2x- 1)(x2 - x)Z 

2I 6x(2 - 3x2) - 2 

22 4x(4 - xZ) - 3 

23 5x4(x5- 3)-t 
2 

24 
I I 

2
(x- 1p·- 1 

Exercise 7f 

I 0.6 units per second 

2 0.01 units per second 

3 0.5 units per second 

4 O.Olcms- 1 

5 0.000637cms- 1 

6 0.0804cm3 s - 1 

7 8cm3 s - 1 

Mixed exercise 7 

I 6x + 1 

2 (a) -3x- 4 - 3x2 

(b) tx - t+t£~ 

2 6 
(c) - x3 - x4 

(d) 16(4x- 2)3 

(e) -3(3x- 1)-2 

-2x 
(f) (x2 + 2)2 

3 (a) dy = 36x2(3x3 - 2)3 

dx 

(b) dy = _1_ + __!_- ]_ 
dx 2/.X x2 x4 

(c) - __!_ + _1_ 
x2 2x - ~ 

4 (a) 5 

5 (a) 5 

6 (a) 1 

(b) 5 (c) 17 

(b) 6 

(b) 7 and -7 

7 (a) -3 (b) (-t.o)and(2,0) 

(c) -5 and 5 

8 (a) (1, 10) and (-1, 6) 

(b) ( ±• 7~) and (- ±• 8%) 

9 (a) 4x3 - 2x (b) 6(3x + 4) 

3 
(c) - 2/.X(/.X- 1)2 

IO 1 -/2 
11 (-2, 4) 

I2 __!_and-_!_ 
5 5 

I3 (1, 9) and (3, 11) 

I4 1 

I5 (a) dy = 1 + 8(2x + 1)3 

dx 

(b) (0, 1) 

I6 a= 2, b = -3 

1 I7 (a) 
x2 + 2 

-2x 
(b) (x2 + 2)2 

I8 (a) dy = 3x2 which is> 0 for all values of x 
dx 

(b) 1.2 units per second 

I9 (b) 0.021875 units per second 

Chapter 8 

Exercise 8a 
I (a) y = 2x- 5 (b) 2y + X + 5 = 0 

2 (a) y = 4x- 2 (b) 4y + X + 8 = 0 

(a) y + x + 2 = 0 (bj y =X 3 

4 (a) y = 5 (b) X= 0 

5 (a) y + x = 3 (b) y =X- 1 

6 (a) y = 19x + 26 (b) 19y + X + 230 = 0 

7 4y +X+ 12 = 0 

8 y = 7x- 29 

9 y + x = 1, 2y = 2x- 3; ( %. - t) 
IO 4y - X + 1 = 0, 4y + X - 5 = ~ 

11 y = 5x- 1, 3y + 9x + 19 = 0 

I2 y = 7x- 4, y + 5x + 28 = 0 

I3 (2, 8),y = 8x - 8 

I4 (t,- t) 
I5 y +X+ 1 = 0 

I6 2y =X+ 2 

I7 k = -2 
2 

I8 8y + 121 = 0 

I9 (1, -1) 

20 p = 12, q = 8; ( -2, 24) 

Exercise 8b 

x=O 

2 X= l 
4 

3 x=O x=§. 
' 3 

4 X= +l. 
-2 

5 x=Ox=i 
' 3 

6 X= ±1 

7 X= 4 

8 x= :±::3 

9 x=Ix=-i 
' 3 

IO X=:±::~ /3 

11 X= 1, X= -4 

I2 x= ±t/3 

I3 (3, 3), ( -3, -3) 

I4 (1, -7, (t.- ~875) 

I5 (l - ~) 
2' 4 

I6 ( t.-% 13) 

I7 (I, 2) 

I8 (4, 10), ( - 4, 6) 

Exercise 8c 
' 

I (1, 1) m~ 

2 ( -1, -2) min_; (1, 2) max 

3 (3, 6) min; ( -3, -6) max 

4 (0, 0) max; ( T• - ~ 0 7 °) min 

5 (0, 0) min 

6 ( -1, -t) min .,. 

