
 

Chapter 5. Applications of Integration 

 

5.1 Areas Between Curves 

 
(1) Integrating with respect to 𝑥𝑥 

 

                                                        𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 = 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 × ℎ𝑒𝑒𝑒𝑒𝑒𝑒ℎ𝑡𝑡   

 

 

 

 

 

 

 

① Area when 𝑓𝑓(𝑥𝑥) ≥ 𝑔𝑔(𝑥𝑥) 

 

            The area A of the region S bounded by 𝑦𝑦 = 𝑓𝑓(𝑥𝑥)  , 𝑦𝑦 = 𝑔𝑔(𝑥𝑥)  𝑜𝑜𝑜𝑜  [𝑎𝑎 , 𝑏𝑏]  , where 
 𝑓𝑓(𝑥𝑥) 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔(𝑥𝑥) are continuous and 𝑓𝑓(𝑥𝑥) ≥ 𝑔𝑔(𝑥𝑥) for all 𝑥𝑥 in [𝑎𝑎 , 𝑏𝑏] 

 

𝑆𝑆 = lim
𝑛𝑛→∞

�{𝑓𝑓(𝑥𝑥𝑖𝑖) − 𝑔𝑔(𝑥𝑥𝑖𝑖)}∆𝑥𝑥
𝑛𝑛

𝑖𝑖=1

= � [𝑓𝑓(𝑥𝑥) − 𝑔𝑔(𝑥𝑥)]𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎
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𝑒𝑒𝑒𝑒) 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑡𝑡ℎ𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 = 𝑥𝑥2 + 1  , 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  

     𝑦𝑦 = 𝑥𝑥 𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑏𝑏𝑏𝑏 𝑥𝑥 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 = 1 

 

 

 

 

 

 

 

 

 

 

 

𝑒𝑒𝑒𝑒) 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑡𝑡ℎ𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑏𝑏𝑏𝑏 𝑦𝑦 = 𝑥𝑥2  𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 = 2𝑥𝑥 − 𝑥𝑥2 
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𝑒𝑒𝑒𝑒) 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑏𝑏𝑏𝑏 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦𝑦 =
𝑥𝑥

√𝑥𝑥2 + 1
  𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 = 𝑥𝑥4 − 𝑥𝑥 

 

 

 

 

 

 

 

 

 

 

 

 

 

② General Area 

 

The Area between the curves 𝑦𝑦 = 𝑓𝑓(𝑥𝑥)  𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 = 𝑔𝑔(𝑥𝑥) and between 𝑥𝑥 = 𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 = 𝑏𝑏 is 

 

                                                                     𝐴𝐴 = � |𝑓𝑓(𝑥𝑥) − 𝑔𝑔(𝑥𝑥)|𝑑𝑑𝑑𝑑
𝑏𝑏

𝑎𝑎
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    𝑒𝑒𝑒𝑒) 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑡𝑡ℎ𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑏𝑏𝑏𝑏 𝑦𝑦 = sin 𝑥𝑥  ,𝑦𝑦 = cos 𝑥𝑥  , 𝑥𝑥 = 0  , 𝑥𝑥 =
𝜋𝜋
2

 

 

 

 

 

 

 

 

 

 

 

(2) Integrating with respect to 𝑦𝑦 

 

The Area between the curves 𝑥𝑥 = 𝑓𝑓(𝑦𝑦)  𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 = 𝑔𝑔(𝑦𝑦) and between 𝑦𝑦 = 𝑐𝑐 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 = 𝑑𝑑 is 

 

                                                                     𝐴𝐴 = � |𝑓𝑓(𝑦𝑦) − 𝑔𝑔(𝑦𝑦)|𝑑𝑑𝑑𝑑
𝑑𝑑

𝑐𝑐
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    𝑒𝑒𝑒𝑒) 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑡𝑡ℎ𝑒𝑒 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑏𝑏𝑏𝑏  𝑦𝑦 = 𝑥𝑥 − 1  , 𝑦𝑦2 = 2𝑥𝑥 + 6 

 

 

 

 

 

 

 

 

 

 

 

 

 𝑒𝑒𝑒𝑒) 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑡𝑡ℎ𝑒𝑒 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑡𝑡ℎ𝑒𝑒 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑏𝑏𝑏𝑏 𝑥𝑥 + 2𝑦𝑦 = 3  ,𝑦𝑦 = 𝑥𝑥 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 =
1
4
𝑥𝑥 (𝑥𝑥 ≥ 0) 

 

 

 

 

 

 

 

 

 

 

 

 

 




