€) studocu

A-Level Pure Math Further Differentiation - Calculus

Studocu is not sponsored or endorsed by any college or university
Downloaded by thomas donnay (kunal.ucluhsoc@gmail.com)


https://www.studocu.com/en-gb?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=a-level-pure-math-further-differentiation-calculus
https://www.studocu.com/en-gb/document/universidad-privada-del-norte/calculo/a-level-pure-math-further-differentiation-calculus/28710936?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=a-level-pure-math-further-differentiation-calculus
https://www.studocu.com/en-gb/course/universidad-privada-del-norte/calculo/3766502?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=a-level-pure-math-further-differentiation-calculus
https://www.studocu.com/en-gb?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=a-level-pure-math-further-differentiation-calculus
https://www.studocu.com/en-gb/document/universidad-privada-del-norte/calculo/a-level-pure-math-further-differentiation-calculus/28710936?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=a-level-pure-math-further-differentiation-calculus
https://www.studocu.com/en-gb/course/universidad-privada-del-norte/calculo/3766502?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=a-level-pure-math-further-differentiation-calculus

04. FURTHER DIFFERENTIATION

4.1.The Chain rule

|

Exercise 4A

4.2.Rates of change

Exercise 4B

4.3.Products and Quotients

Exercise 4C

4.4.1mplicit functions

Exercise 4D

4.5.Parameters

Exercise 4E

4.6.Second derivative

Exercise 4F

Examination Questions

Chapter answers

Download More Book Chapters

This document is available free of charge on g stUdocu

Downloaded by thomas donnay (kunal.ucluhsoc@gmail.com)


https://www.studocu.com/en-gb?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=a-level-pure-math-further-differentiation-calculus

04. Further Differentiation

4.1. The Chain Rule

04. FURTHER DIFFERENTIATION

Supposing y is a functionof t ,and t itself is a functionof x . If 8y, 6t and 6x

are corresponding small increments iny, t, and x, then;

\
The Chain rule provides us
6_y = 6_y % ﬁ with a technique to
6x 6t 6x . . .
differentiate composite
As 8y, 6t and 8x tend to zero; functions; including
expressions with indices
5_y N d_y 5_y N d_y ﬁ - E without the need to first
§x dx’ 8t dt’ §x  dx .
expand the expressions.
\ S

dy  dy dt

Hence is the chain rule.

dx T dt " dx

Example 1:

Differentiate:

(a) (2x + 3)?

Let y = (2x+3)2 Previously, we expanded the

expression, before differentiation.
y = 4x*+ 12x + 9

Z_y = 8x + 12 Now, we introduce a substitute, t, for
x

the expression in brackets.
= 4(2x+3)

Alternatively: Then we obtain 4¢/, and dy/dt

Let y=(2x+3)% and t=2x+3; then y =t?

We then use the chain-rule to relate
d
y/dt and dt/dx.

dt dy

=9 =
dx dt

By the chainrule: 2 = ¥ 5 &
y ecnamrule; dx = dt dx

2t

We obtain the same answer, but the

d chain rule is important especially when
ald = 2t X 2 = 4t P P Y

the power of the expression is high,

and expansion is tedious.
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04. Further Differentiation

(b) 2(3x +4)*

Expanding the expression with
Let y=23x+4)* and t=3x+4, then y= 2t power 4 would be tedious. We aim at
substituting that term in brackets.

dc
dx

d d
By the chain rule; —-— = d_i] x - We obtain dt/dx and dy/dt

= 8t3 x3 <

We then use the chain-rule to relate
_ 3 d
= 24t Y/ g and 9/,

= 24(3x +4)3 |

We substitute back t = 3x + 4.

() (Bx—1)2/3

Fractional powers are treated in

Let y=Bx—1)?/3 and t=3x—1; then y=t*/< @ the same way, paying attention to

the negative indices that arise.
E = 3 d_y = zt_l/S <
dx dt 3
. d
By the chain rule; d_y = d_y X E We obtain dt/dx and y/dt
dx dt dx

_ 2,173 _
—gt X 3 <

We then use the chain-rule to
relate dy/dt and 4t/ .

= 2t7/3

=2Bx—-173.

() B-20)7"?

. d
Let y=0B—=2x)"Y2 and t=3—2x; then y=t"1/? We obtain dt/dx and y/dt

dt dy 1, 3
= _ 7= 14372
dx 2 dt Zt
_dy » dt
T odt T odx

We then use the chain-rule to relate
d
y/dt and dt/dx'

By the chain rule;

— t3/2 Note: we simply use the substitution
(t) to simplify our working and

= (3—2x)73/2 should not be left in the final

@ Multimedia E-Learning Education Systen (viLEX) Zrvar,

Downioaded Dy Thomas donnay (Kunal.uclunsoc@gmall.com)


https://www.studocu.com/en-gb?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=a-level-pure-math-further-differentiation-calculus

04. Further Differentiation

Differentiate:

1
@) V3Bx +1)

The square root in the

1 1
Let y=3x+1)"2 and t=3x+1; then y=t 2

denominator becomes index (— %) .

We find ¢/, and dy/dt and

relate them using the chain rule.

We substitute back (3x + 1) for t.

t = 3x'/? — 2x; then y = t3

We find ¢/, and dy/dt and relate

them using the chain rule.

The index (— %) can be written as a

square root in the denominator.

© (2-2)"

We find 4t/ and dy/dt and

relate them using the chain rule.

_2
3

t73 x (4x+6x3%)<

One may consider moving negative

indices into the denominator

,
where desirable.
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04. Further Differentiation

We find ¢/, and dy/dt and relate

them using the chain rule.

Power (— g) may be written as
! (3 X —%) where (—%) may be

written as a square root in the

denominator.

At this point it is worth mentioning that the chain rule can be carried out in the “background”, i.e. without showing

the t — substitution as illustrated below:

Remember to consider the term in bracket as a single term t of the chain rule.

Differentiate:

(a) B—4x)73

We multiply by the power of the

Let y = 3—4x)" 4 ferm (=3); and rewrite the term

with its power reduced by 1;

dy_

. (d
2 = 33 - 407 x {E G- 4x)}

= —3(3—4x)"*x —4
Then multiply by the derivative of
= 123 —4x)™* . the term.

(b) (3x%+5)3

(3x% +5)3 We multiply by the power of the

& term (3); and rewrite the term

d ith it duced by 1;
[3(3x2 + 5)] x {a (322 + 5)} with its power reduced by

3(3x% 4+ 5)% x 6x Then we multiply by the derivative

18x(3x2 +5) . of the term.

IH
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04. Further Differentiation

(c) (2x% —4x)?

We multiply by the power of the
Let y = (2x* —4x)° 4 ferm (2): and rewrite the ferm with its
d ,L power reduced by 1.
% = 2(2x% — 4x)' x (4x — 4)
=16(x*=-2x)(x —1) . Then we multiply by the derivative of the
term.

(d) (3x2%2 —5x)2/3

We multiply by the power of the
Let y = (3x* —5x)7%/° 4 term (—é),‘ and rewrite the term with its
v power reduced by 1.
dy 200 2 —5/3
i —5(3x — 5x) X (6x — 5)
_ —§(6x — 5)(3x% — 5x)~5/3 * Then we multiply by its derivative.
2(6x — 5) ] ] .
= _W < One may bring the negative power into
I_. the denominator or simply leave it as
above.
1
© J(x*-3%)

We geft rid of the square root by writing
Let y= (x?—x"H)V%

. “ 1 "
it as “to power -

dy
dx

= %(x2 —x)V2 (2x +2x73)

_ %(xz —x )12 2(x 4 x73) We mullﬂply by the power of the
term (5),’ and rewrite the term with its

= x? —x")2(x +x73) power reduced by 1.

Then we multiply by its derivative.

1. Differentiate:

(@ (x+1)2
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04. Further Differentiation

(c) (Bx+2)3 —=(2x+3)73
j— 3 1
2(4x — 1) 2+ 1)

Lic _ gyt L
(€ 56 -89 8(3x + 5)i

3 4 3
(f) - (4x +3) (6x 4 5%

( ) (Sx + 2)_2 3
& (3-8x)7
Integrate:

30+ 1)° (5—4x)7:
8(2x + 3)3

(Gx +4)72
6(4 — 3x)°3

1
(2x +3)2

Differentiate:

(a)

1

(2x+3)
1

(3x+4)?
1

(c) m

Integrate:

(b)

1

(a) (x+2)? 3[GBx+4)

1 1
(b) (2x+1)3 (4—6x)3

1 1
c —r
(c) J@2x+3) 32x+1)?