7 ( -1, 1) max; (0, 0) min; (1, 1) max 
8 (2, -48) min 

; 

9 ( 5 49) . 4• -8 mm .. 
IO ( -1, 4) max; (1, -4) min 
11 ( -2, -16) min; (0, 0) max; (2, -16) min 
I2 (- 2, 8) min; (2, 8) min 
I3 -2; 2 l 

I4 21 
4 

I5 0;27 I 

I6 8 

I7 7 

). 

~ 

1 

' I 

\ 

P1 Answers 157 

I8 -~.0,-2 

I9 5x4 + 3x2 + 4 = 0 has no real roots so there is 
no stationary point 

20 a = 1, b = -2, c = 3 

2I p=q=I,r=2,(-I,O) 

22 a = _!_ b = 2 c = 6 
2' ' 

23 (b) 40 

24 127T/3, max 

Mixed exercise 8 

I ll·y = llx- 6· (~ .±) 
' ' 3' 3 

2 2y = x - I · (- l - 2.) 
' 2' 4 

3 (2, 14), ( -2, -14) 

4 y = 3x + 6, y = 3x + 2 

5 X+ 2y + 9 = 0 

6 (-2, 16) max, (2, -16) min 

y 

7 min 2, max -2 

y 

• I V 

X 

X 

Summary exercise 2 

(i) Y y = f(x) 

y = x • I' 

.. 

"' 
y = t- 1(x) 

X 

(ii) gf(x) = -9x2 + 30x- 16 

(iii) 6x - x2 = 9 - (x - 3)2 

(iv) h - 1(x) = 3 + / (9 - x) 

2 (i) : = -12(x2 + 3) - 2 x 2x 

(ii) y - 3 = t (x - 1) 

(iii) -0.018 
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3 (i) f(x) = 2(x - 2)Z + 3 

(ii) ~ 3 

(iii) f is not one-one 

(iv) A= 2 

(v) g- l(x) = 2 - / ( x; 3), g- 1 ~ - 2 

4 (ii) IOt 
5 (i) 2(x - 3)2 - 11 

(ii) f ~ - 11 

(iii) - 1 < X < 7 

(iv) k = 22 

6 (i) 2(x - 3)Z - 5 

(ii) A= 6 

(iii) -5 ~ f ~ 13 

(iv) g is one-one 

(v) ;x; 5 + 3 

7 (i) x = 2 or Ii 

8 (i) f' (x) = 9(3x + 2)Z 

(ii) f- 1(x) = ~- 2
, x ~ 3 

9 (i) f' (x) = - 12(2x + 3) - 2 

(ii) t- 1(x) = 
6 ;}x, 0 < x ~ 2 

(iii) y 

X 

(iv) x = 1 

IO (i)h=4-irC2 + 7r) 

(iii) - 8 -
4 +'TT 

(iv) maximum 

11 (i) x <-3,x > 5 

(ii) f(x) > - 1, no, not one-one 

(iv) Y 

I2 k < -4 

I3 k > 2 or k < - 6 

I4 t 

X 

Chapter 9 

Exercise 9a 

I _!_ /3 
2 

2 0 

3 - _!_J3 
2 

4 t 
5 1 5 9 

2'TT, 2'TT, 2'TT 

6 -_!_'TT- ~'TT 
2 ' 2 

7 sin 55° 

8 -sin 70° 

9 -sin 600 

0 
. 1 

I - sm 6 'TT 

11 y 

1 

I2 y 

- 1 

I3 

y 

I4 

y 

I5 

e 

e 

X 

X 

X 

y 

0 Jl 

2 

I7 

y 

I8 

y 

- 1 

- 2 

Exercise 9b 

(a) -cos 5r 

(c) cos zoo 

2 (a) 

1 
(c) - 12 

3 (a) y 

- 1 

,• 

2n 

(b) - cos 70° 

..,. (d) -cos'26o . 
! 

