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1. REFIREPBHINE

(1) K2 EE M8 > il /2IEEA K52 1E
(2) RBESIFSE - {a ), ={a,}. ={a.}={a.a,,a,,..}

. BRI E 7%
< {a,}cR

(1) lima,=LeR <

BT FRAMRE {a } ULEL (converge) # L > HIFBIEAL (diverge)

(2) lima, =00 <

(3) lima, =—0 <

L """""""" .' e O WO T ° ¢
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R—ED (F)

filE 1.
Show that Iim1 =0.
n—ow n

BilE 2. (FEEEHEH 1-1)
Show that limc=c.

n—oo

Y2EMENE © 2021
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B—E FOERH

BildE 3. (FEZEEHEH] 1-2)
Show that limn=oo.

nN—o0

BilE 4. (FE2EHEEH] 1-3)
Show that lim(5—n)=—o.

N—oo
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R—ED (F)

PR 5. (KEEERRH) 1-4)

Show that lim(n>+n+1)=oo.

n—owo

Bl 6. (FaEEHH 1-5)

Show that lim+/n =o.

n—oo

Y2EMENE © 2021
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B—E FOERH

Bl 7. (R8s 1-1)
Let a, =(-1)", showthat {a,} diverges.

Bl 8. (HiFEHH 1-2)
If lima, =L and lima,=M  then L=M .

nN—o0 nN—o0
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R—ED (F)

B 9. (HiFEEH 1-3)
If lima, =L, then 3N eN suchthat, if n>N,then |a |<1+|L].

n—o0

BIRE 10. (FIFEBH 1-4)

M
If limb, =M =0,then 3N eN suchthat,if n>N, then |bn|>| |

N0 2
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B—E FOERH

EHZ BOBRIEREE

1. PYHIZESS
&% lima, =L H limb,=M > ceR * Hl:

(1) lim(c-a,)=

(2) lim(a, +b,) =

3 lim(a,-b,)=

@ % M=0 B> lim(2)=

n—o0 bn

Bl

(1) Given £>0
lima, =L
-~ AN eN suchthat,if n>N, |an—L|<|C|i1

+
Now, forsuch N ,if n>N,
then |c.an_c.L|<|c||an_L|<|c|.|c|il<g
+

Since ¢ isarbitrary, lim(c-a,)=c-L Q.E.D.

(2) Given £>0
lima,=L and limb, =M

n—oo n—oo

~.3N, eN suchthat, if n>N,, |an—L|<§
3N, eN such that, if n>N,, |bn—M|<§
Now, for such N, and N,,if n>max{N,,N,},
then |(an+bn)—(L+M)|=|(an—L)+(bn—M)|s|an—L|+|bn—M|<§+g=g
Since ¢ isarbitrary, lim(a,+b,)=L+M Q.E.D.

(3) Given £>0
wlima,=L and limb, =M

3N, eN suchthat,if n>N,, |an—L|<L
2(M +1)

aN, eN suchthat, if n>N,, |b,—M|< d
2(1+|L]

1-7
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j(*b Q;Fi ( )

IN, eN such that, if n>N,, |a,|<1+|L|

then |(a,-b,)—(L-M)|=]a,-b,-a,M +a,-M —L-M|
<la,||b, = M|+|M|la, — L]
<AHL) =+ M| ——
2(1+|LJ) 2(M +1)
& &

<—+==¢
2 2

Since ¢ isarbitrary, lim(a,-b,)=L-M Q.E.D.

. o1 1

(4) First we show that lim— :M
Given >0
o limb, =M

n—o

MZ2g

~3N, eN suchthat,if n>N,, |b,—M|<

3N, eN suchthat, if n>N,, |b|>||vI|

Now, for such N, and N,,if n>max{N;,N,},

— 2
then |b M| _LM g:
M| I'V'I M| 2
1

Since is arbitrary, lim(—)=—
€ y n—>oo(bn) M

. .a . 1 1
Finally, by (3), we have lim(—=)=Ilim(a,-—)=L-—=
y, by (3) n%(bn) lim( bn) Y
2. AREH
% {a,}cR H lima, =L,