Differentiate:
(a) (2x% +1)?
(b) (3x%+2)3
(€ (3 +4)?
(d) (2x*+3)3

Differentiate:

(a)

_
(x2+1)

(b) _r
J@x2+3)

1

V3 +x)

Differentiate with respect to x and simplify:

(c)
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04. Further Differentiation

4.2. Rates of Change

We can also use the chain rule to investigate related rates of change:

Example 4:

The area of the surface of a sphere is 4mr?, r being the radius. Find the rate of change of the area in
square cm per second when r = 2c¢m, given that the radius increases at a rate of 1 cm/s.

In this case, the chain rule lets us relate

dr
Given; A =4mr? and i lem/s,

rates of change.

dA We can find the rate of change of areaq,

d—r—STL'T

dA/dt if we have the rate of change of

. radius dr/dt' and dA/dr obtained by simply
by the chain rule; — . L.
differentiating the formula for Area.

We put r = 2 fo find the rate at that
particular time.

An ink blot on a piece of paper spreads at a rate of % c¢m?/s. Find the rate of increase of the radius of the circular
blot when the radiusis % cm.

Rate of ink spread is change in area, 44/, =

% cm?/s (given above).

dt

A We can relate dA/dt as shown and obtain

ar dr/dt from it by making d’”/dt the subject. OR

dr _dr dA
dA jdA pralryRaery
dt/ dr < .
.
=1

l/ 1 and - = /dA

= 2 = ———— W
2nr Amr

1
= 1
oo
41'[)(2

We enter dA/dt and dA/dr. We put (r = %)
to find dr/dt at that particular time.

cm/s
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04. Further Differentiation

Example 6:

A hollow circular cone is held vertex downwards beneath a tap leaking at a rate of 2 cm3/s.

Find the rate of rise of the water level when the depth is 6¢m given that the height of the cone is 18cm and

radius 12cm .

18cm

Since we are finding the rate of rise of water
level, dh/dt' we shall use the dimensions of the
cone to eliminate r such that the only variable
leftis h.

A

We have extracted a longitudinal section of the
cone shown. And we shall use the concept of
similar triangles to find an expression for r in
terms of h.

Since we re interested in E

interms of h.
by similar As;

18

we express r

Rate at which water is leaking is
dv/dt = 2cm3/s (given above).

_ 2

3

Now v = %nx(gh)z X h

h e—

By the concept of similar triangle;

hy n

hy 7
where h; and r; are the height and
base of the bigger outer triangle; and
h, and r, for the smaller inner
triangle.

_ 4 13
—Eﬂh‘

We express r in tferms of h and
eliminate it from the formula for v,
leaving one variable h.
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04. Further Differentiation

4 N

By the chain rule; dv N dh P We can relate d”/dt as shown and obtain
dh  dt dh/dt from it by making dh/dt the
dv jdv subject. OR
at/ an dh _dh _dv
, at dv i dt
4 dh
SR @,
gt and o= Jdv
dh
9 g V.
2mh?
dh 9
At h =6cm; — = 5——— We put h = 6 to find the rate at that

dt 21 X 624

particular time.

1
—gcm/s.

A hemispherical bowl is being filled with water at a uniform rate. When the height of the water is h cm the volume
is m(rh?® — 1/3h3) cm3, 1 being the radius of the hemisphere. Find the rate at which the water level is rising

when it is half way to the top given that r = 6 cm and that the bowil fills in a minute.

The height h of the water level is
changing; however, the radius of the
hemisphere r is constant. So in the

@
formula for v, the only variable to
consider is h; r is a constant.
Volume of sphere = %m’3
Volume of the hemisphere; = volume of hemisphere (half a sphere)
_ 2 3 & @ 1 4 3
= —r° € = —X—
3 2 3 nr
_ 2 3 _ E 3
v o= gmX 6 = 3nr

v=1441 cm?3.

The hemisphere takes 60 s to fill;¢———

dv 1447 We divide the volume by the time it

" 60 takes to fill to obtain the rate of

change of the volume dv/dt .

v _ YL R—
dt 5 '

Giventhat; v=nm (rh2 - %h3) = rh? — %Tth3

]
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04. Further Differentiation

We differentiate with respect to h;
® treating r as a constant since radius is

constant.
, ) a
By chain rule; ah T
dv jdv
2t/ an From Tdhhe expression for dv/dt we
i make %/, the subject and
_ 5 i
= /nh(Zr _h) substitute.
_ 12
T ShQ2r — )t Half-way the top means

> of radius from the bottom. And we

substitute that value of h into the
expression for dh/dt, obtained above.

T 5x3@2x6—23)

4
© cm/s .

Example 8:

An inverted right circular cone of vertical angle 120° is collecting water from a tap at a steady rate

of 18w cm3/min.

(a) Find the depth of the water after 12 min.
(b) Find the rate of increase of the depth at this instant.

/ We have extracted a longitudinal section
fl of the cone shown. Since we are finding h
4_;—. and dh/dt, we shall use this triangle to
* / find r in terms of h and eliminate r from
60?*’#. the expression for volume.
."Illlllz

, dh
Since we re looking for h and ey we

express r in terms of h

r —— From the right-angled triangle;
tan60 = — opp
h tan60 = —
adj
r = htan60 .
And we express r in terms of h.
r = \/§ h —
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04. Further Differentiation

Volume, v = imr?h t———

We substitute and eliminate r from the
putting r; v = gu(V3h)'h formula for v; such that the only
? variable leftis h.

v = wh? . . L dh
And we differentiate to find 4/, .
h L S
_ =
ence — s
dv
Also given; i 181 cm3/min <—
(a) depth after t = 12 min;
Volume collected is given by:
- t ? te wat 1 (dv> X ti
U—Ex rate water of flow ar ime
= 18m x 12

216m cm’3¢—————

butalso; v = mh’<
216w = whd So we quote the formula for v derived
\ & above and substitute for (v = 216m) to
h=4216 get the depth of the water, h.
h=6 cm. e—0m o
(b) rate of increase of depth;
dh _ dv jdv
dt —  dt/ dh
_ A8r o v _dv dh
37Th2 rom E = E X d_t
6
Y ® We use the chain rule to derive dh/dt
dh 6 and substitute (h = 6) fo find the rate of
at h=6cm; - = = increase at that particular time.
1 .
=3 cm/min . ¢——

Example 9:

A rectangle is twice as long as it is broad. Find the rate of change of the perimeter when the breadth of the
rectangle is 1 m and its area is changing at a rate of 18 cm? /s, assuming the expansion is uniform.

A

* Given that length is twice the breadth.
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04. Further Differentiation

| We shall need an expression

Since we have dA/dt andwe re looking for dp/dt’ relating area A with perimeter P.

<«

we need dA/dp ; S0 we express A in terms of P

Let the breadth be L. Area = length X width = 21>

A = 2/« |-. Perimeter = 2(length + width) = 6l
We also make [ the subject.
P= 6l and | ="/ 4
2
. A = 2(2) -
6 We substitute | and eliminated it
2 from the expression for area.
A = p_ ®
~ 18 We thus obtain area, A, in terms of
; dA
. a1 P and find /dp'
ence b gP <
dA <
Given; i 18 cm?/s™
R dp dA 1dA We use the chain rule to get dp/dt :
y chainrule;, — = —/—
dt dt/ dp & Also dA/dt was given as 18 cm?/s
= 18/1 and dA/dp is derived from
9P differentiation above.
_ 162
P <
butwhen |l = 1m =100cm; P =6 X 100€¢—
We use the length of (1 m) given
=600cm . .
to find the value of P at that time
. dP 162 "
ence dc - 800 using (P =61).
P Then substitute it in 4P/, .
— = 0.27 . <
1t cm/s

Example 10:

A horse-trough has a triangular cross-section of height 25c¢cm and base 30cm and is 2 m long. A horse is drinking
steadily and when the water level is 5cm below the top it is being lowered at the rate of 1cm/min. Find the rate

of consumption of the water in litres per minute.