(b) 0 

(d) 1 

e 
I 

3n 

X 

X 

! , 
\ 

X 

5 

6 

7 

4 

(b) 

(c) 

y 

3 

2 

e 

y 

Qlt-~~~~~~~~~

- 1 

- 2 

- 3 

3 cos e 

cos e 

.. \ . 
e 

y 

e 

- 1 

e 
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8 (a) y 

10 

(b) 

(c) 

9 

(a) 

(c) 

0 

y 

1 

0.5 

0 

- 0.5 

- 1 

7T 
4 

" 3 

7T 37T 
4'4 

Exercise 9c 

I (a) 

(c) 13 

2 (a) tan 400 

(c) -tan 50° 

3 (a) I 5 
47T,47T 

(c) 0, 7T, 27T 

4Jt 
3 

~. 2:n () 

(b) 37T 
4 

(b) -13 

(d) -1 

(b) -tan f 7T 

(d) - tan t 7T 

(b) .'!.7T 
4 

(d) I 3 
27T, 27T 

2n () 

4 (a) y 

10 

5 

0 2n () 

- 5 

- 10 

(b) y 

10 

5 

0 2n () 

-5 

- 10 

(c) y 

10 

5 

0 

-5 

-10 

Exercise 9d 

(a) 0.412rad, 2.73rad, - 5.87rad, -3.55rad 

(b) 4 224 - 3 7T, - 3 7T, 3 7T, 3 7T 

(c) 0.876 rad, 4.02 rad, -2.27 rad, - 5.41 rad 

2 (a) 141.3°, 321.3°, 501.3°,681.3° 

(b) 191.5°, 348.5", 551.5" , 708.5" 

(c) 84.3°, 275.7", 444.3°, 635.7" 

3 (a) 36.9° 

(b) - 36.9° 

(c) 0.464rad 

4 0, 7T, 27T 

5 11.8°' 78.2°' 191.8°' 258.2° 

6 I 5 3 7T, 7T, 3 7T 

7 
7T 
2 

X 

0~~5~0~1-:v00~15~0;-;::-20:'-::0:--25'-0-30L0_3_5L0~() 

9 y 

4 

2 

0 
X 

max 3, min 1 

10 y 

4 

2 

0 
X 

11 -3 < a < 3 

12 y 

X 

There is one solution. 

y 

X 

I 
I 

Yes: except the units for the first shoulS be in 

:adlans and the units for the second should be 
m degrees. 

'· 

\ 

13 (a) 

(b) 

(c) 

Chapter 10 

Exercise I Oa 

. 2 

3 

4 

5 

I sin 0 

- 12 

13 "' (a) 

3 

5 
(b) 

7 
25 

(c) 

(d) 0 

tan4 A 

1 

sin() cos () 

1 

cos2 e 
6 tan() 

- 2 

cos (J 

5 -
13 

4 -
5 

24 

25 

±1 

tan 8 

12 

5 

3 -
4 

7 
24 

0 

l 
~ 
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7 sin3 (} 

8 :i2 + y 2 = 16 

9 ( a2 + b2) = 1 
x2 y2 

10 (x- 1)2 +y2 = 1 

11 (1-x)2+(y-1)2=1 

12 x 2(b2 - y2) = a2b2 

13 y(:i2 - 4x + 5) = 4 

Exercise lOb 

1 60°, 120° 

2 900, 270° 

3 120°, 300° 

4 194.S0,345.SO 

5 120°, 240° 

6 45°, 225° 

7 300, 150°,210°,330° 

8 190.1 °, 349.9° 

9 41.9°, 318.1° 

10 - 7T -l.1T l.1T 7T 
' 3 ' 3 ' 

11 2 0 2 
- 7T, - 3 7T, ' 3 7T, 1T 

12 I 0 I 
- 1T, - 6 1T, ' 6 1T, 7T 

Exercise 1 Oc 

1 22.SO, 112S 

2 40°,80°, 1600 

3 none 

4 67.SO, 157.SO 

5 none 

6 600 

7 - 149.SO, - 59.SO, 30.SO, 120.SO 

8 -105.2°,-74.8°, 14.8°, 45.2°, 134.8°, 165.2° 

9 ::'::63.6° 

I 5 2 11 
10 6 7T, 12 7T, 3 7T, 12 7T 

11 -&7T 

I 13 
12 24 7T, 24 7T 

Exercise 1 Od 

1 7T 
3 

2 - ~ 

T2 
3 7T 

2 
4 - 7T 

3 
5 7T 

-3 

6 - 7T 
4 

7 7T 
4 

8 !!. 
4 

9 

10 

11 

7T 
4 
(a) f(x) 

