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Example-4 : Yield Moment (nonlinear)
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Given: f’c = 280 ksc, fy = 4,000 ksc

As = 3(4.91)  = 14.73 cm2

y = fy/Es = 4,000/2.04x106  0.002

0  0.002   → y/0  1.0
2 2

y y

s y c

0 0

c 1 c
[T C] A f b f c

d c 3 d c

        
= = −       

 −  −        
2

c 1 c
14.73 4.0 30 0.28c

44 c 3 44 c

    
 =  −    

− −    
3 24c 111c 1,852c 40,733 0− − + =

>> roots([4 -111 -1852 40733])

ans =

-20.1842

32.3282

15.6061

MATLAB

c

compare with

kd = 15.12 cm

from Ex.3
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c y
c 6.91 10 15.61− =  =   = 0.0011

y

y
d c


 =

−

64,000 / 2.04 10

44 15.61


=

−
= 6.9110-5 /cm

2 2
y c (15.61) 10.41 cm

3 3
 = =

y s y
M A f (d c y)= − +

14.73(4,000)(44 15.61 10.41)= − +

From Ex.3

c = 0.001

= 2,286,096 kg-cm = 22,861 kg-m

Curvature :

Yield Moment :
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From Ex.3

My = 22,952
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d

As

crushing strain

cu = 0.003 

s > y

fc’

c

T = As fy

C = k fc’ bx

T = As fy

C = 

0.85fc’ab

0.85 fc’

a = 1c
a/2

d – a/2

Equivalent stress block [C  =  T] 0.85 fc’ a b  = As fy

s y y

c c

A f f d
a

0.85 f b 0.85 f


= =

 

Nominal Moment (ACI Mn)4

cu
u

1

0.003

c a /

 =
 =

= 

Check : s u y(d c) =  −  

M



Mcr

My

u

Mn

y
n s y

a
M A f d

2

 
= − 

 



Example-5 : Nominal Moment (ACI Mn)
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30 cm Given: f’c = 280 ksc, fy = 4,000 ksc

As = 3(4.91)  = 14.73 cm2

s y c
[T C] A f 0.85 f ab= =

s y

c

A f
a

0.85 f b
=



14.73 4,000

0.85 280 30


=

 
= 8.25 cm

1
c a / 8.25 / 0.85 9.71 cm=  = =

4

s u
(d c) 3.09 10 (44 9.71)− =  − =  −

= 0.0106

cu
u

c


 =

0.003

9.71
= = 3.0910-4 /cm

 [ y = 0.00196 ]

n s y

a
M A f d

2

 
= − 

 

8.25
14.73 4,000 44

2

 
=  − 

 
= 2,349,435 kg-cm

= 23,494 kg-m
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Moment – Curvature Plot

Pt.
  10-5

(cm-1)
Moment
(kg-m)

1 0.56 4,895

2 1.45 4,895

3 6.91 22,861

4 30.9 23,494

>> x = [0 0.56 1.45 6.91 30.9]

>> y = [0 4895 4895 22861 23494]

>> plot(x,y,'o-')

>> grid

>> xlabel('Curvature (1e-5/cm)')

>> ylabel('Moment (kg-m)')
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Under v.s. Over RC
cu

s  y

(A) Over RC

cu

s = y

(B) Balanced Condition

cu

s  y

(C) Under RC



M

A
B

C



http://www.ecf.utoronto.ca/~bentz/r2k.htm









Example-6 : Moment Curvature of Double RC
Given: f’c = 280 ksc, fy = 4,000 ksc

c
E 15,100 280 252,671  ksc= =

(1) Uncracked transformed section :

6

s

c

E 2.04 10
n 8.07

E 252,671


= = =

2

s
A 6(4.91) 29.46 cm= =

2

s
A 2(4.91) 9.82 cm = =

d
 =

 4
4

 c
m
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0

 c
m

30 cm
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6 cm

i i

i

A y
y

A


=



(30)(50)(25) (8.07 1)(9.82)(6) (8.07 1)(29.46)(44)

(30)(50) (8.07 1)(9.82) (8.07 1)(29.46)

+ − + −
=

+ − + −

As(n-1)

y A s(n-1)

d
 =

 4
4

 c
m

 

6 cm

47,081
y 26.48 cm

1,778
= =

2

uctr i i i
I ( I A d )=  +



2

uctr i i iI ( I A d )=  +

3
2

2

2

(30)(50)
(30)(50)(26.48 25)

12

(8.07 1)(9.82)(26.48 6)

(8.07 1)(29.46)(44 26.48)

= + −

+ − −

+ − −

= 408,838 cm4

Cracking Moment:

t c
f 2.0 f 2.0 280 33.47 ksc= = =

r uctr
cr

t

f I
M

y
=

33.47 408,838

50 26.48


=

−

581,795 kg-cm 5,818 kg-m= =

t c
cr

t

(f / E )

y
 =

6(33.47 / 252,671)
5.63 10 / cm

(50 26.48)