We need to find a relationship
between the base and height and
eliminate one of these variables.

Now since we are given dh/dt' we

eliminate the base b.

200cm
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04. Further Differentiation

L
e

cross — sectional area X length<€—

We take a cross-section of the trough,
and apply the concept of similar triangles:
by
by
where b; and h; are the base and height
of the bigger triangle, and b, and h, are
of the smaller triangle respectively.

%bh x 200

100bh <

v
dt

dh ,
Since we have PT and we relooking for

dv
we need h ;S0 we express b interms of h.<€
by similar triangles;
30 _ 25
b~ h
30h

b -
25

6h‘
5

1000 x 2n
5

120h?

24 <
hence P Oh

dh
Aslo given; i 1 cm/min <

by chai l.dv_dvxdh
y chainrule; — = — T

dv

— =24 1
T 0h X

= 240h . ¢&—

When water level is 5 cm below top; h = 25 -5 = 20 cm;

d
d—: =240 X 20—

4800 cm?3/min

4.81/min g——r

The cross-section is the area of a
triangle G bh) .

So we find volume in terms of base
and height; and then aim at
eliminating one of the variables.

We shall need to eliminate b from
the expression for v above.

So we use the concept of similar
triangles to express b in terms
of h.

We substitute for b in the formula
for v, thus remaining with one
variable h. We also find dv/dh .

Rate of lowering water dh/dt =
1 cm per min.

We also have dv/dh from above.
So we use the chain rule to

find dv/dt'

Measured from the bottom, the
height of the water is 20cm, so we
substitute it into 4V/ .
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04. Further Differentiation
Exercise 4B:

Some oil is spilt onto a level and spreads out in the shape of a circle. The radius of the circle is increasing at the

rate of 0.5 cms~1. At what rate is the area of the circle increasing when the radius is 5 cm?

The area of the surface of a sphere is given by 4mr? and the volume by gm‘3, r being the radius. Find the rate

of change of (a) the area (b) the volume when r = 10cm, given that the radius increases at a rate of i cm/s.

A drop of water on spilling spreads on a piece of paper forming a circular blot at a rate of é cm?/s. Find the

. . . |
rate of increase of the radius of the circular blot when the radius is L om.

A spherical balloon is being inflated by blowing in 2 x 103 cm3 of air per second. At what rate is its radius
increasing when its diameter is 20 cm?
A closed cylinder is of fixed length 10cm but its radius is increasing at a rate of 0.5 cm s~ 1. Find the rate of
increase of its total surface area when the radius is 4 cm. (Leave m in your answer).
A hollow circular cone of radius 15 cm and height 25 cm is held vertex downwards. Liquid is poured into the
cone at the rate of 50 cm3s~1. How fast is the level of the liquid rising when the radius of its surface is 10 cm?
Water is emptied from a cylindrical tank of radius 20 cm at the rate of 2.5 litres s~! and fresh water is added
at the rate of 2 litres s~!. At what rate is the water level in the tank changing?
An inverted right circular cone of vertical angle 90° is collecting water from a tap at a steady rate
of 72m cm3/min.
(a) Find the depth of the water after 8 min.
(b) The rate of increase of the depth at this instant.
A hollow circular cone of radius 4 cm and height 20 cm is held down with its axis vertical. Liquid is added at
the constant rate of 20 cm®s~! but leaks away through a small hole in the vertex at the constant rate
of 15cm3s~1. At what rate is the depth of the liquid in the cone changing when it is 5 cm?

. Arectangle is four times as long as it is broad. Find the rate of change of the perimeter when the length of the

rectangle is 1 m and its area is changing at a rate of 10 cm/s, assuming the expansion is uniform.

4.3. Products and Quotients

Consider y a product of two functions u and v of a variable x.

Then; y = uv.

If a small increament &x in x produces increments du in u,6v invand 6y in y:

v+ 06y =+ suw)(v + 6v)

y + 8y = uv + véu + udv + dudv

[ERN
l!
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04. Further Differentiation

putting uv = y;

y + 8y =y + véu + udv + Sudv The product rule is used in
calculus when required to take
6y = vbu+udv+sudv the derivative of a function that

is the multiplication of a couple

dividing by x6;

or several smaller functions.

as 8x —» 0, éu, dvand 8y also tend to 0; Similarly, the quotient rule is

used for differentiating problems

sy d Su d év_d
y y u u v v where one function is divided by

_——— —_— > — -
Sx dx’ Sx dx’ 6x  dx
another.
dy du dv
x- Yix + Ui is the product rule.

In other words: to differentiate the product of two functions, differentiate the first function leaving the second one
alone, and then differentiate the second leaving the first one alone.

Similarly: If y =%/, ,then;

du dv
dy _Viax~ “ax
dx v2 is the quotient rule.

Example 11:

Differentiate:

(@ (x+D*(*-1)

letu=(x+1)? and v=(x%*-1)¢— We let one function be u and the other
v and we find d”/dx and d"/dx
d_u =2(x+1) E = 2x ¢——— respectively.
dx dx

dy dv

dx

We then substitute into the product
rule.

Z—i’ = {(x> -1 x20x+D}+{(x +1)? x 2x}
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04. Further Differentiation

=2(x + D[(x*=1) + x(x + 1]«

=2(x + D[2x? + x — 1]

=2+ Dx+1)2x—1) <

=2(x+1D?*(2x - 1).

[ () (x —DV(E2+1) ]

Let u= x—1 and v = (x*+1)2
du_ 1 dv
dx dx
= x(x%+41)71/2
dy  du 4 dv
dx vdx udx
dy _
dx

<

We have factorized out 2 and the
bracket (x + 1), so we simplify the
remaining terms.

We then factorize the term in the
square bracket.

1
= E(x2 +1)7Y2 x 2x

We write the root as index (%)
Then we've used the chain rule to find

dv /dx )

We then substitute into the product
rule.

{2+ DYV x 1} +{(x — 1) x x(x? + 1)7V/%}

= (+ DY+ x(x—1DE2+1)72

= (2% +1)7V2[(x2 + 1)i+ x(x — 1]

The bracket (x% + 1) is common; so we
factorize out the index that is least,
ie (x241)"1/2

= (x24+1)V2[x2 4+ 14+ x%—x]

2x% —x+1
V(x? + 1)

Note that on factorization, the
remaining power here is 1.

Example 12:

Differentiate:

[ @ *har ]

We've written (x2+ 1)"2as
1 1

CZ+ D2 Y2+ 1)

let y=x(x+1)"'e
letu=x andv = (x + 1)71

du—l dv— 1(x+1)2%x1
dx — dx — X )

=—-(x+1)?

Pulling the ferm (x + 1) out of the
denominator makes it powered to —1.

We've applied the chain rule here to
find dv/dx .
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04. Further Differentiation

= {x+1D'x1} +{xx—-(x+1)?%}

=@x+DT—x(x+1)%

We then substitute into the
product rule.

=+ 1D?[(x+ 1! —x]

=(x+1D71]

The bracket (x + 1) is common; so
we factorize out the index that
is least, ie. (x +1)72.

We then simplify.

:1/(x+1)2'

<

Note that on factorization, the
remaining power here is 1.

Lety=(1—-x?)(1+x?)"1 <
Let u=(1—-x?) and v=(1+x?)"
du_ —2x _ —(1+x*)72x2x
dx dx
=-2x(1+x%)72
du dv

dy

i {4+ x)Tx—2x}+ {(1 —x%) x —2x(1 +x2)7%}

==2x(1+x*)1=2x(1 =x>)(1 + x»)2

Pulling the term (1 + x2) out of
the denominator makes it
powered to —1.

We have applied the chain rule to
find dv/dx.

We then substitute into the
product rule and simplify.

==2x(1+x2)72[(1 + x*)' + (1 — x?)] =
= —4x(1 + x?)7?
_ 4x
(14 x%)2°
OR using the quotient rule:

i
du _dv
_vdx U dx

vZ
{(1+x?) x =2x} — {(1 — x?) x 2x}*
- (1+x2)?
—2x[1+x? + 1 — x%]«
- (1+x2)?