6 

4 

2 

0 

(b) yes, one-one 

(a) f(x) 

(b) no, not one-one 

(c) -1roS;xoS;1r 

Mixed exercise 10 

1 x 2 +~=1 

2 sin f3 = ::'::/3, tan f3 = ::'::/3 
2 

2 . I ]. ~1T !_1T 
3 --=---ze· 4 7T, 4 7T, 4 • 4 sm 

4 f(x) 

3 

7T+4 
5 

----r2 ( ~':~ 

6 
-29 - 17 - 5 _]_ ~1T 
'"36 7T, '"36 7T, 36 7T, 36 7T, 36 , 

7 (x- 2)2 + (y + 1)2 = 1 

8 (a) (b) !!. 7T 
2 

10 sin2 A 

11 ::':: 70.SO, ::':: 180° 

12 a = 5, b = 4, c = 3 

13 10°, 110°, 1300 

14 -90°,30°, 1500 

15 
I 5 
37T, 67T 

X 

X 

X 

].!_7T 
36 

P1 Answers 163 
16 (a) f(x) 

Exercise I I c 
(a) 6 (b) 13% 

(c) 5 

(d) * 9 
2 I 

2 

3 8, 4, 2, 1 or 24, -12, 6, -3 

X 4 2 

3 

5 59048 

6 16, -8 
- 2 7 2 

(b) e.g. - 7T oS; x oS; 1r 
8 

9 a = 2 ::':: 12, r = t (2 ::':: 12) 

Chapter 11 
Exercise lid 

Exercise I la 

(a) 17, 3n + 2 (b) - 2,8 - 2n 
(c) p + 4q, p - q + nq (d) 18, 2n + 8 

(e) 17, 4n- 3 (f) 5-n 
0,-2-

(g) 8, 3n- 7 

2 (a) 185 (b) -30 (c) 5(2p + 9q) 
(d) 190 (e) 190 (f) - 5 

(g) 95 
2 

(a) 1 + 36x + 594x2 + 5940x3 
(b) 1 - 18x + 144:i2 - 672x3 

(c) 1024 + 5120x + 11520x2 + 15 360x3 

(d) 1 _ ~X+ 190 J(2 _ 380 x3 
3 9 9 

(e) 128 - 672 + 1512 - 1890 
x x2 x3 

(f) (~f + ~~ 7o x + 19 x2 + ~ (3?)x1 

3 a = 27.2, d = -2.4 2 (a) 336x2 
(b) - 10x 

4 d = 3; 30 

5 1.t.o;-8t 

6 (a) 28t cb) 8o (c) 80 3 
(d) 108 (e) 40 

7 4, 2n- 4 4 
9 1, 182 5 

10 First term = 1, common difference = 5 7 

(c) -21840x11 
(d) 3360p6q4 

(e) 16(3a)7b (f) 7920.0 
(g) 63x5 (h) 56a3b5 

(a) 1 - 8x + 27x2 (b) 1 + 19x + 160x2 
(c) 2- 19x + 85x2 (d) 1 - 68x + 2136x2 

1 + 18x.+, 144x2 + ... + 512x9 

8 \ 6 1 
4 
3 8 - 10 

Exercise I I b 
9 --to 10 200 

(a) 32 (b) l. (c) 48 8 

Chapter 12 (d) t '(e) I 

27 
2 (a) 189 (b) - 255 (c) 2- ml9 Exercise I 2a 

(d) 781/125 (e) 341/1024 (f) I l._x6 + K 
t,il 

I 6 

3 t. 2 .<- 2 -l.x- 4 + K \' ' ~ 
"' 4 4 - I 

3 ix ~ + K 2 
5 

5 - t. 1/1024 4 -l.x-2 + K • 2 , 
(x- x" +I) •' 

-~x - ~ + K 6 (a) 
I, 5 (1 - x) 3 

I 

(x" - 1) 6 2x2 + K 
(b) 