A f(x) £ x=a, EPATHEHME x=L L&EE
HI @ limf(a,) =

n—oo

Bzl

Given £>0

~+ f(x) iscontinuousat x=L

IirrE f(x)=f(L)

Thatis, 36>0 suchthat,if |[x—L|<&, |f(x)—f(L)|<e
Now, for such 6 >0

1-8
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Now, for such N;, N, and N;, if n>max{N,,N,,N,},

L
M

Q.E.D.




wlima, =L

~3IN eN suchthat, if n>N, |a,—L|<d
Now, forsuch N ,if n>N,

then |a,—L|<& andthus |f(a,)—f(L)|<e
Since & s arbitrary, rI]Ln; f(a,)=f(L) Q.ED.

B—E FOERH

{78 1.
Find the following limits.
2 _ 2
(1) lim ?;n+5 @) Iirn4n2+2n 3 @) | n°—1In+2
n->o /N° 4+ N+ n—oo n-—on+ n—o n -+
2 1 7 3n+1 2n+5
1-9
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R—ED (F)

BildE 2. (K52EEHH] 2-1)
{O ,if0<a<l

by definition.
o ifa>1 Yoo

Show that lima" =

n—o0

1-10
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B—E FOERH

piIdE 3. (faEEdp] 2-2)
Find the following limits.
3-2"+5.3 . 5"-2.3" 7-8"+2"

2) lim 3) lim———
) n>o6.2" +3.5" ®) n>o 3" —25.4"

) (-3)-7"—5.4"

1-11
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A— WD (F)

BiIdE 4. (faEEdp 2-3)
lim(vn*+n-n)="?

n—oo

BIRE 5. (K5HEHEHI 2-4)
lim(n-vn-1Jn+2) =2

1-12
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B—E FOERH

Bl 6. (haEEdHip] 2-5)

lim cos(z) =7
n—ow n

IR 7. (FeEEHH] 2-6)

lim(1+ )" =2
n

n—o0

1-13
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R—ED (F)

BiE 8.  (haEEdHIH 2-7)
limy5n =?

n—oo

B 9. (FEEEHEfH] 2-8)

!]ilpo(ln(n +1)—In(n))="?

1-14
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B—E FOERH

E= BOEBEEKRBRE

1.

AR EHI ] — A e A A v SRR
& {a}cR H f(x) £ [N,0) AER
EEER n>N 1597 f(n)=a, H limf()=L

Given £>0

wlim f(x) =L

~.3M eN suchthat, if x>M, [f(x)-L|<e
Now, for such M, if n>max{M, N},

then |a, —L|=|f(n)-L|<e

Since ¢ s arbitrary, !Lr[la” =L Q.ED.

Sl
1
. .. Inn o Inx . Inxt,
K olim— B A lim—= =lim—=limX =0
n—>o N x> X X—o X X—>0 1
. Inn
B lim——=0
n—oo n

. RHEHRD R A — L

il

limsin(nz) =lim0=0 A limsin(xz) AfF{E

n—o
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R—ED (F)

Bl 1. (heigEaap] 3-1)

-1
ntan—n _ 5

= [nl+n?)

e 2. (HH2Edp] 3-2)
2 ) % L

o 2n+1

1-16
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B—E FOERH

BN KIiETEIE

EPINZE

. {ap b {ceR
O FE—IEBHN #1512 n>N Hlb <a, <c,

e
@
HI : lima, =L
Ikl
Given £>0
- limb, =L
~.3N, eN suchthat,if n=N,, |b,—L|<e andthus b,>L—¢
wlime, =L
~.AN, eN suchthat,if n>N,, |c,-L|<e andthus ¢, <L+¢

Now, for such N, and N,,if n>max{N,;,N,},
then L—e<bh,<a,<c,<L+¢ andthus |a,-L|<e
Since ¢ isarbitrary, lima, =L Q.E.D.

*
* .
R .:C,
* .
.. e:a
MR ab,
*
] * N
(] *
[ ‘00..
L ....... [ I . e 'Y _._..... _._:.:‘.:
°_ o e ALAAAAd
[ ] AAAAA
AA
Lol A »
A
A
A
A
A
A
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R—ED (F)

i 1.
sinn _

lim——

n—o0 n

?

i 2. (haEadEpl 4-1)

. nl
lim—="?

nN—oo n

1-18
HFEEEMRE © 2021



B—E FOERH

i 3. (hEEaHip] 4-2)

im& -2 (a>0,a=1)

n—o N1

1-19
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R—ED (F)

EhH BHREFIAFRET

1.