We have factorized out the
common terms (—2x) and the
bracket (1 + x?). The bracket
with the least index is the one
we remove, i.e. (1 +x2)72.

Alternatively, we may
differentiate this as a quotient:
As previously, we simply find
d”/dx and d"/dx and apply the

Quotient rule:

We then substitute into the
quotient rule and simplify.
Note: (—2x) can be factorized
out.
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04. Further Differentiation

—4x Note that we still obtain the
BT DA ® same answer, as with the

Example 13:

Differentiate:

product rule.

x+1>

@ (x +2

From the start, our plan is to

use the quotient rule.
The roots are written as
AV +1) < index = .

Vx+2) :

u
Let u = (x4 1V2 v= (x+2)V%; then y=—
d d v We apply the chain rule to find

u v

B larnr Lol W/ g and 4V
dx 2 dx 2

Let y

d v du u dv

y au ¢ev

dx = w We Then substitute into the
quotient rule.

dy _{Ge+ )2 x 3+ D7 (G + DY xJx + 271

dx {(x +2)1/2)2

The brackets of (x + 1) and

(x + 2) are common; so we
factor out the brackets with
the least indices, i.e. (x + 1)71/2
and (x + 2)~1/2,

2+ D2+ 27V + 2)! = (x + D]
(x+2)
W+ D V2(x+2)7V2 x1
(x+2)
1+ D2 (x+2) 7

0+ 1)V (x 4 2) 7302 r ~
1 The can subtract the indices

- P for the (x + 2) brackets.
3 -
2 (x+ 1D(x+2) |

Note: (x + 2 L
G S v
1

Jx+2)3

We plan to use the quotient

@ rule. The square root is written

. 1
as index 7

Let u = (x+2)*% and v= (x—1)V?% then y =4/,

du dv We apply the chain rule to find

3 1 <
au _2° 1/2 L T _1)-1/2 d d
dx 2 (x+2) dx 2 -1 “/ax and /gy
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04. Further Differentiation

du _ dv
dy _ Vax Uax

dx v2
(x—DYV2x3x+2)12 — (x+232xi(x—-1)72

dx {(x — D1/2)2
2 =DV + 2)VB30x — D' - (x + 2]
(x—1)

20— 1DV (x + 2)12(2x — 5)
(x—1)

(2x = 5)(x + 2)1/?

2(x — DV2(x — 1)1

_ (x- SV(x + 2)

We then substitute into the
quotient rule.

The brackets of (x — 1) and (x + 2)
are common; so we factor out the
brackets with the least indices, i.e.
(x—1)712 and (x + 2)1/2,

(x —1)7'/2 can be pulled into the
denominator and (x — 1)1/2(x — 1)!
=(x—-1)32=+(x-1)3.

We plan to use the quotient rule.
The square root can be written

2V(x — 1)3 <
Example 14:
Differentiate:
x2+1 <
(@) x2 -1

Let u=x%*+1DY2 and -V, oy =1y,
du 1
_ 1,2 ~1/2
32 (x*+1) 2x

= x(x%+1)"V2

1
E(x2 - 1) Y2 x2x
x(xz _ 1)—1/2

du _dv
ﬂ=vdx Yax

dx v?

3 (G2 =DV xx(x? + D)7V = {(x? + DY2 x x(x? — 1)71/2

{(x? — 1)1/2)2
x(x2 = 1) V2(x2 + 1)7V2[(x2 — 1D — (x% + 1)1 ]

. 1
as index 7

We apply the chain rule to find
du/dx and dv/dx.

We substitute into the quotient
rule and simplify.

(x*2-1
x(x? =172 (x? + 1)V [-2]

(x*—-1)

—2x

(x2 — 1D1(x2 — D1/2(x2 + 1)1/2
—2x
(x2 — 1)3/2(x2 + 1)1/2

—2x

B J@x2 =13 (x2 + ha

We factorize out x, (x2 — 1)~1/2
and (x% +1)7'/2 and simplify.

The negative powers have been
brought down info the
denominator.

The indices of (x? —1) have
been added.
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04. Further Differentiation

We plan to use the quotient

rule. The square roots can be

. . 1
written as index >

and v = (x%2-1)12
1 dv
/2 12 Y
X ) X 2x dx
= —x"V2(1—x1/?) x(x? — 1)1/
dudv
ﬂ _ Vax Uax
dx v2
{2 = DV2x —x71/2(1 = x1/2)} - {(1 - x1/2)2 x x(x% — 1)_1/2}
{(x?2 —1)1/2)2

(x? = 1)712(1 — x1/2) x x"1/2[—(x2 — 1)t — x3/2(1 — x1/2)]
(x2—1) We factorize out the common

x12(x2 — 1)—1/2(1 _ x1/2)[_x2 $1—x32 4 7] terms; (x? —1)72, (1-x'/?)

- (x2-1) and x~1/2

X2 (x — 1)71/2(1 = xV/2)[1 - x3/2] o remaining bracket.

(x*-1)

(1—x1/2)(1 - x3/2)
DG St pulled into the denominator.

(1= \/x)(l — \/F) . And index G) can be written

[x(x%2 — 1)3 <
x(x 1)° < as square root.

Differentiate with respect to x:
2 1 1
(e + 1) L @2-x0)"721-2x)73

Exz + D)E’Z + 2))2 V(1 + 22V + 1)
2x+1)“(x+3 x

(2 + 1D2(x2 +2) B

(x + 1)3(x? + 2)? R
(x+2)'(x+3)

x+ D' (x+2)1

(x®+2x)71 (2 —x)?

We apply the chain rule to find
du /dx and dv/dx )

1
= E(x2 —-1)7"Y2 x 2x

Substitute into the quotient
rule and simplify.

and evaluate the

The negative indices have been

O N o A~ W NE

9. (1+x)(1-2x)7

10. (x — 1)2(x — 2)2
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04. Further Differentiation

* ind® and 22 Hence show that (1 4+ 1) 22+ 2P = ¢
T+ 1 in Ean Tz ence show that ( X)W i

¥ showthat 2 = 'y th 'f'df5 dx
. — 1,S ow a dx = (2x—1)2 ence or otnherwise I1in . (Zx— 1)2

. x dy _ 6 dx
26.Giventhaty = T3 flnda. Hence or otherwise evaluate fl Zx+3)?

. 1+x*  dy
27. Given that y= m, find a

) _x+ta dy 1 e
28.(a) Given thaty = s and that - @ when x = 3, find the valueof a .

d’y

dx?

4.4. Implicit functions

An expression of y in terms of x is an explicit function e.g. vy = x? + 2x — 5. However,

-5
X 1
and hence show that f_4 mdx =&

d
(b) Show that (x + 2)3 + (x + 2)? acd +1=0.
dx

x = y?+ 2x% — 5xy is an implicit function because we cannot easily express y in terms of x.

In differentiating implicitly, we shall make use of the chain rule;

d d dy

dxzd_yxdx

Example 15:

Differentiate with respect to x:

(@) ¥
d d dy We apply the chain rule:
dx » = dy ) % dx Note that we first differentiate y

with respect fo y as d/dy (»): then

dy
1 -
dx

—
simply multiply by dy/dx .

dy
T odx
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04. Further Differentiation

Applying the chain rule; first we
differentiate y? with respect to y as

d/dy (y?) to give 2y; then multiply by dy/dx.

(c) xy

using the product rule;

We apply the product rule here:
Fix y and differentiate x to get 1;

d dy
— (V) = y><1+x><a

dx
Then fix x and differentiate y to give

dy/dx (as obtained in (a) above).

Fix y and differentiate x? to give 2x;
Then fix x? and differentiate y to give

dy/dx (as obtained in (a) above).

Fix y? and differentiate x to give 1;
Then fix x and differentiate y? to give

dy
= y?x1+xx2y—
Y Y ix 2y dy/dx (as obtained in (b) above).

dy
2

2_
Yot 2y

Example 16:

We differentiate the

dy
Find — if x> + y>—6xy + 3x —2y+5 =0.
dx individual terms. For 6xy we

apply the product rule:

i(x2)+i( 2)_1(636 )—l—i(Bx)—i(z )_}_i(s)_i(o)
dx dx do M W) T dx Y T ax T dx

Fix y and differentiate 6x to

dy dy dy
2x + Zya— (y><6+6x><a)+ 3—2a+ 0=20 get 6,
<.I Then fix 6x and differentiate
dy dy dy e AV
ay . ay _Y _ y to give /d .
2x+2ydx 6y 6xdx+3 de 0 x
dy dy dy d
2y—>= — bx— — 2—— + 2x —6 3 =0 ¢— y
Yo X < + 2x —6y + We then collect the ™/,
terms together and pull
d
d_i(Zy—sx—2)+ 2x—6y + 3 = 0 out Y/, .