[x" - 2(x - 1)] ; ~ 

'7 l.x2 + K ; 
2 

1 - yn 
, 

\ 8 lxt + K (c) (1 - y) 
2 

7 H 1 - (tn 
I 

9 X+ tx3 + K 

8 10 or 62 10 l.x2 + l.x3 + K 
2 3 
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3 

Exercise 12e 11 x2 - .?.x' + K 
3 

1 4 
x - l + K 3 12 

X 

15_!_ 2 
4 13 x-l + K 

3 1 X 

3 
14 lx2 + lx3 + K 

4 2 3 

15 2x + ( ~)x 2 
- 5x3 + K 

16 2/.X + ~x ~ + K 
3 

17 _ _ l_+~+K 
2x2 x 

3 ) 1 

1 

18 2/.X + tx' + ( t x' + K 
(a) 1 

(b) -;} (c) 2 4 19 x - x2 + lx3 + K 
3 

5 y 
20 lr - lx4 + K 

4 2 4 

21 - l+_l_ + K 
x rx 

22 -(x + 3)- 1 

.?. (1 + x)1 
3 X 

23 
- 3 3 

24 __!__(3x + 1)6 
18 

25 __!__ (5x - 2)5 

- 3 
25 

26 __!__ (3x + 5)4 
12 - 4 

27 
I 

(2x - 9)2 

(a) 4 (b) 4 (c) 8 28 l(4x + 1) ~ 
6 

6 (a) -2 (b) 2 (c) 0 

Exercise 12b 

1 y = jx- x4 + j 
3 

2 y = 2x + 2x2 - 25 

3 y = x - l - 3 
X 

4 y = x2 + 2x3 + 5 

5 y = ¥- - -12 (2 - 3x)4 

Exercise 12c Exercise 12f 

1 4 2 t (8/2 - 1) 1 1 

3 

3 26.?. 
3 

4 12.?. 
3 

2 9 

5 15 6 -- 2 3 (a) 8 

3 (b) ¥-
7 2_!_ 

3 
8 6/2-4 4 1.75 

9 10 Il 
8 

5 1 

6 

Exercise 12d 
6 18 

Answers are in square units. 7 ±/2 
3 

8 (a) ~ 1 5.!. 2 12.?. 3 2.?. 
3 3 3 

(b) t 
9 4/3 4 13_!_ 5 5.!. 6 60 

2 3 

10 1 

3 7 5.!. 8 4l 9 24 
3 8 

Exercise 12g 
1 1 

2 does not exist 2 
3 2/2 4 does not exist 
5 does not exist 

Exercise 12h 
512 
157T 

2 1 
27T 

3 2i7T 
5 

4 27T 

5 87T 

6 87T 

7 t7T ('i32 - I ) 

8 7T 
2 

9 (a) 327T (b) 87T 
5 3 

Mixed exercise 12 
lx3 + l + K 
3 X 

2 l x~ + K 
4 

3 
3 I 

2 .?.xz + 2x2 + K = - /.X (x + 3) + K 
3 3 

4 lr + l + K 
2 X 

5 t rx (x2 - 5) + K , 

6 9 

7 331 
4 

8 3 

4 

9 16 

3 

10 9 

16 

ll 97T 
14 

12 (a) 87T 

13 1 

2 

Chapter 13 

Exercise 13a 
(a) 3i + 6j + 4k 

(c) i- 3k 
2 (a) (5,- 7,2) 

(c) (0, 1, - 1) 
3 (a) m 
4 (a) 6 
5 (a) 3i + 4k 

(c) 2i + 3j + 3k 
6 b, d and e 

7 c 

8 ..1 = _!_ 
2 

(b) 5 

(b) ·1 

(b) 2567T 
15 

..<· 

(b) i-2j-7k 

.. (b) (1,4,0) 