2.

BB ELR B

(1) EBEZEEE n 5F a ,<a, ’ HIFEL &} &
(2) HEEEREEE n 57 a,>a,  HIMEE {8} %
() HHMEEEEH n 9F a,, <a,’ HIFL &} &
(4) HHEMEREEEE n A a,>a, QIR {8} %
(5) LA L PYREES| 4k 2 B A |

Yo LR
(1) EFFEEH M EREHESEES n 597

el
g7l

el
el

 AIRELEE {2} A LS

(2 HHFELEH M #EEESEREY n 54

 AIRELEE {2} A F5R

() AFEIEH M HEHESERYE n 95

 HIRBIL {a,} AR

. SURA SRR

(1) {a} EMA LR LKL
@  {a} ERA TR AL
3 & {a} HEAR HILIHEL

1-20
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B—E FOERH

{5 1.
Let a,=1 and a, =./2+a,,,showthat {a,} converges and find its limit.

Bl 2. (bsEaEfkl 5-1)
Let a,=2 and an+1=2—i,find lima, .

a n—o

n

1-21
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R—iED (F)

ERN RE

1. REHRBELR bR B2
(1) RERRBCER RIERERE > il 2T A e 2IH

(2) REANETH: Zak =lim Zak
k=1 n=>°%a

@) & @ BITE s,= a8, W2k Ya, WS (partial sum)
k=1 k=1
2. BB
?21 {ak}QR

iak:LeR =

k=1

PEIRITE S a, IR (converge) B L > FHITEEEAL (diverge)

{5 1.

> 2
—
Z4k2—1 '

k=1

1-22
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Bl 2. (hEHH 6-1)

0

Zk2 ~3k-2
SKE(k+1)?

i 3. (FEEEHEH] 6-2)

& 1
kz::‘k(k+1)(k+2) =7

1-23
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K—WTED ()
BIE 4. (FEZEEHEH] 6-3)
©

:f)
Z(k+1)! '

k=1

Bl 5. (B 6-1)
Show that if iak converges then lima, =0.

k=1 n—oo

1-24
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B—E FOERH

Eiht RBVEREE

MBEREHE

# Ya=AH Yb=BcecR Hl:
k=1

(1)

()

(3) i(ak'bk) __AB

- a A
@ 2 _ 5

b
GRLL]
@) >a=A
k=1
- lim Zak

n—o0

= Y(ea)=limY (ca)=lim(c-Ya)=c-A
k=1 k=1 k=1

(2) -.-iak =A and ibk =B

.'.I|mZak A and I|mZb =B

n—o n—o

=N Z(ak +b) =lim z(ak +h) =1lim> a +>'b)=A+B
k=1 n—oo k=1 nN—o =) k=1

(3)(4) Counter example:

1 1
Let a.=(=)" and b =(=)"
=) and b,=()

1
001 ~
= Sa-30r--5-
k=1

1-25
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j(*b Q;Fi ( )

M

1
and Y ()= Z%T]ZX)—é%z =2 QED.
3

(bt RERER R FE LR BIEE - £ N —EER &)

N

Bl 1. (RG] 7-1)

True or false?

(A)Zak converges and Zbk diverges, then Z(ak+bk) diverges.
k=1 k=1 k=1

(B) >.a, and )b, both diverge, then » (a, +b) diverges.
k=1 k=1 k=1

(C) >.a, and Y b, both diverge, then ) (a,+b) converges.

k=1 k=1

k=1

(D) >_(a +h,) converges, then » a, and Y b, both diverge.
k=1 k=1 k=1

=

1-26
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B—E FOERH

BRI\ REELE— | FLEEH

FHLBEIMF LR

AN

2 a, =ar" o Hl:

(1) {a}={aarar’..} FWB&EELLEFI (geometric process)