@ Multimedia E-Learning Education Systen (viLEX) Zrvar,

Downioaded Dy Thomas donnay (Kunal.uclunsoc@gmall.com)


https://www.studocu.com/en-gb?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=a-level-pure-math-further-differentiation-calculus

04. Further Differentiation

dy <
E(Zy—6x—2) = —(2x — 6y +3) <

dy (2x— 6y +3)
dx 2y —6x —2) <

dy  2x—6y+3
dx 6x—2y+24"|

We take the independent terms
on the right and then divide to

make dy/dx the subject.

Example 17:

d
Find é interms x and y when x> +y? —2xy+3y—2x =7.

x2+y?—2xy+3y—2x =7
d d d d d d
2 2y I R = —
Lt 00— @)+ —Gy) - (@20 =_—(7)

dy dy
X 2 2x X — - -2 =
(y + 2x e + 3dx 0

We've preferably incorporated
the negative into the
denominator.

Differentiate the individual
terms. For 2xy we apply the
product rule as shown below:

d d d
2x + 2y%—2y—2x%+ 3%—2 -0

Fix y and differentiate 2x to
get 2;
Then fix 2x and differentiate y

to give dy/dx_

dy
(2y—2x+3)a + 2x—2y—-2 =0

dy _ —(2x-2y-2)
dx - 2y —2x + 3) ¢

2c—y—1)
2x—2y—3°

Example 18:
Find d}’/dx interms of x, y when 3(x —y)? = 2xy+1.
3(x —y)? = 2xy + le——m——

3(x2— 2xy+vy?) = 2xy + 1

3x2 —6xy+3y* = 2xy+1

3x2 —8xy + 3y’ =1«

We then group the dy/dx terms
and the independent terms, and
divide to make % the subject.

The negative sign in front has
been incorporated into the
denominator.

We expand the squared bracket.
Then we collect the like terms of
6xy and 2xy .
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04. Further Differentiation

4 3x2) - Ligayy + Ly = Ly
dx(x dx xy) dx y T dx

dy
6x—(y><8+8x><d—>+6y

dy_

—=0
dx

We differentiate the individual terms.
For 8xy we apply the product rule:

dy
6x—8y+(6y—8x)a=0

Fix y and differentiate 8x to get 8;
Then fix 8x and differentiate y to

.d
give y/dx'

o dy  8y—6x
T dx 6y —8x

Example 19:

We then group the dy/dx terms and

the independent terms, pull out dy/dx
and then divide.

Find the gradient of the curve x*> — 3xy + 2y* — 2x = 4 at the point (1,—1).

x?2— 3xy +2y*— 2x =4

Loy -Lam+ Loy -Lon=Lw
dxx dx Xy dx y dx x T dx

Differentiate the individual terms.
For 3xy we apply the product rule:

Fix y and differentiate 8x to get 8;
Then fix 8x and differentiate y to

. d
give /...

3y —=2x+2
dx B 4y —3x &

At (1,-1); y= -1, x=1

dy Bx-1)-02x1) + 2<—
dx (4x-1)—(3x1)

-3-2+2
-4 -3

We group the dy/dx terms and the

independent terms, pull out dy/dx and
then divide.

We substitute x and y into the

expression for dy/dx and evaluate,

Example 20:

Find the gradient of the ellipse 2x> + 3y%? = 14 at the points where x = 1.

N
I!
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04. Further Differentiation

Loy + Ly = Law
dxx dxy T odx

4x + 6 ay 0

- = —
x ydx

dy 2x

dx T T3y

At x=1;  2(12) + 3y% = 14«

We differentiate the individual
terms with respect to x.

We then make dy/dx the subject

of the expression.

2 + 3y? =14

y: =4

y = 42— |

We put x = 1 into the equation of
the curve to obtain the y-
coordinates.

points (1, 2) and (1,-2)

dy —2X1 —_— o

At (1, 2); — =
( ) dx 3x2
= _1
-3
At (1,—-2); dy _ —2x1
T dx T 3x =2
-1 _
= ;.

dy 1 dy 1
Hence at (1,2), -——=—= andat (1,-2), -— = =
dx 3 dx

3
Example 21:

We substitute x and y at the
respective points into the

expression for dy/dx :

Find the x —coordinates of the stationary points of the curve represented by the equation

x3—y3—4x?+3y=11x+ 4.

Finding dy/dx :

L (63) = () = = (45%) + = (3y) = = (1) + = (1) *
dx dx Y dx dx Y dx dx

We differentiate the individual
terms with respect fo x.

dy dy
2 _3y2 2~ _ —~ = 11 4 0
3x 3y e 8x+3dx +0
dy 2dy )
35—3_)/ & + 3x“— 8x = 11«
3-3)Y = 11+8x—302
Y dx

dy 11+ 8x — 3x2 _

We group the dy/dx terms and
—® the independent terms, pull out
dy/dx and then divide.

dx  3-3y?
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At the stationary points,

For the fraction to be equal to
11 + 8x — 3x2 zero, the numerator must be equal

3 — 32 - < to zero. [Alternatively, one may
simply cross-multiply.]
—3x>+8x+11=0

3x2-8x—-11=0

Bx—-11)(x+1)=0
1 We factorize the quadratic
x=5 orx=-1. < equation and solve.

At what points are the tangents to the circle x> + y?> — 6y — 8x = 0 parallel to the y — axis.

x24+ y* — 6y— 8x =0

d d d d
W N N e — 04—
dx (%) + dx o dx (6) dx (8x) 0 We differentiate the individual

terms with respect o x.

dy

dy
2y —6) = 8-2x < We group the %/, terms and

dy 8 — 2x the independent terms, pull out

Tdx 2y —6 < dy/dx and then divide.

They —axisisline x =0 with gradient oo;

hence the parallel tangents also have o gradient.

8 —2x B
2y — 6 = o< For the fraction to be equal to o,
the denominator must be zero,
thus 2y —6 ] any number
since; —0 - 0
Y - So we obtain y .
when y=3; x%+4+ 32— 6(3) —8x = 0¢——
x2— 8 —9 = 0 We put y = 3 into the equation of

the curve to find the x-
-9x+1) = 0
(x )(x ) coordinates.

9 or x=-1.¢—

points (9, 3) and (-1, 3).

N
(o)}
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04. Further Differentiation
Exercise 4D:

Differentiate the following with respect to x:
x> +y?=38 6. x2+y?+xy=12

x? +2y% =3x 7. 2x>+3y?+4xy+8=0
8. x3+2x%y+2xy’—y3 =16
2x3 +3y? —6x + 8y =12 9. x3—y3+4x?y—2xy?+12=0

1
2
3. 4x?+3y%3=4x+6y
4
5

3x2 4+ 3y% + 4y = 10x + 12 10. x3y + 2x%y? —xy3 =24
11. Find the gradient of the curve 4x? + 3y = 4x + 6y at the point (1,v2).
12. Find the gradient of the curve with equation x3 + y? = 2(x? + y?) at the point with coordinates (0, 0).
13. Find the gradient of the ellipse 2x? + 3y? = 14 at the points where x = 1.
14. Find the gradient of the ellipse 3x? + 3y + 4y = 10x + 12 at the points where x = —1.
15. Find the x —coordinates of the stationary points of the curve represented by the equation 2x3 + 3y? — 6x +
8y =12
. The curve C has equation 5x? + 2xy — 3y% + 3 = 0. The point P on the curve C has coordinates (1, 2). Find
the gradient of the curve at P.
Find the equation of the normal to the curve at P in the form y = ax + b, where a and b are constants to be
stated.
. Acurve is described by the equation 3x% + 4y% — 2x + 6xy — 5 = 0. Find an equation of the tangent to the
curve at the point (1, —2), giving your answer in the form ax + by + ¢ = 0, where a, b and c are integers.
. Find the coordinates of the turning points on the curve with equation y3 + 3xy2 —x3=3.