(c) 3 

(c) 1206 

(b) 2i- 2j + 2k 

(d) -6i + 12j- 8k 

1 

-I \ 

P1 Answers 165 

9 b , e and f 

10 (a) neither 

(c) equal 

11 (a) - 2i-3j + 7k 

(c) - 2i - 2j + 4k 

12 162, 110, 2/6 
13 15 

(b) parallel 

(b) - j + 3k 

14 A8 = - i + 3j, Bi3 = - j + 4k, 

m = - 2i + 2j - 6k, Al5 = -i + 2j- 4k 

15 08 = 3i + 3j, oc = 3i + 3j + 3k, 

Gf = 3i - 3j + 3k 

16 0£ = 2i + 3j, EF = - 2j + 4k, 

&i. = - 2i - 3j - 4k 

11 0£ = 5j + 4k, £B = 3i - 4k, £4 = - 3i - 5j - 4k 

18 (a) OP = 3i + 6j + 6k, OQ = 6i + 6j + 3k, 

?Q = - 3i - 3k 

(b) 22.2cm 

Exercise 13b 

() 2 · +2 · 1k a 31 31 - 3 

(c) ti + ~k 

(e) t i + ~j 

2 -
1
-(- 2i - 3j + 3k) 

122 

3 
1 

(2i - (a + 2)j), a =-2 
l a2 + 4a + 8 

4 3 •• 

Exercise 13c 
(a) 30 

(b) 0; a and b are perpendicular 
(c) -1 

2 (a) 7, t n (b) 14,{1; 

(c) 3, -k 158 (d) 1, ~ 
3 4 

4 -fo: 33.2° 

7 (a) 10/3 (b) V41 - 2013 

8 .67.800 

9 (a) (i) 4j - 4k (ii) 4i + 4j 

(b) A = 90°, E = 19S, A = 70S 

"" 

10 (a) (i) 4k - 4i (ii) - 2i + 4j + 2k 
(b) 70S 

11 , (b) 122o (c) 17.3 square units 
12 (a) 17, 40.2° 

(b) 4i - 4j + 3k, J 206 

(c) -5j + k, i (lOi - 7j + 5k) 
13 60° 

14 (a) 60.0° (b) 10.8 cm2 
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Summary exercise 3 

I 3.75 

3 8 

4 Ci) ?A = _ 6i _ 8j - 6k, ?N = 6i + 2j - 6k 

(ii) ggo 

5 19.1 oor109.1 o 

6 f(x) 

7 0) ?R = ( ~) ?Q = ( - ~) 
(ii) 61.9° (iii) 12.8 cm 

8 (i) A(l, 5), B(4, 5), M(2, 4) 

(ii) 187T 

9 (i) ~ (ii) 5150 

IO (ii) 600 and 300o 

11 (i) a = 3 and b = -4 

(ii) x = 0.36 and 2. 78 

(iii) y 

7 

X 

- 1 

I2 427T 

I4 (i) t ( -~) (ii) 10 

(iii) 5 or -7 

Sample paper 1 

(i) (a) (4 - x)Z (b) 4- x2 

(ii) (a) fg(x)? 0 (b) gf(x) ~ 4 

2 (i) 1.5 (ii) 14 cm 

3 (1, 1), (2, -1) 
2 C) l 4 (i) -5, 35 

11 3' 3 
5 (ii) ( -9, 0) 

6 (i) 3i + 2j + 2k, 6i - 2j + 2k 

7 (i) 10°, 70°, 1900, 250° 

8 (i) ( -4, -8), (4, 8) 

(ii) max, min 

9 (i) (a) 1 - 16x + 112x2 

(b) 0.851 

(ii) 82 

IO (i) 8 unit2 

Sample paper 2 

I (i) 24 +% 7T 

2 (i) 30, 165 

3 X- 2y = 3 

4 - 1,2 

5 (i) 

0 90 

- 1 

-2 

(ii) 165°, 285° 

6 4 cm2s - I 

7 ..!.x 2x- 2 4 , 

8 (i) 1, 4 

9 (i) 5,3 

(ii) 11 , 42.8° 

(iii) 2i - 3j + k 

IO (i) (-1, -6), (2, 21) 