+
+

O ’
(2) lima, =<a =3
3
@) Ya =Y ar =a+ar+ar’+.- MAFLRE (geometric series)
k=1 k=1
© CH —l<r<1
4) Zak =
= CEr<-18r>1
st e
Proof of (4):

Let s,=> a =a+ar+ar’+---+ar'"’,

k=1
then rs, =ar+ar’+ar®+---+ar"
= s, —Is, =(a+ar+ar’+---+ar"*)—(ar+ar’*+ar’+---+ar")=a-ar"
a .

a-—ar — Cif —1<r<1
- s = =J1-r Q.E.D.

diverges ,ifr<-lorr<l1

1-27
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R—ED (F)

i 2. (haiEaifpl 8-1)

= K
L9
23

B 3. (kEEEHIf 8-2)
£ k2
Zs_k =7?

k=1

1-28
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B—E FOERH

BIh REEBRUEZ : p-RE

p'»&ﬁﬁﬁ
% a,=— (p>0) Al
n

- < 1 N .
(1) ZakZZF—“FJf?)_H 2 p-AREL (p-seies)

k=1 k=1

, A p>1
= ?ﬁ—?ﬁﬁl , 5 0<p<1

For p<1:

N 1.1 11
Zak =l+—4+—+-->l+=+ 4=
=) 2P 3P 2 3

For p>1:
Let s, =Y a,,
th 1 1 1 1 1 1 1 1 1
en s, = +F+§+F+5_"+6_p+7_p+8_p+m+ﬁ
11 1 1 1 1 1
<l+—=+—+—+—+—+—+—+--+—+
2P 3P 4P 59 6P 7p 8P np
1 1 1 1 1 1 1
<l+—+—4+—+—+—+—+—+
2P 29 4p 4P 4P 4P 8P
2 4 8

+§+ YORET +
=1+27P + (2772 + (27 + -
=ﬁ (since p>limpliesthat 2" <1)
= {s,} has upper bound
{s,} increases

1-29
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R—iED (F)

~.{s,} converges and thus Zak converges Q.E.D.
k=1

{5 1.

Determine whether Zl 1
+

=

converges or diverges.

2

Bl 2. (KsEEHH] 9-1)
Determine whether i% converges or diverges.
k=3

=

1-30
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B—E FOERH

BT REELE= | EBREE

1. FbiggE#L : (comparison test)
REHMERIEEEE n 97 0<a <b

W # b, e Al Ya,

) & D>la #HCHI Db
k=1 k=1

2. R :
(7] L SR

W) % b, B AEE Ya 5

k=1
(2) % Z ak l'l ﬁk ’ Z:,f/ \l_;l.j Z bk u&ﬁ
k=1 k=1

{5 1.

Determine whether Z 1

k=1 3 +\/E

converges or diverges.

1-31
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R—ED (F)

Bl 2. (F52EEHI 10-1)
Determine whether iﬁ converges or diverges.

=2

B8 3. (FsEEHH] 10-2)
Determine whether i% converges or diverges.
k=1 ™=

1-32
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B—E FOERH

EH+— REEEN - BREEBEHCE

1. HpH ELR s ELL © (limit comparison test)

SEHERIES n 97 a b >0

. a
< r=lim—=

n—o bn

Zakﬁxﬁﬁl:Zb
(1) # r=0Hl:

b, Wk = Zak
k=1

Zak W < Zb

(2) % reR H rz0Hl:

Zak &Q@Zb

2, W = Zb
(3) & r=o0 Hl:

TTMS s

b, #H = Zak
k=1

. EECHI
[ 4t B L 2% S s £

iak RS ibk ek
(1) & r=0 B> 1
Zb BN Zak i

o0

D a, BHCNREE Zb R
(2) & r=w K> k;
Zb e EN e Zak e

1-33
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R—ED (F)

{5 1.

Determine whether Zsin(%) converges or diverges.

=

Bl 2. (hegEaap] 11-1)

o0

Determine whether ZM converges or diverges.

k=1 kz

1-34
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B—E FOERH

BildE 3. (Fh2EEHIE 11-2)
Determine whether Z 1

=312

converges or diverges.

Bl 4. (hgEaHEp] 11-3)

Determine whether

0

Z 1
i k3 + 3k

converges or diverges.