. Acurve is described by the equation x® + xy — 4x + y> — 3 = 0.

Find an equation of the normal to the curve at the point (1, 2) giving your answer in the form ax + by + ¢ =

0, where a, b and c are integers.

4.5. Parameters

At times both x and y are given in terms of another variable termed a parameter, for instance

x=t>+1, y=t>-1;

the parameter being t. First we find 4%/, and dy/dt

independently and then relate
them using the Chain rule.

In such cases the gradient is obtained also in terms of this parameter.

By the chain rule: 2 = &, &
y e cnamrule; dx = dt dx
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04. Further Differentiation

Find dy/dx interms of t, when;

(@ x=t*+1, y=t*—-1

First we find 4%/, and dy/dt

T independently.

T chain rule, to find dy/dx )

Then we relate them using the

X = tz + 1 y = tz —_ 1
dx dy
——= 2t - =2t <
dt dt
. dy dy _dt dt
by the chain rule; il X o also dx = Jdx
dt
dy
— = 2t X — <«
dx 2t
= 1.
(b) x =at?, y=2at
x = at? y = 2at
dx dy B
E Zat E = za

_dy _dyxdt
“dx  dt T dx

First we find 4%/, and dy/dt
independently.

=2a><1/2at=

Then we relate them using the
chain rule, to find dy/dx )

Example 24:

d
_t _t2 , Y .
If x=,_, and y= /1—t find ™ in terms of t.

t
(1-19)

By quotient rule;

¢ duotients, we shall use the quotient

Since x and y are expressed as

. d
rule to find 4%/, and '/, .

@ Multimedia E-Learning Education Systen (viLEX) Zrvar,

Downioaded Dy Thomas donnay (Kunal.uclunsoc@gmall.com)


https://www.studocu.com/en-gb?utm_campaign=shared-document&utm_source=studocu-document&utm_medium=social_sharing&utm_content=a-level-pure-math-further-differentiation-calculus

04. Further Differentiation

< t
dx_[(l—t)xl]—[tx—l] dy_[(l—t)XZt]—[tZX—l] For X=go ust, v=1-t
dt — (1-1t)? dt (1-1)2 du _ 4 v _ 4

— dt Toodt
- _9p2 2 £2
dt ~ (1-1t)? dt (1—1)2 < L=t B
5 E = Zt, E =-1
— 1 — 26—t o We substitute into the formula.
(1 -1t)? (1 —1t)?
. dy dy dt p
By the chainrule; —— = —= X — . -L We have found 4%/, and Y/,
ind dently.
dy _2e-t (-0, '\;Ive::n emlw; them using th
& - A-07 T e. en relate them using the
chain rule.
dy
— = 2t —t*.
dx

As above, since x and y are
expressed as quotients, we shall
use the quotient rule to find

d
dx/dt and y/dt'

_t _(1—2t)/
X = /(1—t) y= (1—1t)
dx _[A-0x1-[tx-1] dy_[A-0x-2]-[1-20)x~1 For x=——; u=t, v=1—t
dt (1-1)? dt (1-1)? w_g o4
dat dt
1-2t
1—t+t —242t+1-2t Fory=-T—riu=1-2t v=1-t
= 1 N2 - du dv
We substitute into the quotient

1
(1-10)?

formula.

-, & We have found 9%/, and %/
ac \ dx e have found 4%/, an dt

1 (1 - t)? independently.

By the chain rule;

T (1-1)2 X 1 We then relate them using the

chain rule.

Example 26:

~1 _t . dy .
If x= /m, y = /\/1+—t2 find /dx in terms of t .

N
I!
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04. Further Differentiation

x = (1+t¥)"1/2 y = t/ . We shall use the quotient
1+t)z2 7 rule to find dy/dt'
dx i

dy [+ eD)Y2x1]—[ex (G(1+t)7Y2 x2t)] For 4%/, we shall simply use

ar (1 + t2)1/2)2 the chain rule.
dx 1 d 1+t)Y2 — t2(1+t2)71/2
— =1+t x2t b _( ) ¢ ) u=t, v=(1+t)/?
dt 2 dt (1+t2)

du dv 1 1
/ 521;E=§(1+t2)2><2t
d d 1+ 2)7V2{(1 + 5 —t?)e
& —t(1+t%)73/2 Y ( Ui ) } We substitute into the
dt dt (1+1¢2)
quotient rule.
@42
2
A+e%) We factorize by pulling out
(1+t2) 3%« the bracket with the least
p it index (1+t2)~1/2and
Using chain rule: cd X — simplify.
dt dx
2)-3/2 <
(149 —t(1 +t2)3/2 We finally relate the two

expressions by the chain rule.

Find the derivates of the following parametric equations:

1. x=2t, y=t? 7. x=a(t’*-1), y=2a(t+1)
2. x=1t%, y=1t3 8 x=(1+t?)? y= (1-1t%)?2
_ 2 ., 2 2
3.x=1+4+t°, y=1—-t 9.x=L,y=t—

t+1 t+1
4
5

2t 1
10.x = E'y = —(1—t)2

Cx=3t2+2, y=t3+2
x=t3 41, y=2t3-1

6.x—1 1 11.x = y =

= = = 2’ _+2
YT 1-t 1-t

2

¢ t
V142’ Y= V1+t2

12.x =

2
13.Ifx=t/1_t2 and y=t/1_t2 find Z—zatt=1.

14. A curve is given by the parametric equations x = 2t% — 3t,y = t? —8t+1.
(a) Find & in terms of t.
dx

(b) Find the value of t at the point where the tangent is parallel to the line y = 2x + 3.

. dy . 1- . .
15. Find % in terms of t for the curve x = f—, y = TZ Hence find the equation of the tangent and the normal

where t = 2.
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16. The parametric equations of a curve are x =

17. Acurveisgivenbyx =t —1,y =t +t.

04. Further Differentiation

ﬁ,y = (2t — 1)?. Find the equation of the normal where t = 1.

(a) Find the value of t where the normal to the curve is parallel to the line 3x + y = 5.

(b) Find also the turning point of the curve.

4.6. Second derivative

d
If % is found in terms of a parameter t,

to x;

dZ
d—); requires dif ferentiation with respect
x

d*y
dx?

d

T ode

(&) =

dt We shall apply the chain rule to dy/dx

dx to obtain the second derivative

Example 26:

d
If x=a(t?—-1)and y=2a(t+1) find % and

y=2a(t+1)

dy_
dt

dy _dyxdt
dx — dt * dx

20—

2

T2 in terms of t.

As seen above, we find dx/dt and

dy/dt independently; and then relate
them using the chain rule, to
find dy/dx )

1/t ]

dt

We apply the chain rule again to
dy/dx to obtain the second

)

T odt
d @™ x
dt 2at

X—‘
dx

1l ——

derivative, (still differentiating
expressions with t).

We differentiate dy/dx (obtained
above), then simply multiply it

Example 28:

If x=0+t»)? and y= (1-1t?)?, find

d
% and—y

withdt/ .

2

T2 interms of t.
x
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04. Further Differentiation

x = (1+t?)?
4t(1 + t)

dy_dyxdt
dx — dt * dx

—4t(1 —t?) X

4t(1 + tz):

(1-t%)
CETD)
d’y d (dy) dt

7 = —|—=X) x—
dx? dt \dx dx

d[ (1-t%), dt 4

= —_— x_
dt| (1+t?), dx

@ +e?) x =2t} - {(1 - t?) x 2t} 1
- _[ (1+1t2)? T ]x4t(1+t2)

. d
We find 4%/, and Y/,
independently; and then relate them
using the chain rule, to find dy/dx )

We differentiate dy/dx (obtained
above), then simply multiply it

—2t —2t3 —2t 4 2t3 8 1
(1 + t2)2 4t(1 + t2)

4t y 1
T +t2)2 T 4t(1+t2)

1
BNCETD

Example 29:

A curve is given parametrically by x = (t? —1)? and y = t3

in terms of t.

x= (t?—1)?

dx _ 2(t2 —1) x 2t
at

=4t(t> - 1)

dy  dy » dt
dx dt dx

= 3¢t?