−= = 
−

M
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Mcr

cr

As(n-1)

30 cm

y A s(n-1)

d
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4

 c
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6 cm



(2) Cracked transformed section :

nAs

30 cm

kd A s(n-1)

d
 =

 4
4

 c
m

 

6 cm
s s

b(kd)(kd / 2) (n 1)A (kd d ) nA (d kd) + − − = −

2(kd)
(30) (8.07 1)(9.82)(kd 6)         

2

(8.07)(29.46)(44 kd)

+ − − =

−

215(kd) 307.2(kd) 10,878 0+ − =

kd = 18.57 cm

2

crtr i i iI ( I A d )=  +
3

2

2

(30)(18.57)
(8.07 1)(9.82)(18.57 6)

3

(8.07)(29.46)(44 18.57)

= + − −

+ − = 228,752 cm4

581,795

252,671 228,752
=



cr
cr2

c crtr

M

E I
 =

= 1.0110-5 /cm

M



Mcr

cr cr2



(3) Yield of steel : s y c cCracked transformed section valid until  f f  or  f 0.7f = =

y = fy/Es = 4,000/2.04x106 = 0.00196

s
y

d kd


 =

−

kd

 

 

c

y

d-kd

 s

0.00196

44 18.57
=

−
= 7.7110-5 /cm

y y c crtrM E I=  57.71 10 252,671 228,752−=   

= 4,456,303 kg-cm = 44,563 kg-m

Steel yield

Concrete nonlinear

c

c c
0.7f

0.7f / E

kd



 =

0.7(280) / 252,671

18.57
= = 7.7510-5 /cm

c0.7f 0.7f c crtrM E I =  57.75 10 252,671 228,752−=   

= 4,420,676 kg-cm = 44,207 kg-m

 y

 My

 Steel yield before concrete becomes nonlinear



(3) Nominal strength:
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T = Asfy

a

0.85 f c
Cs = A sf s

s

c d
0.003

c

− 
 =  

 

s s s s

c d
f E 0.003E

c

− 
 =  =  

 

s y c 1 s s

[T C]

A f 0.85f b c A f

=

  =  +

check comp. steel yield condition:

2(4.91)
0.00744

(30)(44)
 = =

6(4.91)
0.0223

(30)(44)
 = =

1 c

y y

0.85 f d 6,120

f d 6,120 f

  
 −     − 

0.85 0.85 280 6 6,120
0.0199

4,000 44 6,120 4,000

    
= 

 − 

Since  0.0149 0.0199, −  =  s ycomp. steel not yield  f f 

s y

c d
0.003

c

− 
 =   

 

s s s

c d
f E 6,120

c

− 
 =  =  

 

s y c 1 s

[T C]

c d
A f 0.85 f bc 6,120 A

c

=

− 
 =  +  

 

 

 

cu = 0.003

s

 sc



จ  ร ปส การให ่
s s y2 s

c 1 c 1

6,120A A f 6,120A d
c c 0

0.85 f b 0.85 f b

 −  
+ − =

  

ก าห  ให้
s s y

c 1

6,120 A A f
R

1.7 f b

 −
=

 
 ละ s

c 1

6,120 A d
Q

0.85 f b

 
=

 

2c R R Q= −  +

6,120(9,82) (29.46)(4,000)

1.7(280)(0.85)(30)

4.757

−
=

= −

6,120(9,82)(6)

0.85(280)(0.85)(30)

59.42

=

=

24.757 4.757 59.42=  + = 13.72 cm

s

c d
f 6,120

c

− 
 =  

 

13.72 6
6,120

13.72

− 
=  

 
= 3,444 ksc

cu
n

0.003

c 13.72


 = = = 2.1910-4 / cm

1a c 0.85(13.72) 11.66 cm=  = =

n c s s

a
M 0.85 f ab d A f (d d )

2

 
   = − + − 

 

2c 2Rc Q 0+ − =

11.66
0.85(280)(11.66)(30) 44 9.82(3,444)(44 6)

2

 
= − + − 

 

= 4,462,907 kg-cm = 44,629 kg-m

 

 

cu = 0.003

s

 sc



Moment – Curvature Plot

Pt.
  10-5

(cm-1)
Moment
(kg-m)

1 0.56 5,818

2 1.05 5,818

3 7.71 44,563

4 21.9 44,629

>> x = [0 0.56 1.05 7.71 21.9]

>> y = [0 5818 5818 44563 44629]

>> plot(x,y,'o-')

>> grid

>> xlabel('Curvature (1e-5/cm)')

>> ylabel('Moment (kg-m)')
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End of Lecture