1-35
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R—iED (F)

B+ REEEL | [LEFRUE

FLI @8 © (ratio test)
HEHEREEE n 9F a,>0

_a
4 r=lim=—t

nN—o0 a
n

n2

1) & r<i-HI: Y a
k=1
2 & r>18: Y a
k=1
@) & r=1-HI:)a
k=1
B!
1
- 1 .. a . 1 n >
a == 8] lim3l = lim L — |jim—=1 1 Ya =
n n n—o an n—o 1 n~>oon+l kZ:J; k
n
1
2 2
g =2 B fim Pt = g (D 0
n n—o a‘n n—ow L n—w +2n +1

BIE 1. (REZEEfH] 12-1)
(2k)!

k1)?

Determine whether Z converges or diverges.
k=1

1-36
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B—E FOERH

e 2. (hagEaapl 12-2)

. =k .
Determine whether ZF converges or diverges.

i 3. (heigEaafp] 12-3)

Determine whether Zk >

=

converges or diverges.

1-37
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R—HMED (F)

EH+= REERUE | IREBTHOE

BUEESLE © (root test)
HEHEREEE n 9F a,>0

1
2 r=lim(a,)"
n—oo

(1) & r<1>H:

(2 & r>1>H8]:

B & r=1>H:

I
xSJJ

(U LR R AN B B 1TE)

el
= a —% » HIj I|m(a)”—I|m( )“—1 iil} Zak i
= an:% ’ EIJI|m(a )”—Ilm(—)"—l 1il} Zak=i

|

AL

{5l 1.

0 3
Determine whether Z—k converges or diverges.
k=1

1-38
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B—E FOERH

e 2. (bl 13-1)

o0

Determine whether Z 1k)k converges or diverges.

2.0

B 3. (F52EEafp] 13-2)
Determine whether ik(%)k converges or diverges.
k=1

1-39
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R—iED (F)

B+ REEET L ROBRUE

Fhsr B © (integral test)
REMEEEEE n 5975 a, >0 H {a} A EREY
A () AR [N,0) LREERREEREEBER n>N 55 f(n)=a,

Hi

ral

Bzl

-+ f(x) decrease on [N,)

2 a= Y <[ fod<Y fk)=a,

k=N +1 k=N +1

So, if wf(x)dx diverges, then y a, diverges and thus a, diverges
N k k
k=N

k=1

This shows that if Zak converges then I:f(x)dx converges
k=1

On the other hand, if J‘: f (x)dx converges, say _[: f(x)dx=L,
© N ) N © N

then D a =>a+ > a<>a +_f f(x)dx<>a +L
k=1 k=1 k=N+1 k=1 N k=1

This shows that s, = Zak has upper bound

k=1

In this case, since a, >0 forall neN, {s,} increases, we have Zak converges
k=1

Therefore, .f:f(x)dx converges if and only if Zak converges Q.E.D.

k=1

y=1f(x)

v

N | N+2 | N+4 |, N+6
N+1 N+3  N+5

1-40
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B—E FOERH

{5 1

Discuss the convergence of Z for p>0.

k(i k)*’

Bl 2. (F52EEp] 14-1)
Discuss the convergence of Z

ZkInk

1-41
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R—ED (F)

Bl 3. (hgEaapl 14-2)

-1
: = tan k

Determine whether zta_

= 1+

converges or diverges.

1-42
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B—E FOERH

EH+TH REERE)\ | REREERE

R BIESLL © (alternating series test)
EHERIERE n 59F a,>0

#i {a,} BH lima, =0

] WY

Lrp i( )“a, =a, —a,+a,—a, +a, —a, +--- A EHANE

k=1

—

s

BILs]

Note that s, = (&, —a,) + (8 —a,) + (85— a) +++ (81, ~ &),

{s,.} increasessince {a,} decreasesimpliesthat a, ,—a, >0 forall keN
Also, since s,, =a,—(a,—a,)—(a,—a;)——(a,, ,—a,,,)—a,,<a forall neN,
{s,,} has upper bound

So {S,,} converges, say Lﬁsm =L

On the other hand,

note that s,,., =S,, +a,,,1,

since lima, =0,

n—o0

lims, ., =lim(s,, +a,,,)=L+0=L
n—oo n—oo

Finally, since Iim NS, = Iim NSy, =L

we see that lims, =L which means that Z( ~1)**a, converges Q.E.D.

n—ow k=1

foiiE 1

Determine whether

i cos(kn)

k=1

converges or diverges.