X <
4t(t2 —1)

3t
T4tz -1)

. Find

u=1-t? wv=1+t?
du = ot dv =2t
e "7 odt
® We apply the quotient rule:
du_ dv
4 _Yar~Yar
dt v?2

Notice that 4t cancels out and the
indices in the denominator can be
added as (1 + t2)%+1,

dy

d?y
e and /dx2

We find 4%/, and dy/dt
independently; and then relate them

using the chain rule, to find dy/dx .

w
N
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04. Further Differentiation

@ _ i(d_y) % dt We differentiate dy/dx (obtained
2
dx dt\dx/  dx & above), then simply multiply it
_ i{ 3tu$ }x 1 withdt/, .
del4(t?2 — 1)) 4t(t?2 —1)
25[{(t2—1)x1}—{t><2t} 1 =t v=t>-1
4 t2 —1)? 4t(t?2 -1
( ) T ( ) du _ 5 v _
® dt dt
3 [tz —-1- ZtZ] « 1 We apply the quotient rule:
A NGE: 4t(t2 — 1 du  dv
( ) ( ) d_vgug
2
_3(=t? v n 1 dt v
T 4(t?2 - 1)? 4t(t2 —1)
3(t2+1) The negative has been extracted
= - 16t(t2 —1)3 < out. Also, indices in the denominator

can be added as (2 — 1)2*1,

Example 30:

If x*>+ 3xy—y? = 3, find

2

dy d-y
— — i 1, 1).
e and I at the point (1, 1)

Finding dy/dx at point (1, 1) We differentiate implicitly. Note

X2 4+ 3xy — y? = 3 that for 3xy we use the product rule

as shown below:

Lo+ Lam -Lony = La
dx X dx xy dx Y T odx

2 +(3 +3 4y
x y xdx)"

d dy
E(Bxy)— y><3+3x><a

[Fix y and differentiate 3x to get 3;

s
dy Then fix 3x and differentiate y to
Bx-2)2 = —(Qx+3y) v/ ]
dy  2x+3y
dx 2y —3x< We group the dy/dx terms and the

independent terms, pull out dy/dx

At (1, 1) x =1 and y= 1;
( ) Y and then divide.

dy 2 +3(1)

Zo T o g e
dx ~ 2(1) - 3(D)

We substitute x and y into dy/dx to

] . 2 2 .
Finding d'y/dx” at point(1. 1 obtain the gradient at the point.
dy  2x+3y 4 <

dx 2y =3x o We need to apply the quotient rule:
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04. Further Differentiation

dz_y_{(2y—3x)><(2+3%>}—{(2x+3y) x(Z%—3)}

dx? (2y — 3x)2

{Z(Zy —3x) + 32y —3x) Z—Z} — {Z(Zx + 3y)g—z —3(2x + 3y)

u=2x+3y, v=2y—3x

du_2+3dy dv_zdy 5
dx dx’ dx ~ “dx
d vd—u—udv
dx dx
w l _ =
e apply: — >

(2y —3x)?

4y—6x+(6y—9x)g—y

- (4x+6y)d +6x+9y

We've opened the brackets. [Notice

(2y —3x)?

how the bracket with % multiplies with
the other bracket.]

[(63/ 9x) — (4x + 6y)]
(2y — 3x)?

13y +

13y — (13x) %

We pull dy/dx out and evaluate the

terms in the bracket. We also get 13y
from 4y + 9y and the 6x cancel out.

Again, we substitute x and y into dy/dx

(2y —3x)?
13(3’_9533;) <
T @y -30?
d%y 13(1 — (1)(=5)
At (1, 1); o5 = ((2_3)2 ):
= 78

2
t t .
Ifx =— and y = — find and
1+t y 1+t dx dx?

dzy

dy

1-t

2
¢ . d
Ifx =— and y =— find Z
1+t 1+t dx

dzy
and —
dx?

in terms of t.

in terms of t.

If X=t/1_ 2

If x=——a
J1+t2

and y = tz/l _

tZ

ind
find .

dzy
and —
dx?

2
to obtain ¢ y/dxz at the point.

in terms of t.

d¥y .
dy= J— flnd — and # in terms of t.

2t
Ifx=;and y =

_1
(1-1)?

dzy
show that ol

is
2

I 12 fng 4 =_1
If x—l+t,y—(2t 1)“ find o7 att=—-.

If x =

t
——a
V1+t2

d e
Y= T

2
find &2 at t = 3.
dx

24,2 = LW %y
If x* 4y =10, find = and oz

at the points where x = 1.

2
If 3x +3y? + 4y = 10x + 12, find 2 and 75

x2

at the points where x = —1.
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04. Further Differentiation

Examination questions:

Find Z—z in terms of x and y if 2xy? + y + 2x = 8. Hence find the gradient of the curve at the points

where x = 1.

A curve is defined parametrically by the equation;
x=t>—6t+4, y=t—3+2/,.

(a) Find the equations of the normal to the curve at the points where the curve meets the x —axis.
(b) Find the coordinates of their point of intersection.

A curve is described by the equation x? — 4y? = 2xy.

(a) Find the coordinates of the two points on the curve where x = —8.

(b) Find the gradient of the curve at each of these points.

A curve is given by the parametric equations:

x=0"9) 0y y=(-00+0?

. dy dzy .
(a) Find . and ~.z interms of t.

(b) Find the equation of the tangent to the curve at the point wheret = —2..
Find the equations of the tangents to the curve y? + 3xy + 4x% = 14 at the points where x = 1.
_ 5y—16x

Given that y? — 5xy + 8x* = 2, prove that Z_z = 2y Tex

The distinct points P and Q on the curve y? — 5xy + 8x? = 2 each have x —coordinate 1. The tangents to the

curve at P and Q meet at the point N. Calculate the coordinates of N.

2
A curve is defined parametrically by the equations x = IL-H' y = ;—_H

(a) Show that % = t(t + 2).

(b) Find the value of t at the point where the tangent is parallel to the tangent at the point where t = —3.
(c) Find the equation of the normal at the point where t = —3.

A curve is given parametrically by x = t2,y = t3.

(a) Show that the equation of the normal at the point (4, 8)isx + 3y —28 = 0.

(b) Also show that the tangent to the curve at (4, 8) meets the curve again at point (1, —1).

. . 1 .
The parametric equations of a curveare x = t%, y =t — gtg. Find:

dy .
(a) 2 in terms of ¢.
dx

(b) The coordinates of the turning points of the curve.
(c) The values of t where the tangent to the curve is parallel to the line 3y = 4x + 2.

(d) The Cartesian equation of the curve.
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04. Further Differentiation

. The pressure P units and the volume V ¢m? of a quantity of gas stored at a constant temperature in a
cylinder are related by Boyle’s Law PV = k (a constant). At a certain time, the volume of gas in the cylinder is
30 m3and its pressure is 20 units. If the gas is being compressed at the rate of 6 m3s~1, at what rate is the
pressure changing?

. The equation of the curveis y — x? + xy = 8.

. . dy .
(a) Find an expression for % in terms of x and y.

(b) Find the equation of the normal to the curve at the point (1, 4%)

(c) Find the coordinates of the stationary points on the curve.

. Acurve has the equation 3x% — 2x + xy + y?> — 11 = 0. The point P on the curve has coordinates (—1, 3).
(@) Show that the normal to the curve at P has the equationy = 2 — x.
(b) Find the coordinates of the point where the normal to the curve at P meets the curve again.

. Sand falls on to level ground at a rate of 1200 cm3s~'and piles up in the form of a circular cone whose vertical

angle is 60°.

1

Nk show that the radius of the base is given by r = o

(a) Giventhattan30 =

3
(b) Show that the volume of the pile is %

(c) Hence find the rate at which the height of the pile is increasing when h = 24 cm.

14. A curve has equation 7x% + 48xy — 7y? + 75 = 0.
At two distinct points on the curve the gradient of the curve is equal to %

(a) Using implicit differentiation, show that x 4+ 2y = 0 at each of these points.
(b) Find the coordinates of the two points.