(ii) 407T unit3 

(ii) 27 7TCm2 

(ii) ~ 

(ii) min, max 

Index 

A 

angles 25, 79 

angle between two vectors 134 
complementary 89 

equations involving multiple 96 
radians 25-6, 27, 28-9 

arcs 

length of 27-8 

and radians 25 
area 

finding by definite integration 

115, 116-17, 117-19, 121-2 

sector of a circle 28-9, 30 

using integration to find 113 

arithmetic progressions (APs) 100-1 

sum of an AP 101-2 
asymptotes 43 

B 

binomial theorem 107-9 

c 
Cartesian coordinates 11 

Cartesian unit vectors 129 

finding 133-4 

operations on 130-2 

chain rule 60-1, 62 

chords 54 

circular measure 

area of a sector _28-9, 30 

length of an arc 27-8 

radians 25-6 

common difference 100 

complementary angles 89 

completing the square 3-4, 5 

composite functions 46-7 

constant of integration 110 

constants, differentiating 56-7 
contact, point o( 54 

coordinate geometry 

Cartesian coordinates 11 

equation of a straight line 18-20 

finding the equation of a straight 
line 20-2 

gradients 13-15 

intersection 23 

length of a line joining twc'fpoints 
11-12 

midpoint of a line joining two 

pqints 12-13 • 

cosine function 79, 86-7, 89-90 
cubic functions 42 •' 
curves 

differentiation 55-62 

equation of a line 1.'3 

equations of tange~ l: s and normals 

65-6 

finding areas bounded by 113-22 

finding the equation of the curve 
112 

gradient 54-5 

intersection 23 

intersection of a straight line and 
a curve 51-2 

sketching curves of functions 40-3 
stationary values 67 

turning points 68-72 

cyclic functions 81, 82 

D 

definite integration 114 

finding area by 115-22 

derivative of a function 55, 110 

derivatives of a function 55 
differentiation 55 

the chain rule 60-1, 62 

differentiating constants and 

multiples of x 56-7 

differentiating x" with respect 
tox 56 

equations of tangents and 

normals 65-6 

gradients of tangents and 

normals 57-8 

increasing and decreasing 

functions 59 

reversed 110 

discriminants 7 

displacement vectors 128, 129 

domains 38-9, 39-40 

E 

elements 113 

equal vectors 127, 130 
equations I 

equation of a normal 65 

equation of a straight line 

' 18-20,20-2,51-2 

• f 

equation of a tangent 65-6 

finding the equation of the curve 
112 

involving multiple angles 96 
quadratic 1-9 

solving using Pythagorean 
identities 94-5 

expressions 1 

F 

factof ising of ~uadrat ic ..l quations 1-3 
formulae 143-4 

functions 38 

COmP.OSite 46-7 

cubic 42·-;3 

domain ofia function 38-9 

gradient (derived) function 55, 57 

increasing and decreasing 59 

inte~rating 110-_12 
inverse 44-6 

inverse trigonometric 97-8 
polynomial 42-3 

•'Q uadratic 40-1 

range of the function 39-40 
rational 43 

trigonomic 79-91 

G 

geometric progressions 103 

sum of the first n terms of a GP 
104-5 

sum to infinity of a GP 105-6 
gradient function 55, 57 
gradients 54 

curves 54-5 

of straight lines 13-15, 16, 54 

of tangents and normals 57-8 

identities, trigonomic 92-3, 94-5 

improper integrals 121-2 
inequalities 49 

manipulating 49 

solving linear 49-50 

solving quadratic 50-1 
integration 110 

constant of 110, 112, 114 
definite 114 

finding an area using 113 

finding area by definite integration 
115-21 

integrating a sum or difference of 
functions 111 

volume of revolution 122-4 
intersection 

of any curve and a straight line 52 
of lines or curves 23 

of a straight line and a parabola 
51-2 

inverse functions 44-6 

inverse trigonomic functions 97-8 

L 

linear inequalities 49-50 
lines 

chords 54 

equation of a straight line 

18-20,20-2 

gradient of a straight line 13-15, 
16, 54 t 

intersection 23, 51-2 

length of a line joining two points 
11-12 

midpoint of a line joining two 
points 12-13 

normals 54 

tangents 54 

see also curves; vectors 

M 

mappings 37, 38 

domain and range 38-40 

maximum points 68, 69, 70 

minimum points 68, 69, 70 

modulus of a vector 127, 130 

N 

negative vectors 128 

normals 54 
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