1-43
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R—ED (F)

Bl 2. (F52EEHI 15-1)
o f k
Determine whether ZM converges or diverges.

=

i 3. (b 15-2)

converges or diverges.

Jk+1-+k-1
k

Determine whether )’ (—1)"
k=1
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B—E FOERH

EET7N BB USRI R

1. AHBEL (converges absolutely) B :

& {a,}cR

1) Ya WEAEHKH o

2 F Ya, @R H Ya, B

it ]

Note that —|a,|<a, <[a,| impliesthat 0<a, +|a,[<2[a,|

i|ak| converges
k=1

iz|ak| converges
k=1

Thus, by comparison test, we have Zak converges Q.E.D.

2. WEEEL (converges conditionally) FxEs% :
& {a,}cR

# S, WRUERGEEIE

HIFE Ya, %

k=1

i Bl

(D"

M

el (MRIEZZ SRR BT RIR)

=~
Il

1

k
>

@ (‘kl) =3 H (R pREERLE)
) (_1)k . o
a3 L
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{5 1.

. 1 .. .
Determine whether zm converges absolutely, converges conditionally or diverges.
n

=2

BiE 2. (FSZEHEH 16-1)
Determine whether i(_l)zk—zﬁ
= k°+1

converges absolutely, converges conditionally or diverges.
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B—E FOERH

EHRT+t BERE

1. B4 (power series) % :
B {a R N Sa (x-a) # W AR

(1) Hr a Mz
2) a M&HE k ZHERE

il

zi— (L 0 ALIEGRE  Ho K JORE

IO TR xR IR SRR (—oo00) » UCh 4#“‘7% »
@ S (x-2) BN 2 AHLIEGRE HHE K RERNS 1

BEARIE [x -2 <1 WHIURL > HOKRE IS (L3)  KRCERS 1

2. WSt i BT 158
w {a,}JcR >

1) & ; (x—a)* TE |x—a|=R L@ AITE [x—a|<R ER¥UE
@ & z a (x—a) 1F [x—a|=R L3 HIFE [x—a|>R E¥%88
@ % z a,(x—a) 1F [x-a|<R F¥IKRLETE [x-a]=R AR -
Il 2 Zak(x a)* HIUCRLIERT - T BB 2 RS

(4) AAIEHEMOEEESE 72 (EARESH BRGRIER] - HHIERIZZHRE 3)

7 lim2 e R > HIMRCELS

N—o0 a
n

e

® # I|m(a)”eR R € R
= R

(5) # oy Zak(x a)¢ W o Al
D iak(x—a) t e ie:
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Sa, (x-a) fE g
k=0
® Sa(x-a) 1E [x—a/=R |AIAEYRATAEREK
k=0
1051
=, XK - 1 1
2o BCERS R= - ~1
2% T
!]m nir n>o 41
n
ok 0
WO (X <1 B Y0 AR B > 1 B Y
k=0 k=0

A
:znl:l A

WeEklE R [-1,1)
BIUE - (-1,)
TRAFRUR @ x=-1
AR © (—o0,—1) U[L,00)

F IR 7 IR

| |

I/R\./R\]l

a-R a a+R

$5 e LR A T

v

Y2EMENE © 2021




B—E FOERH

BldE 1. (faEEdp] 17-1)
(_3)k Xk
k+1

Find the interval of convergence for Z
k=0

e 2. (hegEdapl 17-2)

o 1\k k
Find the interval of convergence for ZM .

k=1 2kk
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i 3. (hagEaafpl 17-3)

. . 0 (_1)k X2k
Find the interval of convergence for z

=P (OR
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B—E FOERH

EH+N\ BRENESR

1. BB BERME :
% {a,}{b,JcR H ceR

% Zak(x a) HIMRCEESS R, H ibk(x_a) HIRCHRS S R, » B

(1) cZa (x—a) —an (x—a)" HERBCEES

() za (x-a)* +Zb (x-a)* _Z(a +b)(x—a)  HHUWHIER

Gzl

el zx? MRS 1 B z— PRS2 oo

o0

i z? 21%_“;(_ —)x HEBCEE S 1

¥ ox=1 B HiR z AL z— el > BT ARER B

B ox=-1 B #R zx? zi— Ul » SRR
k=1 k=0

R R AR BRI R A 7 [-1,2)