15. The equation of a curve is 2x% — xy + y2 = 56.
(a) Find Z—i in terms of x and y.

(b) Find the equation of the normal to the curve at the point (2, —6).
(c) Find the coordinates of the two points on the curve at which the tangents to the curve are parallel to the
X —axis.

16. A water trough 100 ¢m long has a triangular cross-section of base 30 cm and a vertex angle of 60°. The

trough is placed on a level ground and is being filled at the rate of 10 litres s~ 1.

1

Ne show that the volume V ¢cm? of water in the trough when it is h cm deep is given

(a) Giventhattan30 =

2
by stofh.

(b) Hence calculate the rate at which the water level is rising when h = 50 cm.

17. A curve has parametric equations;

—l<t<?2.
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04. Further Differentiation

dy _ _1(2-t)?
(a) Show that =3 (1+t) .
(b) Find the equation of the normal to the curve at the point where t = 1.

(c) Show that the Cartesian equation of the curve can be written in the form

14+x

Y= Tox

. Acurve has the equation x? — 4xy + 2y? = 1.
(a) Find an expression for % in terms of y in its simplest form.

(b) Show that the tangent to the curve at the point P(1, 2) has the equation 3x — 2y + 1 = 0.
(c) The tangent to the curve at the point Q is parallel to the tangent at P. Find the coordinates of Q.
. A vessel containing liquid is in the form of an inverted hollow cone with a semi-vertical angle of 30°. The liquid
is running out of a small hole at the vertex of the cone, at a constant rate of 3 cm?3/s. Find the rate at which
the surface area which is in contact with the liquid is changing, at the instant when the volume of the liquid
left in the vessel is 81w cm3.
. A straight metal bar, of square cross-section, is expanding due to heating. After t seconds the bar has
dimensions x cm by x cm by 10x cm. Given that the area of the cross-section is increasing at 0.024 cm?s~!
when x = 6. Find the rate of increase of the side of the cross-section at this instant. Find also the rate of
increase of the volume when x = 6.
. A curve has parametric equations .

t

x=t(t—1),y=m, t#1.

(a) Find Z—z in terms of t.

(b) The point P on the curve has the parameter t = —1. Show that the tangent to the curve at P has the
equationx + 3y + 4 = 0.

(c) Thetangent to the curve at P meets the curve again at the point Q. Find the coordinates of Q.

. The curve has parametric equations x = avt, y=at(l—1t), t=0,

. dy .
(a) Flndémtermsoft.

(b) The curve meets the x —axis at the origin 0 and the point A. The tangent to the curve at A meets the

y —axis at the point B. Show that the area of the triangle OAB is a’.
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Chapter Answers

1.
(@ 2(x+1)
(b) 4(2x+3)
(c) 9(Bx+2)?
(d) 24 (4x—1)2
(e) —4(5-8x)3
f) 3(4x+3)3

10
(8) — (5 x+2)3

(x+1)3+C

Q2x+3)*+cC

1
(4-3x)2

(2 x+3)3/2
3

2
(2 x+3)2
6
(3 x+4)3

T4 @2x+1)? +C

Vv2x+3+C

8x(2x%+1)
18 x (3 x? + 2)?
6x2 (x3+4)
24 x3 (2 x* +3)?

2xBx+1)(6x+1)

2x
(x241)2

04. Further Differentiation

1
(2 x+3)4
1
V2 x+1
6

9v6x+5

12
(3-8x)5/2

2

T 6x+D3
8

T (12 x+5)5/3
9

T a4

@3 x+24)2/3 +C

(d)
1

(e) 3vV4—6x +C

3
(f) \/124x+1 +C

(f) 18x°(x —1) (2 x — 3)?

2 (6 x—5)
(g) (5-4x)2 x3
4(2x3-3)
3 (6 x—x4)5/3

(h)

2x
@x213)372

(b)
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04. Further Differentiation

4x(3x+1)

3x2+1
) ———~ -
( ) 3(2x3+x2)5/3

- 2 (x34x)3/2
2x+1

9x—4
Ear U T

3 (2 x2-3x3)4/3

1 2x

(a) 2V +1)V(x+2)2 (c) _\/{(x2—1)3(x2+1)}

Qx—=5)V(x+2) (d) (1—vx)(1—xVx)
2(x—1)3/2 Vax(x2-1)3/2

Exercise 4B:

2

(b)

1

1. 57‘[CTTL S_l 6. ZL cms”—
w

(a) 20 T cm?s~t 5 .
- cms

(b) 100 T cm3s~1
(a)12cm

(b) % cms~!
5 1

- cms—
1 m

18 T cm?s~

1 -1
. - cms
2

x(3x +2) 1-x?
T (x241)2
x+1)Bx+1) i

2+ 3)2x + D((dx + 7) T (a-x)?

2 2 (1—x)
2x(x*+ 1)(3x* +5) © T’

(x + 1)%(x? + 2)(7x? + 4x + 6) 2x (x243)
1 toa—x?)3
(x+2)? _2(-1) (x?-22-2)
__ (@x+3) ) (x2+2)3
(r+1)2 (e +2)? 2x(x2+2)(x2+10)
2(2x% +x-2) ’ (x2-2)*
(x242x)2(2—x)3 2
1-3x t @3
2T (14x2)
2x-3 - T
(1-10) © Va0
6(2—x)2(1-2x)*/3 2%
5 _x(4x%43) © O JGTDGTD?
T V@R (2D _ z 3
2 T 3VGaDIa+)?
L Gr? dy 1
Y odx (x+1)2’
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04. Further Differentiation
28, L= =

dx (1-x2)2

29. (a)a=3

dy
dx
dy
4y

dy 4—8x

= 93/2——6
dy _ 3(1—x%)
dx 3y+4
dy _ 5-3x

3y+2

dy _ _2xty
dx 2y+x
dy _ 2(x+y)
dx 3y+2
dy _ _ 3xP+day2y? . 4x+5y+6=0
dx 2x2+4xy —2y
d_y _ _3xz+8xy—2y2 ' (1’ 1)
dx 4x2-3y2—4xy .5x—y—-3=0
dy 3xz+4xyz—y3
ax x3+4x2y—3xy?2

2
_(1=?)
(t2+1)

t(t+2)
1

T -t
1

t
Lt (t2+2)
.1
dy _
. (a);—

(b)t:—§

2t-8
4t-3
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04. Further Differentiation
Exercise 4F:

o . 4%y _ 3
dx—t(t+2), dx2-2(t+1)

dy _ 2 d%y _ 4@+’
dx — t242t’ dx?  (t2+2¢t)3 dy
3 At (1,-3

dy _ 2t d%y _ 2(1-t?) ( )

dx  t2+41° dx2  (£2+1)3

dy _ 2 .
dx—t(t + 2);

at (1, 3), % =
At (=1,-1), Z—zz

1\ d
at (—1, — ) Y=
3/ dx

dcy 3
> =B t2+2) (t* + 1)2

Examination questions

dy _ _ (2v*+2), _ 4x 37
- (4xy+1) ) at (11 2)! (b) y = ? + 1_0

_ 1o, 3 & _ 13 4 -
=7iat (13), ¥=-1 (©) (2, 4) and (=4, —8)

(@)y=-3x—-3; y=-12x . () G, —%)
(b) (— —4) . (©) % cms™!

(@) (-8, 2—2+5),(-8, 2+2+5) . () (2,-1)and (-2, 1)
_ _E— d —4x

(b) %; # - (@ dic/ Zy—x

()dy (1+t) 3t —1); b)y=—-x—-4

2y . (c)(=2,—-8) and (2, 8)

nz = 3te+D) . (b) 23 cms™?

7x+27

b))y .(b)y=8x—%

—2x-33 _
-0, -2 w2
26— 12
at (1, 2), y ==5— (b) Q(~1,-2)
8 % . =2 emis
N(7’ 7) 3 3 .
Mt=1 . 0.002cms™; 216 cm’s

x dy _ 4
(y=-3-4 - (@) 5 = Gonao?

(@)x+3y—28=0 (b)Q(Z,——)
dy _ (1-t?) ) 3
@ G == - (@) Z=2VE(1 - 2t)

2 2
® (1.-3).(1 5)
(c)t=—30rt=§
@ y*=x- %xz +%x3
10. 4 units per s

dy 2x—y
11. ((1) ; = )
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