2. RHMBMIRL :
w {a.hib,} <
Zak(x a)" WMLRCEESE R, H ibk(x_a) HIRCERSZ R, B :

(1) {Zak(x—a) ]{Zbk(x—a)} ch(x a)* HIHEIRHCEE A

(2) ¢ =

BZiE!

Let > cx* =D ax)O bx")
k=0 k=0 k=0
= (8, + X +a,X* +---)(b, +bx +b,x* +--)

G = aobo
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G =a0b1+a1b0
C, = aobz + a1b1 + azbo

n
Continue this process, we have c, =a,b, +ab, ,+---+a, b +ab, = Zakbnfk Q.E.D.
k=0

3. RRBIIERIL

EARBIBRIEH 5% K
5l
X2 , 1

(1) xS () = () HHIRRCEE S |-x <1
k=0 k=0

=X
X+1 1-(—x)

(2) & kA BRLL Dkt :
k=0 k=0

WA RIER
FRR =1+ 2x+2x2 +2X% +---

st .
ExE

O kx)(L+2x+2X% + 2% +-+7)
k=0

= (X+2X° + 3 +4x +- )L+ 2x+2X° +2x% +--)
=X+Q2+2)X°+(2+4+3)X°+(2+4+6+4)x* +---
=X+4x* +9x> +16x* +---

= ikzxk
k=0

4. BB

i {a,}cR
# Ya,(x-a) MURCHSE R
k=0
(1) # (a—R,a+R) _A[ZIAEMS
@) ;—X:Zoak(x—a)kzikak(x—a)“ LR A

i Bl
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k=0 k! k=1

5. BRBNDY
ix {a,}c R

Gkl

k

£ (~oo,0) I Iix—dx i

B—E FOERH

d & X
E (—O0,00) J: &Z—ZZ

# Sa(x-a) MRHCEER R
k=0
(1) £ (a—R,a+R) _bA[ZZIEFES
@ [Yax-ayo=Y -2 (x-a)t+c HHMHCEES
k=0 o k+1

+C =
= k! = kl(k+1)

= X
Z(k+1)I

k=0

{5 1.

Express

(FH2EHIR 18-1)

(1-x)

1-53
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e 2. (hagEaap] 18-2)

Express the following functions as Zakx
k

¥ and find the interval of convergence.

1

. (2) tan'x

(1)
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i 3. (haigEaaf] 18-3)

Express the following functions as Zakxk and find the interval of convergence.
k

@ nl-x) @ Ihd+x) @) |n(i—§)
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j(iﬁ Q;Fi ( )

B 4. (K5
Let f(x)=

f&‘:s

wEif 18-4)

H
([ QTSEN
b3

Express f'(x) and f"(x) as > ax“ and find the interval of convergence.
k
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B—E FOERH

ERTH RPEBERIEE

1. ZEMEL (Taylor series) FLHEHHZ AN (Taylor polynomial) :

Q) # f(0=a(x-a) -

x—a|<RH| a =

(2) & f(x) £ x=a \JfomERZ X

HIEZE f(x) £ x=a MIRHRES
(3) f(x) 1 RN A B 2 5 5e 25 MRAR B (Maclaurin series)
(4 H f(x) £ x=a mSEEMS N X

HPHER 1<n<N

AER f(x) £ x=a B n BRHZEASE

it ]

Proof of (1):
£ (x) =Y a, (X—a) =8 +8,(X—a) +a,(X —a)? + ay(X —a)° + -
k=0
- f(@)=a, and f'(x)=4a,+2a,(x—a)+3a,(x—a)’+4a,(x—a)’--
= f'(@)=a and f"(x)=2a,+2-3a,(x—a)+3-4a,(x—a)’--
= f"(@)=2a, and f"(x)=2-3a,+2-3-4a,(x—a)+3-4-5a,(x—a)" +-
= f"(@)=2-3a, and f®(x)=2-3-4a,+2-3-4-5a,(x—a)+3-4-5-6a,(x—a)’+--

£0(a)

Continue this process, we have % (a)=k!a, andthus a = Q.E.D.
2. RYhEs

& f(x) £ x=ael (I 2—FEER™M) Erlff7 n+l X
HI¥HER xel A f(X)= » Hor
(1) P(x)= Bl f(x) £ x=a B n PER#$HZIHEKX
(2) R(x) W& f(x) £ x=a M n PEERIE > HRZEXADITHAE :

@D R.(x)= cHe £ e a M ox 2

@ Rn(x)=
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(3) & f(x) £ [a—-r,a+r] £ n ZHEERTL > HE (a-r,a+r) L n+l RAIHY
RS M, 1 (@-ra+r) A |10 <M,

HAIEHER xe(a-ra+r) HAH R (X)|< <

Bl

By the fundamental theorem of Calculus,
we have j fr(tydt = f(x) - f(a)

= f()="f()+[ (bt

Applying integration by part on LX f'(t)dt,

we have j F(t)dt = (t-x) F' O - j (t—x) f"(t)dt = (x —a) f'(a) + j:(x —t) f"(t)dt
= f(x)= f(a)+(x—a)f’(a)+j:(x—t)f"(t)dt

Again, applying integration by part on Lx(x —t) f"(t)dt,

we have j:(x—t)f"(t)dt=—@f"(t) - j}@f”’(t)dt

(X_a)2 " X(X_t)z "
| (@)+] -
= f(x)=f@)+(x-a)f ’(a)+@ f "(a)+j:@ f"(t)dt
Cbntinuous this process,
we have f(x)= f(a)+(x—a)f’(a)+%f”(a)+---

+ L2 o) 4 [* O fon gy
n! a n!
=P (x)+R,(x)

where P, (x)= f(a)+(x-a)f (a)+(X2a) f"(a)+ (Xna) f™(a)

n (k)
Z (a) (X a)

k=0

f (n+1) (t)

and R ()= (X t) (bt = [ (x—t)"dt

X (n+1)
Next, applying the mean value theorem for integral on j —l(t)(x —1)"dt,
a nl
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(X_t)n+1 X B
n+1

(X_a)ml
n+l1 '

Note that IX (x—t)"dt=—

X (n+1) (n+1) n+1 (n+1)
TP A & N S A O P

a n! n+1 (n+1)'

Finally, if f(x)eC"'[a—r,a+r], f"(x) existson (a—r,a+r),

(n+1)
(5) ( )n+1

(n+1!
| i |n+1 M rnJrl

then,on (a—r,a+r), |R,(x)|=

n

(n+1)!

<

(n+1)| Q.E.D.

%7

X (n+1) (n+1) M
we have w(x —t)"dt = L G} (x—1t)"dt, where ¢ isbetween a and X
a n! n! a é

and there is a positive number M, such that [f™(x)|<M, on (a—r,a+r),

(note that & is between x and a)

Ea O E

{5 1.

Find the Taylor series of e* about x=0. (That is, the Maclaurin series of e*.)
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B8 2. (F52EHEH] 19-1)
Find the Taylor series of sinx about x=0. (That is, the Maclaurin series of sinx.)

B 3. (FszEHH] 19-2)
Find the Taylor series of cosx about x=0. (That is, the Maclaurin series of cosXx.)
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B—E FOERH

BIE 4. (F5zEHH] 19-3)
Find the Taylor series of e*sinx about x=0. (That is, the Maclaurin series of e*sinx.)

B8 5. (FEEEHH] 19-4)
Find the Taylor series of tanx about x=0. (That is, the Maclaurin series of tanx.)
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B 6. (FHZEHER 19-5)
Find the first three terms of the Taylor series of \/Y about x=4.

B 7. (F52EEEp] 19-6)
Let f(x)=cos’x,find f®(0)
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pIE 8. (F5EEHH| 19-7)
Estimate e by using Taylor series so that the error is less than 107°.

B8 9. (kEEEHIH 19-8)
Use 2" order Taylor polynomial about a =8 to approximate 3/x and estimate the error on [7,9].
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